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Abstract—The identification of local modules in dynamic
networks with known topology has recently been addressed by
formulating conditions for arriving at consistent estimates of the
module dynamics, under the assumption of having disturbances
that are uncorrelated over the different nodes. The conditions
typically reflect the selection of a set of node signals that are
taken as predictor inputs in a MISO identification setup. In this
paper an extension is made to arrive at an identification setup
for the situation that process noises on the different node signals
can be correlated with each other. In this situation the local
module may need to be embedded in a MIMO identification setup
for arriving at a consistent estimate with maximum likelihood
properties. This requires the proper treatment of confounding
variables. The result is a set of algorithms that, based on the given
network topology and disturbance correlation structure, selects
an appropriate set of node signals as predictor inputs and outputs
in a MISO or MIMO identification setup. Three algorithms are
presented that differ in their approach of selecting measured node
signals. Either a maximum or a minimum number of measured
node signals can be considered, as well as a preselected set of
measured nodes.

Index Terms—Closed-loop identification, dynamic networks,
correlated noise, system identification, predictor input and pre-
dicted output selection.

I. INTRODUCTION

N recent years increasing attention has been given to

the development of new tools for the identification of
large-scale interconnected systems, also known as dynamic
networks. These networks are typically thought of as a set of
measurable signals (the node signals) interconnected through
linear dynamic systems (the modules), possibly driven by ex-
ternal excitations (the reference signals). Among the literature
on this topic, we can distinguish three main categories of
research. The first one focuses on identifying the topology of
the dynamic network [1]-[5]. The second category concerns
identification of the full network dynamics [6]-[11], including
aspects of identifiability, particularly addressed in [12]-[14],
while the third one deals with identification of a specific com-
ponent (module) of the network, assuming that the network
topology is known (the so called local module identification),
see [15]-[20].

In this paper we will further expand the work on the local
module identification problem. In [15], the classical direct-
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method [21] for closed-loop identification has been generalized
to a dynamic network framework using a MISO identification
setup. Consistent estimates of the target module can be ob-
tained when the network topology is known and all the node
signals in the MISO identification setup are measured. The
work has been extended in [22]-[24] towards the situation
where some node signals might be non-measurable, leading
to an additional predictor input selection problem. A similar
setup has also been studied in [18], where an approach has
been presented based on empirical Bayesian methods to reduce
the variance of the target module estimates. In [16] and [19],
dynamic networks having node measurements corrupted by
sensor noise have been studied, and informative experiments
for consistent local module estimates have been addressed in
[20].

A standing assumption in the aforementioned works [15],
[18], [20], [23] is that the process noises entering the nodes
of the dynamic network are uncorrelated with each other. This
assumption facilitates the analysis and the development of
methods for local module identification, reaching consistent
module estimates using the direct method. However, when
process noises are correlated over the nodes, the consistency
results for the considered MISO direct method collapse. In
this situation it is necessary to consider also the noise ropol-
ogy or disturbance correlation structure, when selecting an
appropriate identification setup. Even though the indirect and
two-stage methods in [16], [20] can handle the situation of
correlated noise and deliver consistent estimates, the obtained
estimates will not have minimum variance.

In this paper we particularly consider the situation of having
dynamic networks with disturbance signals on different nodes
that possibly are correlated, while our target moves from
consistency only, to also minimum variance (or Maximum
Likelihood (ML)) properties of the obtained local module
estimates. We will assume that the topology of the network
is known, as well as the (Boolean) correlation structure of
the noise disturbances, i.e. the zero-elements in the spectral
density matrix of the noise. While one could use techniques
for full network identification (e.g., [8]), our aim is to develop
a method that uses only local information. In this way, we
avoid (i) the need to collect node measurements that are “far
away” from the target module, and (ii) the need to identify
unnecessary modules that would come with the price of higher
variance in the estimates.

Using the reasoning first introduced in [25], we build a
constructive procedure that, choosing a limited number of
predictor inputs and predicted outputs, builds an identification
setup that guarantees maximum likelihood (ML) properties
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(and thus asymptotic minimum variance) when applying a
direct prediction error identification method. In this situation
we have to deal with so-called confounding variables (see
e.g. [25], [26]), that is, unmeasured variables that directly or
indirectly influence both the predicted output and the predictor
inputs, and lead to lack of consistency. The effect of confound-
ing variables will be mitigated by extending the number of
predictor inputs and/or predicted outputs in the identification
setup, thus including more measured node signals in the
identification. Preliminary results for the particular “full input”
case have been presented in [27]. Here we generalize that
reasoning to different node selection schemes, and provide a
generally applicable theory that is independent of the particular
node selection scheme selected.

This paper is organized as follows. In section II, the dynamic
network setup is defined. Section III provides a summary of
available results from the existing literature of local module
identification related to the context of this paper. Next, im-
portant concepts and notations used in this paper are defined
in Section IV while the MIMO identification setup and main
results are presented in subsequent sections. Sections VII-IX
provide algorithms and illustrative examples for three different
ways of selecting input and output node signals: the full input
case, the minimum input case, and the user selection case.
This is followed by Conclusions. The technical proofs of all
results are collected in the Appendix.

II. NETWORK AND IDENTIFICATION SETUP

Following the basic setup of [15], a dynamic network is
built up out of L scalar internal variables or nodes w;, j =
1,...,L, and K external variables ri, k = 1,... K. Each
internal variable is described as:

Nl

w;(t) = > Gulq)wi(t) +u;(t) + v, (t) (D

)
<=

1

where ¢! is the delay operator, i.e. ¢ tw;(t) = w;(t — 1),

« G are proper rational transfer functions, referred to as
modules;

o There are no self-loops in the network, i.e. nodes are not
directly connected to themselves Gj; = 0;

o u;(t) is generated by the external variables r(t) that
can directly be manipulated by the user and is given by
u;(t) = Zi{:l Rjiri(t) where R;j, are stable, proper
rational transfer functions;

o v; is process noise, where the vector process v =
[v1 ---vr]T is modelled as a stationary stochastic process
with rational spectral density ®,,(w), such that there exists
a white noise process e := [e; --- e ], with covariance
matrix A > 0 such that v(t) = H(q)e(t), where H(q) is
square, stable, monic and minimum-phase. The situation
of correlated noise, as considered in this paper, refers to
the situation that ®,(w) and H are non-diagonal, while
we assume that we know a priori which entries of ®,, are
nonzero.
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We will assume that the standard regularity conditions on the
data are satisfied that are required for convergence results of
the prediction error identification method!.

