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First principles models are commonly obtained using finite element or finite difference methods. One of
the advantages of these models is that the states in the model have a clear physical interpretation. This
makes of them perfect candidates for the monitoring of the states of the system. Unfortunately, the CPU
time associated with each evaluation of these complex models is often far too large for these models to be
used for online monitoring purposes. This paper introduces a general method to approximate a compu-
tationally expensive first principles model with a quasi-linear parameter varying (q-LPV) model. Besides
approximating the original model accurately and conserving the physical interpretation of the states, the
resulting q-LPV model has generally a much simpler structure than the original model. This in turn
implies that the CPU time associated with each model evaluation is generally considerably reduced,
allowing the use of these models for online monitoring. Unlike other g-LPV identification techniques,
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the proposed method extensively uses the availability of the original first principles model.
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1. Introduction

This paper presents a novel approach for reducing the complex-
ity of large scale first principle models in order to accelerate the
computations with these models. Accelerating such large scale
models is indeed absolutely necessary to enable the use of these
models for online state estimation (monitoring). The proposed ap-
proach consists of using data generated with the first principle
model to identify a quasi-linear parameter varying (q-LPV) model
whose order is chosen in such a way that the simplified model is
a sufficiently accurate approximation of the original first principle
model.

Large scale first principles models, which can be used to de-
scribe the dynamical behaviour of complex industrial processes,
are commonly obtained using finite element or finite difference
methods with a very fine spatial grid. Consequently, the obtained
state-space models (1) and (2) are characterized by a very large
state vector X(k) (typically dim(X(k)) ~10°~10°) and complex
non-linear functions f(-) and h(-):

X(k+1) = f(x(k), u(k)) (1)

y(k) = h(x(k), u(k)). (2)
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In Egs. (1) and (2), the vector u(k) represents the inputs of the
system and the vector y(k) the measured outputs. In such first
principle models, the states X(k) have a clear physical interpreta-
tion. In fact, first principle modeling is the only technique! which
allows to describe the relation between the inputs u(k) and the
physical properties that are not directly measured i.e. the state
vector x(k). Consequently, in theory, such a model is the perfect
tool for the online monitoring of these physical properties. How-
ever, we will see that, in practice, this is not the case. Indeed,
the monitoring of the state vector is typically performed using
non-linear Kalman filtering. Non-linear Kalman filtering estimates
the state vector x at time k from u(k), y(k) and the estimate of
X at time k — 1. For this purpose, the algorithm requires a number
of evaluations of the model (1) and (2) which is proportional to
(at least) dim(x(k)). Knowing that, due to the complexity of the
functions f(-) and h(-), the CPU time required by one model eval-
uation can be of the order of the sampling interval, these large
scale first principles model can usually only be used for off-line
simulation studies.

The problem of simplifying a large scale first principles model to
enable online monitoring of the physical variables X(k) (and to en-
able control design) is thus of the highest importance. Based on the
considerations above, the simplification of the model must involve
both

! Data-based modeling is only able to describe the input-output behaviour.
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1. the reduction of the number of states (in order to reduce the
number of model evaluations required for the state estimation),

2. the reduction of the complexity of the non-linear functions
involved in the non-linear model (in order to reduce the time
required for each of the remaining evaluations).

In this paper, we will focus on the second objective. Indeed, the
problem of an overly large state dimension has already been exten-
sively studied in the literature [8,18,13]. This problem can be
solved by using projection based model reduction technique such
as proper orthogonal decomposition (POD) [8] or (empirical)
non-linear balancing [18,13]. POD techniques allow one to derive
a matrix T with (much) more rows than columns and this matrix
is used to project the original state vector X(k) into a reduced-order
state vector x(k) (i.e. with dim(x(k)) < dim(x(k))). This is done
using the following relation x(k) = T'x(k) with T the pseudo-in-
verse of the mapping T. The matrix T is determined in such a
way that the physical state x(k) can be accurately reconstructed
from the reduced-order states x(k) using the mapping Tx(k) i.e.
X(k) =~ Tx(k). By doing this, the original first principle model (1)
and (2) can be replaced by the following reduced-order model:

x(k+1) = f(x(k), u(k)) = T'f(Tx(k),u(k)) 3)
y(k) = h(x(k), u(k)) 2 h(Tx(k), u(k)) (4)
x(k) = Tx(k (5)

(1>
=
=

=

=

With (empirical) non-linear balancing [18,13], the reduction of the
state dimension can be obtained in a slightly different, but similar
way.

The model (3) and (4) can be used in non-linear Kalman filtering
to deliver an estimate X(k) of the reduced-order state x(k) and (5)
can then be used to construct the estimate X(k) of the original state
vector X(k) i.e. x(k) = T&(k). Since dim(x(k)) <« dim(x(k)), the num-
ber of evaluations of the model (3) and (4) required to compute
%(k) (and thus x(k)) is strongly reduced. However, the above proce-
dure does not necessarily reduce the computational effort?> per
model evaluation. Indeed, the model (3) and (4) still involves the
complicated non-linear functions f(.) and h(.). In fact, only when
the original model (1) and (2) is linear, a state dimension reduction
as presented above will result in a model that can be evaluated sig-
nificantly faster than the original full order model.

As a consequence, online monitoring is generally still impossi-
ble with the model (3) and (4) and the second simplification objec-
tive has also to be performed. This second simplification objective
is to reduce the complexity of the non-linear functions f(.) and h(.)
in (3) and (4) (or equivalently to reduce the complexity of the non-
linear functions f(.) and h(.) in (1) and (2)) and as a consequence to
reduce the computation time per model evaluation.

