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SUMMARY

We present a Linear Parameter-Varying (LPV) modeling apgiahat delivers a state-space model with
affine dependency, suitable for controller design, from aradlyeexisting Non-Linear (NL) model of the
plant. Specifically, the method is based on the followingstel) local linearization of the NL system
model in order to obtain a set of local Linear Time-Invari@ldl) models in state-space form anétine
remainder terms; 2) assuming that a data set capturingdhsi¢ént behavior of the system between these
local linearization points is also present, Singular Vdhezomposition (SVD) of this data is computed to
derive linear maps characterizing the fimeent dependence of the to be obtained LPV model; 3) syrghesi
of the scheduling variations of the model w.r.t. the obtdifirear maps by minimizing thé{,, distance
between the local linearizations and the correspondireefischeduling based aspects of the LPV model
together with the, approximation of change of théfae remainder terms; and 4) use of a Neural Networks
(NN) based approach to relate the synthesized schedulingbles to on-line measurable signals in the
system. Although our focus is primarily set upon obtainirfgMLmodels useful for control synthesis, we
provide extensive analysis of, both, open- and closed-fdmpilation results to illustrate the practicality of
the method.
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1. INTRODUCTION

The Linear Parameter-VaryingLPV) framework has become popular recently as it represents an
attractive intermediate system class betwearear Time-Invariant(LTI), and Non-Linear (NL)

or Time-Varying(TV) structures 1, 2]. In particular, LPV systems allow to embed NL behaviors
into the solution set of linear representations (s&g]] for which powerful LPV control methods
can be applied. These methods can be seen as an extension of thedstépdard H., LTI
synthesis techniques (e.g3]). The LPV approach amends also the main drawbacks of classical
Gain SchedulindGS) [7]: i) by eliminating the need for repeated desin®ulations in order to
handle the global control problem; and ii) by guaranteeing both stability anfdrmmance along

all possible parameter variations, i.e., scheduling trajectories. In additl®¥, dontrol design
problems are féiciently solved, by first expressing the problemsLasear Matrix Inequalities
(LMIs) based optimization problems, subsequently formulate8Seamsi-Definite ProgramDPS).

This has resulted in a growing number of applications of the LPV framewoaleiaspaced-10],

wind turbines 1], wafer steppersl2, 13] and CD players]4] to name a few.
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Besides of all of these attractive features, the LPV control framewgikajly takes the existence
of an accurate, but low complexity LPV model of the plant, as a starting poegpie of many
available LPV modeling methods, transformation of a given NL system moded isuidable (quasi-
JLPV' model is a dificult and non-systematic exercisg.[There exists two main modeling avenues
to transform or approximate a NL representation into an LPV one, namelythelledlocal and
global approaches?, 15]. The local approach consists of applying linearization theories on the NL
model to obtain local LTI models of the plant behavior, and subsequenthpoi&ting these models
to derive an LPV approximation. Within this framework several methods baen developed,
based upon, e.g., extended linearizati@f],| Jacobian linearizationl[/], multiple-model design
procedure 18], Ho/H. norm minimization [L9, 20] and multivariable polynomial fitting41]. On
the other hand, the global approaches generate LPV models whichvarése=dynamic behavior of
the NL system. This can either be done by using a range of mathematical ménoimjla.g.: state
transformation22], velocity-based formulatior?[3], function substitution24], normal form based
conversion 5] and automated LPV model generatidh46], or alternatively by using data-driven
modeling, i.e., global identification approaches, |gtediction error methodf27].

Oftenitis important that the global behavior of the LPV model be similar to theagjldhavior of
the NL system. This is typically the case when the LPV model is used for praggitiulation in
open-loop £8], model predictive control or optimal control. On the other hand, it is somstime
desirable that the local (frozen) behavior of the LPV model, i.e., for teammsscheduling, be
representative of the local behavior of the NL system, i.e., local lineanmatb the NL system.
For such cases, a local approach would be recomméndiads is particularly the case when the
LPV model is used for gain scheduled controller design, where consaler synthesized on the
basis of local models. In this paper, and inspired by the work doné&d yve present a novel
local modeling approach, which approximates a known NL model by a dquRgione with dfine
dependence, resulting in a model valid for both open- and closed-Iquigaions.

Like in [18], our method uses a set of simulation data obtained from the original NL mibiisl.
set of data is assumed tofBaiently capture the transient behavior of the NL system between the
operating points. Like in18], local linearization along the trajectory described by the simulation
data leads to a set of local LTI modelsState-SpacESS) form together withfine remainder terms.

A singular value decomposition of a matrix containing theffioients of these linearized models

is here also used to determine the basis functions that characterize fhei@aiedependence of
the to-be-obtained LPV model. However, for the subsequent LPV modsiéms, our method is
different from the one inl[g]. The scheduling dependencies are indeed not determined in such a way
that the LPV model is best able to reproduce the time-domain simulation data, futhra way

to minimize theH,, distance between the local linearizations and the transfer functions abtaine
when freezing the scheduling variable in the LPV model. This approacheferped since our
objective is here to approximate as good as possible the local behavias system for control
purpose. Another importantftiérence with 18] is that the remainder terms in the linearized models
are also modeled using the LPV setting leading to a true LPV representatior ofitjinal NL
model. Unlike the one in1[g], this true LPV representation supports LPV control design over the
complete operating regime. Our approach can also be seen as an extédsioobian linearization
based gain-schedulindgT], since, even if our modeling method is based upon interpolation of local
linearizations, it does not rely upon local deviation signals.