When combining the L node signals we arrive at the full
network expression

w1y 0 G2 GiL wq Uq €1
w . : w u (&
2| |G 0 , : 2l 1“2, |

: Gr11L
wr, G Gr -1 0 wr, Uur, €L

which results in the matrix equation:
w = Gw + Rr + He. 2)

It is assumed that the dynamic network is stable, i.e. (I —
G)_1 is stable, and well posed (see [28] for details). The
representation (2) is an extension of the dynamic structure
function representation [12]. The identification problem to be
considered is the problem of identifying one particular module
Gji(q) on the basis of a selection of measured variables w,
and possibly r.

Let us define N, as the set of node indices k such that
Gjr # 0, i.e. the node signals in ./\/'J are the w-in-neighbors
of the node signal w;. Let D; denote the set of indices
of the internal variables that are chosen as predictor inputs.
It seems most obvious to have D; < N, but this is not
necessary, as will be shown later in this paper. Let V; denote
the set of node indices k such that v, has a path to wj.
Let Z; denote the set of indices not in {j} u D;, ie.
Z; ={1,...,L)\{{j} v Dj}, reflecting the node signals that
are discarded in the prediction/identification. Let w, denote
the vector [wy, --- wg, |T, where {k1,...,k,} = D;. Let up
denote the vector [ug, --- ug,|*, where {k1,...,k,} = D;.
The vectors w;, vp, vz and u; are defined analogously. The
ordering of the elements of wy, vy, and up is not important,
as long as it is the same for all vectors. The transfer function
matrix between w, and w; is denoted G ;5. The other transfer
function matrices are defined analogously.

To illustrate the notation, consider the network sketched
in Figure 1, and let module G9; be the target module for
identification. Then j = 2, i = 1; N; = {1,4}. If we

Fig. 1. Example network with target module Ggl (in green).

choose the set of predictor inputs as D; = N/}, then the set of
remaining (nonmeasured) signals, becomes Z; = {3, 5, 6}.

See [21] page 249. This includes the property that e(t) has bounded
moments of order higher than 4.
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TABLE I
TABLE WITH NOTATION OF VARIABLES AND SETS.

G Network matrix with modules

H Network noise model

Gj;  Target module with input w; and output wj;

wj Node signal w;, output of the target module

w; Node signal w;, input of the target module

Yy Set of indexes of nodes that appear in the vector of predicted

outputs

Set of indexes of nodes that appear in the vector of predictor
inputs for predicted outputs wy

Set of indexes of nodes that appear in the vector of predictor
inputs for prediction of node w;

Output node signal wj if it is not in set wo

Set of indexes of nodes that appear both in the predicted output,
and in the predictor input

Set of indexes of nodes that only appear as predictor input:

U =D\Q

Set of indexes of nodes that only appear as predictor input,
that do not have any confounding variable effect: A < U

Set of indexes of nodes that only appear as predictor input:
B=U\A

Set of indexes of nodes that are removed (immersed) from the
network when predicting wy

Set of indexes of nodes that are removed (immersed) from the
network when predicting w;

Disturbance signal on node wy

Index set of nodes that are w-in-neighbors of w;

(White noise) innovation of the noise process v

Index set of all node signals: [1, L]

Network matrix of the immersed and transformed network (8)
(White noise) innovation of the noise process in the immersed
and transformed network (8)

i\.*} N os = < ®§

”‘*C}l(\“’g?_?

By this notation, the network equation (2) is rewritten as:

w; 0 G D G jz wy Uy Uj
w, | = | Gp j Grp  Gpz Wp | + [0+ U |,
Wz G: j Gz Gz Wz Uz Uz

3)

where Gpp and Gz have zeros on the diagonal.

For identification of module Gj; we select D; such that
i € D;, and subsequently estimate a multiple-input single-
output model for the transfer functions in G, by con-
sidering the one-step-ahead predictor’® w;(t|t — 1;0) :=
E{w;(t) | w?‘l,w%j;ﬁ} ( [21]) and the resulting prediction
error €;(t,8) = w;(t) — w;(t|t — 1;0), leading to:

&3(t,0) = Hy(0) ' [(w; = ), Gun(Owp =] &)
keD;

where arguments ¢ and ¢ have been dropped for notational
clarity. The parameterized transfer functions G (), k € D;
and H;(f) are estimated by minimizing the sum of squared
(prediction) errors: V;(6) = Zi\;}l s?(t, ), where N is the
length of the data set. We refer to this identification method
as the direct method, [15].

ITII. AVAILABLE RESULTS AND PROBLEM SPECIFICATION
The following results are available from previous work:

« When D; is chosen equal to N and noise v; is uncor-
related to all vy, k € V;, then Gj; can be consistently

2E refers to limpy—, % 2?7:1 E, and wf and w[D _ refer to signal samples
J
w;(T) and wi(T), k € D;, respectively, for all T < £.
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estimated in a MISO setup, provided that there is enough
excitation in the predictor input signals, see [15].

+ When D; is a subset of N, and disturbance are uncorre-
lated, confounding variables® can occur in the estimation
problem, and these have to be taken into account in the
choice of D; in order to arrive at consistent estimates of
Gji, see [23].

o In [26] relaxed conditions for the selection of D; have
been formulated, while still staying in the context of
MISO identification with noise spectrum of v (®,,) being
diagonal. This is particularly done by choosing additional
predictor input signals that are not in N}, .i.e. that are no
in-neighbors of the output w; of the target module.

« For non-diagonal ®,,, an indirect/two-stage identification
method can be used to arrive at consistent estimates of
Gj; [15], [20], [23]. However the drawback of these
methods is that they do not allow for a maximum likeli-
hood analysis, i.e. they will not lead to minimum variance
results.

o This latter argument also holds for the method in [22],
[24], where Wiener-filter estimates are combined to pro-
vide local module estimates, and diagonal ®,, is consid-
ered.

In this paper, we go beyond consistency properties, and ad-
dress the following problem: How to identify a single module
in a dynamic network for the situation that the disturbance
signals can be correlated, i.e. ®, not necessarily being diag-
onal, such that the estimate is consistent and asymptotically
has Maximum Likelihood, and thus also minimum variance,
properties. Addressing this problem requires a more careful

Fig. 2. Two-node example network from [25] with v; and v dynamically
correlated and eq, e2 white noise processes.

treatment and modelling of the noise that is acting on the
different node signals. This can be illustrated through a simple
Example that is presented in [25], where a two-node network
is considered as given in Figure 2, with v; and wve being
dynamically correlated. In this case, a SISO identification
using the direct method with input w; and output wy will
lead to a biased estimate of (G3; because of the unmodelled
correlation of the disturbance signals on w; and wo*. For
an analysis of this, see [25]. If both node signals w; and
wy are predicted as outputs, then the correlation between the
disturbance signals can be incorporated in a 2 x 2 non-diagonal
noise model, thus leading to an unbiased estimate of Goj.