In the literature, different approaches are available in order to
reduce the complexity of the non-linear functions f(.) (resp. f(.))
and h(.) (resp. h(.)) for this purpose.

The first approach consists of simplifying the physical relations
that were used to generate the model (1) and (2). Physical relations
can be simplified by ignoring higher order terms, or neglecting cer-
tain effects (see Ref. [15] and references therein). While good re-
sults can be obtained in this manner [6], such an approach is
highly problem specific and requires process specialists to perform
the model simplification.

The second approach is a partitioning method [1,5]. Partitioning
methods split the original state X(k) into two parts: x'l(k) and
x2(k). The model (1) is only used to compute X[/, the remaining

2 When the model is available in implicit form, some increase in simulation speed
can sometimes be obtained. This decrease in CPU time per model evaluation is mostly
only minor [1,19].

states are reconstructed using linear methods. A drawback of this
approach is that it is generally difficult to find an appropriate par-
titioning allowing the accurate reconstruction of x/(k).

As opposed to the previous approaches, the third approach is
very simple to implement. In this approach, the initial model (1)
and (2) is first linearized around a chosen working point before
the state dimension is reduced [15]. Indeed, as already mentioned,
for linear models, the reduction of the state dimension results in a
considerable reduction of the computation time. A drawback of
this method is that linearization only results in reasonably accu-
rate models if the original system was already close to a linear
system.

The fourth approach encountered in the literature simplifies the
full order state Eq. (1) using a data-based approach [10]. More pre-
cisely, simulation data {x(k), u(k)} are generated with (1). The
simulation data Xx(k) are projected into the reduced-order
x(k) = T'x(k) using the matrix T' derived using POD techniques
with the simulation data (or other data). Subsequently, a subspace
estimator is used to identify a linear (and thus much faster) model
of the relation between x(k) and u(k). Like in the third approach,
the main drawback of this method is that, if the original model
shows significant nonlinearities, the accuracy of the linear model
will be limited.

There should always be a trade-off between the accuracy of the
approximated model and the reduction of the computation time
per model evaluation. That is why Ref. [17] builds on the ideas of
Huisman and Weiland [10] and proposes to also identify the non-
linear part using an empirical structure. In this sense, the present pa-
per can be considered as an extension of the approach in Ref. [17].
Our procedure indeed uses simulation data to identify a simple
non-linear approximation of the complex non-linear model. How-
ever, our approach differs from the methodology in Ref. [17] mainly
in the fact that we propose a clear procedure in order to come up
with the empirical structure for the non-linear part (see below).

Since, the most CPU time is generally by far spent evaluating the
state equation, we will only consider the simplification of the non-
linear function f(.) (resp. f(.)). Our procedure starts by identifying a
linear model of the non-linear Eq. (3):

x(k+1) = Ag x(k) + Bo u(k) + o (6)

We show that this can be done using a classical linear least-square
optimization. If this linear model is not sufficient to achieve the de-
sired accuracy, we will use the same data to identify a quasi-linear
parameter varying model® to complete the linear model (6):

X(k+ 1) = Ao x(k) + By u(k) + o
+ 30 bx(), u(k))[Anx(k) + Butt(K) + 5] (7)

q-LPV model

In the g-LPV model, we see that M component linear models
(Am,Bm,dm) are summed after being weighted according to scalar
scheduling functions ¢,,(-). The scheduling functions ¢,,(-) deter-
mine how the behaviour of the identified model should change
according to the current operating point. Even using a relatively
low number of component models and relatively simple scheduling
functions ¢, (-) a wide variety of non-linear models can be accu-
rately approximated using the structure (7) and this approximation
will require, due to its simplicity, considerably less computation
time per model evaluation.

The problem of identifying q-LPV models has been extensively
studied in non-linear identification literature. The current methods
can be divided into the following categories:

3 Quasi-linear parameter varying (q-LPV) models are also known under the names
local linear models or fuzzy models.
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1. identify scheduling functions ¢, (-) and models Ap, Bn, om for
m=1,...,M simultaneously, see e.g. Refs. [21,3,14],

2. functions ¢,,(-) are assumed known, identify only A, Bn, 6m for
m=1,..., M,

3. two stage methods: first determine scheduling functions ¢,,(-)
then identify A, Bn, o form=1,... M [11,2].

In this paper, we will introduce a new method to identify q-LPV
models which will use the specificities of the identification prob-
lem considered in this paper. The identification problem in this pa-
per is indeed quite different from classical identification problems.
The main specificity is that we will identify a simplified model* of
the known non-linear Eq. (3). This implies that we are able to gener-
ate simulation data ZV = {u(1),x(1),...,u(N),x(N)} concerning the
states x(k) which are in practice unmeasured. This also implies that
the data are not perturbed by noise. Finally, since we know the sys-
tem we want to identify, we will be able to use this knowledge for
the identification. Our g-LPV identification approach is a two stage
method:

1. Unlike most q-LPV identification methods, we will first deter-
mine the linear component models. For this purpose, the com-
plex non-linear model (3) is linearized around each data pair
(u(k),x(k)) in ZV. The most significant linear behaviours among
these N local linear models are subsequently determined using
a similar POD technique as the one used for state reduction.

2. Then, in a second step, we parameterize the scheduling func-
tions ¢, (-,0m) and estimate the optimal values for 6,, using
the simulation data.

The optimal length M for the expansion in (7) is determined in
order to achieve the desired accuracy.