The paper is organized as follows. In Sectihthe general LPV modeling setting and the to-be-
addressed optimization problems are defined. In Sedithrough6, the steps of the proposed
modeling approach are described and solutions to the optimization problenderved. In
Section7, open- and closed-loop simulation results are analyzed using a no#inah robust
u, and two LPV controllers. Finally, conclusions and future directions egsgmnted in Sectiod

"Thequasi-prefix is used to indicate LPV system models in which the schedutirigbles are chosen to be endogenous,
i.e., dependent of the inputs, outputs or additional latanables of the modeled physical systeth [

#Note that global embedding of the behavior of a nonlinear systesran LPV representation often does not imply that
the frozen aspects of the LPV models will have anything in commitimtive local linearizations of the NL syster2d].
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The nomenclature is fairly standaml™, M*, M" denote the transpose, the complex-conjugate
transpose, and the Moore-Penrose inverse of a real or complex mdfrixhereas Heyl) =
M + M*. We usex as an ellipsis for terms that are induced by symmetry and-vetdnds
for the vectorization of a matrix. Matrix inequalities are considered in theesefhd.6wner.
Furthermore (M) denotes the zeros of the characteristic polynomialsdet(M) = 0. L., is the
Banachspace of complex matrix-valued functions that are essentially boundgf orith norm
IGlle = ess sup 0(G(jw)) < co with o denoting the largest singular value of a matrix. Similarly,
H, is a closed subspace df., with functions that are analytic on right-half plat®. RL.
(resp.RH ) represent the subspace of real, rational and propansfer FunctiongTFs) in L
(resp.Hs). For aW c R¥, we usd|G||Y := ess sup.,, (G(jw)). For appropriately dimensioned
matricesK andM, where the latter is partitioned as

M1 M
M = ,
[ M21 Mg }

the lower Linear Fractional Transformation(LFT) is defined asF|(M, K) = M1 + MoK(I -
M22K)_1M21, and the upper LFT is defined Eﬁ(M, K) = My + M21K(| - MllK)_lMlz under the
assumption that the inverses exist. lbre C%P, the structured singular valyg (M) of M, with
respect to an uncertainty st c CP<9, is defined ag,}(M) := minsca{c(A) | det( — MA) = 0}.

2. PROBLEM STATEMENT

We suppose that the system which is to be modeled in the LPV setting can bibel@dy a known,
Continuous-TiméCT), NL dynamical model in the following state-space form

X(t) = f(x@®,u®), ¥ = g(x(®), u(t)), )

¥t > 0 with f, g being partially diferentiable smooth real functiongt) € Px c R™ the plant state,

y(t) € Py ¢ R the plant outputy(t) € £, ¢ R™ the control input, whild is the time variable and

Py, Py, Pu are some non-empty compact sets. In this simulation model, the simulated data is not
perturbed by noise. Furthermore, we assume that the simulation mggedrectly describes the
behavior of the NL system. However, as mentioned earlier, this model is deterbe too complex

for control design. Hence, our goal is to approximdfedly a quasi-LPV representation, suitable for
wpor LPV control design. To simplify the discussion, we consider in this peqgeapproximation of

the state-equation only, however the procedure can be extended txiapgte the output equation,
i.e.,g as well. Hence, from now on, we consider the case

X(t) = f(x(@®,u(®), ¥ = xO). )

Our procedure uses simulation data to synthesize a quasi-LPV model of lthenddel
characterized by (-). For this purpose, we apply to the simulation mod®lg typical input signal
and store equidistant samples of the corresponding response with thinggpepiod Ts > 0. This
yields the following sampledhput-Output(l0) sequenceZN := {u;, xi}i’\il wherex; = X(iTs) and
U = u(iTs). We also assume that this sequence is informative enough for the ggrahdee quasi-
LPV model, i.e., the mapping has been excited over the entire operating regitpe #,. Note
that according to the classical results of system theory, if the free Calsigire., inputs) can be
assumed to be piecewise constant on a sampling periodTd.e suficiently small, then the CT
output trajectory may be completely reconstructed from its sampled obsevatio

Remark 1

We will encompass our discussion within the CT framework, since stability amfbrionance
requirements for controller synthesis are generally conveniently esqueim this setting. If a
Discrete-Timg(DT) LPV approximation is needed, then it can be achieved by either tdidoge
the obtained CT LPV model through one of the methods present&djirof alternatively, by using
the equivalent DT formulation of the machinery outlined in this paper.
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We intend to capture?j in terms of the LPV-SS model
N
X(t) = AoX(t) + Bou(®) + > pr(t)(AX(t) + Bru(t)). (3)
r=1

where the scalar signafs (t) = ¢, (x(t), u(t)) are the so calledcheduling variablethat are on-line
measurable viathechedulingmap =[ ¢1 -+ ¢n, |7 : Px X Py — Py WhereP,, known as the
scheduling “space; is a compact set ané, Br}?':0 are matrices of appropriate sizes. Furthermore,
we also choose to enclose our analysis within tfiena LPV setting with static scheduling-
parameter dependence, as dynamic dependence may le#iitidtais in terms of controller design
and implementation.

Non-stationary linearizations of the NL model, along a given trajectoryiggested for the GS
modeling framework (see, e.g23]) have often been used to extend the validity of GS controllers
to operating regions far from equilibrium points. When combined withfcsently small sampling
period T, such an approach may allow to better capture the transient behavior Nt theodel.
Accordingly, we also choose to base our LPV modeling methodology upchm Ifwearizations.
The latter may be computed via first-order Taylor-series expansionsaariassical numerical
perturbation methods. By using the data poidft$ := {u;, xi}i'il as the linearization points, we can
compute the sedN := {A;, B;, di}i'\i1 where

A _ 0f(xu) =3 — af(xu)
6 - (%) _ B _ éu (%, Ui) (4)
di = f(x,u) - Aix - Biu

with d; the so-called fiine remainder term. For eadhe {1,...,N}, let us also define the
corresponding local transfer functi@)(s) = (Is — A)™'B;. Now, for each operating poink( u;),
we can approximate the NL modé&l)(in a local neighborhood of(, u;), as

X(t) = F(x(), u(t)) ~ AX(t) + Biu(t) + ;. ()

Note that the two setg™ and DN describe the behavior of the NL syste&) from a global
and local perspective, respectively, and will be used to synthesiz@drapproximation of 2) as
outlined in Sectiori.

