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Abstract: In this paper we focus on consistently identifying a transfer function (module)
embedded in a dynamic network. When identifying a module embedded in a dynamic network,
a critical choice is which variables to include as predictor inputs. In the system identification
literature sufficient conditions have been derived. One condition is that there should be no
confounding variables. We show that this condition can be relaxed.

1. INTRODUCTION

Dynamic networks are pervasive in engineering domains
such as power systems, pipelines, and distributed control
systems. These systems cannot be designed, operated or
maintained without models of the system. Data is becom-
ing easier to collect from these systems, and so system
identification is well poised to play a critical role in the
advancement of these technologies. Developing tools for
identifying transfer functions embedded in dynamic net-
works is an active research field [Gongalves and Warnick,
2008, Materassi and Innocenti, 2010, Haber and Verhae-
gen, 2013]. Conditions have been proposed to ensure that
consistent estimates of the transfer function(s) of interest
[Dankers et al., 2016, Materassi and Salapaka, 2015].
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Fig. 1. (a) Example of a network, circles denote internal
variables, and boxes denote transfer functions. (b), (c)
Networks analyzed in Examples 1 and 3.

When deciding how to identify a particular module em-
bedded in a dynamic network, a critical choice is which
variables to include as predictor inputs. Suppose that the
objective is to consistently identify a transfer function G

embedded in a dynamic network. Simply choosing w; as
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the only input and w; as the variable to be predicted (i.e.
the output) will generally not lead to consistent estimates
of G?i. Consider the example network shown in Fig. 1a to
illustrate this statement. For this network, there are two
parallel paths from w; — wsy. Suppose that only w; and
wg are known. It can be proved that when using ws as the
output, and w; as the input, an estimate of G3; + GY3GY;
is obtained. In other words, instead of identifying G%;, an
estimate of a sum of the parallel paths is obtained. On the
other hand, it can also be shown that if both w; and w3
are used as predictor inputs, then consistent estimates of
both GY; and GY; are obtained. The main point is that
including w3 as a predictor input enabled the possibility
of consistent estimates of GY;.

As illustrated, an important question is: what variables
must be included as predictor inputs to ensure consistent
estimates of a module embedded in a dynamic network?
This question has been addressed in both Dankers et al.
[2016] and Materassi and Salapaka [2015]. The paper
of Materassi and Salapaka [2015] is based on extending
notions developed in the field of probabilistic inference
[Pearl, 2000], where typically the networks that are dealt
with are directed acyclic graphs (networks with no loops).
The paper of Dankers et al. [2016] on the other hand
is based on extending closed-loop identification methods.
The conditions for predictor input selection presented in
Materassi and Salapaka [2015] are less restrictive when
considering networks that are directed acyclic graphs, and
the conditions of Dankers et al. [2016] are less restrictive
when considering causal networks with loops. One of the
key differences between the two papers is how confounding
variables are handled. A confounding variable is an unmea-
sured variable that directly affects both the output and the
predictor inputs. They are well studied in the statistics
literature (see Pearl [2009] for instance). The question we
address in this paper is: can the conditions of Dankers et al.
[2016] be relaxed when handling confounding variables?



2. BACKGROUND

In this section we present dynamic networks, confounding
variables, and the Direct Method for identifying a module
embedded in a dynamic network.

2.1 Dynamic Networks

We use the framework presented in Van den Hof et al.

[2013], where a dynamic network is built up of L nodes,

related to L scalar internal variables wj, j = 1,...,L.

Each internal variable is such that it can be written as:
wi(t) = Y Gh(@)wi(t) + r;(t) + v;(t) (1)

kEN;
where G?k (q), k € Nj is a proper transfer function, ¢~' is
the delay operator (i.e. ¢~ *u(t) = u(t — 1)) and,

e N is the set of indices of internal variables with direct
connections to wy, i.e. i € Nj iff GY; # 0;

e v; is an unmeasured process disturbance variable
modelled as a stationary stochastic process with ra-
tional spectral density, i.e. v; = Hj(q)e; where e;
is a white noise process, and H JQ is a monic, stable,
minimum phase transfer function;

e r; is an external variable that is known and can be
manipulated by the user.

If a disturbance and/or external variable are not present
at a node, the corresponding vy or r term is set to zero.
The entire network is defined by:

w1 0 G?Z G?L w1 1 U1
w2 _ G(Q)l 0 b + T.2+ 1}.2,
: 0 : :
wrl | qo --.-GO GLal “lwr] L L,
L1 L L—-1
Using an obvious notation this results in:
w=Gw+r+v (2)

where, w, r and v are vectors. For the remainder of the
paper we assume there are no external variables present in
the network. This simplifies the notation and reasoning.