2. q-LPV models and notations

In this paper, we consider the approximation of complex non-
linear state-space models using both linear and quasi-LPV model
structures. In this section, we describe in details these model struc-
tures and introduce some useful notations.

A linear model structure for the state equation is given by:

x(k+1)=Ax(k)+ B u(k) + ¢ (8)

where x(k) € R™! is the state vector at time k, u(k) the input of the
system, & € R™! an offset vector and (A, B) the state-space matrices.
The parameters that can be tuned to approximate the non-linear
system are the matrices A and B and the vector J. These parameters
can be collected in a parameter vector ¥:

¥ = (vec(A)" wec"(B) wec(s)") 9)

The column vector 7~ is here defined using the operator vec(.). For a
matrix A, the row vector vec(A) is in this paper obtained by putting
aside of each other the rows of A. Note that this definition is differ-
ent from the usual one. Using this notation, the linear model struc-
ture (8) can be rewritten as:

x(k+1) = z(x(k),u(k)) v (10)
with Z(x(k),u
7 (x(k),u(k)) =

u(k)) a matrix defined as:

(Lox'(k) Lou'k) I) (11)

4 It could seem odd to identify a model of another model (i.e. the first principle
model) instead of directly identifying the system itself. However, it is important to
note that collecting real-life data will only allow to identify a model of the input-
output behaviour of the system while we are here also interested by the relation
between inputs and states.

Let us now define what we mean by quasi-LPV model. However, let
us first introduce the notion of LPV model. A LPV model is a time-
varying linear combination of linear models (Ay, Bm,dm) m=1...M:

Zrﬁm

We see that the coefficients ¢,, of the linear combination are depen-
dent on the value of a so-called scheduling parameter vector p(k)
which is supposed to be a measurable function of the time. These
coefficients are thus scalar-valued static functions of p(k) and are
called scheduling functions. These scheduling functions determine
how the modeled behaviour should change depending on the value
of the scheduling parameter. In a LPV model, it is generally assumed
that p(k) is not related to the state vector x(k) or to the input u(k) of
the system. In contrast, a quasi-LPV model or fuzzy model is a LPV
model where

[ x(k)
6= (o)
This yields:

M

z Gm(x(K),u(k)) (Am x(k) + Bm u(k) + om) (12)

m=1

x(k+1) (Am X(k) + By u(k) + 6m)

x(k+1)=

or equivalently:

x(k+1) (Z dm(x(K),
M

= Z (x(k), u(k)) <Z bm(x(k),u(k)) V) (13)
m=1

where 7", (m=1...M) is defined similarly as 7~ (see (9)) but here
with Ay, B, and 6. In order to be able to approximate a system
using this model structure, different parameters have to be deter-
mined. First of all, the number M of components in the expansion
and then the M vectors ¥, containing the coefficients of the linear
models and finally the M scheduling functions ¢, (x(k),u(k)). These
scheduling functions are generally also parametrized using a
parameter vector 0,,. An example of such parametrization is a sim-
ple linear form:

b (x(K), u(k), 0m) = (xT(k) uT(k) 1)0m (14)

Consequently, determining the scheduling functions is equivalent
to determining the parameter vectors 0, (m=1...M).

Remark. In (12)and (13), we have represented the q-LPV model as
a (state and input-dependent) linear combination of linear state-
space models. State-space models are indeed a very compact
parametrization. However, a drawback of choosing such models for
the q-LPV parametrization is that, even if each component model is
stable, their linear combination is not necessarily stable. In order to
circumvent this eventual problem, one could instead construct the
g-LPV model using finite length impulse response (FIR) component
models. Indeed, a linear combination of FIR models is always
stable. If we use M FIR component models of length L for the g-LPV
parametrization, the expressions (12) and (13) become:

(Z gn(u(k—1i )
=Z(u.k) (Z b (x(k), u(k)) gm)
m=1

with Z(u,
&n(1)...8m(L—

M
Xk+1) =" du(x
m=1

(k L+1)) eR™ and %,=(g,(0)
M). The procedure we present in

k)= (u(k) u(k=1)...
))T RL><I (m 1.
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the sequel to identify q-LPV models of first principle models can be
applied for both the state-space and the FIR parametrization of q-
LPV models (see [4] for more details).

3. Problem statement

Suppose that a real-life system can be described by a non-linear
state-space simulation model:

x(k+1) =f(x(k),u(k)) (15)
y(k) = h(x(k),u(k)) (16)

where x(k) € R™! is the state vector at time k, u(k) is a vector con-
taining the inputs of the system. Finally, f(.) and h(.) are two static
non-linear functions. We assume that this model perfectly describes
the behaviour of the system and that the state vector x(k) is a vector
of physical quantities that are important to monitor.” This simula-
tion model can be freely used for simulations; gradients can be
computed (at least numerically). However, as mentioned in the
introduction, this model is too complex for on-line monitoring (or
for control design purposes). The main reason for that is that the
static function f(.) is so complex that the time required to update
the state vector and the output vector with (15) and (16) is of the
same order or even larger than the sampling interval Ts and this
of course prevents the use of the model (15) and (16) for online con-
trol and monitoring purposes since monitoring and control algo-
rithms generally require multiple evaluations of the model per
sampling period. The complexity of the function f(.) is mainly due
to its large number of input and output arguments. Note that the
function h(.) is often less problematic since the dimension of y(k)
is typically much smaller that the dimension of x(k). Consequently,
in the sequel, we will only focus on the state equation (15).

