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Abstract 

The efficiency of model predictive control can be in- 
creased by the on-line choice of a low number of degrees 
of freedom in the parametrization of the input trajec- 
tory. The complexity of the optimization is reduced by 
searching a solution in a lower dimensional subset of 
the full input space. This is done by division of the set 
of constraints in a set of active, inactive and possibly 
active constraints. A low dimensional subset of the full 
input space is constructed that complies with the divi- 
sion of the constraints implying that the optimization 
complexity can be decreased considerably without sac- 
rificing too much in terms of performance. 
Keywords: model predictive control, parametrization 

problem to obtain a lower order optimization problem. 
Examples are the reduction of the free variables in the 
input parametrization by introduction of a control hori- 
zon, e.g. used in [l] in a finite horizon MPC and in [7] 
in an infinite horizon MPC, the use of blocking [2], the 
use of functions in predictive functional control (PFC, 
[8]) and the more recent work of [9] where the input 
trajectory is parameterized in terms of only one vari- 
able. 
In this article it is shown how the efficiency of model 
predictive control can be increased by the on-line 
choice of a low number of degrees of freedom in the 
parametrization of the input trajectory. The complex- 
ity of the optimization is reduced by searching a solu- 
tion in a low dimensional subset of the full input space. 

1 Introduction 2 Preliminaries 

For the control of systems with hard input and state 
constraints basically one technology is available: model 
predictive control [5]. The computational requirement 
for this control strategy is high due to the on-line op- 
timization. This has restricted the use to relatively 
slow sampled systems with limited dynamic perfor- 
mance specifications such as encountered in the petro- 
chemical and chemical industry. A large gain in ef- 
fciency is required to make model predictive control 
applicable to systems that are sampled (much) faster 
such as industrial robots, aircrafts, cars and steel and 
aluminium production processes. 
In literature several paths are followed to obtain an effi- 
ciency increase in model predictive control algorithms 
without degrading the performance too much. First, 
the use of new optimization strategies, such as inte- 
rior point algorithms, are investigated [II]. Secondly, 
an attempt is made to dispose of the on-line optimiza- 
tion by precalculation of the non-linear control law that 
is obtained with model predictive control [4] [6]. A 
third way to improve efficiency in MPC is to decrease 
the number of degrees of freedom in the optimization 

Let the system be given by the state-space description 

z(t + 1) = Ax(t) + Bu(t),z(O) = 20 

P(t) = Wt) 

subject to input and state constraints 

KUu(t) 2 Ic,,K,z(t) 5 k, for all t (1) 

where K, E RnUXnU,K, E lR”‘“, z(t) E lFln and 
u(t) E IEtnu. The pair (A, B) is controllable and (C, A) 
is observable. The control cost function is given by 
J(4.1) = 

P-l 

c {zT(t)Q14t) + ~T(t)Qz4U + ~T(P)QoQ’) (‘4 
t=o 

with the weighting matrices Qi, Qs > 0 and the pair 
{Qi, A} is detectable. The optimal input trajectory 
can be found by solving an optimization problem in 
terms of the vector UT = [Us ~~(1). . . uT(P - l)], 
which is given by the quadratic programming problem 

‘Now with the Department of Applied Physics, Delft Univer- 
sity of Technology m${UTHU + 22rGrU) subject to KU 5 Ic (3) 
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The variables in these expressions are well described 
in literature. At each time instant the value ~0 in the 
quadratic program is updated with the measured value 
of the state (full information case) or a prediction of the 
current state (partial information case). In this way 
at each time instant an updated quadratic program is 
specified where possibly another set of constraints is 
active. 

3 Selection of degrees of freedom in quadratic 
programming 

The high computational load of quadratic program- 
ming solvers for large scale problems is mainly due 
to the fact that the active set of constraints has to 
be searched for. Once the set of active constraints 
is known, the solution of the quadratic programming 
problem can be computed analytically and fast from 
the Lagrange necessary conditions. Using the prior 
knowledge that is available at each time instant it can 
be possible to make a selection of constraints that are 
certainly not active, certainly active and constraints 
that are either active or inactive. By searching only 
over the uncertain constraints a decrease in computa- 
tional load can be obtained. This strategy basically 
involves the following steps. 

Main procedure 
Step 1. Divide the set of constraints in a set of in- 

active, active and possibly active constraints. 

Step 2. Determine a low dimensional subset of the 
full input space IRN”” that contains all input 
trajectories that comply with the three sets of 
constraints. 

Step 3. Solve a reduced order quadratic program- 
ming problem by searching a solution in the 
selected subset. 

This strategy is further developed in this section. 