3A confounding variable is an unmeasured variable that has paths to both
the input and output of an estimation problem [29].
“In this particular example the bias is caused by the presence of Haq.
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In this way bias due to correlation in the noise signals can
be avoided by predicting additional outputs other than the
output of the target module. This leads to the following two
suggestions:

« confounding variables can be dealt with by modelling

correlated disturbances on the node signals, and

« this can be done by moving from a MISO identification

setup to a MIMO setup.
These suggestions are being explored in the current paper.
Next we will present an example to further illustrate the
problem.

Example 1: Consider the network sketched in Figure 1, and
let module G9; be the target module for identification. If the
node signals w;, we and w4 can be measured, then a two-input
one-output model with inputs w;, w4 and output ws can be
considered. This can lead to a consistent estimate of GY; and
GY,, provided that the disturbance signal v, is uncorrelated
to all other disturbance signals. However if e.g. vy and vs
are dynamically correlated, implying that a noise model H
of the two-dimensional noise process is non-diagonal, then a
biased estimate will result for this approach. A solution is then
to include wy in the set of predicted outputs, and by adding
node signal ws as predictor input for wy. We then combine
predicting wo on the basis of (w;,w4) with predicting w, on
the basis of ws. The correlation between vy and w4 is then
covered by modelling a 2 x 2 non-diagonal noise model of the
joint process (vg, v4).

In the next sections we will formalize the procedure as
sketched in Example 1 for general networks.

IV. CONCEPTS AND NOTATION

In line with [29] we define the notion of confounding variable.
Definition 1 (confounding variable): Consider a dynamic
network defined by

w=Gw+ He+u &)

with e a white noise process, and consider the graph related
to this network, with node signals w and e. Let w, and wy, be
two subsets of measured node signals in w, and let w; be the
set of unmeasured node signals in w. Then a noise component
e¢ In e 1S a confounding variable for the estimation problem
wy — w,, if in the graph there exist simultaneous paths® from
ey to node signals wy, k € X and w,,,n € ), while these paths
are either direct® or only run through nodes that are in w,. []

We will denote wy, as the node signals in w that serve as
predicted outputs, and wy, as the node signals in w that serve as
predictor inputs. Next we decompose wy, and wy, into disjoint
sets according to: Y = Q u {0} ; D = Q uU where w, are
the node signals that are common in wy, and wp; w, is the
output w; of the target module; if j € Q then {o} is void; w,
are the node signals that are only in wy. In this situation the
measured nodes will be wy , and the unmeasured nodes w;
will be determined by the set Z = L\{D u Y}, where £ =
{1,2,--- L}. There can exist two types of confounding variable

5 A simultaneous path from e to node signal wy and wo implies that there
exist a path from e to wy as well as from ey to wa.

SA direct path from e; to node signal wy implies that there exist a path
from e; to wi which does not pass through nodes in w.
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Fig. 3. A simple network with 3 nodes w1, w2, w3 and unmeasured noise
sources e1, ez and e3. G2 is the target module to be identified.

namely direct and indirect confounding variables. For direct
confounding variables the simultaneous paths mentioned in
the definition are both direct paths, while in all other cases
we refer to the confounding variables as indirect confounding
variables. For example, in the network as shown in Figure
3 with D = {2}, ¥ = {1} and Z = {3}, for the estimation
problem we — w1, es is a direct confounding variable since it
has a simultaneous path to wy and wy where both the paths are
direct paths. Meanwhile e is an indirect confounding variable
since it has a simultaneous path to w; and ws where one of
the path is an unmeasured path’.

Remark 1: Confounding variables are defined in accordance
with their use in [26], on the basis of a network description as
in (5). In this definition absence of confounding variables still
allows that there are unmeasured signals that create correlation
between the inputs and outputs of an estimation problem,
in particular if the white noise signals in e are statically
correlated, i.e cov(e) being non-diagonal. It will appear that
this type of correlations will not hinder our identification
results, as analysed in Section VI-C.

V. MAIN RESULTS - LINE OF REASONING
On the basis of the decomposition of node signals as defined

in the previous section we are going to represent the system’s
equations (5) in the following structured form:

Wo Goo Goo Ggi Goz Wo
Wo Go Goo Gau Gos Wo
= +R
Wy GMQ Guo Gu Guz Uy (Q) "
Wz Gzo Gzo Gz Gzz Wz
Hoo Hyo Hg Hoe €o
+ H o H [eJe] H at H oz €o ( 6)
Ho Hy, Hy He €u
HZQ H,, Hp H: €z

where we make the notation agreement that the matrix H is not
necessarily monic, and the scaling of the white noise process
e is such that cov(e) = I. Without loss of generality, we can
assume r = 0 for the sake of brevity.

Our objective is to end up with an an identification problem
in which we identify the dynamics from inputs (wg,w,) to
outputs (wg, W, ), while our target module G;;(g) is present as
one of the scalar transfers (modules) in this identified (MIMO)
model. This can be realized by the following steps:

7An unmeasured path is a path that runs through nodes in wz only.
Analogously, we can define unmeasured loops through a node wy.
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1) Firstly, we write the system’s equations for the measured
variables as

Uo Gl o J|w gl o ]|%
Wo | = = = wy | + = go
w, G | Guo | [ 0 | Hu g,

h ¢ — =
o G iy

&m

) @)
with £, a white noise process, while H is monic, stable
and stably invertible and the components in G are zero
if it concerns a mapping between identical signals. This
step is made by removing the non-measured signals w;
from the network, while maintaining the second order
properties of the remaining signals. This step is referred
to as immersion of the nodes in w; [23].

2) As an immediate result of the previous step we can write
an expression for the output variables w,,, by considering
the upper part of the equation (7), as

Wo| _ C}QQ qu Wo + HQQ I:IQO ) (8)

Wo Goo Gai| |uy Hyp Hy &o
—_— ————— Y =

wy G wp H &y

with cov(&,) := A.

3) Thirdly, we will provide conditions to guarantee that
Gji(q) = Gji(q), i.e the target module appearing in
equation (8) is the target module of the original network
(invariance of target module). This will require condi-
tions on the selection of node signals in wg, W, W,.