It is important to point out that regarding this approximation, simultaneous optiioiz of the
linear maps(A, B;}|",, and the possibly nonlinear scheduling mas(t), u(t)), in Eq. @), is a
non-trivial, non-unique problem as it contains excessive degrefreedom, giving rise to an ill-
conditioned optimization problem. Previous attempts towards such simultanepriosxiapation
problems have used nonlinear optimization methdls 32]. Another approach to mitigate the
excess of degrees of freedom in such ill-conditioned optimization problequéres the inclusion
of additional constraints or regularizatio2d]. Alternatively, one can divide the problem to
separate optimization problems, e.g., synthesize first the linear maps follonwadynthesis of
the scheduling maps. We opt here for such a philosophy, i.e., by followiegt@nsion of the three-
step methodology introduced ia§]. Our method is further summarized in terms of Algoritim
Our contribution w.r.t. 18] lies in formulating these steps by absorbing tffena remainder ternd

Algorithm 1 Our LPV model conversion

1: Compute the best LTI approximation df)(in terms of theH,, distance of the central model
(Ao, Bo) w.r.t. DN,

2: Based on Ao, Bg) and DV, synthesize the linear maga,, B,}/", by a rank, i.e.n, revealing
transformation.

3: Synthesize the scheduling variabl@s(t)};" , using{A, B/}, andD".

4: Based onZy, synthesize the scheduling mapst) = ¢, (x(t), u(t)) forr =0,...,n;.

into a coherent LPV state-space representation that is valid alsbequilibria points, and further
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by having the local behavior of the NL model at the linearization points bgipgoximated in an
H., optimal sense, which is in line with the commonly used performance objectité3\btontrol
design (see Sectiadl). In the sequel we discuss, in more detail, the four-step methodology altline
above.

3. STEP 1: THE CENTRAL MODEL

The central model Ay, By) is chosen within all models present in the At Bi}i'\i1 . A natural
approach is to find the model which may be defined as the pegtal one, within the models
spanning the set of local behaviors over the entire operating regimes Ipaper, we will base this
model selection within thé,, framework, since our primary focus is on modeling for control. In
addition, for controller synthesis, design specifications are typicallyrgéggeon various compact
frequency ranges of interest, likd’ = [w1, wy], with 0 < w1 < w,, which led us to use thé{,,
norm on a frequency range of relevang®[|? (see Appendix A for further details on this frequency
restricted norm).

The central model Ao, By), i.e., Go(s) = (sl — Ao) 1By, defined on its appropriate region of
convergence, is chosen as follows: basedZoh compute for eaclG;(s) = (sl - A)™'B;, the
following meanm; and standard-deviatidm of the H,, distance measure

N

m=o Zl IGi(9) - Gi(II. (6a)
N

J = (IG(9 - Gy ~m)’. (6b)
=1

where| - | for example can be obtained by minimizing the boyrslibject to theLinear Matrix
Inequality(LMI) (27) (see Appendix A). Letmandh be the maximum anchandh be the minimum
of {m}, and{h}}\,. Then,Gy is chosen a&; wherek is computed as

k= arg,_n min ( (Ime - ml/[m - _]) ([hk—h]/[ﬁ—h])z) (7

.....

with p > 0 a user-defined weighting parameter.

4. STEP 2: CALCULATION OF THE LINEAR MAPS

Whereas the role of the central modéb(Bo) is to capture the most significant linear behavior
of the NL system, the linear map4,( B;);" ; (together with the scheduling maps) are responsible
for capturing the NL behavior of the system As a philosophical startingt pdia procedure to
synthesize these maps, we can recall that the NL system model can liagted, in a local
neighborhood ofX, u;), in terms of ). Hence, the gap between the NL behavior and the central
model behavior may be characterized, in a local neighborhood,af), as follows

SX(E) ~ (A — AQ)X(t) + (Bi — Bo)u(t) + dh. (8)

Now from Eq. @), we intend to find the following factorizations

Copyright© 2016 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Contr¢2016)
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A=A = ()L, (92)
j=1

B - Bo= ) m)R;, (9b)
j=1

di = D G0(Tix + Zju), (90)
j=1

where ng > 0 andnyg > 0 are minimal and l(j, R;) with (T;,Z;) can be seen as the common
normalized basis of the involved linear operators ay@) with £;(i) are the linear combination
weights of the basis associated with each operating pajnt;] in ZN. This provides that the
matrices{A,, B, }?':1 with n, = ng + ng according to §) are realized as

‘ I L R] if r <ng;
[ArBr]—{[Tr_ng Zon 1 ifr>ng

One possible approach to accomplish such a factorization follows throu§mgular Value
Decompositio{SVD). Let

(D_[vec(A_Tl—Ao) vec@N—Ao)}
| vecB1-Bo) -+ vecBn-Bo) |’

where® denotes the Kronecker product. Similarly, we can develop

VR
A =di[ L('I ] . W= vecAr) -+ vec() |.
Next, we can obtain a proper orthogonal decompositio®aind ¥ which gives the principal
directions in the space of the d@eients of{L,, R}f’zl and{Tr,Zr}?':l. This is done by obtaining
the following economical SVD decompositions

D =UsZV], ¥=Uo5,V), (10)

whereX; andX, are full rank, square, diagonal matrices with dimengign ns> < min(nk(nk +

ny), N). Then, each basis pait {, R;) and (T}, Z;) are simply recovered from the matricizatioof
each column otJ; andU,. This results img = ng1 andng = ns», i.€.,N; = Ng1 + Ngo. In practice,

it is often desired to capture the nonlinear behavior with a low number ofdstihg variables

as the complexity and often the conservativeness of the LPV controlrdpsigedure is directly
characterized by,. Hence, the relative magnitude of the singular values @an be used to find a
reduced factorization by taking only time < ng1 + ns»> most significant singular values associated
with the columns ofJ; andU, in the matricization. Furthermore, it is also possible to compute the
factorizations 9) jointly with the use of a single SVD. However, here for reasons to beateden

the next section, we chose to keep the factorizations separate.

