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In piezoelectric positioning systems the achievable bandwidth is often limited by weakly damped reso-
nant modes. System performance may be improved by avoiding the excitation of these modes. If sufficient
mechanical damping is present this can be done by shifting resonant modes towards anti-resonant modes
through manipulation of the mechanical boundary conditions. In a second approach the anti-resonances
may be shifted towards the resonances by the application of modal actuation. Using this method the exci-
tation of the second and higher order modes can be avoided by adjusting the distribution of actuation
forces. This paper investigates and compares the application of modal control techniques in systems that
are based on piezoelectric tube actuators such as atomic force microscopes.
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1. Introduction

Piezoelectric actuators are used in applications where high pre-
cision positioning is required over a relatively short range. A typi-
cal example of such an application is the atomic force microscope
(AFM) [1]. In AFM systems, the sample-probe interaction is regu-
lated by feedback control to avoid sample damage during imaging.
A common problem in the design of systems such as AFMs is the
excitation of resonant modes associated with the mechanical parts
of the system. This is especially true for resonant modes with nat-
ural frequencies which are close to the bandwidth of the feedback
control system. Possible solutions to this problem are based on
avoiding excitation of these modes by adapting the control system
architecture [2] or by increasing the number of sensors and actua-
tors to enable individual control of resonant modes [3,4]. This last
approach is a form of distributed control and is commonly referred
to as modal actuation. The technique was successfully applied in
piezoelectric actuated systems by shaping the drive electrodes by
etching [5], by application of porous electrodes or electrodes with
a honeycomb motif [6,7]. An alternative form of modal actuation is
based on arrays of individual piezoelectric transducers and has
been reported in [8,9].

A key aspect of modal actuation is that the response to external
excitation is changed without altering the natural modes or the nat-
ural frequencies. This is achieved by changing the distribution of
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forces applied to the system. The design of a modal actuator can
be based directly on the mode shapes. Implementation of modal
actuation is difficult if the mode shapes are very complex, if the flex-
ible structure can only be actuated partially or in cases where the
dynamics are uncertain due to changing load conditions or by the
introduction of flexible loads. In an alternative approach [10], the
natural modes are shifted towards the anti-resonances by manipu-
lation of the mechanical boundary conditions. Sufficiently damped
natural modes which are close to an anti-resonance will appear less
pronounced reducing their impact on the design of the feedback
control loop.

This paper investigates the application of both forms of modal
actuation to positioning systems where the piezoelectric tube actu-
ator is the main flexible component. The objective is to determine
which modes are important to the realization of the position control
objective and to show that these modes can be controlled through
modal actuation. The actuator used to demonstrate the principle is
based on sectioned rather than shaped electrodes which increases
design flexibility and enables in situ adaptation to changing load
conditions. Using sectioned electrodes, the distribution of the elec-
tric field may be tuned by varying the voltages supplied to each
section.

The paper is organized as follows. In Section 2, piezoelectric
actuation is introduced and the formulation of models of piezo-
electric tube actuators based on shell-theory as well as models
derived by finite element analysis (FEA) are presented. In Section
3, manipulation of the dynamical properties using mechanical
boundary conditions is discussed. Modal actuation is described in
Section 4. In Section 5, the limitations of modal control are inves-
tigated. Experimental verification of modal control techniques is
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presented in Section 6. Finally, concluding remarks are given in
Section 7.

2. Piezoelectric actuation

A piezoelectric actuator consists of a stiff ceramic material
which expands in the presence of an electric field. In [10,11] dy-
namic models of piezoelectric actuators based on Euler-Bernoulli
beam theory are proposed. In cases where piezoelectric tube actu-
ators are applied, beam type models need to be extended to incor-
porate extensional, flexural and due to the curvature of the tube,
coupled flexural-extensional deformation.

Models of piezoelectric tube actuators based on shell theory
(see [12,13] for an overview) incorporate both flexural and exten-
sional deformations and are capable of predicting the coupling be-
tween axial and radial deformation. However, due to the complex
nature of models based on shell theory, closed form solutions exist
only in very simple cases and numerical approximations are often
necessary. Therefore, models based on shell theory are used to de-
velop the underlying principle of modal actuation and the effec-
tiveness of the technique is demonstrated in a specific case using
a numerical approximation based on finite element formulation.
Finite element models of piezoelectric tube actuators have been
proposed in [14,15]. Using this framework, the application of mod-
al control through variation of the load as well as the application of
modal control based on sectioned electrodes is investigated using a
case study of a high speed AFM.

2.1. Axial vibration of a piezoelectric tube scanner

The vertical axis of a tube scanner is modeled under the
assumption that the piezoelectric tube actuator is a perfect, thin
walled cylindrical shell with uniform electrodes. The actuator is as-
sumed to be bonded to a flat base and it is assumed that the load
has the form of a flat disk of radius ry and thickness hy which is
mounted on the free end of the actuator in such a way that the
centrelines of actuator and disk coincide. The length of the actuator
is denoted as L, the radius of the cylinder mid-surface as R and the
area of the lateral cross section of the cylinder is denoted as A. In
the shell theory model presented below it is assumed that the
thickness of the cylinder wall h is less than 10% of the mid-surface
radius R and that the deformations of the shell are small compared
to its dimensions. It is assumed that the expansion of the piezo-
electric material in the polarization direction is negligible when
compared to axial deformation due to bending and stretching
and radial deformation due to hoop strain. The piezoelectric mate-
rial is assumed to be orthotropic with respect to the polarization
axis which is perpendicular to the cylinder surface. However, un-
der the shell-theory assumptions, the material can be considered
isotropic with material constants defined as modulus of elasticity
E, Poisson’s ratio v! and density p. It is assumed that actuation
due to the application of an electric field results in an axisymmetri-
cal deformation of the actuator. Deformations in circumferential
direction such as torsion and bending are neglected. Axial and radial
deformation are denoted by u(z,t) and w(z,t). Deformations u(z,t)
and w(z,t) are assumed to be uniform in circumferential direction
and vary only with time and the vertical axis (z-axis) position. Partial
derivatives of u and w with respect to spatial variable z and time var-
iable t are denoted as '(zt) and (zt). Using Fliigge shell theory
[16,17] it follows that the strain in axial and radial direction €,
and €; may be related to mid-surface displacement u and w by:

1 Using material data supplied by manufactures, the elasticity modulus E may be
derived from E=(1-v?)(cf, +e% /e33) and Poisson’s ratio v from
v = (ck, + €3, /es3)/(ck; + €3, /es3) when using the charge boundary condition in an
open-circuit condition.
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where the term —zw” is included to take mid-surface bending into

account, see Fig. 1. To find the stresses g, and o the strain variables

€, and €5 can be inserted into Hooke’s law to find:

E
7‘)2(61 + vey),

On=7—

E
05 =12 (€p + VEy).
Integration of the product of stress and strain over the volume of
the cylindrical shell yields the expression for strain energy

V= ﬁ /Qei + €+ 2ve,€4dQ.
Integration over a shell element d2 may be expressed in terms of
the coordinates r,0 and z which yields dQ = (R+r)/R dr dodz, see
also Fig. 1a. In the axisymmetric case considered here, the integra-
tion over 6 is equivalent to multiplication with the circumference of
the circular cylindrical mid-surface given by 2zR. Integration over
the thickness of the shell yields
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where A = 27Rh is the area of the longitudinal (axial) cross section
of the cylinder. For thin shells the expression for stored kinetic en-
ergy during elastic deformation is given by

L
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where m; is the mass of the disk load. Using Hamilton’s principle it
follows that

t t L
5/ (T—V)dt:/ /5Ldz dt du(z,t) = ow(z,t) =0,
t Jo
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0<z <L, t=ty,ty,

where 5 denotes the variation and I is the Lagrangian density. Using
integration by parts to eliminate variations of derivatives of u(z,t)
and w(z,t) with respect to z and ¢ it follows that:
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where it has been assumed that éw(z,t) = éw'(z,t)=0 at z=0 and
z =L due to the fact that the actuator is rigidly connected to the base
and to the load which is assumed to be rigid.

L
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Fig. 1. Piezoelectric tube actuator with shell element (a) and strain as a function of mid-surface deformation with deformations due to longitudinal stretching (b), due to

bending (c) and due to radial expansion (d).
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with 0 <z < L. The boundary conditions imposed on (1) and (2) de-
pend on the displacements as well as the tensile, bending and
shearing forces at the interfaces and are formulated as conditions
on the solutions u(z,t) and w(zt). The boundary conditions on
u(z,t) are

u(z,t) =0, z=0;
EA |, o, i
T2 u(z,t)—mw’(z t)| = mii(z,t),z = L. (3)

The boundary conditions on w(z,t) are defined by assuming a rigid
connection between tube and load. This results in:

w(z,t) =0, wW(z,t)=0forz=0,z=1L. (4)
Under the assumption that the system executes synchronous mo-
tion, the solutions of (1) and (2) can be written as:

ui(z,t) = Ui(z) cos(w;t — o), wi(z,t) = Wi(z) cos(mit — o), (3)
where uy(z,t) and wy(z,t) are the natural motions with U;(z) and Wy(z)
as the mode shapes of the natural modes and w; as the natural fre-
quencies which are obtained by solving the differential Eigenvalue
problem. Using (5), Egs. (1) and (2) transform into:

" d h2 " 1- 2

~Ul() - xWi) + Wi ) = TP ) )
i h 1" Wi h2 i h2 1- 2

2Ui@) — 15Ul @) + R£Z)+ ]2Rﬁz)+ﬁwgv<z):%wgwi(z> )

for0<z<L and

Ui(z) =0 for z=0,

2
1IiA [U’() IhZRW”( )}—wm, i(z) forz=1L,

Wi(z) =0,W;i(z) =0forz=0and z=1L.

To show that the separate modes at frequency w; can be excited
independently it is necessary to derive the orthogonality
conditions.

2.2. Orthogonality
To derive the orthogonality conditions, two solutions Ug(z),
W,(z) and Uy(z), Wy(z) satisfying (6) and (7) are compared. Insert-

ing the solution Uy(z), W,(z) into (6), multiplying the result with
Up(z) and integrating the result over z yields:

L oL 2 L
- /0 U,,(z)UZ(z)dz—% /O U,,(Z)Wil(z)dz-i—lhﬁ | /0 Up(2)W (2)dz

2 L
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Integrating the first term of the left hand side by parts and inserting
the boundary conditions yields

- /L Uy(2)U"(2)dz = —h—zu (LW"(L) — w?m (1-v)
, v 12R PV a a1TFA

+ '/OL U,(2)U,(2)dz

Integrating the second term of (8) by parts and inserting the bound-
ary condtions yields
“ ), v

——/Ub )W (z

Finally, by using integration by parts three times and inserting the
boundary conditions the third term of (8) is transformed into

Up(L)Ua(L)

1" h // ///
12R/ Un(2)Ws (2)dz = 75 Un(Wa(L 12R/ Wa(@)U, 2
By inserting the results back into (8) we end up with

L L 2 L
/ U,)U.(2)dz + 2 / Uy () Wa(2)dz — 1 / W, (2)U! (2)dz
0 R /o 12R J,
2(1-1?) t
& PA / Up(2)Uq(z)dz + miU,(L)Uq(L) 5. 9)
Jo
Using (6) with i = b, multiplying the result with U,(z) and repeating

the same steps a very similar result is obtained. Subtracting this re-
sult from (9) yields
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Inserting the solution U,(z), W,(z) into (7), multiplying the result
with Wj(z) and integrating the result over x yields

v L 4 h2 L "
E/o W,,(z)Uu(z)dz—ﬁ/0 Wy (2)Uy (z)dz

+7/ Wb dZ+

2 L
+13 /O Wy ()WY (2)dz
:@wﬁ /OL W,y (2)W,(2)dz. (11)

Integrating the last term of the left hand side by parts and applying
the boundary conditions yields

/ W, (z le / Wa(z le

Again, using (7) with i=b, multiplying the result with U,(z) and
repeating the same steps a similar result is obtained. Subtracting
this result from (11) yields

124/W YW, (2)dz

L
% /0 (W (2)Uy(z) — Wa(2)U,(2)]dz
h
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_ 2 L
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Then by adding (12) to (10) it follows that:

L
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This last expression leads to the orthogonality condition:

L
PA/O [Ub(2)Ua(2) + W (2)Wa(2)ldz + mUp(L)Ua(L) = fyap,

where 64, and y, are defined as the Kronecker delta function and a
positive constant commonly referred to as the modal mass. These
results are similar to the results found in [18,17] but include the
influence of the attached rigid mass. If the radial deformation
is neglected the orthogonality condition is identical to that of a
Euler-Bernoulli beam loaded by a rigid mass [19]. The modal mass
Ug can be determined with:

1, = pA /OL [U§ 2) + Wﬁ(z)]dz +mU(L).