To sum up, the available simulation model gives very useful
information on the physical states of the system, but can only be
used to monitor/control the system off-line (which is not very
interesting). Our objective in the sequel will therefore be to keep
(most) of this useful information on the physical states while
allowing online monitoring (and control). For this purpose, we will
apply to the simulation model (15) a typical input/ disturbance tra-
jectory u(k) and store the corresponding state vector x(k). It yields
the following data set:

ZN = {x(k), u(k) |k=1...N}

Subsequently, we will use these data to identify a simplified model
for (15). This simplified model

X(k+1) = fa(x(k), u(k)) (17)

is such that the state and the input vectors are identical to those
in (15). To ensure that the simulation time of the identified mod-
el is much smaller than the one of the initial model (15), we will
identify this model within model structures such as linear model
structure or g-LPV model structures with a small expansion
length M. The reduction of simulation time with respect to (15)
is obvious if we replace the non-linear function f(.) by a linear
state-space model (8). For a g-LPV model (12), the reduction of
computation time can be evidenced by comparing the complexity
of the scheduling functions ¢,(.) and of the function f(.). Both
functions have the same number of input arguments i.e. x(k)
and u(k). However, ¢, has only one output argument while f(.)
has n output arguments. Consequently, if the number M of sched-
uling functions ¢,,(.) is much smaller than n (as it ought to be),
evaluating the identified q-LPV model will require (much) less

5 As mentioned in the introduction, this vector is generally a reduced-order state
vector obtained via proper orthogonal decomposition, but which can be easily back
computed into the vector with physical meaning.

time than evaluating the initial model (15). One objective of
the identification of the q-LPV model will therefore be to obtain
the smallest expansion length M.

Reducing the computational burden is one aspect of the identi-
fication, the accuracy of the identified model with respect to the
initial model is another one. For this purpose, we impose the fol-
lowing accuracy constraint:

L0 f (k) u(k)) — fia(x(k), u(k))
LR (x(k), u (k)

where the constant oy is chosen to make a trade-off between the
complexity and the accuracy of the simplified model. For the accu-
racy constraint (18) to be really effective, it is important that Z" be a
representative data set. We make therefore the following
assumption:

<o (18)

Assumption 3.1. It will be assumed that all the nonlinearities of
the system that are relevant for its working area have been excited
i.e., the available data Z" is representative for the whole working
area of the model (15).

The assumption above states that the dataset ZV enables the
determination of a model (17) that is accurate in the entire work-
ing area. For non-linear models it is not trivial to verify that a given
data set has this property. In our identification procedure we will
ignore this problem for now.

As already mentioned above, we consider two different model
structures for the identification of (17): the linear model structure
and the g-LPV model structure. Due to its simplicity, we will of
course begin with the linear model structure:

Problem 1. Given the state equation (15) and a data set Z"
fulfilling Assumption 3.1. Determine, based on Z", the coefficients
¥ o of a linear model (10):

X(k+1) = fia(x(k),u(k)) = 2 (x(k),u(k)) /"o
minimizing the prediction error 10, [f (x(k),u(k)) — fu(x(k),u(k))|>.

If the linear model solving Problem 1 is sufficient for (18) to
hold, there is no need to continue with q-LPV modeling. However,
in most cases, a linear model will not be sufficient to fulfill (18)
since the non-linear behaviour of f(.) cannot be neglected. The
non-linear behaviour of f(.) can be characterized by the difference
between f(.) and the linear model solving Problem 1

Af (x(k), u(k)) =f (x(k), u(k)) — (Z (x(k), u(k)) #7) (19)

This is the function Af(.) that we will try to approximate by a q-LPV
model (13) in such a way that the accuracy constraint (18) holds
(see Problem 2). This accuracy constraint can be rewritten in terms
of Af and of the to-be-identified g-LPV model as follows:

S AFOx(R), k) — 260K, (k) (S (0000, 1K), ) 7 )
N i lf (x(k). (k)

< O

(20)

Problem 2. Given the function (19) and a data set ZV fulfilling
Assumption 3.1. Determine, based on Z", the q-LPV model (13)
with the smallest expansion M in such a way that (20) holds.

To determine the optimal q-LPV model of Problem 2, we obvi-
ously need to determine the length M of the expansion, but also
the coefficients ¥, of the M linear models and the M vectors 0,
parametrizing the scheduling functions ¢,,(.) (see (14)).

Remark. The constant o in (20) must be chosen with care. Indeed,
if we choose o too small, we have the risk of overfitting. It is
therefore advisable to validate the obtained q-LPV model with
another data set.
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4. Solution to the two identification problems
4.1. Problem 1: best linear approximation

Problem 1 corresponds to the following linear least-square
problem:

o = argmin & 3" (k). (k) - 2(x,u(k) ¥ @)

k=1

with x(k) and u(k) in the data set Z"
4.2. Problem 2: q-LPV approximation

4.2.1. Local linearization

If the best linear approximation determined in the previous
subsection is not sufficient to achieve the accuracy constraint
(18), we will need to develop a q-LPV approximation of the func-
tion Af (see (19)). Even though Af represents the non-linear behav-
iour of the state equation (15), the non-linear function Af (x, u) can
be approximated by a linear mapping at each data point in Z" (at
each point on the trajectory) by linearizing Af(x,u) around each
of these points (x(k),u(k)):

Af (x, u) = Af (x(k), u(K)) + o o.uky (X — X(k))
+ Bxiuiyy (U — u(k))
with

OAf (x,u)

OAf (x,u)
A out) =g

Bitut) =g

x=x(k), u=u(k) x=x(k), u=u(k)

The above expression can be rewritten as follows:
Af(x,U) = o (xo.ut0) X + Bixo.uto) U+ Oxio.uk)

with

Dty = M (x(k),u(k)) — o xio.uiky) X(K) — Bixouiy (k)

It is important to note that the non-linear mapping Af (x, u) at the
data point (x(k),u(k)) is perfectly described by the linear mapping
(i.e. the local linear model) developed above:

Af (x(k),u(k)) = o (x(iouiky X(K) + B utiy U(K) + Do iy (22)
x(k)
= (At Bowuto) Owiouto)) | uk)
1
= Z(x(k), u(k)) Yxiouky >

where 2 (x(k),u(k)) is defined in (11) and Y uw) is a column vec-
tor defined similarly as v~ (see (9)).