5. STEP 3: SYNTHESIS OF THE SCHEDULING VARIABLES

As a first step in our synthesis, we will determine the set of linear combinateghis ;(i) =

[ 72() -+ mn() 17 andg(@) =[ 4() -+ Zn,(i) 17 in (9). If n; = nsy + ng2, one can easily
find weights [L8] that ensure a perfect equality iB)( If n, < ng1 + Ng2, this is no longer the case
and an approximation is required. Since our focus is mainly on modeling fdratpwe choose to

$The operation that turns a vector into a matrix.
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approximate the local behavior of the NL syste®h ljy matching it with the frozen aspects of the
LPV model (i.e., the LTI model obtained when freezing the scheduling Varialthe LPV model).

Partly, this can be seen as approximating the LTI transfer funcGe(ss = (sl — A)1B; with the
transfer functiorG;(s) of the frozen-time LPV models:

ng -1 ng
Gi(9) = (sl ~Ao- Zm(i)Lj] [Bo +> n,-(i)Rj].
j=1 j=1

fori =1,...,N. Additionally, due to the fiine terms, we also need to guarantee that
— Nd
di~ dii= ) G0(Tix + Zjw).
=1

These objectives can be formulated as optimization problems as followsgivew user defined
frequency range = [w1, w>], find, for eachi, the optimal parameter{sﬁ;(i)}i’i1 and{g(i)}iN:1 that
minimize
J4i(n(0)) = IGi(s) - Gi(9)IY, (11a)
Jai((0)) = lldi — dhill2- (11b)
While minimizing (L1b) corresponds to a least-squares problem with an analytic solution,

minimizing (119 is equivalent to minimizing a scalar variable, subject to the LEM) (or (28).
The (A, B, C, D) matrices in these equations are

A 0 B
Gi(s) - Gi(s) = [%‘%] =| 0 Ao+ g]lﬂj(i)l-r Bo + éni(i)RJ (12)
| ] | 0

using the standard notation in robust control. In case the underlyingnsydescription is
parametrized a9}, these LMIs contain cross products of the decision variablessfijiresulting
in a bilinear relationship. In such situations, the projection lemma has often bseh to
provide convex reformulation of the original problem. In our case, tuafately, a straightforward
application of the projection lemma is not achievable, due to the structureceradtaur problem
(see B3] for additional details). Hence, we choose to use an iterative apprmashlve (19).
The procedure has a two-stage modus operandi: an initialization stageyefdlloy a repeated
refinement stage. The first stage computes a reasonable guess vaj(i¢. fohe idea used here
is to approximate the maximum gain of the LTI matricAsandB;, in the following way

n(i) = arg ngin”XA,i(U)”Z + | Xgi(m)ll2, (13)

where Xai(n) = A — (Ao + X%, njLj) and Xe;(n) = B — (Bo + X', mjRy). This is readily recast
into the sum minimization of th&,-induced gains of two static operators

minimize  ya; + vgi

n(i),yai-vei

subjectto ya; >0, 7yg; >0
il * 14
Xai(nti)) 1|7 4
veil *
Xei(n@) 1 |~

Next, the second stage uses the initial values found4hif order to solve Eq.1(19 through an
iterative approach. Heile || is computed viaZ8) since the latter is convex in either thig K) or
(A, B) matrices, resulting in a DK-iteration like optimization scheme.
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Finally, we can realize that asg(u;) corresponds to the time momettin Zy, hence the
scheduling trajectory op(t)) = p(iTs) =[ 7" (1)) ¢7(i) ]" would lead to the required scheduling
to match the change of the local behavior of the NL system along the obdsdatee sefZy. Yet, we
require a final step to generalize this observed relatigo(®ffor arbitrary trajectories ofx(t), u(t))
which is discussed in the next section in terms of a synthesis of a scheduling. ma

Remark 2

DK iteration appears to work well in practice, such as in model order tenu¢34] and LPV
controller synthesis with parameter-dependent scalidglsConvergence of these methods towards
a global optimum or even a local one is not guarant&l however, in practice, convergence is
commonly achieved within a few iterations.

Remark 3

In (11b), we have based the approximation of th&re remainder terms on th® norm as it
is computationally very cheap. An alternative approach would be to coridé,, norm to be
consistent with thé-,, objective.

Remark 4

In case a common factorization of the matrices and tfi@earemainder terms is chosern,1)
becomes a joint optimization problem where someone needs to specify thefitdadween the
approximation of the local transfer functions versus fitting the variation ®frémainder terms.
This is why a separate factorization i) (is chosen to avoid ad-hoc choices in such a trafle o
However, the price to be paid for such a separation of the approximataitepns is a possibly
larger number of scheduling variables.

6. STEP 4: SYNTHESIS OF THE SCHEDULING MAPS

Finally, with the previously synthesized scheduling variation w.r.t. the obdedata setZy,
the aim is here to find a suitable representation of a smooth continuous-time maipirthat
satisfies [7(1)) Z7() |7 = ¢(x, u) for all i € {1,..., N} and hence will givep(t) = ¢(x(t), u(t))
for arbitrary trajectories ok(t) andu(t).

Now, for physically-intuitive plants, one may select the required stategngods ing(x(t), u(t)),
based upon engineering judgment, and derive these mappings thropglarmpacurve-fitting
methods. However, in case such insight is missing, one may consider feystamatic tools
such as: orthogonal basis functions, principal component analyaisstisal analysis, fuzzy tools,
support vector machines, deural NetworkgdNN). Regarding NN, it is well-known that, under
mild assumptions on continuity and boundedness, a network of two layerfisthieeing hidden
sigmoid and the second linear, can be trained to approximate any funcetetamship arbitrarily
well, provided there are enough neurons in the hidden Ie3/dr Hence, NN have found a wide
range of applications in control theory. We also choose here to basg-Jh@odeling on a two-
layer feedforward NN, the first being sigmoid and the second linear | witarons|i(large enough),
such that

p(t) = ¢(x(t), u(t)) = V&), (15)
with
&(t) = k(Wix(t) + Wou(t) + Wh), (16)

andV € R™ W, e R*™, W, e R* contain the output and hidden layer weights, whikpe R' is

the bias in the hidden layer, ang) is the activation function, taken as a continuous, diagonal,
differentiable, and bounded static sigmoid nonlinearity. Hence, we considemdi¢ls in the
classical feedforward network with the hyperbolic tangent activatiorsfea function in the hidden
layer and back-propagation training for the weights and biases. Théngaofi these models is
accomplished here via the NN MATLAB toolbox by usit{lgq,ui)}i’\il as the input data set and
{n(i), £}, as the intended response.
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Table I. Results of the SVD decomposition in Section