Step 1: Dividing the set of constraints 
The Lagrange multiplier X indicates whether a con- 
straint is active or not. By definition all elements of 
the Lagrange multiplier are nonnegative and if the el- 
ement Xi = 0 then the ith constraint is inactive and if 
Xi > 0 the corresponding constraint is active. 
An estimate of X can be found in an approximate so- 
lution of the dual quadratic program. The dual of the 
quadratic program (3) is given by [3] 

m;ln{XTPX + dTX} subject to X 2 0 (4) 

with P = KHWIKT and d = KH-lG,xo + k. 
This optimization problem has n, free variables which 
in general much more than the number of free parame- 
ters. However, the constraints are merely nonnegativ- 

ity constraints which are easier to handle than general 
linear constraints. 
To obtain an approximate solution of this optimiza- 
tion problem, Hildreths quadratic programming pro- 
cedure can be used [3]. Let the optimal solution 
of this quadratic program be given by X’ with the 
corresponding solution to the primal problem U’ = 
H-‘(k - KTX*). X* can be obtained with successive 
optimization of each element of X separately. This can 
be expressed explicitly as X1+’ = max(O,zu~+‘) where 

&+I = -L 

i-l 

z 
Pii 

di + C pijXf+l + 2 pij Xi 
j=l j=i+l 

A full cycle of these calculations is denoted as Hildreth 
iteration. An iteration of Hildreth iterations converges 
monotonically to the optimal Lagrange multiplier in a 
finite number of iterations [3]. 
A distinction can be made between certainly active, 
certainly inactive and uncertain constraints by inspec- 
tion of the elements of w rather than X using the fol- 
lowing procedure. The three sets of constraints are 
denoted with A,, Ai, A, respectively. 

Procedure 1: Estimation of active constraints. 
0. Check the unconstrained solution. If it is feasible 
terminate else go to step 1. 
1. Start with a feasible Lagrange multplier. Take 
the Lagrange multiplier from the previous time instant 

x-1 and shift the corresponding input and output con- 
straints one sample back in time. 
2. Apply nH Hildreth iterations to obtain an approxi- 
mation of the Lagrange multiplier. 
3. Set the set A, to the constraints with a correspond- 
ing value wi > S and A, to those with a value lwil 5 6 
where 6 is positive real. 

Step 2: Construction of a parametrization 
Once the active set of constraints is known, the op- 
timum can be calculated analytically by solving the 
Lagrangian equations. Generally the active set is not 
known but let us assume that we are certain that the 
set of constraints LIU = 11 denoted with A, is active at 
the optimal solution and that we are uncertain whether 
the constraints LzU = la denoted with A, are active 
or not. Further assume that the other constraints are 
inactive. 
Now, we can define an optimization problem that only 
tries to find out whether the uncertain constraints are 
active or not. This can be done by choosing as free 
parameter 8, the bound 12. This parameter is strongly 
related to the slack variable for the corresponding con- 
straint. This results in a set of equations given by 

[g 4 q u 
Xl = 
x2 1 -Gzxo [ 1 11 (5) 

6 
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All optimal input trajectories that satisfy the assump- 
tion about the constraints can be described by 

where 4k can be calculated from the inverse1 of the 
partitioned matrix on the left hand side of (5). Now 
we can specify a quadratic programming problem in the 
new parameter 0 by substitution of (6) in (3), which is 
of much lower order than the original problem. 

4 Algorithmic properties 

The algorithm has two important tuning variables, 6 
and no, that can be used to trade off computational 
speed and accuracy. A larger value for 6 gives a larger 
set of uncertain constraints and as a consequence a 
larger computational load for the reduced QP. But the 
chance becomes larger that the input parametrization 
contains the optimal trajectory or a very good approx- 
imate thereof which improves the accuracy. A larger 
value for nH increases the computational load but also 
increases the chance that the correct division of the 
constraint set. If nH is such that the Hildreth itera- 
tion has converged or the sign of Lagrange multipliers 
is correct, no optimization is needed and the optimum 
can be calculated analytically. 
The computational price consists mainly of two parts: 
computation of the constraint division in Step 1 and 
solution of the reduced QP in Step 3. Step 1 has com- 
plexity O(P) because a finite number of computations 
is necessary for the correction of each element of the La- 
grange mutliplier. And the size of the Lagrange multi- 
plier is an integer times the number of free variables, i.e. 
input upper and lower bound, input rate constraints 
and (possibly) output upper and lower bound. Step 2 
has a computational price of O(ne) if an interior point 
algorithm is used. Therefore the overall complexity of 
the algortithm is of order O(P), which is comparable 
to interior point algorithms. 
The computer storage is larger than primal methods 
like the active set method but is similar to methods 
where also the dual problem is needed like primal-dual 
interior point methods. 

5 Model predictive control with on-line input 
parametrization 

The following algorithm applies the ideas of the previ- 
ous sections. 

Algorithm 1. Let the quasi infinite LQ cost function 
be given by (2) with P such that after this time instant 
no constraints are active and Qo = Y is the solution to 

‘Provided [LT LzIT has full column rank. 

the Lyapunov equation 

(A - BF)TY(A - BF) + FTQzF + &I = Y 

where F is the LQ optimal state feedback. Let the input 
be parametrized as U(B) = $0 + cp as given in (6) with 
constraint sets A,,& estimated with Procedure 1. 