A path from w; — w; means there are transfer functions
such that Gjn, Gpyn, - - Gp,i is non-zero. A loop is a path
from w; — w;. Let wy, k € Dand w,, z € Z={1,...,L}\
D be a partition of internal variables. A path from w; — w;
that passes only through nodes in Z is defined as a path
for which G, G, , - - - G;,; are non zero and all 2z, are in
Z. A direct path between w; and w; (i.e. Gj; # 0 is also
considered a path that passes only through nodes in Z.
A path from w; to w; is blocked by wy, if the path passes
through wy.

The following assumption will hold throughout this paper.
Assumption 1. (General Assumptions).

(a) The network is well posed.

(b) The process noise variables are mutually uncorrelated,
i.e. the power spectral density of v is diagonal.

(c) The process noise is full rank, i.e. the power spectral
density is full rank for almost all w € [—7, 7).

(d) (I —GY)~!is stable.

The focus of this paper is how to handle confounding
variables when estimating a particular transfer function

embedded in a network. In the probabilistic inference liter-
ature, a confounding variable is defined as an unmeasured
variable that causally affects both w; and w; [Pearl, 2009].
Here, we formulate the same concept in our framework.

Definition 1. (Confounding Variables). Consider a dynamic
network as defined by (2). Partition the nodes into the
following three sets: a set of variables wy, k € A, a variable
wj, j ¢ Aand theset Z ={1,...,L}\ (AU {j}). Given a
partition A, {j} and Z, construct the set C(j,.4) such that
for every ¢ € C(j,.A), v, satisfies the following conditions:

(a) There is a path from v, to w; that passes only through
nodes in Z.

(b) There is a path from v, to any wy, k € A that passes
only through nodes in Z.

A variable v, ¢ € C(j,.A) is a confounding variable. a

Remark 2. Whether or not a variable vy, is a confounding
variable depends on the choice of j and A. To emphasize
this dependence we use the notation v., ¢ € C(j,.4). O

Ezxample 1. Consider the network in Fig. 1b. Let j = 2,
and A = {1}. By Definition 1, v3 is a confounding variable,
ie. C(2,{1}) = {3}. Note that vy is not a confounding
variable. Even though there are paths from vy to both
wy and wp, the path from vy — w; passes through
{j}UA ={1,2}, and so the conditions for a confounding
variable are not satisfied. m|

Why are confounding variables important? If they are not
accounted for properly, they can induce a correlation in
the noise terms of w; and wy, k € D, even if v; and vy,
k € D are all mutually uncorrelated. This is illustrated in
the following example.

Ezample 2. Consider the same setup as in Example 1. The
network equations in this case are:

w1 0 G?Q th)3 w1 Hg 0 0 €1
wy| = |Gy 0 GY| |w2| + | 0 HY 0] |e2
w3 0 0 0| Llws 0 0 HY| Les

where €1, e, and ez are mutually uncorrelated. Both w;
and wsy can be expressed in terms of only w; and ws
(eliminate ws from the expressions) as:
0 " 0 N
wy = Glawe + 01 and wa = Gy wy + Va.
where 91 = v; + GY3v3 and ¥y = vy + G93v3. The key

observation is that ©; and 0, are correlated since they are
both functions of the confounder vs. O

Remark 3. Consider a network with uncorrelated process
noise variables, i.e. each process noise variable v; only has
a path to wy. For given sets j and A, the variables vy,
k € AU{j} cannot be confounding variables since every
path from these v;’s to any other internal variable w,,
n # k necessarily passes through a node wy, k € AU {j}.
Therefore, for a network with uncorrelated process noise
variables, we always have C(j,4) N (AU {j}) = 0.

When using a direct prediction error identification method,
a confounding variable that affects the output to be pre-
dicted and the predictor inputs can result in biased esti-
mates. Before illustrating this point, we first present the
direct prediction error identification method.



2.2 Prediction Error Identification

In the following text we show how to obtain an estimate of
G?i embedded in a dynamic network using the prediction-

error framework [Ljung, 1999, Van den Hof et al., 2013].

Let w; denote the variable which is to be predicted. Let
wg, k € D; denote the predictor inputs (the set of internal
variables that will be used to predict w;). The one-step-
ahead predictor for w; is [Ljung, 1999]:

w] t‘t Z H Q7 ]k(Q7 e)wk(t)
kED;
+(1=H; Y q,0)w;(t),  (3)
where H;(q,0) is the noise mode which is parameterized

as a monic, stable and minimum phase transfer function.
The prediction error is:

wm=w>»wqw
= Hy0,0) " (ws(0) — 3 Gl Oun(®)). ()
keD;

The unknown parameters, 6, are estimated by minimizing
the sum of squared (prediction) errors (SSE):

N-—1
Vi) = 3 <Xt.6). (5)
t=0

where N is the data length. Under standard (weak)
assumptions the estimated parameter vector On converges
in the number of data N as §y — 6* with probability 1
as N — oo [Ljung7 1999] where 6* = argming E[e3(t,0)]
and E := limpy_ o ~ ~ ZN ! E, and E is the expected value
operator. If Gj(q,0%) = G]k the module transfer is said
to be estimated consistently.