=3 Ng=2 ng=1 ng=2 ng=1

Captured Energydff;, 100% 79 % 51 % - -
Captured Energy dfl, - - - 100% 53%

7. EXAMPLE: A MODIFIED POINT-MASS PENDULUM

The simulation results, presented next, are based on a simple example afmpsgpendulum. In
this section, botl®pen-LoodOL) andClosed-LoodCL) analysis of our LPV modeling framework
will be discussed. The rotational motion of a point-mass pendulum is given by

d| x() |_ X(t) 0
_[ %o(t) ‘[ —bxo(t) — & sinx(t) }*[ csinu(t) ]

dt
with [x. X]T =[6 6]7 the statesg the rotation angley the input torquea = \/g/_L the angular
frequency,g = 9.8 the acceleration due to gravitl, = 3 the pendulum lengthh = 2 damping
and csinu(t) a fictional nonlinearity (with cao@icient c = 4) for making the system more non-
linear. Obviously, 17) can exactly be recast into a quasi-LPV form using a global approa&ch,
by choosing two scheduling parametgrs and p, such thatps(t) = sinxy(t)/x.(t) and pz(t) =
sinu(t)/u(t). We have intentionally chosen a simple example to better illustrate the practicality of
our modeling method, which will be used to derive multiple LPV models.

(17)

7.1. LPV model synthesis

To gather data for LPV modeling, we excite the pendulum model, from its stign, with a

20 sec long sine-sweeayt) = sin(2rft), with frequencyf in the range 0.001-1 Hz, sampled with
Ts = 0.05 sec, resulting ilN = 401 data points. The purpose is also to illustrate the applicability
of our modeling method in a conservative context, i.e., in the case whererbeldoput signal-
richness (used for data generation) is rather limited, as is the case with tlessime-sweep chosen
here, and for the case of a relatively large sampling period, resulting/iddéa points. Furthermore,
we also use a frequency range of interest definetVas [w1, w2] = [0, 10] Hz.

First, thecentralmodelGy(s) is obtained according to Eqr)with p = 100. The resulting model
isnr. 185, i.e.G1g5(S). Tablel is given to provide an overview of the SVD results of Step 2 described
in Section4 to derive the linear maps, where thaptured energyefers to the percentage ratio
between the sum of the retained singular values to the sum of all singulasvdio analyze our
modeling framework, we will use three LPV models, the first two to evaluate theeSponse,
whereas the third one will be used for dynamic output feedback corsigd. The first two models
assume full-information, whereas the third corresponds to the case wiigr&tatex; is measured:

1. Model M1. Generated withng=3, ng=2 and a 10-neurons network witip(t) =
P(Xa (1), %2(1)); nr = 5.

2. Model M2. Generated withng=1, ng=1 and a 10-neurons network witip(t) =
¢(xa () x2(V); ne = 2.

3. Model M3. Generated witlng = 1, ng = 1 and a 10-neurons network with(t) = ¢(x4(t));
nr = 2.

Note that mapping(:) is here function of the states only, rather than both states and inputs, since
better validation results were obtained this way when exciting the LPV modelsreth inputs (i.e.
inputs not used during the modeling process). Next, to comparefiihetieeness of the proposed
LPV models, we define the following two cost functions:

1In most practical situations, when designing control systems, one mimtehave access to the full state-vector. In the
case of the pendulum, often only the rotation arfglebeing measured.

Copyright© 2016 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Contr¢2016)
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Table II. Quality of the LPV approximation in terms af, andJ,.

Model J, (init. by (13)) Jo J2

M1 0 N.A. 100
M2=M3 0.34 032 74

1. Cost C1 Mean of the local TF deviation in terms 8f, := & >, IGi(s) - Gi(s)|[;

2. Cost C2 Fit of the dfine remainder terms by

Bi= 2 BFR(1dIY (G10Ls).

X k=1

whered; = 3., 7:())(Tr X + Z:u), []« stand for referring to th&" element of a vector and
for two signalsz(i) andZ{i) the Best Fit RatgBFR) is defined as

-2,

BFR(z(i), z(i)) := 100%- max| 1 — ,0
R( M ()> ’ 2(i)-meang(i)) &

Note that costs C1 and C2 evaluate the modeling concept before the syofttae NN component.

The results are given in Tablé, where all LMIs, used to compute cost C1, are solved using
YALMIP [ 38] with solver SeDuMi B9]. For model M1, since we kept the full linear map, the cost
functionsJ., andJ; reveal a perfect match in both aspects. On the other hand, models M2&nd M
use only the most dominant singular values associated linear map. M2 andeM@@valent in
terms ofJ,, andJ,, since they dier only in their respective NN representation of the scheduling
map. We can observe thdtis relatively large for these models (which is good), and that the simple
approach Eq.1(3), to compute an initialization point, gives a reasonably low valuelforFor this
example, the refinement steps to solve the bilinear optimization problem doavidg@significant
improvement, although on aftitrent example4(Q] it did provide substantial improvements. This
preliminary evaluation of the model accuracy shows that models M2 and l#h®ugh based on
only two scheduling signals, may potentially provide good model fidelity in OLthk sequel,
additional evaluations of the OL and the CL behaviors is given.

7.2. Open-loop analysis

To better compare thefectiveness of the proposed LPV models, we define the following additional
cost functions:

1. Cost C3 For a comparison of time-domain responses and)) we use fresh data sets,
namely step-inputs, and sine-inputs at varying amplitudes and frequemdesompute the
BFR(Y(TI 1. (9(iTs)}Y,) between the sampled NL model respoysend the responsg
provided by the LPV model.

2. Cost C4. For similar purposes we also compute Yfegiance-Accounted-FofVAF)

1000l ¥ _ varf/(iTy) - §(iTs))
VAF := 100 /on—x ; max1 ATT) 0).