Note that such a local linear model (23) can easily be computed
(e.g. numerically) using the available knowledge of the non-linear
function f(.). Note also that this model can be derived for the N
data points yielding a set of N vectors Yywuw) (k=1...N)
describing the N local linear models.

Using (23), the constraint (20) can be rewritten as follows:

I 2 00 00) (Yo~ Sy ), 100, 0m) )|
Wi lf (e, u(k)) P

<o

(24)

Solving Problem 2 (i.e. determining the smallest M (and the corre-
sponding ¥, and 0,;) such that (24) holds) can be tackled using
the following optimal algorithm.

Algorithm 4.1. An optimal algorithm to solve Problem 2 is as
follows.

1. Set M = 1.
2. Based on the data Z", determine 0,7, (m=1...

follows:

M) as

. 1
ar, min —
] Vms Om (m=1..M) N

X

(25)
3. Verify whether the q-LPV model identified in step 2 satisfies
(24). If it is so, STOP. Otherwise, set M = M + 1 and go to step 2.

Unfortunately, the optimization problem (25) is a practically
unsolvable problem even if a particular structure for the parame-
trization of the scheduling functions is fixed a-priori. In the sequel,
we nevertheless propose a sub-optimal procedure which allows us
to determine the vectors ¥, and 0,, (m = 1...M) of a g-LPV model
achieving for k=1...N:

Af (x(k).u(k))

M
Z(x(k), u(k)) Y o uiry = 2 (x(k), u(k)) (Z bm(x(k), u(k), Om) ”Vm>

This procedure is presented in subsections 4.2.2 and 4.2.3 and can
thus replace the second step of Algorithm 4.1. This leads to the fol-
lowing feasible algorithm for solving Problem 2.

Algorithm 4.2

1. Set M =1.

2. Based on the data Z", determine 0y, ¥ 'm (m=1...M) using the
procedure presented in subsections 4.2.2 and 4.2.3.

3. Verify whether the q-LPV model identified in step 2 satisfies
(24). If it is so, STOP. Otherwise, set M = M + 1 and go to step 2.

The procedure presented in subsections 4.2.2 and 4.2.3 first
determines the M linear models of the expansion and thereafter
the parameter vectors 0,, parametrizing the scheduling functions.

4.2.2. Sub-optimal determination of v, (m=1...M)

To determine the vectors ¥, parametrizing the linear models,
we will suppose that the scheduling functions have not any struc-
ture, but are instead just scalar coefficients g, ie. ¢, (x(k),
u(k),0m)=pPmni (k=1...N)(m=1...M).

We then notice by inspecting (25) that if we could find an
expansion Y m_ i ¥ mwhich is equal to Yuw) for k=1...N,
we would have found a perfect g-LPV model.® Based on this obser-
vation, it is justified to use the following optimization problem to
determine the coefficients 7"%" of the linear models in the q-LPV
expansion

N M 2

arg min 1 > Wawuty = Y Bk ¥'m (26)
m bne N k=1 m=1

As opposed to (25), the optimization problem (26) is easily solvable.

Indeed, since Y ) and 7 are vectors, solving this optimization

problem is equivalent to applying a proper orthogonal decomposi-

tion of the matrix

E=(Yamauty Yeoue) Yixeny.un) )

5 Note that a perfect match (i.e. Znn/.':1/fm.r< V'm = Yxgu k) is possible if M is
chosen equal to the dimension of the coefficient vectors Y and ¥ ,. However, since M
will be typically much smaller than the dimension n of the state vector, it will be also
much smaller than the dimension of ¥ p,.
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Consequently, the optimal parameter vectors ¥ (m = 1..M) are
given by the first M column vectors of the matrix U in the singular
value decomposition of Z = UXV and the optimal coefficients /)’f,f;
are given by:

T .
B = Yhguiey 7 k=1..Nm=1...M

Remark. It is important to note that the optimal parameter
vectors * %' (m=1...,M) are determined by exploiting the
possibility we have to linearize the non-linear function As(x,u)
or, in other words, by exploiting our knowledge of As(x,u). The
optimal parameter vectors ¥ %' (m=1..., M) are consequently
not “identified” using the data ZN. The data are only used to
determine at which points A(x,u) must be linearized.

4.2.3. Determination of ¢,,(x(k), u(k),0,) (m=1...M)
In the previous subsection, we have determines an expansion
such that:

Af (x(k), u(k)) ~ 2 (x(k), u(k)) <XM: Bor V?éi”)
m=1

for all {x(k), u(k)} in Z". In this subsection, we will replace the
unstructured coefficients f,,, by structured scheduling functions
such as in (14). This step is absolutely necessary. Indeed, these coef-
ficients f,,, only allow to compute Af(x,u) at the N data points in
ZN. Consequently, if these coefficients are not replaced, it would
be impossible to compute Af(x,u) for points x and u which are
not in the simulation data.