The identification method presented in (3) - (5) is referred
to as the Direct Method [Ljung, 1999, Van den Hof et al.,
2013]. The following example illustrates why confounding
variables are difficult to handle using the Direct Method.

Example 3. Consider the network shown in Fig. 1c. Sup-
pose the objective is to obtain an estimate of GY;. Select
wo as the output to be predicted, and select w; as the
predictor input. By Definition 1, C(2,{1}) = {3}, i.e.
vz is a confounding variable in this case. From (4), the
prediction error for this situation is

52(9) Hg(e) (w2 — Ggl(e)wl).
After some algebra, it follows that

e2(0) = Hy(6) ™! ((Gg1 — G (0))v1 + s
+ (G + G916 — GGn(0) )vs). (6)

Because vy, vo and w3 are uncorrelated, e consists of
three independent terms. For argument’s sake, suppose
that v3 = 0. Then minimizing the power of ¢ is achieved by
G21(0) = GY; (setting the vy term to 0), and Ho(0) = HY.
Now suppose that v; = 0, and vz # 0. Then minimizing
the power of €5 is acheived by Ga1(6) = G391 + G33/GY5
(setting the vz term to 0) and Ho(#) = HY. By continuity,
when all three noise terms are present the estimate lies
between GY; and GY; + G93/GY5.1 Thus, the estimate of
GY, is biased due to the confoundlng variable vs. O

L It can be shown that Ggl( ) that minimizes (5) when all three

noise sources are present is G .+ H21H11 , where H11 and H21 are

The tool that we employ to handle confounding variables
is to use additional variables in the data generating system
as predictor inputs. The availability of additional variables
to use as predictor inputs is a unique advantage of dealing
with dynamic networks (as opposed to open or closed-loop
systems). The key question is: which additional variables
need to be included in the predictor to ensure consistent
estimates of the module of interest? In Dankers et al. [2016]
it is shown that consistent estimates of GY; are possible if
a set of predictor inputs is selected that has the following
properties: (1) all parallel paths from w; to w; are blocked
by a predictor input, (2) all loops through w; are blocked
by a predictor input, and (3) there are no confounding
variables. The first two conditions are handled using a set
denoted A; and the third property is handled using a set
denoted B,. In this paper we focus on the third condition.
In particular, we show that the third condition can be
relaxed. In the following text we summarize the results of
Dankers et al. [2016].

Property 1. Consider a set of internal variables wy, k €
Aj;. Let A; satisfy the conditions:

(a) i€ Aj, j ¢ A,

(b) Every path from w; to w; except G
node wy, k € A;.

¢) Every loop through w; is blocked by a node wy,
E 1 h h w; is blocked b d
keA; O

is blocked by a

In Dankers et al. [2016] confounding variables are handled
by selecting the internal variable associated with the con-
founding variable as a predictor input. This is formalized
the in following property.

Property 2. Suppose that w; and a set internal variables
wk, k € A; have been selected. Consider an additional
set of internal variables, B4. Let B4 = C(j,A;), where
C(j,A;) satisfies the conditions of Definition 1. |

If a set B4 has Property 2, then it is the set of indeces of
all confounding variables associated with 4; and j.

Algorithm 1. (Direct Method for Estimating G;;).

(1) Select w; as the output variable to be predicted.

(2) Select sets A; and B,. The set of predictor inputs is
wg, k € D; ZAjUBA.

(3) Construct the predictor (3) with wy, k € D; as the
predictor inputs.

(4) Obtain estimates G;x(q,0), k € D; and H;(q,0), by
minimizing the sum of squared errors (5).

Proposition 4. Consider a dynamic network as defined in
(2) that satisfies Assumption 1. Consistent estimates of
GO are obtained using Algorithm 1 if:

(a) There is a delay in every loop w; to wj,

(b) The set A; has Property 1,

(¢) The set B, has Property 2,

(d) The power spectral density of [w; wg, wy, |7,
k. € D; is positive definite for a sufficiently large
number of frequencies wy, € (—m, .

(e) The parameterization is chosen flexible enough.