In this section, we will test the resulting CT LPV models with the NN synthesizaddding
maps. Note that all models become now quasi-LPV models. We will comparelreekiehavior
of these LPV models with that of the NL system. We excite the LPV models with detanee
used during the modeling phase. First, we use sine-inputs, for sevadldmplitudes and fixed
frequencies, and present the respective BFR and VAF for eachlinda@dblelll throughV. Overall,
all three models exhibit good to excellent fit with the NL model, using these ereasures, for

Copyright© 2016 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Contr¢2016)
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Input Input Frequency (Hz)
Amplitude 0.25 0.5 0.75 1
0.25 93 99 94 100 96 100 97 100
0.5 97 100 91 99 94 100 94 100
0.75 93 100 90 99 91 99 92 100
1 94 100 9199 9099 90 99
15 7897 8197 7997 7395
1.75 0O O 5488 699 6192

Table IV. Time Response for M2. Left value is BFR (%), Rightuels VAF (%).

Input Input Frequency (Hz)
Amplitude 0.25 0.5 0.75 1
0.25 93 100 87 98 90 99 91 99
0.5 94 100 87 98 88399 89 99
0.75 96 100 90 99 90 99 90 99
1 94 100 94 100 93 100 91 99
15 8397 8698 8098 77 97
1.75 8096 7796 6895 63 94

Table V. Time Response for M3. Left value is BFR (%), Right eailsi VAF (%).

Input Input Frequency (Hz)
Amplitude 0.25 0.5 0.75 1
0.25 9199 8798 90 99 90 99
0.5 93 99 86 97 88 98 88 99
0.75 95 100 88 98 87 98 89 99
1 97 100 91 99 88 98 81 97
15 7395 8598 8197 6294
1.75 5590 7496 70 94 53091

input amplitudes below one (i.e., the value used during model synthesis wdfiaesithe operating
regime). The accuracy of these LPV models diminishes when the input ampéitideeased above
one, even though model M2 still retains a relatively good fit. We also notentbdel M2, even
though based on fewer scheduling variables than M1, is roughly atdeastod as model M1. This
may be explained by the fact that the NN models were trained with local datardgtwith a few
number of samples while these responses incorporate transient dynamiedl.aGood training
data sets may be two orders of magnitude bigger, in the tens of thousandssf gather than a
few hundreds41]. Hence, a model with fewer to-be-estimated parameters, like M2, may erovid
in this case, a higher quality model, but this is unpredictable asfféet®f transients is not visible
from the point of view of local linearizations. Next, the fit for model M3 is ktlg worse than that
of M2, e.g., for input amplitudes above one. This may be explained by thdhaicthe training

of M3 was based on statg only. Finally, we also compare the model responses to a step input
of amplitudeA = 0.5, with the outcomes given in Tabld, and Fig.1 through3, where again the
respective high model quality is being confirmed. In summary, model M2igeevgood model
fidelity in OL, coupled with slightly better computationdfieiency than model M1 (since having
fewer scheduling variables and NN models to evaluate), and may thus théongeL prediction,
whereas model M3 has also shown to be a suitable candidate for subsegnioller design, in a
dynamic output feedback framework based upon the measuremenooly.

Int. J. Robust. Nonlinear Contr¢2016)
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0.5.

Table VI. Time Response to Step Input) of Amplitude A
Model BFR (%) VAF (%)

M1 70 97
M2 72 98
M3 55 96

States

Time (s)

Figure 1. M1 response for step inpu(t) of Amplitude A = 0.5 (legend: "=’ NLx3; '— =" NL Xxp; =
LPV x;; "/ LPV Xxp).

States

Time (s)

Figure 2. M2 response for step inpu(t) of Amplitude A = 0.5 (legend: "=’ NLxz; '— =" NL Xxp; =
gLPV xq; ' qLPV Xp).

‘‘‘‘‘‘‘‘‘

States

Time (s)

Figure 3. M3 response for step inpu(t) of Amplitude A = 0.5 (legend: "=’ NLxz; '— =" NL Xxp; =
gLPV xq; " qLPV Xx).

7.3. Closed-loop analysis

The objective of this section is to evaluate the quasi-LPV model M3 in a CL sefimthis end,
we define a generalized plaRtwhich maps the generalized disturbanedg = [r"(t) n"(t)]" and
control inputsu(t), to controlled outputs, i.e., generalized performance charefgls; [z (t) z; ()]

and measured outputgt) = [r(t) e (t)]7, see Fig.4. The signals consist af(t) the reference
signal,n(t) the sensors noise(t) the tracking errors,(t) the actuators performance signal (to limit
actuation magnitudes and rates), ap() the desired performance in terms of closed-loop signal
responses. As shaping filters, the performance weldl{s), the actuator weight\y(s), and the
sensor noise weightV,(s), all given in Appendix B, are used. The shaped generalized plast
further given by

z, 0O O W, ;
| | W O -W,P
A A ik (18)
e I -W, -P
Copyright© 2016 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Contr¢2016)

Prepared usingncauth.cls DOI: 10.1002rnc



13

Z
Generalized >(W, ) =
Plant Actuator Limits
Gp Magnitude/Rate
r r
J’f (W 57
n Performance|
(Wh)
Noise
v Shaping Filter y l + e
L 3 e
Plant P —‘
Ky |«
Feedback
K;
Feedforward
Controller

Figure 4. Control synthesis: two degrees-of-freedom abstructure.

whereP denotes the dynamic operator defined by the LPV model. The goal of th®ksynthesis
is to find a two-degrees-of-freedom dynamic controlee [K; K] that establishes closed-loop
stability, while guaranteeing an inducefhb-gain boundy from the exogenous inputs to the
controlled outputg, such that

T T
f Z'()z(t) dt < 42 f wT(w(t) dt VT > 0. (19)
0 0

In the sequel, we will synthesize four controllers—dHg LTI, one robusi LTI, and two LPV
controllers—and compare their reference tracking performance toeftemnce inputs. As already
mentioned, the controller synthesis is based upon a two-degreesedbimecontrol structure, see
Fig. 4. Besides a feedback actitfy, a feedforward actioi; is indeed added to improve tracking
performance. For optimality, both the feedback and feedforward patteaontrollerK will be
designed in one step. The four controllers are designed as follows:

7.3.1. Controller 1: LTIH,, methodThe purpose is here to synthesize an LTI controller which is
not based on model M3, but rather based upon a nominal LTI migggl This Pyom is obtained
from a single linearization, at the equilibrium poing [x]™ = [0 0]", of the NL model L7), see
Appendix B. Furthermore, for thi¢{,, LTI controller, the control synthesis does not include any
robustness with respect to some uncertatityrence in Fig4 we have

P B PO B Pnom. (20)

Now, with Eqg. 0) in mind, our control synthesis problem is equivalent to the minimization of the
H., norm of a standard, weighted, mixed-sensitivitiS criterion. Here, the dynamic controll&r
is computed such that P .
K = arginf||F\(P. K)ll. (21)

We will consider this controller as the nominal controller.