The first step here is to choose a structure for the scheduling
functions ¢,,(.). Since the functions ¢,,(-,0,) are not required to
have any physical interpretation, we are free to chose any model
structure we would like. The choice for structure of these functions
is a trade-off between complexity and flexibility. An example of a
simple structure is given in (14). The main advantage of this affine
parametrization is that the structure is linear in its parameter vec-
tor 0, and the number of parameters is relatively small. The draw-
back of this model structure is that such a structure may not be
flexible enough to allow for an accurate identified model. If more
complex scheduling functions are required, it is possible to use
more complex structures using for instance radial basis functions
[20] or fuzzy membership functions [2]. To select an appropriate
structure for the scheduling functions, it is often helpful to look
at plots of the computed coefficients ,,, as a function of the states
and inputs (x(k), u(k)) € Z".

Once a structure has been selected, all that remains is to esti-
mate the parameter vectors 0, (m=1..., M) of the scheduling
functions for the M linear models determined in the previous sub-
section. Given the optimal criterion (25), the most optimal way to
determine these vectors 0, (m=1...M) is as follows:

Q%P .. 0% = ar min
1o g O (m=1....M)

1 N
P

with the linear models 7%' as determined in the previous
subsection.

Note that if the scheduling functions ¢,,(-,0n,) are chosen lin-
ear in 0, such as in (14), the resulting minimization problem is a

:?(x(k), u(k)) <Y(X(k)‘u(k)) - Z ¢m (X(k)7 U(k), Qm) ,Vompt>

linear least-squares problem which can be easily solved. For
more complex structures that are not linear in 0, the parame-
ters of the scheduling functions have to be determined using
non-linear optimization techniques. For the previously men-
tioned structures involving radial basis functions or fuzzy mem-
bership functions, good initial conditions can be obtained by
applying clustering methods on the computed coefficients g,
[2].

Remark. Even for simple linear parameterizations of the sched-
uling functions ¢,,(-,0,) such as (14), determining parameters
vectors 0, can sometimes be difficult. The difficulties occur when
the least-squares problem (27) is ill-conditioned. In such cases it
is advisable to approximately solve the least-squares criterion
(27) using a truncated SVD, to effectively reduce the degrees of
freedom in the least-squares problem. For more details, see
[7,16]. Note also that other methods than the one presented
above exist for the determination of the scheduling functions ¢,,;
see e.g. [9]

5. Simulation example
5.1. Simulation model

In this section, in order to illustrate our results, we consider an
iron solid square plate that is heated and cooled at the edges, see
Fig. 1. The considered plate is 0.01 m tick and its sides are 0.5 m
long. The plate is heated via four heating surfaces that completely
cover its four sides (the temperature along each of the four sides of
the plate can therefore be supposed uniform and equal to the tem-
perature of the corresponding heating surfaces). The temperatures
of these heating surfaces can be freely chosen and will therefore be
the four inputs of the system.

A model of the plate can be constructed from the energy bal-
ance over an infinitesimal small surface area dp dq at spatial coor-
dinates (p,q)”:

oT(p,q,t)

pchdpdq 5t

in which h = 0.01 m is the tickness of the plate, p = 7870 kg/m? is
the mass-density of the plate, ¢ = 4690 J/(kg/K) is the heat capacity
of the plate. The V operator in the above expression is defined as:

f'_)
V= (j) (29)
oq

The function J(p,q,t) : R® — R? is a vector function that represents
the heat transfer at location (p,q) and at time t. The heat transfer
function J(p, q, t) is given by:

.](p7 q, t) = /L(T(p* q, t))VT(ILq,t), (30)

(27)

7 We use the spatial coordinates (p,q) instead of the more conventional spatial
coordinates (x,y) to prevent confusion with the state vector x(k) and measurement
vector y(k).
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Temperature distribution of heated plate
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Fig. 1. Simulated heated plate example. The plate is heated or cooled along the
complete edges on all sides. The physical equation are solved on a 32 by 32 grid
using implicit Euler integration.

with /(T (p, q,t)) a temperature-dependent heat conductivity coeffi-
cient. Here, we assume that A(T(p, q,t)) is given by:

1 3 3
HT(P.4.0) = 5555 T(P. 4.0 + 5 T(p.4,0) + 80. (31)
The heat conductivity as a function of temperature is plotted in
Fig. 2. It should be noted that this particular heat conductivity func-
tion is not based on physics. Instead the function was chosen for the
model to have some reasonable non-linear characteristics in order
to be appropriate to test our model approximation techniques.
The model (28)-(31) can be rewritten in the non-linear state-
space form using a finite differences method. The finite differences
method imposes a grid on the plate. We have chosen to use a grid
of 32 by 32 elements. In each grid-cell, the temperature and all
other material properties are assumed to be constant. In the
remainder we shall denote the p-coordinate (horizontal position)
of a column of grid-cells as p(i,) with i, € {1,...,32}. Similarly
the g-coordinate (vertical position) of a row of cells is denoted as
q(ig) with iz € {1, ..., 32}. Spatial derivatives with respect to spa-

Heat conductivity A(T) as a function of temperature
150 T

—— A [MWIK]

100

50

Heat conductivity [mW/K]

O 1
-50 0 50
Temperature

Fig. 2. Plot of the chosen temperature-dependent heat conductivity function A(T) as
given by (31).

tial coordinate p and g are approximated using finite differences.
For example, the spatial derivative with respect to p is approxi-
mated using the following equation:

I ppiipyac p(ip +1) — p(ip)

. (32)

The partial derivatives with respect to q are approximated in the
same manner.