(f) G,x(0) is parameterized with a delay if all paths from
wy, to w; have a delay. |

elements of the spectral factor of the noise process [¥1 92]7 as defined

in Example 2.



For a proof and further discussion of Proposition 4 see
Proposition 7 in Dankers et al. [2016]. In the remainder
of this paper we will present some examples that show
that Property 2 can be made less restrictive. Through
examples, we aim to present a reasoning as to why it is
possible to relax this property. At the end of the paper we
present a new, less restrictive set of conditions to handle
confounding variables.

3. EXAMPLES TO ILLUSTRATE HOW
CONFOUNDERS CAN BE HANDLED

In this section we present three examples, each illustrating
a different aspect of the proposed conditions. In the first
example, we illustrate the first key element of the new
conditions: if either the paths from a confounding variable
to w; or to all wg, k € A; can be blocked then consistent
estimates of Gj; are possible.

Fig. 2. (a) Networks analyzed in Examples 4 and 5.

Ezxample 4. Consider the network shown in Fig. 2a. The
objective is to consistently estimate GY, without using
wy as a predictor input (because it is unmeasurable for
instance). Select A3z = {2}. In this case Z = {1,2,3,4} \
{{7}UA;} ={1,4}. This set As has Property 1. However,
note that there are paths from vy — ws and vy — w3
that pass only through nodes in Z. Thus, by Definition
1, C(3,{2}) = {4}, i.e v4 is a confounding variable in this
case. If v; were to be zero, then the network considered in
this example is the same as that of Example 3. Thus, by the
same reasoning, it follows that G9, cannot be consistently
estimated using wy as a predictor input and ws as the
output.

The main problem is that the predictor input ws is corre-
lated to the confounding variable vy. In the following text
we show that (due to the topology of the network) it is
possible to partition ws into two components, one is un-
correlated and the other is uncorrelated to the confounding
variable. The component of wsy that is uncorrelated to
the confounding variable is then used as a predictor input
to identify G95. In the second step a consistent estimate
of GY, is obtained because the effect of the confounding
variable has been removed from the predictor input.

First, we show how to partition ws to obtain a component
that is not correlated to v4. The expression for ws is:

0
wo = G21U)1 + va2.

Thus, if GY; can be (consistently) estimated then we can
obtain an estimate of vg:

’wéLwl) = Wy — Ggl(é)’wl = ’lA}Q.

In this situation, v, is a component of wy that is uncor-
related to wy. Using w; and ws, the transfer function GY,
can be consistently estimated (As = {1} and B, = 0 have
Properties 1 and 2 respectively, and so by Proposition
4 consistent estimates of G9, are possible using only w;

as a predictor input). Now estimate the dynamics from

wéJ_’wl) to ws. From (4), using ws as the “output”, and the

estimate of wéiwl) as the predictor input, and H3(6) =1,

the prediction error is:
£3(0) = w3 — Gaa(fws™™Y) = (G32—Ga2(O)vz +p, (7)

where in the second equality p = (G3,GY, G +GYy)vs+
ngGgluﬁ@& Because v1, v3, and v4 are uncorrelated to v,

it follows that p is uncorrelated to wéLwl). Consequently,

from open loop identification theory, it follows that it is
possible to consistently identify G95 by minimizing the
prediction error (7) [Ljung, 1999]. O

In Example 4, we have shown that it is possible to
consistently estimate (3o using w; and ws, even though
B4 = {1} does not have Property 2. The key feature of
B4 = {1} is that all paths from the confounder vy to wa,
are blocked by w;. We will show in the main result of the
paper that if the paths from the confounding variables to
either w; or wy, k € A; can be blocked by nodes wy,
n € B,, then consistent estimates of G;; are possible.

In the next example we present a second feature of the
proposed conditions: the variables selected to block the
paths of the confounding variables should not block any
paths from w; — wy, k € A;.

Ezxample 5. Consider the network shown in Fig. 2b. The
objective is to consistently estimate G9; without using
ws. Thus, j = 2. Choose Ay = {1,5}. This set of
predictor inputs has Property 1. In this case, by Definition
1C(2,{1,5}) = {3}, i.e. v3 is a confounding variable (there
are paths from vs3 — we and vy — ws that pass only
through nodes in Z = {1,...6}\ {{j} UA2} = {3,4,6} ).

Using a similar methodology as in Example 4, we want to
eliminate the component of the predictor input ws that is
correlated to the confounder vs. In Example 4 it was shown
that this can be achieved using a variable that blocks the
paths from v3 to the predictor input ws. The variable wy
has this property. Now, we follow the same reasoning as in
Example 4. From Fig. 2b the equation for ws is:

ws = GYwg + vs (8)

From (8) we see that the component of ws due to vs can
be reconstructed if an estimate of G2, is available, and
that vs is uncorrelated to the confounder, as desired. By
Proposition 4 G2, can be consistently estimated using ws
as the output, and wy as the predictor input (A5 = {4}
and B, = 0 have properties 1 and 2 respectively). Thus
the component of ws due to vy is equal to:

’Lf]éJ_w4) = W5 — G54(&)w4 = Us.