7.3.2. Controller 2: Robugi method The synthesizedfine LPV model M3, as defined in EQ)(
is first re-scaled, in terms of normalization p(t) and given by

X(t) = Aox(t) + Bou(t)

P(a(t)) = { +32 o ('[)(,&r x(t) + B, u(t)) 2

such thate = [@1  a2]” and |a,(t)] < 1. Here, the generalized plaft has a linear fractional
dependence on the normalized scheduling variafile This plant can be represented by the upper

Copyright© 2016 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Contr¢2016)
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Uncertainty

==yl

Controller

Figure 5. Standarl — ® — K robust control setting.

(1)-5(2)-raa )

where M(s) is a known LTI plant, see Fig5. Furthermore,® := blockdiadaa(t)lc,, @2(t)lc,}
specifies how the scheduling variables enter to the plant dynamics, whgraa an identity
matrix whose size; corresponds to the miniméainear Fractional RealizatiofLFR) of (22), i.e.,
¢ = rank([A, B]). Next, the feedback structure associated with the LFT interconnectio(2B)
Wo
w ] (24a)

is given by
%
z |=M
% u

Wy = Oz, (24b)

LFT interconnection

with z(t), andwy(t), the inputs and outputs of operat®y shown in Fig5. According to the robust
control framework, we further proceed by treating the schedulingnpetex variations, i.e., given
in O, as real static uncertainties (not measured on-line). Again, the goa abtitroller synthesis
is to minimize theL,-gain boundy from the exogenous inputs(t) to the controlled outputg(t),
despite the uncertaint® with o-(®) < 1. This is achieved by synthesizing an LKIthrough the
D-K iteration 43):

K = arginfinf || DsFy (M., K)Dglco (25)

with Dg(s) a stable and minimum-phase scaling matrix, chosen suclbtfigi® = ®D¢(s). By the
dksyn implementation in MATLAB, after five iterations a f2rder controller based on &'®rder
D(s)-scalings is obtained. The controller is further reducedtoler after balanced Hankel-norm
model reduction without any significanffect on CL robustnegserformance. In summary, we have
obtained here a single robust LTI controller, for a family of LTI plantstha next section, we will
see how to design an LPV controller that exploits ]} is measurable in the system.

7.3.3. Controller 36 4: LPV methodsLPV control has received much attention over the past 20
years resulting in a plethora of control methods. Although, a full revieWRd control methods
is beyond the scope of this paper most methods can be classified to eithet thfgpslytopic
approaches, e.g.4], or the set of LFR omorm-boundedapproachesd, 6]. Alternatively, the
methods can also be categorizedPasameter-Independent Lyapunov Funct{®iLF) techniques
(such as the methods listed above) versus the so-dalemeter-Dependent Lyapunov Function
(PDLF) approaches, also known as gridding methdg85. While PILF methods enjoy simplicity
and numerical tractability, PDLF methods can improve performance, i.eeaconservatism, in
case variation bounds of the scheduling variable are known. Here westigate control synthesis
with a polytopic PILF §] and a scaled small-gain PDLBH] method.

Controller 3: Polytopic PILE In the LPV modelP(«(t)), given by Eq. 22), the scheduling
parameterx(t) is defined on a compact sét,, represented by a unit hypercube of dimension 2 with
vertices{w,—}l?:1 corresponding to the extremal valuesaofThe considered polytopic PILF method,

Copyright© 2016 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Contr¢2016)
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implemented akdinfgs, follows the lines of classical., synthesis, with the dlierence that it is
based upon thé&{,, quadratic stability and performance concept (since both plant and tentro
are time-varying). The global LPV controllé¢(«(t)) is obtained through interpolation of local
controllers, the latter being synthesized at each vertex ®{imf) [4]. Since the method requires
the control-matrix to be independent of the time-varying scheduling paranvetepre-filtered
the LPV model with the low-pass filter defined at the beginning of Secéti@nA gainy = 0.92,

in Eq. (19), was achieved with the weights defined in Appendix B. Although the syizéubs
controllerK (a(t)) is time-varying—and hence represents an improvement compared teetheys
LTI u controller—the quadratic stability and performance concept assumesghpifast varying
scheduling parameteeg(t). Obviously this may result in some conservatism, in case the scheduling
parameters have a bounded rate of variation.

Controller 4: Small-gain PDLFThis last controller is also referred in the sequel as the LPV-LFT
controller. Both plant and controller are now dependent on the time-waggheduling parameter
O(t) according to the LFR formulation in Sectioh3.2 Now the main dierence w.r.t. the robust
control design is that the time-variation 6ft) will be taken explicitly into account. The to-be-
designed LPV controlleK(®(t)) is obtained by minimizing the inducef,-norm of the closed-
loop operator in terms ofl@). Moreover, the controller synthesis method also takes parameter time-
derivative into account, implying a dependence on It and its derivativéd(t). This results in an
infinite-dimensional LMI problem which, in our case, was tackled by usisgall grid, containing
only the extrema 0®(t) and®(t) [35]. Since the method3H] is an iterative method, good starting
values for the scalings were obtained by performing a rolosgnthesis, with constant scalings, on
the (Ao, Bo) plant (this plant is defined byp)). A gainy = 0.51, in Eqg. (L9), was achieved with the
weights defined in Appendix B, after ten iterations.