4) Finally, it will be shown that, on the basis of (8), under
fairly general conditions, the transfer functions G(q) and
H (q) can be estimated consistently, and with maximum
likelihood properties. A pictorial representation of the
identification setup with the classification of different
sets of signals in (8) is provided in Figure 4. The figure
also contains set A, B, F,, which will be introduced in

the sequel.
&
/_Ij
& &
Subset F,, C U such that &, ﬂ
is statically uncorrelated with &,

—»}Hu

Wy —

Wp o —E—p - G wo }wy
—_—

Fig. 4. Figure to depict the identification setup and classification of different
sets of signals in the input and output of the identification problem.

The combination of steps 3 and 4 will lead to a consistent
and maximum likelihood estimation of the target module
Gji(q). It has to be noted that an identification setup results,
in which signals can simultaneously act as input and as output
(the set w,). Because Goo, is restricted to be hollow, this does
not lead to trivial transfers between signals that are the same.
A related situation appears when identifying a full network,

http://dx.doi.org/10.1109/TAC.2020.3035634

while using all node signals as both inputs and outputs, as in
[8].

The steps 1)-4) above will require conditions on the selec-
tion of node signals, based on the known topology of the net-
work and an allowed correlation structure of the disturbances
in the network. Specifying these conditions on the selection
of sets wg, Wy, Wy, Will be an important objective of the next
section.

VI. MAIN RESULTS - DERIVATIONS
A. System representation after immersion (Steps 1-2)

First we will show that a network in which signals in w;
are removed (immersed) can indeed be represented by (7).

Proposition 1: Consider a dynamic network given by (6),
where the set of all nodes w, is decomposed in disjunct sets
W, Wy, Wy and w; as defined in Section IV. Then, for the
situation r = 0,

1) there exists a representation (7) of the measured node
signals w,y,, with H,,, monic, stable and stably invertible,
and &, a white noise process, and

2) for this representation there are no confounding variables
for the estimation problem wy, — w,.

Proof: See appendix.

The consequence of Proposition 1 is that the output node
signals in w, can be explicitly written in the form of (8),
in terms of input node signals wy, and disturbances, without
relying on (unmeasured) node signals in w.. The particular
structure of network representation (7) implies that there are
no confounding variables for the estimation problem wy, — w,.
This will be an important phenomenon for our identification
setup. Based on (8), a typical prediction error identification
method can provide estimates of G and H from measured
signals w, and w, with D = Q u U. In this estimation
problem, confounding variables for the estimation problem
w, — wy, are treated by correlated noise modelling in
H, while confounding variables for the estimation problem
w, — wy, are not present, due to the structure of (7).

In the following example, the step towards (7) will be
illustrated, as well as its effect on the dynamics in G.

Example 2: Consider the 4-node network depicted in Figure
5(a), where all nodes are considered to be measured, and where
we select w, = wi, U = {2,3,4}, and Q@ = . In this
network, there is a confounding variable e4 for the problem
wy — wp (i.e w, — wy), meaning that for the situation
¢ = e the noise model H,, in (7) will not be block diagonal.
Therefore the network does not comply with the representation
in (7) and (8). We can remove the confounding variable, by
shifting the effect of Hy4 into a transformed version of G14,
which now becomes G4 + H, ;11H14, as depicted in Figure
5(b). However, since this shift also affects the transfer from
es to wi, the change of G'14 needs to be mitigated by a new
term His, in order to keep the network signals invariant. In
the resulting network the confounding variable for ws — w;
is removed, but a new confounding variable (es) for w3z — w;
has been created. In the second step, shown in Figure 5(c), the
term H;3 is removed by incorporating its effect in the module
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()

Fig. 5. (a): Original network with 4 nodes {w;};—1,...4, and unmeasured white noise sources {e;};—1,...4; (b): Transformed network with confounding
variable for w4 — w1 removed; (c): Transformed network with also the confounding variable for w3z — w1y removed.

G13 which now becomes G153 + H3_31H13. In the resulting
network there are no confounding variables for w, — wj.
This representation complies with the structure in (7). Note
that in the transformed network, the dynamics of G5 is left
invariant, while the dynamics of (GGi4 and (33 have been
changed. The intermediately occurring confounding variables
relate to a sequence of linked confounders, as discussed in
[26]. O

In the next subsection it will be investigated under which
conditions our target module will remain invariant under the
above transformation to a representation (7) without confound-
ing variables.

B. Module invariance result (Step 3)

The transformation of a network into the form (7), leading
to the resulting identification setup of (8), involves two basic
steps, each of which can lead to a change of dynamic modules
in G. These two steps are

(a) Removing of non-measured signals in wz (immersion),

and

(b) Transforming the system’s equations to a form where

there are no confounding variables for w, — w,,.
Module invariance in step (a) is covered by the following
Condition:

Condition 1 (parallel path and loop condition [23]): Let G j;
be the target network module to be identified. In the original
network (6):

» Every path from w; to wj, excluding the path through

G i, passes through a node wy, k € D, and
« Every loop through w; passes through a node in wy, k €
D. U
This condition has been introduced in [23] for a MISO iden-
tification setup, to guarantee that when immersing (removing)
nonmeasured node signals from the network, the target module
will remain invariant. As an alternative, more generalized
notions of network abstractions have been developed for this
purpose in [30]. Condition 1 will be used to guarantee module
invariance under step (a).

Step (b) above is a new step, and requires studying module
invariance in the step transforming a network from an original

format where all nodes are measured, into a structure that
complies with (7), i.e. with absence of confounding variables
for wy, — w,y.

We are going to tackle this problem, by decomposing the set
U into two disjunct sets U/ = Au B aiming at the situation that
in the transformed network, the modules G),,, stay invariant,
while for the modules G, we accept that the transformation
can lead to module changes. We construct A by choosing
signals wy, € w, such that in the original network there are no
confounding variables for the estimation problem w, — w,.
For the selection of B, we do allow confounding variables for
the estimation problem wy — wy,. By requiring a particular
“disconnection” between the sets A and B, we can then still
guarantee that the modules G, stay invariant.

The following condition will address the major requirement
for addressing our step (b).

Condition 2: U is decomposed into two disjunct sets, U =
A u B (see Figure 4), such that in the original network (6)
there are no confounding variables for the estimation problems
w, — wy and w, — Ws. O

Condition 2 is not a restriction on U, as such a decom-
position can always be made, e.g. by taking A = J and
B = U. The flexibility in choosing this decomposition will be
instrumental in the sequel of this paper.