Now we use the (estimated) version of ws that is uncorre-
lated to the counfounder as a predictor input in the pri-
mary identification problem in order to obtain an estimate
of GY;. The equation for the prediction error es using wy

(J_w4)
5

and W as predictor inputs is:



82(0) = Wo — G21(0)w1 — G25(0)’w§lw4)

— (G, +G5G G — G (0))w1+(Gas — Gas (0))wi"* +p,

where p = vy + Go5G54v4 + Go5G54Gaewg. Because p is
uncorrelated to the predictor inputs wélw“) and wi, it
follows from open loop system identification theory that
consistent estimates of G9; + G9:G2,GY; and GY; will
be obtained, not GY; as was desired. The reason is that

wélw“) = w5 does not block the effect of the parallel

path from w; — wy that passes though ws and ws.
The component of ws that was blocking the parallel path
was removed by removing the component of ws due to
wy. The component of ws blocking the parallel path is
needed, otherwise an estimate of the sum of parallel paths
is obtained. Indeed, this is shown in the above prediction
error, where an estimate of G9; + G9;G2,GY; is obtained.

In the following text we show that if an internal variable
is selected as an additional predictor input (to handle the
effects of the confounder) that both blocks the path from
the confounder, v3 to wg, k € Az = {1}, but it does not
block any paths from w; to wy then a consistent estimate
of GY; is possible. All effects of the confounder v can be
removed from ws by removing the component due to wg
(because there is only one path from ws to ws, and it
passes through wg). The expression for ws in terms of wq
and wg is:
_ (0 A0 0 A0 0
ws = G5, G + Gy Gagwe + G0 + Us.

Thus we need to obtain an estimate of G2,GY. This
is achieved as follows. Choose ws as an “output”, and
wg as a predictor input (A = {6} has Property 1 and
B, = 0 has Property 2 for this choice of As). Consequently,
by Proposition 4 G2,Gs can be consistently estimated.
Denote the estimated transfer function Gse(§). Now the
effect of w3 can be removed from wy as follows:

) — gy — G's6(7)we
= Gg4G21w1 + Gg4v4 + vs.

i

The key features of uﬁélw(j) is that it is still a function of w;
(still blocks the path from w; to ws) and it is uncorrelated

to the confounder ws. Now construct a predictor of wq
(Lws)

62(9) = Wgq — G21(9)w1 — G25(9)w5(’)J_w6)
+ G(2)5wéw6) + Gsws + va
= (G9) = Ga1(0))w1 + (G35 — Gas () wS™") +p, (9)

where p = G5 w " +GYws+v,. In this case the predictor
inputs are functions of wvi,wv4,vs, and the term p is a
function of vg and ws. Therefore, p is uncorrelated to
both predictor inputs. Again, from open loop identification
theory it follows that it is possible to consistently estimate
GY5 by minimizing the prediction error (9). ]

using wy and w as predictor inputs:

The main point of this example is to show that when
choosing variables to block a path from a confounder to
w; or a variable wy, k € A;, the selected variable must
not block a path from w; — wy, k € A;.

The last feature of the new conditions is that it can
happen that after selecting additional variables to include
as predictor inputs, there is a "new” confounding variable,
vk, that has paths to the newly selected predictor inputs,

and either w; or any wy, k € A;. Therefore, sometimes
more than one variable may be required to partition the
predictor inputs such that the effect of the confounding
variable is neutralized. This is illustrated in the following
example.

Fig. 3. Network analyzed in Example 6.

Ezxample 6. Consider the network shown in Fig. 3. This
network is the network of Example 4 plus two additional
internal variables ws; and wg. The objective is to con-
sistently estimate GY, without using ws or wg. The set
Az = {2} has Property 1. Recall from Example 4 that we
partitioned wsy into a component uncorrelated to the con-
founder v4 using wi. This was achieved was by estimating
GY; (consistently). In the network of Figure 3 we are not
able to consistently estimate 9, using wy as an output,
and w; as a predictor input (as was done in Example
4) because there is a confounder vg (by Definition 1 we
have C(2,{1}) = {6}). However, G; can be consistently
estimated, if the effect of wg is first removed from wy.

In the following text we show that by using ws, w; and
ws and solving 3 identification problems, it is possible to
obtain a consistent estimate of G9,.