After approximating the spatial derivatives using finite differ-
ences, the resulting model X(k) = f(x(k),u(k)) is a set of 1024
non-linear ordinary differential equations. These equations are
solved using an implicit Euler method, using an integration time
interval of 20 s. The state vector X(k) in this model represents the
temperature at each of the 1024 grid-cells while the input u(k) is
a vector containing the temperatures applied at each of the sides.
The state dimension of this model can nevertheless be easily re-
duced to 25 using classical POD techniques [1] and this without
loosing the physical interpretation: the 1024 initial states can in-
deed be accurately estimated from the 25 states of the final model.
This final model is of the form (15):

x(k+1) =f(x(k),u(k)) (33)

with x(k) € R®*! and u(k) ¢ R*'. This model is quite slow. In-
deed, 131 seconds are required to perform 2500 model evaluations.
In the sequel, we will see that, using our q-LPV model approxima-
tion method, we will be able to reduce this computation time by
a factor 350 and keep the relative prediction error (18) below
o = 1073 (the desired accuracy).

5.2. g-LPV identification

In order to be able to simplify the non-linear model (33) using
our q-LPV approximation technique, we will need to collect data
by simulating (33). Here, we have collected N = 2500 simulation
data ZV = {x(1),u(1),...,x(N),u(N)}. The input vector which has
been chosen to generate these data is a random stair sequence
i.e. a sequence which changes values only every 40 s. The new val-
ues taken after each 40 s are independent of the past and future
values and are taken equal to realizations of a normal distribution
with zero mean and variance Q = diag(225,225,100,100). In
Fig. 3, the first entry of the vector u(k) is represented from k = 1
to k = 1000.

Example input signals u(k)
40 T T T T

Bottom surface temperature

Temperature (C)

0 200 400 600 800 1000
time index k—

Fig. 3. First entry of the vector u(k) used for the data collection from k=1 to
k = 1000. This entry corresponds to the temperature applied at the bottom of the
plate.
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As proposed in Problem 1, we will first use the data to approx-
imate (33) with a linear model (10) and verify whether we can
achieve a relative prediction error smaller than o; = 10~ with
such a simple model. The parameter vector ¥, corresponding to
this linear model is obtained via the least-square problem (21).
This linear model is of course much faster than the non-linear
model (33): only 0.012 second is required to achieve 2500 model
evaluations i.e. a reduction with a factor 10,000. Moreover, the lin-
ear model achieves a relative prediction error of 1.7 10~*. Note
thus that this linear model is already able to predict pretty well
the behaviour of the system. However, the achieved relative error
is larger than the desired oy = 107°. Consequently, in order to ob-
tain an approximation of (33) with a relative prediction error smal-
ler than the desired of, we need to extend the best linear
approximation 77, with a g-LPV model as proposed in Problem 2.

For this purpose, we have applied Algorithm 4.2. In this algo-
rithm, for each value of M, the procedure presented in Sub Sections
4.2.2 and 4.2.3 must be followed to find the (optimal) q-LPV model
with this expansion length. In this procedure, the M linear models
of the expansion are first determined. For this purpose we linearize
the non-linear model (33) around all data points (x(k),u(k)) € Z".
This delivers Y u) for k = 1...2500. We then use a SVD decom-
position technique to solve (26) i.e. to determine the optimal
expansion Z",ﬂzl B v %t with unstructured coefficients. The M
linear models specified by 7% are then used to determine the M
scheduling functions via the optimization problem (27). For this
purpose, we need to define a parametrization for the scheduling
functions. In the sequel, we present how we have determined this
parametrization for the iteration step where M = 5.

To find an appropriate model structure for the scheduling func-
tions ¢, (x(k),u(k), 6m), we plot the relation existing between the
coefficients [)’ﬁﬁ( and the corresponding states x(k) or the corre-
sponding input u(k) for k = 1...N. In Fig. 4, we present such a plot.
In this plot, the coefficients /;g{’,j is plotted against the fourth entry
uy4(k) of the input vector u(k). Based on the shape of the curve in
Fig. 4, we can conclude that the coefficients % seem to behave
as a third order polynomial function of u(k). Similar plots of coef-
ficients /Bgfj( against entries of x(k) suggest that a similar relation
exists between /j",ﬁ and x(k). This is not surprising since the non-
linearity of the original model (33) is caused by A(T) which is a
third order polynomial function of the temperature. Finally, after
some trials and errors, we have chosen the following structure
for the five scheduling functions ¢,,(x(k), u(k), 0m):

i (Xsea (k) u(K), Om) = [1 [x(K)]15 u(k)" XK1 [u(k)’]'0m,  (34)
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Fig. 4. f;, versus the fourth input component uy(k) (left side temperature).

with 0, a parameter vector of dimension 21. Since we have chosen a
scheduling function that is linear in the parameter vectors 0, for
m=1,...,5, the optimization problem (27) delivering the five
optimal parameter vectors 6%" is here a least-square problem.

The solution of Algorithm 4.2 that we have found following this
procedure is a q-LPV model with five component models (M = 5).
Indeed, M = 5 is the smallest value of M for which the correspond-
ing g-LPV model satisfies (20) with oy = 107°. The non-linear mod-
el can thus be approximated with a model made up of the
summation of this q-LPV model (M =5) and the best linear
approximation. This approximation achieves the required accuracy
since the relative prediction error is smaller than os. Moreover,
only 0.37 s is required to achieve 2500 model evaluations whereas
131 s were required with the initial non-linear model (33). Conse-
quently, we have been able to reduce the computation time by a
factor 350 while keeping a very high accuracy for the prediction
of the behaviour of the system.