Example 3 (Example 2 continued): In the example network
depicted in Figure 5, we observe that in the original network
there is a confounding variable for w, — w;. However in the
step towards creating a network without confounding variables
for wj, — w, an intermediate step occurs, where there is also a
confounding variable for ws — w1, as depicted in Figure 5(b).
For U = {2, 3,4} the choice A = {2, 3}, B = {4}, is not valid
since there exists a confounding variable (es) for ws — wy
which violates the second condition that there should be no
confounding variables for w, — wj. Therefore the appropriate
choice satisfying Condition 2 is A = {2} and B = {3, 4}. Note
that this matches with the situation that in the transformed
network (Figure 5(c)), the module Gy, remains invariant, and
the modules G),; get changed. O

We can now formulate the module invariance result.

Theorem 1 (Module invariance result): Let G'j; be the target
network module. In the transformed system’s equation (8), it
holds that Gj; = G(;i under the following conditions:
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1) The parallel path and loop Condition 1 is satisfied, and
2) The following three conditions are satisfied:
a. U is decomposed in A and B, satisfying Condition
2, and
b. ie {Au Q}, and
c. Every path from {w;,w;} to ws passes through a
measured node in we z.

Proof: See appendix.

A more detailed illustration of the conditions in the theorem
will be deferred to three different algorithms for selecting the
node signals, to be presented in Sections VII-IX. We will first
develop the identification results for the general case.

C. Identification results (Step 4)

If the conditions of Theorem 1 are satisfied, then the target
module Gj; = G?i can be identified on the basis of the
system’s equation (8). For this system’s equation we can set
up a predictor model with input w, and outputs wy,, for the
estimation of G and H. This will be based on a parameterized
model set determined by

M = {(G(6), H(6),A(8)),0 € O},

while the actual data generating system is represented by
S = (G(6,),H(6,),A(fy)). The corresponding identifica-
tion problem is defined by considering the one-step-ahead
prediction of w,, in the parametrized model, according to
@y ()t — 1;0) := E{wy(t) | wi™', wl;0} where w! denotes
the past of wyp, i.e. {wp(k),k < t}. The resulting prediction
error becomes: €(t,0) := wy,(t) — w, (t|t — 1;6), leading to

e(t,0) = H(q,0) " [uy(t) = Glq, un(t)], (9
and the weighted least squares identification criterion

R R
On = arg min - 1;) et (t,)Welt, 6),

(10)

with W any positive definite weighting matrix. This parameter
estimate then leads to an estimated subnetwork Gy (g, ) and
noise model H(q,0y), for which consistency and minimum
variance results will be formulated next.

Theorem 2 (Consistency): Consider a dynamic network rep-
resented by (7), and a related (MIMO) network identification
setup with predictor inputs w, and predicted outputs w,
according to (8). Let F,, € U be the set of node signals
k for which &, is statically uncorrelated with &3 and let
F = U\F,. Then a direct prediction error identification
method according to (9)-(10), applied to a parametrized model
set M will provide consistent estimates of G and H if:

a. M is chosen to satisfy S € M,

b. @, (w) > 0 for a sufficiently high number of frequencies,
where r(t) = [w] (t) &1(t) wo(t)] ;
(data-informativity condition).

c. The following paths/loops should have at least a delay:

« All paths/loops from wy, » to wy, in the network (8)
and in its parametrized model; and

8This implies that E[¢, ()& ()] = 0.
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« For every wy € F,, all paths from wy,_r to wg in
the network (8), or all paths from wj to wy, in the
parametrized model.

(delay in path/loop condition.)

Proof: See appendix.

The consistency theorem has a structure that corresponds to
the classical result of the direct prediction error identification
method applied to a closed-loop experimental setup, [21].
A system in the model set condition (a), an informativity
condition on the measured data (b), and a loop delay condition
(c). Note however that conditions (b) and (c) are generalized
versions of the typical closed-loop case [15], [21], and are
dedicated for the considered network setup.

It is important to note that Theorem 2 is formulated in terms
of conditions on the network in (7), which we refer to as the
transformed network. However, it is quintessential to formulate
the conditions in terms of properties of signals in the original
network, represented by (6).

Proposition 2: If in the original network, U is decomposed
in two disjunct sets A and B satisfying Condition 2, then
Condition ¢ of Theorem 2 can be reformulated as:

c. The following paths/loops should have at least a delay:

— All paths/loops from wy s to w, in the original
network (6) and in the parametrized model; and

— For every wy, € A, all paths from w, s to wy in
the network (6), or all paths from wj to w, in the
parametrized model.

Proof: See appendix.

Condition (b) of Theorem 2 requires that there should be
enough excitation present in the node signals, which actually
reflects a type of identifiability property [13]. Note that this
excitation condition may require that there are external ex-
citation signals present at some locations, see also [14], [15],
[31]-[34], and [35], where it is shown that dim(r) > |Q|, with
| Q| the cardinality of Q. Since we are using a direct method for
identification, excitation signals 7 are not directly used in the
predictor model, although they serve the purpose of providing
excitation in the network. A first result of a generalized method
where, besides node signals w, also signals r are included in
the predictor inputs, is presented in [36].

Since in the result of Theorem 2 we arrive at white
innovation signals, the result can be extended to formulate
Maximum Likelihood properties of the estimate.

Theorem 3: Consider the situation of Theorem 2, and let
the conditions for consistency be satisfied. Let &, be normally
distributed, and let A(f) be parametrized independently from
G(9) and H(0). Then, under zero initial conditions, the
Maximum Likelihood estimate of 6° is

) | N
ML _ ; — T
" = argmindet (Nt=§18(t’9)5 (t79)> 1D
| N
GMLY  _ GMLN T ¢y ML
AON ") = N ;:15(15,91\/ )t (t, 08 7). (12)

Proof: Can be shown by following a similar reasoning as
in Theorem 1 of [8]. O
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So far, we have analysed the situation for given sets of
node signals wy, w,, W,, ws and wz. The presented results
are very general and allow for different algorithms to select
the appropriate signals and specify the particular signal sets,
that will guarantee target module invariance and consistent
and minimum variance module estimates with the presented
local direct method. In the next sections we will focus on
formulating guidelines for the selection of these sets, such that
the target module invariance property holds, as formulated in
Theorem 1. For formulating these conditions, we will consider
three different situations with respect to the availability of
measured node signals.

(a) In the Full input case, we will assume that all in-
neighbors of the predicted output signals are measured
and used as predictor input;

(b) In the Minimum input case, we will include the smallest
possible number of node signals to be measured for
arriving at our objective;

(c) In the User selection case, we will formulate our results
for a prior given set of measured node signals;

VII. ALGORITHM FOR SIGNAL SELECTION: FULL INPUT
CASE

The first algorithm to be presented is based on the strategy
that for any node signal that is selected as output, we have
access to all of its w-in-neighbors, that are to be included as
predictor inputs. This strategy will lead to an identification
setup with a maximum use of measured node signals that
contain information that is relevant for modeling our target
module G;. The following strategy will be followed:

« We start by selecting ¢ € D and j € V;

« Then we extend D in such a way that all w-in-neighbors

of wy, are included in wy.

o All node signals in wy, that have noise terms vy, k € D
that are correlated with any vy, ¢ € ) (direct confounding
variables for w, — wy,), are included in ) too. They
become elements of Q.