The controller of Algortithm 1 is: 
1. equivalent to LQ control if no constraint are active, 
2. equivalent to constrained LQ control provided that 

the division of the constraint set is correct. 
3. attaining closed-loop stability if and only if the 

optimization problem is feasible. 
The proof of the last property follows a Lyapunov ar- 
gument . 
The constrained infinite horizon model predictive con- 
trol approach described here is similar to the one pre- 
sented in [lo] but it differs in the applied parametriza- 
tion of the input. In their approach constrained LQ 
optimality is obtained at each time instant possibly at 
the cost of a large computational load. Here optimal- 
ity at each time instant is sacrificed, i.e. optimality 
is obtained only under the condition that the division 
of the constraint set is correct, in return for a gain in 
computational efficiency. The favourable property of 
constrained stability is preserved with the presented 
approach. 

6 Simulation example 

The simulation example illustrates some properties of 
the proposed MPC algorithm and the Hildreth itera- 
tion used to estimate the active constraints. A typical 
mechanical system which is highly oscillatory and is 
nonminimum-phase is given by the transfer function 

G(z) = 
-5.7980z3 + 19.5128z2 - 21.6452~ + 7.9547 
z4 - 3.0228~~3.8630~~ - 2.64262 + 0.8084 

The input is constrained by -0.275 5 u(t) 5 0.275. 
To obtain integral action in the controller the system 
is augmented with an integrator at the input. Simulti- 
ons are performed on a PC with a 233 MHz Pentium 
processor. 
If MPC is applied to this system it is necessary for sat- 
isfactory performance to take a prediction horizon that 
is long enough to incorporate at least one full period, 
i.e. P=lOO. If a pulse parametrization is applied, the 
choice of the control horizon M is critical for this sys- 
tem. Decreasing the degrees of freedom easily gives bad 
performance. Reduction of the control horizon upto 
M=75 is possible without considerable loss of perfor- 
mance, further reduction gives bad performance due to 
the slow oscillation. Therefore the computational bur- 
den is large for high performance MPC. 
In figure 1 the closed loop response is given for the 
proposed Algorithm 1 together with constrained LQ 
optimal control. 
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Fig. 1: Output (left) and input (right) of the closed-loop 
step response with constrained LQ control with P=lOO 
(solid) and Algorithm 1 6 = 0 and nH = 2 (dashed). 

The two simulations practically conincide, therefore a 
more precise indication of the trade-off between accu- 
racy and complexity is given in table 1. 

Method tuning computation time error 
200 simulation IIY - Yrl12 
steps (CPU s) 

Alg. 1 nH = 1 22.553 3.1 x 10-j 
Alg. 1 nH = 2 25.626 1.2 x 1o-3 
Alg. 1 nH = 5 38.486 8.4 x lo-’ 

QP P=lOO 367.348 0 
I I I I I 

Table 1: Trade-off between performance and complexity 
for 6 = 0 and several values for nH. Here y is the 
closed loop response of the output using MPC with free 
parametrization up to P = 100 using an active set QP 
and y,. using Algorithm 1. 

If the active set quadratic programming routine is used, 
the simulation of 200 steps of the model predictive con- 
trolled plant takes 367.348 CPU s. Due to the choice 
for 6 = 0 no reduced QP has to be solved which has a 
favourable influence on the computational load. This 
tuning is possible without considerable closed loop per- 
formance loss because of the high quality of the esti- 
mates of the constraint set. Note that this is obtained 
with only a few Hildreth iterations. 

Fig. 2: Evolution of estimate of w for 2, 5, 10 and 50 
Hildreth iterations. 

The relatively fast convergence of the Hildreth itera- 
tions to an approximate solution of the Lagrange mul- 
tiplier can also be seen in figure 2 where the evolution 
of w is depicted for several values for 728. 
Another favourable properties of the algorithm are the 
relative insensitivity of the algorithm for the number 

of constraints that are active at the solution. In that 
case the increase in efficiency compared to the active 
set method can be as high as a factor 20. 

7 Conclusions 

The efficiency of model predictive control algorithms 
can be improved by choosing on-line a parametrization 
of the input trajectory with a small number of degrees 
of freedom. An algorithm is suggested that selects ev- 
ery time instant a low dimensional subset of the full 
input space on the basis of an estimation of the set 
of active constraints. This is used in an infinite hori- 
zon model predictive controller that attains LQ opti- 
mal control if no constraints are active, constrained LQ 
optimal control if the selected subset contains the op- 
timum and attains closed loop stability. The tuning 
parameters in the algorithm provide a way to trade-off 
computational complexity and performance. A simu- 
lation example shows that this approach can provide 
a large gain in efficiency compared to standard QP 
solvers. 
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