As said previously, the solution of Algorithm 4.2 is a q-LPV mod-
el with five component models (M = 5). To obtain this model, we
had also to construct q-LPV models with an expansion length
M =1 till M =4 (see Algorithm 4.2). For the sake of completion,
we give, in Table 1, the achieved relative error obtained with the
estimation data Z" as well as the computation time to achieve
2500 model evaluations for these four intermediary q-LPV models.

As a final verification of the quality of our approximations, we
have computed the relative prediction errors obtained with a set
of 2500 new data points generated by the initial system (33). The
obtained relative error for the q-LPV model with five components
(i.e. the solution of Algorithm 4.2) is 0.58 x 10, As a comparison,
the obtained relative error for the best linear approximation is
3.34x 107

5.3. Filtering example

In this section we will use the q-LPV model as identified in the
previous section in a state estimation example. In the state estima-
tion example, we will estimate the temperature at all positions of
the heated plate (i.e. the full state x(k) of the system) using just five
temperature measurements at each time step. In order to arrive at
a proper state estimation problem, we first extend the original
heated plate model using a additive process noise term:

x(k+1) =fxk),u(k)) +w(k), (35)
with f(x(k), u(k)) the physical non-linear model derived in the pre-
vious section using a finite difference method. The vector
x(k) € R'*! is the state vector before POD reduction and repre-
sents thus the temperature T(p(ip),q(ig),k) in each of the 1024
grid-cells (i, = 1...32,i; = 1...32). The additive noise w(k) is cho-
sen as a zero mean stationary white noise signal with:

E{w(k)} =0 (36)
E{w(k)w(k)"} = 0.01 I (37)

Apart from a process noise, the model was extended with a obser-
vation model, i.e. a model that describes the available measure-

Table 1

Achieved relative error (left-hand side of (18)) obtained with the estimation data Z"
and the computation time to achieve 2500 model evaluations for the four interme-
diary q-LPV models.

M Relative error Computation time (s)
1 095 x 1074 0.10
2 058 x 1074 0.17
3 022 x 1074 0.24
4 012 x 1074 0.31
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Table 2

State estimation results using the original reduced-order physical model (33), the identified q-LPV model (for M = 5) and an identified linear model. The relative estimation error
& is calculated via (41). For the first two non-linear models the Unscented Kalman Filter (UKF) was used, for the linear model we used the normal Kalman filter.

Model Filter Relative error & Time required for 500 state estimates (s)
Original non-linear model (after POD reduction) UKF 2 x 1074 1100

Identified q-LPV model (M = 5) UKF 4 x 1074 8.6

Identified linear model KF 33 x 1074 33

ments. In this example the measurement model is given by the fol-
lowing linear model:

T(p(32), q(1),k)
y(k) = | T(p(16), q(16).k) | + v(k), (38)
T(p(1), q(32),k)
T(p(32), q(32),k)
with v(k) € R**' a zero mean stationary white noise signal with:
E{v(k)} =0 (39)
E{v(k)v(k)} =1 (40)

As can be seen from the above equation, the temperature is mea-
sured in the center and at the four corners of the plate. These five
temperatures are of course entries of X(k).

Using the model (35)-(40), N = 500 states X(k) and measure-
ments y(k) were generated. The input u(k) used to generate these
new states and measurements were generated using the procedure
described in the previous subsection.

The input u(k) and the output y(k) will now be used to estimate
the state x(k) (i.e. the temperature of the plate in each grid-cell and
for k=1...,500) using a filtering technique. The state estimate
will be denoted by X(k) . In order to obtain this estimate, not only
input-output data are required, but also a model. We will here
consider the estimate obtained with three different models. The
first model is the non-linear model (33) of order 25 obtained from
the original non-linear model (35) of order 1024 by applying a clas-
sical POD technique. The second model is the g-LPV model for
M =5 that was identified from (33) in the previous subsection
and finally the third model is the linear model also identified in
the previous subsection. Since the first two models are nonlinear
the Unscented Kalman Filter (UKF) [12] was used to estimate
x(k). The UKF is an extension of the normal Kalman filter that is
able to handle non-linear models. For the linear model, the normal
Kalman filter was used to obtain® (k).

The three models will be compared in their ability to estimate
the state vector x(k). For this purpose, we introduce the following
relative error &:

5 _ Wi (k) — X
Nk (k)

with X(k) the state estimate and X(k) the actual value obtained from
simulation (here N = 500). Besides the estimation accuracy, the
three models will also be compared with respect to the computa-
tional time required to perform the 500 estimations.

The results using each of the models are summarized in Table 2.
This table confirms our previous results. Indeed, we observe that
the g-LPV model is a perfect trade-off between computational effi-
ciency and state estimation accuracy.

(41)

8 The linear and g-LPV model are both approximations of the reduced-order model
(33) obtained after POD technique. This means that the filtering technique for the
three models delivers an estimate of the reduced-order state x(k). In Egs. (3) and (4), it
is explained how to get the estimate of the actual state x(k) from the one of x(k).

6. Conclusions

In this paper, we have presented a method to approximate a
computationally expensive first principles model by a q-LPV mod-
el. Besides approximating the original model accurately and con-
serving the physical interpretation of the states, the resulting q-
LPV model has generally a much simpler structure than the origi-
nal model. This in turn implies that the CPU time associated with
each model evaluation is generally considerably reduced, allowing
the use of these models for online monitoring. Moreover, we have
evidenced the applicability of the method on an example.
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