« With A := D\Q it follows that by construction there
are no direct confounding variables for the estimation
problem w, — w,.

« Then we choose wy; as a subset of nodes that are not in
wy, nor in w,. This set needs to be introduced to block the
indirect confounding variables for the estimation problem
w, — Wy, and will be chosen to satisfy Condition 2a and
2c of Theorem 1.

« Every node signal wy, k € A for which there are only
indirect confounding variables and cannot be blocked by
a node in wj, iS

— moved to B if Conditions 2a and 2c¢ of Theorem 1
are satisfied and k& # 7; (else)
— included in Y and moved to O;

- Finally, we define the identification setup as the estima-
tion problem wp — wy, with D = Q u A U B and
Y =090u{o}.

Note that because all w-in-neighbors of w,, are included

in wy,, we automatically satisfy the parallel path and loop
condition 1. In order for the selection of node signals wy
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to satisfy the conditions of Theorem 1, we will specify the
following Property 1.

Property 1: Let the node signals wy be chosen to satisfy the
following properties:

1) If, in the original network, there are no confounding
variables for the estimation problem w4 — wy, then B
is void implying that wy is not present;

2) If, in the original network, there are confounding vari-
ables for the estimation problem w4 — w,, then all of
the following conditions need to be satisfied:

a. For any confounding variable for the estimation
problem w4 — wy, the unmeasured paths from
the confounding variable to node signals w, pass
through a node in wj.

b. There are no confounding variables for the estima-
tion problem w, — wjg.

c. Every path from {w;,w;} to ws passes through a
measured node in wp z. O

Property 2a) ensures that, after including wys in the set of
measured signals, there are no indirect confounding variables
for the estimation problem w, — w,, and Property 2b)
guarantees that there are no confounding variables for the
estimation problem w, — wys. Together we satisfy Condition
2a) of Theorem 1. Also, Property 2c¢) guarantees condition 2c)
of Theorem 1 to be satisfied. Finally, as per the algorithm,
w,; can be either in w, or wy. Therefore at the end of
the algorithm, we will obtain sets of signals that satisfy the
conditions in Theorem 1 for target module invariance.

Fig. 6. Example network with vy dynamically correlated with vy and vg
(red colored). v4 is dynamically correlated with vg (green colored) and vs is
dynamically correlated with vy (blue colored).

Example 4: Consider the network in Figure 6. G12 is the
target module that we want to identify. We now select the
signals according to the algorithm presented in this section.
First we include the input of the target module wy in wy, and
the output of the target module w; in wy,. Next we include all
w-in-neighbors of wy, (i.e. ws and wy) in wy. All node signals
in wy that have noise terms vy, k € D that are correlated with
any vy, € )Y need to be included in Y too. This concerns
wa, since vy is correlated with vo. Now wy, = {wy,ws} has
changed and we need to include the w-in-neighbors of ws,
which is ws, in wp, leading to wp = {wa, w3, wy, ws}. After
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a check we can conclude that all node signals in w, that have
noise terms vy, k € D that are correlated with any v, £ € Y
are included in ) too. The result now becomes

y:{LQ} 5
Q=YnD={2} ;

Since vg is dynamically correlated with v, in the resulting
situation we will have a confounding variable for the estima-
tion problem ws — w; (i.e. w, — wy). As per condition 2a
of Property 1, the path of the confounding variable eg to ws
should be blocked by a node signal in wj, which can be either
ws Or wg. w7 cannot be chosen in wy since this would create a
confounding variable for w, — wy (i.e. ws — wy). Moreover,
wy € wgz would also create an unmeasured path w; — wr
with w; = wo, thereby violating Condition 2¢ of Property 1.
When wg is chosen in wj, the conditions in Property 1 are
satisfied and hence we choose B = {8}. The resulting esti-
mation problem is (wo, w3, wyq, ws, ws) — (w1, ws), and will
according to Theorem 2 provide a consistent and maximum
likehood estimate of G1s.

D = {2,3,4,5}
A=D\Q = {3,4,5}.

13)
(14)

VIII. ALGORITHM FOR SIGNAL SELECTION: MINIMUM
INPUT CASE

Rather than measuring all node signals that are w-in-
neighbors of the output w; of our target module G;;, we now
focus on an identification setup that uses a minimum number
of measured node signals, according to the following strategy:

« We start by selecting ¢ € D and j €

o Then we extend D with a minimum number of node
signals that satisfies the parallel path and loop Condition
1.

« Every node signal wy, in wy, for which there is a direct or
indirect confounding variable for the estimation problem
wg — Wy, is included in Y and Q.

o With A := D\Q and B = (& it follows that by
construction there are no confounding variables for the
estimation problem w, — w,.

- Finally, we define the identification setup as the estima-
tion problem wp — wy, with D = Q u A.

As we can observe, the algorithm does not require selection
of set 3. This is attributed to the way we handle the indirect
confounding variables for the estimation problem w, — wy,.
Instead of tackling these confounding variables by adding
blocking node signals wj (as in full input case) to be added as
predictor inputs, we deal with them by moving the concerned
wg,k € A to wy and thus to the set of predicted outputs.
We choose this approach in order to minimize the required
number of measured node signals. In this way, by construction,
there will be no direct or indirect confounding variables for
the estimation problem w, — w,. From this result, we can
guarantee that the conditions in Theorem 1 will be satisfied
since B = ¢J. Thus at the end of the algorithm we obtain a
set of signals that provides target module invariance.

Example 5: Consider the same network as in example
4 represented by Figure 6. Applying the algorithm of this
section, we first include the input of the target module ws in
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wp and the output of the target module w; in wy,. There exist
two parallel paths from wo to w1, namely wo — w3 — w; and
wo — w3 — wy — wip and no loops through w;. In order to
satisfy Condition 1 we can include either w3 in D such that
D = {2,3} or both w3, wy in D such that D = {2,3,4}.
We choose the former to have minimum number of node
signals. Because of the correlation between v and vy there is
a confounding variable for the estimation problem wgo — ws.
According to step 3 of the algorithm, ws is then moved to
Y and Q, leading to wy, = {w1,ws}. Because of this change
of )V we have to recheck for presence of confounding vari-
ables. However this change does not introduce any additional
confounding variables. The resulting estimation problem is
(we,w3) — (wi,ws) with w, = w3, ws = &, Wy = wWa
and wy, = (wy,ws). O

In comparison with the full input case, the algorithm in this
section will typically have a higher number of predicted output
nodes and a smaller number of predictor inputs. This implies
that there is a stronger emphasis on estimating a (multivariate)
noise model H. Given the choice of the direct identification
method, and the choice of signals to satisfy the parallel path
and loop condition, this algorithm indeed adds the smallest
number of additional signals to be measured, as the removal
of any of the additional signals will lead to conflicts with the
required conditions.