By Proposition 4, G{5 can be consistently estimated with

w; as the output, since A; = {5} and B, = 0 have

Properties 1 and 2 respectively. The expression for w; is
w, = G(l)5UJ5 + G(1J4w4 + v1.

Using the estimated transfer function G15(%), w%Lw‘S) ca

gJ_wE)) = w1 — G15(é)w5 = G(1)4IU4 +v1.
Lws)

n
be constructed as: w

It can be verified that wg is only a function of v; and
vy, and so it is uncorrelated to vg.

Now we return to the secondary identification problem

where the objective is to consistently estimate GY;. Choose
wy as the “output” and wgJ‘MS) as the predictor input
(recall that C(2,{1}) = {6}). However, GY; can be con-

sistently estimated because the effect of the confounding

. 1
variable vg has been removed from wg ws)

estimate Ga1(%), wi™™") can be constructed as w

Wo — Ggl(’ﬁ/)wl = G(Q)GU}G + va.

. Now, using the
(Lws) _
5 =

Finally, we return to the primary identification problem
with the objective to identify G9,. Choose ws as the

output, and wéLwl) as the predictor input (recall that
C(3,{2}) = {4}). However, GY, can be consistently identi-

fied because the effect of the confounding variable vy has

L
been removed from wé wi), O

The recursive reasoning as presented in this example can
be captured by the following definition.



Definition 5. (Sequence of linked confounders). Consider a
network as defined in (2) with a node wj, and the set of
nodes wy, k € Aj, j ¢ A;. Consider an additional set
of nodes w,, n € L, where LN {A4; U{j}} = 0. Let Z
be the set of nodes that are not in {j}, A; or £, (i.e.
L={1,....,L}\{{j} UA; UL}). The set £ induces a
sequence of linked confounders vy, , vVs,, ..., v, between
w; and wy, k € A; if there exists a set of nodes such that

Uy =W, Uy — Wi,
UZZ — wf17 UZQ — w427
,023 — wfza UZg — w€37
Vs, = We,, Vs, — W, k€A

where all z, € Z, all {;, € £ and each path passes only
through nodes in Z. |
Ezample 7. Consider the network shown in Fig. 3. Choose
j =3, A3 = {2}, and £ = {1}. In this case Z = {4,5,6}.
The set £ induces the sequence of linked confouders v4 and
vs between w3 and wy because there exist paths

Vg — W3, Vg4 — W1,
Vg — W1, Vg — W2,
where all paths pass only through nodes in Z. O

The third feature of the new conditions we propose in this
paper is that the set B4 should not induce a sequence
of confounders from any wy, k € A; to w;. In the next
section we combine all elements for handling confounding
variables as highlighted in Examples 4, 5, and 6 into one
general property that B4 should have.

4. GENERALIZATION OF PROPERTY 2

In the previous examples we have illustrated the three
features of our proposed conditions to handle confounding
variables. Namely that after selecting a set A; that has
Property 1, additional internal variables must be selected
that (a) block the paths from any confounders to either
w; or all wg, k € A; (b) do not block any paths from
w; — wj, or any loops through w; and (c¢) do not
induce a sequence of linked confounders between any wy,
k € A; and w;. In the examples we used a multi-step
approach to demonstrate these core ideas. However, the
final algorithm that we propose is not a two step algorithm.
We simply choose sets A; and B, and use all the selected
variables wy, k € D; = A; U B, as the predictor inputs
(i.e. we use Algorithm 1). As long as A; and B, satisfy
certain conditions, then consistent estimates of G%; will be
obtained using Algorithm 1. The proposed conditions that
B, must satisfy are presented in the following property.

Property 3. Consider a dynamic network as defined in (2),
a node w; and a set of nodes wy, k € A;, j ¢ A;. Let
C(j,A;) denote the set of confounding variables as defined
in Definition 1. For each v., ¢ € C(j, A;), let B, satisfy the
following conditions:

(a) For each ¢ € V,, one of the following conditions is
satisfied:
(i) all paths from v, — w; are blocked by a node
Wy, N € By, or
(ii) all paths from v, — wy, k € A; are blocked by a
node wy, n € B,.

(b) B, does not induce a sequence of linked confounders
between any node wy, k € A; and w;.

(¢) No nodes wy,, n € B, block any paths from w; to wy,
ke .Aj.

(d) No nodes wy,, n € B, block any loops through w;. O

The following proposition is a generalization of Proposition
4 that allows for more general conditions when handling
confounding variables.

Proposition 6. Consider a network as defined in (2) that
satisfies Assumption 1. Consistent estimates of GY, are
obtained using Algorithm 1 if Condtions (a)-(b), (d)-(f)
of Proposition 4 are satisified, and B, has Property 3.