7.3.4. Discussion of result¥he evaluation of the performance of all controllers with the NL plant
is done using step inputs on the reference signal, starting from a zerogoitidition, i.e., pendulum

at rest, see Figh—Fig. 8. With respect to our LPV modeling method, we can arrive to the following
observations:

e The nominal LTIH,, controller exhibits a steady-state error, which remains persistent despite
several modifications of the performance weig¥i(s). All other controllers designed using
our LPV modeling methodology, i.e., model M3, do not exhibit any steady-state, and
hence achieve much better reference tracking. This is achieved evaghthmdel M3 has
been built with only two scheduling variables.

e As anticipated, the PDLF controller is less conservative than the PILF @antpe achieved
v values).

e The robusiju controller and the polytopic PILF LPV controller exhibit very similar tracking
performance, although the control input of the latter one is much smootbenp&rison
of robustu control with several LPV control methods has been addressed in maeyspa
e.g., 4], in which it was reported that LPV methods are less conservative thtandasd
1 approach. Indeed, the distinct advantage of LPV control methods &lhgon the on-
line measurement of the scheduling parameters (and potentially its des)ati@vever for
LPV-LFT methods, this advantage needs to be put into perspective amost all LPV-LFT
control methods (exceptf]) have been based upon static scaling, wheresynthesis uses
dynamic scaling.

Based on these observations, we can conclude that the LPV model M3nuetd using the
approach proposed in this paper is a good model for the control of thlmear systemX7).
8. CONCLUSION

In this paper a comprehensivéfine LPV modeling framework is presented which allows to derive
models which are suitable for open-, and closed-loop applications suchwst and LPV controller
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Figure 6. Closed-loop step response< x;) of the NL model with the synthesized controllers.

0.8

- T
X—Mu
Bl
0.6 - “€&—LPV-Polytopic y
E |
: LPV-LFT
0.4 o
1 Hinfinity
021 8
>
@
£ o L T
7]
-0.21 o
Reference
-0.41 o
-0.6F 8
~0.8 I I i i i i
2 4 6 8 16 18 20

Time (s.)

Figure 7. Closed-loop step response< x;) of the NL model with the synthesized controllers.

1 T
“<Mu R
LPV-Polytopic Hlnﬂvmty
T e e v e ]
* 4
!
5 4
g 1
5 ISLPV-LFT
K
8 02 i’ i
' -~ ¢
1 9
B 2y
0 .' S N S —
-0.2 4
_04 1 1 I I I I I I I
0 2 4 6 8 10 12 14 16 18 20

Time (s.)
Figure 8. Closed-loop step response- u) of the NL model with the synthesized controllers.

design, and has been demonstrated on a control design example of anpesipendulum. Since
our LPV modeling approach does not incorporate any information omyes time-derivatives, it
is expected that significant enhancements could potentially be obtained iegpatt.
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APPENDIX A: KALMAN-YAKUBOVICH-POPQV LEMMA WITH SPECTRAL MASK
CONSTRAINTS

We recall here how to compute thie [ norm, i.e., the/H., norm with spectral mask constraints, through
the use of th&alman-Yakubovich-PopdKYP) lemma with spectral constraints, see, e 46].[

Lemma 1
Let real scalarey; < w», we = (w1 + w2)/2, and a transfer functio@(s) = C(sl — A)~*B + D with minimal
state-space realizatioA(B, C, D) be given. The following statements are equivalent.

1. Vy >0, A(A) c CUCH, IGY <; (26)
2. There exists matricd®andQ, of appropriate size, such that= R*, Q > 0, andL(R, Q) + S(y?) < 0,
with
[A BJ[-Q R+ jw Q][ A B
LRO=[T ][R oo |1 0]
»_ [C DT O C DIJ.
s)=| 5 | Ho Salle 1) @7
3. There exists matricds andK, of appropriate size, such thdt e {1, 2}, M|(F, K) + S(3?) < 0
F ; A B
MK =He(| 11 el 1] T ) (28)

Hence, the norm ||(- [?)? is obtained by minimizing the boung? defined in R6), which is
computationally done by minimizing? subject to the LMI in item 2) or 3). Lat be the number of decision
variables ananthe number of rows of LMIs, then comparing 2) and 3) shows tluhile both have similar
m, they difer in terms ofn, i.e.,n + n, versusn + n,ny, respectively. Since the asymptotic computational
complexity, or flop cost, of SDP solvers is@{n?m?® + m°) for SeDuMi [39], and inO(n*m) for MATLAB
LMI-lab [47], the former approach is moréheient for large problems, and hence is the method we will use
in this paper, however, the latter has the advantage thafixed F andK, it is also dfine in theA andB
matrices, and hence can be used in a bi-convex framework.

APPENDIX B: PROBLEM DATA

The nominal model, corresponding to a linearization of taedulum NL model at¥; x,]™ =[0 0]", used
for H,, controller design, is given by
1
-2 .

0

]s Bnom:[4

0
Anom = [ 32667

The resulting LPV model in terms 08)is given by

0 1 0
Ao :[ 27915 -2 ] Bo :[ 3.0631 ]
0o o 0
A1=[ ~0.0170 ] BF[ 1 ]
a0 0 g _| O
2=| 02205 -03446 |° B2=| _09125 |-
The matrices for the normalized and centered ma2i8)l ére
- 0 1 . 0
Ao :[ 28896 —1.8459 ] Bo :[ 3.4962 ]
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" 0 0] = 0
Al:[—0.0159 o]’ _[—

i_| O 0 5 - 0
2=| 01556 -02433 | °27| —06441 |-

The maximum rates of scheduling variations for the LPV-LKthesis are

a1 =1159, @, = -1210, @, =1113 a,=-1172

The LTI performance weights in Fig.are chosen as

() = - S Wy(s) = 0005

+ 21

For theH.,, u, and LPV-LFT controllers, the performance wight has beeed.to

s/2+ 0.257

Wo(s) = 0.257

1

For the polytopic LPV controller, we have used

s/2+ 0.257

Wo(s) = 0.257

FO
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