IX. ALGORITHM FOR SIGNAL SELECTION: USER
SELECTION CASE

Next we focus on the situation that we have a prior given
set of nodes that we have access to i.e. a set of nodes that can
(possibly) be measured. We refer to these nodes as accessible
nodes while the remaining nodes are called inaccessible. This
strategy is different from the full input case since we do not
assume that we have access to all in-neighbours of wj,. This
will lead to an identification setup with use of accessible node
signals that contain information which is relevant for modeling
our target module Gj;. We consider the situation that nodes
w; and w; are accessible nodes and there are accessible nodes
that satisfy the parallel path and loop Condition 1.

The following strategy will be followed:

1) We start by selecting 2 € D and j € )

2) Then we extend D to satisfy the parallel path and loop
Condition 1;

3) We include in D all accessible w-in-neighbors of );

4) We extend D in such a way that for every non-accessible
w-in-neighbor wy, of wy, we include all accessible nodes
that have path to wy that runs through non-accessible
nodes only.

5) If there is a direct confounding variable for w; — wy,
or an indirect one that has a path to w; that does not
pass through any accessible nodes, then ¢ is included in
Y and Q;

6) A node signal wy, k € D is included in A if there are
either no confounding variables for wy; — wy, or only
indirect confounding variables that have paths to wy, that
pass through accessible nodes.

7) Every node signal wy,k € D\{i} that has a direct
confounding variable for wy — wy,, or an indirect
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confounding variable with a path to wj that does not
pass through any accessible nodes is:

« included in B if condition 2a and 2c¢ of Theorem 1
are satisfied on including it in wy (else)
« included in ) and Q; return to step 3.
8) Every node signal wy, k € A for which there are only
indirect confounding variables as meant in Step 6, is
» moved to 5 if Conditions 2a and 2c¢ of Theorem 1
are satisfied and k # i; (else)
« kept in A while a set of accessible nodes that blocks
the path of the confounding variable is added to
B u A, while satisfying Conditions 2a and 2c¢ of
Theorem 1; (else)
o included in Y and OQ;
9) By construction there are no confounding variables for
Wy — Wy.

In the algorithm above, the prime reasoning is to deal
with confounding variables for w, — wy,. Direct confounding
variables lead to including the respective node in the outputs
Y or shifting the respective input node to B, while indirect
confounding variables are treated by either shifting the input
node to B or, if its effect can be blocked, by adding an acces-
sible node to the inputs in B, or, if the blocking conditions can
not be satisfied, by including the node in the output ). Note
that the algorithm always provides a solution if Condition 1 of
Theorem 1 (parallel path and loop condition) can be satisfied.

Fig. 7. Example network of Figure 6 with accessible nodes w1, w2, w3, we
indicated in yellow.

Example 6: Consider the same network as in example 4
represented by Figure 7. However, we are given that only the
nodes w1, ws, w3 and wg are accessible. We now select the
signals according to the algorithm presented in this section.
First we include w; = w2 in wp, and w; = w; in w,. Then
we extend D such that the parallel path and loop Condition 1
is satisfied. This is done by selecting D = {2, 3}. According
to step 4, we extend D by node wg as it serves as nearest ac-
cessible in-neighbor of wy, being an inaccessible in-neighbor
of wy. As per Step 5, since v; and vy are correlated, wo is
moved to ) and Q. As per Step 6, there are no confounding
variables for the estimation problem w3 — w; and hence ws
is included in w,. Since vy and vg are correlated, it implies
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that there is an indirect confounding variable for the estimation
problem wg — w1, which however does not pass through an
accessible node. Step 7 does not apply since ws € w, has no
confounding variables. Step 8 requires to deal with the indirect
confounding variable vy for wg — w;. Checking Conditions
2a and 2c of Theorem 1 for A and B, it appears that every
path from w; = wy or from w; = w; to we passes through a
measured node and there are no confounding variable for the
estimation problem w, — wg. Hence we include wg in ws. As
a result, the estimation problem is (ws, w3, wg) — (w1, ws).

Remark 2: Rather than starting the signal selection problem
from a fixed set of accessible notes, the provided theory
allows for an iterative and interactive algorithm for selecting
accessible nodes in sensor allocation problems in a flexible
way.

X. DISCUSSION

All three presented algorithms lead to a set of selected node
signals that satisfy the conditions for target module invariance,
and thus provide a predictor model in which no confounding
variables can deteriorate the estimation of the target module.
Only in the “User selection case” this is conditioned on the fact
that appropriate node signals should be available to satisfy the
parallel path and loop condition. Under these circumstances
the presented algorithms are sound and complete [37]. This
attractive feasibility result is mainly attributed to the addition
of predicted outputs, that adds flexibility to solve the problem
of confounding variables.

Note that the presented algorithms do not guarantee the
consistency of the estimated target module. For this to hold
the additional conditions for consistency, among which data-
informativity and the delay in path/loop condition, need to be
satisfied too, as illustrated in Figure 8. A specification of path-
based conditions for data-informativity is beyond the scope
of this paper, but first results on this problem are presented
in [35]. Including these path-based conditions in the signal
selection algorithms would be a next natural step to take. This
also holds for the development of data-driven techniques to
estimate the correlation structure of the disturbances.

Data informativity
(Condition 2b in

Theorem 2)
1
Signal selection 9 Pred|ctor'mode| —P> Consistency
selection

[}
Delay conditions
(Condition 2c in
Theorem 2)

A
Target module
invariance conditions
(Theorem 1)

Fig. 8. Figure to depict that consistency result requires satisfaction of
conditions in Theorem 2 along with the appropriate predictor model.