The complementary orthogonality condition can be found in a sim-
ilar fashion.

L 2 L
./0 U'b(z)U;(z)dZJrlhﬁ/ Up(2)W7 (z) — Wy(2)U. (z)dz
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Using the orthogonality conditions it can be shown that the reso-
nant modes of the system are independent of each other.

2.3. Response to external excitation

To calculate the response of the system to excitation by a volt-
age applied to the electrodes of the system (1) and (2) are extended
to:

E h?

" " v _ .
T (V@) W@ ) + Wz D) | +fulz.t) = pii(z,t) (13)
E h2 " h2 vV v
wzt) )
BT w(z,t)| + fw(z,t) = pWw(z,t), (14)

where f,(z,t), fu(z,t) are the net-forces generated by the piezoelec-
tric effect per unit length of the piezo. The piezoelectric effect
causes the actuator to expand axially as well as radially. The radial
expansion is assumed to be caused by the increase of the circumfer-
ence of the tube. The expansion of the material itself, i.e. the in-
crease in wall thickness h is assumed to be negligible. With these
assumptions f,(z,t), fu(z,t) are given by:

A €3
fulz,t) =2m I WF(Z)VU):

mwn:ZQméQ@F@wm

R=h/2

where F(z) is a shaping function. In the case of a modal actuator
based on a single shaped, porous or honeycombed electrode, the
shaping function F(z) is a continuous function and the product of
F(z) and V(t) denotes the voltage level at coordinate z. In the case
of a modal actuator based on a sectioned electrode, the layout
shown in Fig. 2 is used. In this case the voltage levels are uniform
within a section and F(z) has the form:

n+1

ng (z-2z) -

5z —2zj41)), (15)

Displacement

sensor
g5V
A Load

‘ (sample disk)
V | Piezo | 98V
driver g2V Sectioned
@V piezoelectric
tube scanner

Fig. 2. Sectioned modal actuator with an outer electrode divided into five sections
of uniform length, a load in the form of a sample disk and a sensor measuring the
vertical displacement of the load.
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where ¢ is a dirac function with the property that [*_§(z)dz =1 and
8(z — zo) = 0 for z # z,. In (15), n denotes the number of sections and
z;j is the coordinate of the lower boundary of a section. The voltage
levels on each section are determined by a section gain gj. Using
the orthogonality property, the axial and radial deformations can
be written as:

uz 0 = 3 Ui2)a (o), (16)
i=1
Wizt = 3" Wi@a0). (17)

I
—_

where Uj(z), W{z) are modeshapes associated with the resonant
mode i with Eigen frequency w; and g;(t) are generalized coordi-
nates dependent on time. Using the orthogonality conditions (13)
and (14) are transformed into:

L
Gi(t) + wiq(t) = p;! /0 (Ui(2) + Wi(2))f (z, t)dz. (18)

Without loss of generality we can assume that the voltage applied
to the electrodes is given by

V(t) = Vcos wt. (19)

Inserting (19) into (18) and the resulting expression into (16) yields

. Zfo @ (2)F(2)dz

w2 a)z)
Using (15) u(z,t) changes into

Ui(z) cos wit.

gi{Ui(z —z) + Wi(z - z) - Ui(z — zj1) —

i1 Hi (6012 - wz)

Finally, the transfer function from voltage to extension at z=1L as a
function of w is

n+1

ZgJ{U (z-27)+Wi(z-z) -

Wi} - w?)

Uiz — zj11) — Wiz - z11)}

Ui(L).

'M*

Il
-

H(w) =

To calculate the transfer function for a given set of gains g,...,g; it
is necessary to calculate the solutions of (1) and (2) taking into ac-
count the boundary conditions (3) and (4). This can be done if U(z)
and W(z) are known. In cases with simple boundary conditions,
closed form solutions can be obtained. However in most cases
U(z) and W(z) are derived numerically either by constructing them
from a set of trial functions using the Ritz-method or by discretiza-
tion using the finite-element approach.

2.4. Solutions based on the Ritz-method

Using the strain- and kinetic-energy expressions in combina-
tion with the Ritz-procedure, an approximate solution U(z) and
W(z) can be constructed by optimization over a set of trail func-
tions. In literature various trial functions have been suggested
[20-22]. The trial functions adopted here are derived from
fixed-free Euler-Bernoulli beams in bending. The boundary condi-
tion defined by the load is taken into account by expanding the
set of trial functions using a set of functions defined for fixed-
fixed Euler-Bernoulli beams in bending. Using this approach the
solution for U(z) is allowed to have a non-zero slope at z=L. To
avoid numerical problems an alternative formulation suggested
in [23] was used. The functions defining the fixed-free set are gi-
ven by:

$i(2) = cos%‘Z +C2; sin%z 1 C3ie 4t + Cae (1),

with C2;, C3;, C4; and 7; are defined as:

- tCber e 1
1-(-1)en 1—(~1)en
(- 2e
= 1—(=Den’ OSTit T e =

The functions defined for the fixed-fixed beam in bending are de-
fined as:

Gz {iz
Vi(z) = cosT + D, sin=— I

where D2;, D3;, D4; and (; are defined as:

+ Dseit 4+ Dye (1),

p2—_trCEber e 1
1—(=1)e 1—(=1)e
i —{i
D4; = — =1 , cos{i—zeirz
1—(=1)et 1+e2

The solutions U(z) and W(z) are then constructed using

n ~ Lddi(z) L diz)
(n) _ Rl i = i
U (Z)—Zaz% i 9T d

Z bigi(2) + dii(2).