The proof is in Appendix A
5. CONCLUSION AND FUTURE WORK

In this paper we have made the conditions for handling
confounding variables more flexible. There are likely many
connections between the work presented in this paper and
other works in the literature. For instance, Properties 1
and Properties 3 likely define a notion similar to the con-
cept of d-separation [Pearl, 2000]. Secondly, the conditions
presented in this paper are likely closely related to the
conditions for network identifiability as defined in Weerts
et al. [2015]. Finally, in this paper we did not investigate
the use of external variables for handling confounders, but
there is likely a significant advantage in doing so.
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Appendix A. PROOF OF PROPOSITION 6

Before presenting the proof of Proposition 6, we present a
proposition and a lemma from Dankers et al. [2016] that
will be used in the proof.

Proposition 7. Consider a dynamic network as defined in
(2) that satisfies Assumption 1. Consider a set of internal
variables wy, k € D; U {j}. There exists a network

v; (t)
wj(t) _ A ) UJj(t) o ‘ J
LUD(??)]_Go(q’Dj)[%(t)}JFFO(q’DJ)[ZEQ]' (A1)

where G° and F° are unique transfer matrices given by
(arguments ¢ and D; have been dropped for clarity):

9 ~ 1 ~
8 E ] T )
Gp; Gop I—diag(G,,) Gy jGpp —diag(Gpp)
9] 9] ~ 71 ~
FJQJ' VO 1:—1302 — 1_ij - 10 Ejoz
0 E% EY I—diag(G2,)| [0 E2
where
GiiGw| _[ 0 GL],[G%) /1 0 \-1[m0 0
|:évj G«DD:| - |:G,g] ng + Gii)z (I Gzz) [GZj Gm}a

=
F‘DZ

In Dankers et al. [2016] the network defined by (A.1) is
referred to as the immersed network.

GY, _
-2
O

The following lemma relates the transfer functions an
in the immersed network to a property of the original
network. For a proof of the lemma see Dankers et al. [2016]

Lemma 8. Consider a dynamic network as defined in (2)
that satisfies Assumption 1. If all paths from v, to w.,,
n € Z, m e D; U{j}, pass through at least one node wy,
¢ € D;j U{j} (in the original network), then FO =0 in
the immersed network. m|

The following lemma presents a characteristic of the noise
model in the immersed network if B, has Property 3.

Lemma 9. Consider a network defined by (2) that satisfies
Assumption 1 where the variables have been partitioned
into sets wj, w, k € Aj, wp, n € By, and w,, z € Z,
where Z ={1,..., L} \ {A; UB,U{j}}. Partition B, into
two sets, S and T according to the following criterion: let
ws, S € S be the set of all variables in B, for which there
are paths w, — w; and w, — w,, z € Z, that pass only
through nodes in Z. Let T be the remaining variables in
B, ie. T = B, \' S. If B, has Property 3 then the noise
model of the immersed network will have the structure

Oy, Byy O 0
| Pis, P OO
= |76 T ey @y (A.2)
0 0 &y O
O

Proof: From Proposition 7 the noise model of the immersed
network can be expressed as:

V; 5 0 0 0 Fjy Ui
| |0 Fs 0 0 Fuf|®
bl 70 0 By 0 B g;
Ua 0 0 0 Eu Eel |o

The power spectral density of v is equal to HH * where H
is the matrix defined above. Thus, the expression for @4 is

17 e ™ o Fi 7, FiFy,
A =
Fra P T ) L 2 O
Fi e F} Fi e F Febry  |Eul+|Eel?

In the following text, we will show that the off-block
diagonal terms in ®; are 0 resulting in the required
form. First consider the term FjF7%. By Condition (a)
of Property 3, there cannot be a variable present in Z
that has a path to both w; and wy, k € A; that passes
only through nodes in Z. Therefore, by Lemma 8 it must
be that either F'jz or Fi equal zero for every node k € A;.

It follows that sz}u?,jz =0forall k € A;.

Next consider the term szé} By construction, there is
no node w,, z € Z such that there is are paths w, — w;
and w, — wy, t € T. If there were such a path, ¢t would be
in §. Thus, by Lemma 8, it must be that szﬁs’; =0.

Next consider the term EZ P .. Recall that for every node
ws, S € S there exists a node w,, z € Z with paths
w, — w, and w, — w; that pass only through nodes
in Z. Suppose that there would exist a variable w, that
has paths w. — ws, s € S and w. — wg, k € A;. If
such a w,. existed, there would be a sequence of linked
confounders from w, — w;. By Condition (b) of Property

3, this cannot be. It follows that Fy, % = 0.