The coefficients a;, b;, ¢; and d; are found by solving the Eigenvalue
problem defined by the strain and kinetic energy expressions. To in-
crease accuracy and numerical stability, integration of the trial
functions was first carried out using the expressions found in
[24,25]. Expanding the set of trail functions for more complicated
cases where flexibility of the load and mount are taken into account
leads to Eigenvalue problems which are numerically challenging. In
this paper these cases were solved using the finite element method.

2.5. Solutions based on the finite element method

A finite element model used to describe the dynamics of the
piezoelectric tube actuator and its load has been implemented
using ANSYS [26]. The model is based on 8-node coupled field ele-
ments (SOLID5). To increase symmetry, the elements are arranged
in a regular mapped mesh. A relatively high mesh density of 80 by
95 by 2 in axial, circumferential and radial direction has been ap-
plied to enable accurate prediction of high order modes with com-
plex mode shapes and to avoid stiffening effects such as shear
locking. In low voltage regimes, the direct and indirect piezoelec-
tric effect can be modeled using linear the constitutive equations:

fo1] [cf & & 0 0 0 O 0 -—en][é]
P! ck s s5 0 0 0 O 0 —ey|l|e
03 C% C% 553 0 0 0 0 0 —e33 €3
o4 0 0 0 ¢, 0 0 0 —es5s 0 ||le
os|=|0 0 0 0 ¢ 0 —es 0 0 ||e
a6 00 0 0 0 0 0 0 ||e
D4 0 0 0 0 e 0 & 0 0 Fq
D, 0 0 0 es5 0 O 0 &11 0 E,

L D3 ] 1631 €31 €33 0 0 0 0 0 €33 | | [E3 ]

in which o and € are the mechanical stresses and strains and F and
D are the electric field strength and displacement. The anisotropic
material data relating the stress and the strain given in short circuit
conditions is denoted by cf listed in Table 1. In this case the tensor
notations commonly used in manufacturer data sheets are retained.
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Table 1

Material data PIC151 piezoceramic.
Par Value Par Value
ek, 1.076 x 10'" N/m? e31 —9.60 N/Vm
ek, 6.312 x 10'° N/m? ess 15.10 N/Vm
ek, 6.385 x 10'° N/m? es 12.00 N/Vm
ek, 1.004 x 10'" N/m? &, 9.8281 x 10°
cE, 1.962 x 10" N/m? &, 7.5261 x 10°
cEg 2.224 x 10'°N/m? el 1.8673 x 108
P 7.76 x 10% kg/m> Q 88

Rigid boundary conditions are incorporated using coupled sets of
constraint equations. The mechanical degrees of freedom of nodes
at the interface between the tube and mechanical ground are fixed
to zero displacement. The nodes on the upper, free end of the tube
are coupled by a set of constraint equations with a rigid mass ele-
ment (Mass21). In the case of flexible load or base, additional bodies
were included in the mesh. To reduce the number of nodes required
for an accurate solution, an axisymmetric model based on the 2D
elements Plane223 and Plane82 was constructed. Using this ap-
proach the models including a flexible base were formulated. Elec-
trically, the nodes of the inner and outer electrodes are coupled. The
coupling of nodes of the outer electrode can be sub divided into
groups if sectioned, electrically-isolated electrodes are used. Har-
monic responses are obtained by defining the voltage degree of
freedom on the coupled input nodes as input degree of freedom
and the displacement of the top-center of the disk is defined as
the output degree of freedom.

3. Modal control by load balancing

The dynamics of the piezoelectric actuator are influenced by the
presence of mechanical loads. In a well designed system this influ-
ence can be used to reduce unwanted excitation of resonant modes
during feedback controlled positioning. The advantage of this
reduction is that the stability and performance of the system
may be extended. In AFM applications, a common type of load is
a sample disk. In Fig. 3, the harmonic response of a loaded piezo-
electric tube actuator with a length of 30 mm and a diameter of
10 mm is shown. The input of the system is the voltage applied
to the electrodes of the piezoelectric actuator. The output is the
displacement of the load evaluated at the contact point between
sample and AFM probe. The sample disk is assumed to be a rigid
steel disk with a radius ry of 6 mm. Due to the rigid nature of the
disk, the displacement U, of the disk chosen as output is equal to
the actuator elongation evaluated at the free end of the actuator.

Vp— Uz, Piezoelectric tube actuator

10*

1021

10° ¢

[Uz/Vp| [nm/V]

— Unloaded
-90 ||[= Disk h=0.76 mm
--Disk h=1.52 mm PICN

-
J———
—— =
—————-—-—

\

Phase [deg]
o

,

10* 10°
Frequency [Hz]

Fig. 3. The dynamics of a piezoelectric tube actuator loaded by a rigid load.

To investigate the effect of a load on the dynamics of the actu-
ator, the thickness hy of the load is varied between 0.76 mm and
1.52 mm. The harmonic response depicted in Fig. 3 shows that
the low order natural modes of a loaded actuator shift towards
lower frequencies due to the increased load mass. From the results
shown in Fig. 3, it can be concluded that the second mode is shifted
towards the first anti-resonance which is unaffected by the pres-
ence of the load. The first natural mode shifts towards a lower fre-
quency. This result is in accordance with Euler-Bernoulli beam
theory, see also [10]. If a resonant mode is shifted towards an
anti-resonance, the combination of resonance and anti-resonance
may be effectively canceled depending on the amount of damping.
It is possible to exploit this effect to increase the performance of
the system when feedback control is applied for positioning. In
such a case the gain peaking and rapid shift in phase associated
with the anti-resonance-resonance combination is reduced facili-
tating the application of simple control systems.

Unfortunately, the assumption that a load is rigid is only rea-
sonable if the frequency range over which the harmonic response
is evaluated is limited. The first natural mode of the disk depends
on the material properties, the thickness of the disk and the radii of
the disk and support. The radius of support is equal to the radius of
the piezoelectric tube actuator. For relatively thin loads, the first
natural modes of the load may be in the same frequency range
as the low order natural modes of the actuator. The harmonic re-
sponse of the piezoelectric actuator loaded by a flexible disk is
shown in Fig. 4. To compare the effect of the load on the dynamics
of the actuator, the thickness hy of the load is varied between
0.76 mm and 1.52 mm. The displacement of the load is evaluated
at the center of the disk. If a thin disk is applied, the low order
bending modes of the disk will appear in the same frequency range
as the low order extension modes of the tube. As a result, the rel-
ative ordering of the low order resonant and anti-resonant modes
of the thin disk may deviate from the nominal load case
(hg =1.52 mm) causing a large mismatch in phase between control
system and actuator if the control system is tuned for the nominal
load case. Ultimately, this may affect the stability of the feedback
loop. To illustrate this effect, the three dimensional mode shapes
of the first four modes of the actuator in combination with a thin
disk is shown in Fig. 5. From this figure it is clear that the mode
shape of the second mode is dominated by the bending of the disk.
This case corresponds to the case shown as a Coarse-dashed line in
Fig. 4. For thicker disks, the low order bending modes appear close
to the third and higher order modes in the same frequency range as
the radial modes. Modes dominated by radial displacement (see for
example Fig. 5, right) are in general hard to control since they tend
to appear close together. Therefore, in a practical control design
case, the bending modes of the thicker disks (1.52 and 2.28 mm)
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Fig. 4. The dynamics of a piezoelectric tube actuator loaded by a flexible load.
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Fig. 5. Three-dimensional mode shapes of the first four modes of the vertical dynamics of the piezoelectric actuator including a thin disk flexible load. The color contours

represent deformation in vertical direction.
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Fig. 6. The dynamics of a piezoelectric tube actuator supported by a flexible mount.
The resonant modes introduced by the flexibility of the base are indicated by
triangles.

appear in a frequency range where excitation of modes by the con-
trol system is avoided by providing roll off.

The dynamics of the piezoelectric actuator are also influenced
by the dynamics of a flexible actuator mount. The effect of solid
steel base on the dynamics of the tube is shown in Fig. 6. The pres-
ence of the base introduces a series of resonant and anti-resonant
modes which appear in pairs. This effect occurs due to the fact that
the displacement of the fixed end of the actuator is no longer con-
strained at zero by the rigidity of the base. Additional resonant
modes are introduced and anti-resonances occur where two out
of phase resonant modes cancel each other out. If the base is very
short, a similar effect as the effect of a flexible load occurs. To min-
imize the influence of the base, the ratio between the length of the
base hy and the length of the actuator L should be as high as pos-
sible. The higher this ratio, the closer the introduced resonant
modes are to anti-resonant modes, see also Fig. 6.

4. Modal actuation

In systems with poorly damped resonant modes, the harmonic
response exhibits large peaks and rapid shifts in phase. These fac-
tors complicate the design of a feedback control system if the
poorly damped resonant modes occur close to the desired cross-
over frequency of the control system. A typical control-based solu-
tion to this problem is the application of derivative action to de-
crease phase lag or notch filtering to reduce the peak-gain, [27].
In contrast, the objective of modal actuation is to shape the

harmonic response of the system by avoiding the excitation of a
selected set of resonant modes. In the case of piezoelectric actua-
tion, the shaping of the harmonic response may be achieved by
modification of the electrodes.

In the approach described by [5], electrode modification was
achieved using an etching process. An alternative to shaping elec-
trodes is to divide the electrodes into a number of discrete sections.
The total area of the live electrode remains the same and the actu-
ation forces are redistributed by varying the voltages supplied to
each section. This method resembles the actuator array approach
described in [8,9] but is novel in the sense that the resonant modes
of the actuator itself are suppressed instead of the resonant modes
of an underlying flexible structure. The advantages of this approach
are that suppression of modes may be tuned in situ which enables
adaptation to variation in the Eigen frequency of resonant modes.
A change in the mechanical load applied to the actuator is a com-
mon cause of shifting resonant modes in AFM applications.

A sectioned electrode modal actuator is designed in two steps.
In the first step the number and shape of the sections is deter-
mined, and in the second step the voltage applied to each section
is determined. The number of sections selected for a given actuator
is a trade off between several factors such as the number of modes
to be suppressed, the number of independent voltage supplies
available and for small actuators, the width of the inactive border
between sections as well as the influence of the electric wiring and
the soldered connections. To determine the voltage levels supplied
to the sections, the harmonic response of each section Hi(w) is
evaluated and an objective in terms of a target harmonic response
H{w) is formulated. The amplitude of the voltages are adjusted
according to a set of static gains g =[gy,...,&:]". The gain vector g
needed to achieve the objective can be optimized using a con-
strained least squares optimization which is formulated as:

2&9 [[H(o)g — He(wo) ||, H(two) € ™™, He(o) € C™,

with H(wg) as the frequency response function matrix, gain set g
and objective H{wy) defined as:

Hi (1) Hu (1) & Hi (1)

Hi(w2) Hu(w2) -2 He(w,)
H<w0) = . . . , &= ) Hf((l)o) = . 3

Hi(wm) Hy(wm) &n He(wm)

where wg = {w1,...,mn,} represent a set of frequencies chosen to fit
a particular problem. The frequency set may include the natural
frequencies of the system but may also include the gain at low fre-
quencies. The constrained least squares problem can be formulated
as a set of linear matrix inequalities [28] in the form:
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(H(wo)g — He(wp))"
,'VI

-7

<0, g>0,
H(o)g — He(o)

where y € R is the upper bound of (H(wo)g — H{wo)) (H(we)g —
H{wy)). A solution is obtained by minimizing y. The constrained
g>0 is added to assure that the solution contains only positive
gains. This constraint is added to facilitate practical implementation
and to preserve static range of the piezoelectric actuator and may
be relaxed if the static elongation of the actuator is less important.