Finally, consider the term F;ZF';Z. By construction of T
there is a sequence of linked confounders from each node
we, t € T to a node wy in k € Aj. Thus, by reasoning
similar as above, it follows that it must be that Fi; F, = 0.
O

The following is the proof of Proposition 6.

Proof: Let B, be partitioned into S and T, as defined in the
statement of Lemma 9. From Proposition 7 the equations
for the immersed network using variables wy, k € D;, with
Dj = .Aj @] T USis

wj 0 Gis Gir Gia| Tw, 0j

Ws| _ Cfsj Tss st CjS.A Ws + 7:15 (A 3)
Wr Cij QTS ITT QTA wr E}T .
Wa G.Aj GAS G.AT GAA Wa Ua

From Lemma 9 the power spectral density of © has the
form (A.2). From the Spectral Factorization Theorem of



Youla [1961] we have ®; = HH* where H is a unique,
monic, stable, minimum phase spectral factor of ®;. The
upper and lower blocks of ®; can be factored as:

A Ff, 0 _{F11 O [|A1; O ||F11 O i
0 F22A22F22 0 Fyll O A22 0 Foyol

In the last equality the left spectral factor is the noise
model of the immersed network. Thus the equations for
the immersed network (A.3) can be expressed as:

Oy=

wy 0 st G]T G]A wy -{{j I_{js 0 0 éj
Ws Gsy Gss Cv;sr qu Hsj H; VO VO és
Wr || Grj Grs Grr G || wr 0 0 Hy Hpl||6r
Wa éAj éAS éAT GAA Wo 0 0 FIAT ErA €a

In this expression for the network, the noise 9; is correlated
to the noise ¥s. In the following text we aim to derive
an expression for the network, where the noise ¥; is
uncorrelated to all noise sources. Premultiply both sides
of the network equations by

1 —HuH;1 00
0O 1 00
0O 0 I0
0 0 01

The resulting network equations are:

CHGH w] (Gl Gls G G Ty
Ws _ QSj Gss Gsr G&A Ws
wr QTJ GTS CE”T’T (STA wr
Wp Aj GAS GAT GAA Wa

H; — “jusﬁs—lej 0 0 07 e

N H, H 0 0| |&

0 0 Hy Hpil| |or

0 0 Ho, H,| L&

where

I A r7—1
st - GJS - HJSHS
T 5 -1
GjT_GJT_ JsHs

SS
ST
e
Gy = G — HisHy ' G

After rearanging the terms in the top row, and removing

the G’ term, the resulting network equation is:
" " " 7! o
w] [0 Gl G Glrwy [H) 0 0 07
Ws |_| Gsj Gss Gsr Gaa || Ws + Hsj Hs 0 0 6|
Wr| | Grj Grs Grr Gra || wr 0 0 Hy Hpal|r
Wa GAj Gas Gar Gaa Wa 0 0 Hy H, o
where
o 1 o U o VY
Gl = o (G Hjo H st )
P 14 HisHs ' Gy,
(A.4)
é/]/T = (éﬂ' - ﬁjsﬁs_lésr) (A.5)

1
1+Fljsﬁs_1ésj
1

é/{ :ﬁ(é —Iu{ ﬁ_lu ) AG
MOt HGH G N TR T (4.6)
Hj = H; — HjsHy ' Hg; (A7)

The same matrix operations can be repeated to remove
the term Hs; from the network equations, resulting in:

w [0 Gk G Glrw [H) 0 0 0 7pe,
ws |_| Ge; Gl e || ue L0 Hs 000 lEs]
wr Cij CfTS Cj QTA wr 0 0 {{T }{TA %T
ta GAj Gas Gur Gaa ta 0 0 Lo Hy €

For the purpose of this proof, we are not interested in the
specific expressions for G” é” é” é” The important
feature of the above network equatlons is that the output
noise v = H'¢ €; is uncorrelated to all other noise variables
in the netwo i{ Consequently, by Proposition 4 the transfer
functions [G;’S G;’T é;/A] can be consistently estimated.

The last item that we need to prove is that under the
proposed conditions, é;’z = G;. The expression for é;fi is
shown in (A.6) (i is always a member of A; by Condition
(a) of Property 1). The proof will conclude by showing
that ésj =0 and ési =0forall s e S.

Start with Gs;. By Condition (d) of Property 3 there is no
loop through w; that passes through a node in B,. There
is a path from each w,, s € S to w;. Thus, if Gs; were
to be non-zero, then there would be a loop through w;
that passes through a node in B,. This is a contradiction,
and so we conclude that Gs; = 0 for all s € S. The same
reasoning can be applied to conclude that Gs; = 0. This
concludes the proof. O