In a practical design, the modes of interest are typically the low
order resonant modes. In these cases, the objective would be to avoid
excitation of resonant modes with Eigen frequencies in the cross
over region of the feedback control system. This is reflected in the
case study shown in Fig. 7. In this example, a modal actuator based
on a 30 mm tube divided in five sections is shown. If all sections
are supplied with equal voltages, the response shown in the lower
right frame of Fig. 7 is obtained. The optimal gain is calculated for
four cases involving the first five modes of the actuator loaded by
a flexible disk as shown in Fig. 7 using [29]. The gains are listed in
Table 2. The frequency set wq is chosen to match the resonant modes
of the first five resonances of the sections shown in Fig. 7. In the first
case shown in Fig. 8 (frame 1), the constraint enforcing positive gain
sets is relaxed and the modal actuator is tuned to fit the first mode
and suppress modes 2-5. This is done by setting the first component
of the objective to H{w)=Hi(w,) +---+Hs(w;) and H{w), ...,
H{ws) to zero. In the second case the same objective is set, however
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in this case the solution is constrained to only positive gains. In the
third case the positive gain constraint is enforced but the constraint
on mode 3-5 is relaxed. In the forth set Sections 1-3 and Sections 4
and 5 are coupled to form two electrodes. In this case the objective
contains only the first and the second mode. The gain sets obtained
are summarized in Table 2. The residual error calculated using
(H(wo)g — H{o))! (H(wo)g — H{wy)) indicates that in the cases
where the positive gain constraint is enforced, the load case with
the thickest disk leads to the lowest error. This indicates that the or-
der in which the resonances and anti-resonances appear has a large
influence on the ability to suppress modes when the positive gain
constraint is enforced.

In the results shown in Fig. 8, it can be observed that when
using set 1 (upper left frame), the static gain of the harmonic re-
sponse is lower than the response obtained by using set 2 (upper
right frame). Also in the nominal load case of set 2 (black, upper
right frame), the second mode has not been canceled. It can be con-
cluded that restricting the gains to be positive has a large impact
on the results obtained. The load case with the thin flexible disk
is the most affected. The reason for this is that the second mode
is dominated by deformation of the disk. The mode shape does
not resemble a beam type extension mode shape and is therefore
not fully orthogonal to the mode shape of the first mode. This prob-
lem does not occur in the case with the thicker disks. In these cases
the load can be regarded as rigid in the frequency region of inter-
est. In both cases the coupling between radial and axial modes is

Vp—Uz, FRF sectioned tube, section 2
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Fig. 7. Harmonic response of a piezoelectric actuator with sectioned electrodes. The actuator is loaded by a steel disk with a 6 mm radius and a thickness of 0.76 mm (solid),
1.52 mm (dashed). The displacement of the load (U,) is evaluated at the top-center of the disk.
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Table 2
Gain set of modal actuation case study.
Set Case 81 82 83 8a 85
1 1 -0.3198 1.0000 -0.0312 0.8527 —0.8058
2 0.1395 1.0000 0.4338 0.9771 —0.2691
3 0.0540 0.6120 1.0000 0.4878 —0.1983
2 1 0.5501 0.3756 0.4293 1.0000 0.2108
2 0.4413 1.0000 0.5132 0.9249 0.0962
3 0.3702 0.7552 1.0000 0.5230 0.1767
3 1 0.4647 0.1877 0.1660 1.0000 0.0589
2 0.4413 1.0000 0.5132 0.9249 0.0962
3 0.3702 0.7552 1.0000 0.5230 0.1767
4 1 0.4671 0.4671 0.4671 1.0000 1.0000
2 1.0000 1.0000 1.0000 0.7473 0.7473
3 1.0000 1.0000 1.0000 0.7505 0.7505
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Fig. 8. Modal actuation case study with gain sets based on constrained least squares optimization. The cases shown are: upper-left frame, constraint on positive gain set is
relaxed, modal actuator is tuned to fit mode 1 and suppress modes 2-5; upper-right frame, same objective but with a solution constrained to positive gains; lower-left frame,
constraint on mode 3-5 is relaxed, but solution is constrained to positive gains; lower-right frame, Sections 1-3 and Sections 4 and 5 are coupled to form two electrodes, the
objective contains only the first and the second mode. Cases 1-3 correspond to flexible disks with thickness hq of 0.76, 1.52 and 2.28 mm.

apparent in the high frequency region (>80) kHz. These modes are
difficult to control using load balancing or modal actuation. For this
reason a feedback control system needs to provide sufficient roll
off in this region to avoid the accidental excitation of these modes.

The harmonic responses plotted in Fig. 7 show that with the
nominal load (black) in the case of Sections 4 and 5 there is an
anti-resonance between the first two modes which is not present
in the case of Sections 1-3. This allows the electric coupling of
the first three sections in one group and the last two sections in
the second group. Then, by balancing the voltage supplied to both
groups, the second mode can be reduced. This is the simplest way
to achieve modal actuation with positive voltages which leads to a
reduction of the second mode.

5. Limitations to modal control

In high speed designs, the achievable bandwidth can be opti-
mized by the application of relatively short piezoelectric tube

actuators which have resonant modes appearing at higher frequen-
cies than those of long tube actuators. A complicating factor in de-
signs based on short tubes is the relative low ratio between length
and radius of the piezoelectric tube. As a result, the coupling
between the low order radial and axial modes is stronger for short
tube actuators.

The low order resonant modes of the vertical axis of the piezo-
electric tube actuator behave like Euler-Bernoulli beam extension
modes. The radial deformation of the first mode is almost zero and
the natural frequency depends strongly on the length of the actu-
ator. In contrast, the radial modes of the piezoelectric tube actuator
depend on the radius of the tube and have natural frequencies
which are independent of mode number. Coupling between radial
and axial modes occurs when the ratio of the length of the actuator
and the product of the mode number and the actuator radius is
small (L/(jR) < 8). The coupling effect is stronger for tubes with
thick walls. The coupling between radial and axial modes reduces
the frequency spacing of the low order modes. In general, low
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order extension modes occur at lower frequencies than those pre-
dicted using Euler-Bernoulli beam models. Additional modes ap-
pear in the frequency range shared by high order radial modes.

As an example, the first ten radial-axial modes of a short piezo-
electric tube (L x R=30 x 4.75 mm) are derived using both shell-
theory and FEA models. The results are shown in the left frame
of Fig. 9. The mode shape of the first mode is shown in the top-right
frame of Fig. 9. From this frame it is clear that this mode is almost a
pure extension mode. If the radial deformation w(z, t) is assumed to
be zero for all z then the model (1) and (2) reduces to that of the
axial vibration of an Euler-Bernoulli beam. The natural modes ob-
tained by using this reduced model coincide with the lower modes
of the full model and is shown as a dashed line in the left frame of
Fig. 9. The higher order radial-axial modes derived by the shell-
theory model have a more mixed character, see for example the
mode shape of the third mode shown in the right frame of Fig. 9.
The natural frequency of this mode is lower than predicted by
the reduced model based on Euler-Bernoulli beam theory. If the
axial deformation u(z,t) is assumed to be zero then the model (1)
and (2) reduces to a shell-theory model describing only radial
modes. These modes may be approximated using shell-theory
models for shells of infinite length [24]. A good example of such
a mode is mode 7, shown in the right frame of Fig. 9. At higher fre-
quencies the modes again resemble Euler-Bernoulli beam type
extension modes, see for example the mode shapes of mode 14
shown in the right frame of Fig. 9. It can be concluded that actua-
tors which are short compared to their radius have the advantage
that the radial-axial modes occur at higher frequency compared to
actuators which are longer but have an increased influence of ra-
dial deformation in low order modes.

The radial modes predicted by the shell-theory models for
shells of infinite length are not influenced by the mass attached
to the free end. In contrast, the axial modes predicted by the
Euler-Bernoulli beam model are. Because modes which are close
together are inherently difficult to control, the coupling of radial
and axial modes may complicate the design of a control system
in cases where the load conditions are subject to change. Effective
control of these modes using either modal actuation or by load bal-
ancing using the boundary conditions is difficult due to the com-
plex nature of the modes and their insensitivity to loading.

6. Experimental verification

Experimental verification of the modal actuation approach was
based on a commercially available piezoelectric tube actuator
(PT130.20, Physik Instrumente, Karlsruhe, Germany) with a special
outer electrode geometry. The outer electrode was separated into
five segments with a length of 5.6 mm by circumferential electrode
removal. The tube is constructed using PIC151 ceramic. The sec-
tioned tube was excited using a set of five custom piezo amplifiers
with a configurable gain.

In Fig. 10 an overview of the experimental setup is presented.
The actuator has a length L = 30 mm, an inner diameter of d; = 9 mm
and an outer diameter d, = 10 mm. The tube is bonded to a steel
base with a length of 160 mm using a cyanoacrylate adhesive. To
enable experimentation with various loads in the form of standard
AFM sample carriers, a magnet is used to hold loads in place. The
magnet is bonded to a steel M4 bolt which is connected to the base
at the centerline of the actuator. The magnet and the load are in
close proximity of each other but not in contact. The clamping force
of a neodymium disk magnet with a 6 mm diameter and a thickness
of 3 mm can, taking into account a small air gap, produce a force of
approximately 4 N [30]. The maximum force required for harmonic
motion of the load occurs at the first resonant mode and at the high
end of the spectrum. At a drive level of 100 mV and a gain of
1 x 10° nm/V at a frequency of 20 kHz this results in inertial forces
of about 2.3 N. The required force is lower for the peaks in at 40 and
60 kHz which require 1 and 0.6 N respectively. In the high fre-
quency range 90-100 kHz the required force increases to a maxi-
mum of 5.6 N. The quality of magnetic clamping was verified by
repeated measurements using frequency sweeping at different
drive levels which show consistent results. The displacement of
the load is measured using a capacitive sensor (MicroSense II
6810 with 6504-01 probe, MicroSense LLC, Lowell, Massachusetts,
USA). The actuator is loaded using a set of steel (p = 7.8 x 10° kg/
m>, E=200GPa) disks with radius ry=6 mm, thickness hg=
0.72 mm and hy=1.56 mm. The disks have a mass m; of 0.64¢g
and 1.436 g. The piezoelectric tube was excited using a set of up
to five independent piezo amplifiers. All electrical connections were
soldered using very thin wires to minimize mechanical loading. The
inner electrode is electrically connected to the base through a
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Fig. 9. Natural frequencies of the dominant modes in vertical direction for a piezoelectric tube (L x R =30 x 4.75 mm) which is fixed-free including a rigid load.
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Fig. 10. Experimental setup with modal actuator and capacitive sensor (left) and overview showing the internal components (right).

soldered contact with the metal of the bolt. The electrical resistance
is low compared to the output resistance of the amplifiers.

6.1. Dynamics of full tube

The measured response shown in Fig. 11 (lower right frame-
black) shows that for the nominal load case (steel disk with radius
r of 6 mm and thickness h; of 0.76 mm) there is a resonant mode
at 20,40 and 60 kHz. When compared with the finite element model
with the flexible load shown in Fig. 7 where there are modes at 20, 50
and 65 kHz it is clear that the low order mode matches but the higher
order modes are somewhat over-estimated. This may be due to the
fact that in the finite element model, the load and the actuator are
assumed to be perfectly bonded which increases the stiffness of
the system when compared to magnetic clamping. Using magnetic
clamping, the deformation of the disk is not counteracted by a bend-
ing moment between the free end of the piezoelectric actuator and
the load. A more accurate estimation of the low order modes of the
disk may be obtained by assuming a simply supported load or by
increasing the strength of the bond by using cyanoacrylate adhesive
or a larger magnet.

The measured response using the thick disk shown in Fig. 11
(lower right frame in gray) shows that compared to the load case
with the thin disk, the second mode and third mode have disap-
peared. The harmonic response of the model shown in black-
dashed in Fig. 7 shows an anti-resonance between the first and
the second mode and between second and the third mode. The dis-
appearance of the second and the third mode in the measurement
in Fig. 11 (lower right frame-gray) may be due to the proximity of
the resonant mode and the presence of damping in the system. The
first mode shifts to a frequency of about 18 kHz which is in accor-
dance with the model.

The measurements involving the separate sections shown in
frame 1-2 and 4-5 of Fig. 11 show resonant and anti-resonant
modes which are in agreement with the modeled harmonic re-
sponses shown in Fig. 7. The measurements of the third section
are an exception to this rule and show a difference in the order be-
tween resonant and anti-resonant modes. This may be due to the
difference in bonding between tube and base and tube and load.
A dynamical effect not predicted by the shell-theory model are
modes which are nearly canceled by anti-resonances. The effect
is most apparent as a split peak of the first mode in the case where
the actuator is loaded by a thick disk, shown in gray in Fig. 11. The
effect may be attributed to the base due to the fact that it is present
in the measurement of both load cases.

Although an accurate predicting of the dynamics of the Sections
1 and 2 and Sections 4 and 5 as well as the dynamics of the full

tube can be obtained using the model it is not possible to use the
model to design a model actuator. The reason for this is the mis-
match between model and measured response of the third section.
The alternative to model based tuning is tuning using the mea-
sured harmonic responses or in situ tuning based on a reduced
set of sections.

6.2. Load balancing and modal actuation

The design of a modal actuator can be based on five segments or
on a reduced set by combining the segments in groups. The results
using either model or measurement based optimization based on
five segments did not result in a complete reduction of the targeted
modes. The cause of these difficulties may be small differences in
phase between the channels. These phase differences may origi-
nate in the electrical circuitry or may be the result of material
damping. Non-linear behavior of the piezoelectrical actuator itself
may also be a factor, although at the low drive levels (~100 mV)
used this is not likely.

For simplicity, the approach shown in frame 4 of Fig. 8 was
implemented on the experimental set-up. A set of two indepen-
dent amplifiers was used to drive the combined sections. Keeping
the amplifier of Sections 1-3 constant the voltage level of the sec-
ond amplifier was lowered until the second mode disappeared.
Lowering the voltage level beyond this point caused the mode to
reappear. The measured harmonic response at the optimal setting
is shown in Fig. 12(left). It is clear that both the peak-gain and the
phase shift has been reduced. The measured response also shows
that the first resonant mode is unaffected and that the static gain
of the system is reduced.

To test the load balancing approach the actuator was loaded by
disks of increasing thickness. The measured harmonic response of
a the load case with a thick, 1.56 mm disk is shown in gray in
Fig. 12(right). The measured response indicates that the application
of the thicker load causes the peak gain associated with the second
mode to disappear. In addition, the resonant mode introduced by
the flexibility of the thin disk is not visible in the increased load case.
The results show that in contrast to the modal actuation case the
static gain is unaffected and the first mode is shifted to a lower fre-
quency. This disadvantage of the shift of the first mode is offset by
the advantage that mode two and three are also reduced. A second
advantage of the load balancing approach is its purely mechanical
nature. No additional circuitry is needed to deal with non-linear
effects such as hysteresis and constitutive non-linearities that may
hinder the application of modal actuation using sectioned electrodes
at higher drive levels.
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Fig. 11. Measured response of sectioned tube loaded by disks of 0.76 and 1.56 mm.

> 10
g 102 r U ;
— 10} g g ‘\‘-\,\,]\_k
o RS P
R N
5 9 ey
o 107 .
o 180 ” 1
53 I | 1
s 0 =
g o0 Disk h=0.76 ]
| —Disk h=0.76 mm i
§ -360 Disk h=1.56 mm
-540 £ . E
Vp—Uz, FRF sectioned tube, section3
S 10° :
E 10% | 1
= 1
= :1180 r.,p........—-“'""/'/ \\ Wﬂ.
2 ! WYY
o 107 . i
= 180
g ol | ]
A "
o -180 \ 1
© - L —Disk h=0.76 mm |
i 228 Disk h=1.56 mm
Vp—Uz, FRF sectioned tube, section5
s 10° "
g 102 | E
= 10" | 4
% 10°F
o 107 .
§ 180 Y 7
s 9 1
9 -180 R
@ - L —Disk h=0.76 mm ]
& zig Disk h=1.56 mm
104 10°
Frequency [Hz]
Vp—Uz, FRF sectioned tube, all sections
S 10°
E 102}
= 10'F L M:\\« /J
o v
2 0% W .»N1'
S 10" ' :
= 180 - =
s S, |
Q 1801 ey A
@ 30t —Disk h=0.76 mm I
& Modal control Vo
-540 L n My
104 10°

Frequency [HZ]

Vp—Uz, FRF sectioned tube, all sections

103
10? i ~-*——"’///\*/\Q 1
ol f\J‘M\‘»{WIE

100}
10" :

180 [~ -
of A

]
N LW

Phase [deg] |Uz/Vp| [nm/V]

-180 | -

_ | —| |[—Disk h=0.76 mm |
360 = Disk h=1.56 mm \l\ I\
-540 b n VAR

104 10°
Frequency [HZ]

Fig. 12. Measured harmonic response of a modal actuator with gains set for suppression of the second mode (left) compared to an approach where a thick load is applied

(right).

7. Concluding remarks

In this paper the implementation of modal actuation on systems
actuated by piezoelectric tube scanners has been investigated. It has
been shown that the influence of mechanical resonant modes on the
dynamics of the system can be reduced by using sectioned electrode
modal actuation as well as load balancing. The modal actuation
approach can be implemented using a very limited set of sections.
If the set is limited to two sections, a single mode may be suppressed

using an in situ hand tuning approach. In more elaborate designs,
optimization schemes may be employed to tune a modal actuator.
The alternative approach to modal actuation is load balancing
where the influence of unwanted resonant modes is reduced by
increasing the mass of the applied load. An increased load causes
the resonant modes of the system to shift towards lower frequen-
cies. The mass needed to achieve the effect depends on the amount
of damping in the system. Systems with relatively high amount of
damping require only a small shift in resonant mode and therefore
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a small increase in load mass. The application of load balancing has
the advantage that compared to modal actuation, the static gain is
unaffected. The disadvantage of this approach is that in contrast to
modal actuation, the first mode is also shifted towards a lower
frequency.

In both cases a reduction in peak gain and phase shift is
achieved. This effect may be exploited in the design of a feedback
controlled system by facilitating the implementation of simple
control schemes over a wider frequency range.
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