It can be observed that the three algorithms presented in
the previous sections rely only on the graphical conditions of
the network. This paves way to automate the signal selection
procedure using graph based algorithms that are scalable to
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large dimensions, with input being topology of the network
and disturbance correlation structure represented as adjacency
matrices. Also, it can be observed that the three considered
cases in the previous sections, most likely will lead to three
different experimental setups for estimating the single target
module. For all three cases we can arrive at consistent and
maximum likehood estimates of the target module. However,
because of the fact that the experimental setups are different
in the three cases, the data-informativity conditions and the
statistical properties of the target module estimates will be
different. The minimum variance expressions, in the form
of the related Cramér-Rao lower bounds, will typically be
different for the different experimental setups. Comparing
these bounds for different experimental setups is beyond the
scope of the current paper and considered as topic for future
research.

We have formulated identification criteria in the realm of
classical prediction error methods. This will typically lead
to complex non-convex optimization problems that will scale
poorly with the dimensions (number of parameters) of the
problems. However alternative optimization approaches are
becoming available that scale well and that rely on regularized
kernel-based methods, thus exploiting new developments that
originate from machine learning, see e.g. [18], and relaxations
that rely on sequential convex optimization, see e.g. [38], [39].

XI. CONCLUSIONS

A new local module identification approach has been pre-
sented to identify local modules in a dynamic network with
given topology and process noise that is correlated over the
different nodes. For this case, it is shown that the problem can
be solved by moving from a MISO to a MIMO identification
setup. In this setup the target module is embedded in a
MIMO problem with appropriately chosen inputs and outputs,
that warrant the consistent estimation of the target module
with maximum likelihood properties. The key part of the
procedure is the handling of direct and indirect confounding
variables that are induced by correlated disturbances and/or
non-measured node signals, and thus essentially dependent
on the (Boolean) topology of the network and the (Boolean)
correlation structure of the disturbances. A general theory has
been developed that allows for specification of different types
of algorithms, of which the “full input case”, the “minimum
input case” and the “user selection case” have been illustrated
through examples. The presented theory is suitable for gener-
alization to the estimation of sets of target modules.

APPENDIX A
PROOF OF PROPOSITION 1

Starting with the network representation (6), we can elimi-
nate the non-measured node variables w. from the equations,
by writing the last (block) row of (6) into an explicit expression
for ws:

Wz = (I_Gzz)_l Z Gzrwy, + Z Hepwy |,

keQui{otuld LeQuiotulUuZ
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and by substituting this w. into the
remaining w-variables. As a result

expressions for the

U’Q_ _C?QQ C?QO C:;Qu wg_
Wo | =G Goo Gai| |wo| + 7,
QM’{_ _éMQ GUMO C?W u%”{_
:Q _‘EI-QQ ‘HQO .E[g,{ ﬁQZ_ ZQ
U= e: = }UIOQ Igoo L Iv{oz e: (15)
e | | Ho o Hu uz I ¢,
with cov(e) = I, and where
Gin = G + Grz (I — Gzz) L Gan, (16)
with k,h € {Q u {0} UU}, and
Hie = Hio + Gro(I — Goz) ™ He, (17)

with £ e {Q U {0} VU U Z}.
On the basis of (15), the spectral density of © is given by
®y = HH*. Applying a spectral factorization [40] to ®; will

deliver @3 = HAH* with H a monic, stable and minimum
phase rational matrix, and A a positive definite (constant)
matrix. Then there exists a white noise process € defined by
€ := H'He such that H = ¥, with cov(§) = A, while H is

of the form

. 1?11 11:112 f:hs
H = | Hy Hy Hy (18)
H3, Hizy Hss

and where the block dimensions are conformable to the
dimensions of wy, w, and w, respectively. As a result, (15)
can be rewritten as

%

We QQQ C:;QO C:ng Wo 5 éig
Wo | = | Goo Goo Ga w, | +H §~o . (19)
U G Guo Gl [wu &

By denoting

His H13H3_31]
- = ~ ~ 20
[st] [H23H331 0
and premultiplying (19) with
I 0 —Hp
0 I —Hss (21)
0 0 1

while only keeping the identity terms on the left hand side,
we obtain an equivalent network equation:

Wo ?,QQ C?lgo C::éu Wo I:'Iil sziz 0 E:Q

wo|=|Gly Gy Gl ||wo|+|Hoy Hyy 0 [[&], 22)

W | [Guo Guo Gudlw] [Hs1 Hso Hssz) |4,

with

Gy = Gai— Hi3Gu + Hiz (23)
Gl = Gou— Hi3Gu (24)
G, = Gou— HoyGya (25)
Gl = Gaq— Hy3Gy + Has (26)
Hi, = Hy— Hi3Hs, (27)
Hj, = Hyo— HosHse. (28)
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where * € {Q U {0}} and o € {1, 2}.

The next step is now to show that that the block elements
G!, and G, in G' can be made 0. This can be done by variable
substitution as follows:

The second row in (22) is replaced by an explicit expression
for w, according to

= (1= Gp) oo + Glyu + Hy & + Hinlo).
Additionally, this expression for w, is substituted into the
first block row of (22), to remove the w,-dependent term on

the right hand side, leading to

We Ci;gg 0 C?gu Wo I:{ 11 f:I 2 0 f:g
wol=|Goo 0 Ga|wolH AL HL 0 |[&] @9

i

Uy éug éuo éw Wy | [Hs1 Hso ﬁSS &

with
Goo = (I-GL)'Gl, (30)
oy, = (I-G,,) 'H, 3D
Gro= G+ GG (32)
Ij]il* = ﬁ{*"i_élgof{g*' (33)

Since because of these operations, the matrix é’g’g might not
be hollow, we move any diagonal terms of this matrix to the
left hand side of the equation, and premultiply the first (block)
equation by the diagonal matrix (I — diag(é’g’g))_l, to obtain
the expression

wo| [Goe 0 Gal[uwo] [Hit Hiy 0 |[é
w, |= GOQ 0 G(u w, [+ H§/1 H 0 1|& (34)
u | |G Guo Gullwd |Hs H32 Hss [ &
with
Goo = (I —diag(GL,))~ (G4, — diag(GL)), (35)
Gar = (I —diag(Glo) ™' G2, (36)
HY, = (I-diag(GL))™"HY.,. (37)
n n
As final step, we need the matrix H, [H},l H, ] to be
iy, i

monic, stable and minimum phase to obtain the representation
as in (7). To that end, we con51der the stochastic process vy, :=
H,& with &, := [g §T] . The spectral density of @ is then
given by @5, = H, A, H with A, the covariance matrix of
§y that can be decomposed as Ay =T, FT From spectral
factorization [40] it follows that the spectral factor H,I',. of
®;, satisfies

H.T, = H,D (38)
with I_{s a stable and minimum phase rational matrix, and D

n “all pass” stable rational matrix satisfying DD* = I.
The signal 7y, can then be written as
& — H,& — H,DI=1E,.

By defining HZ := lim, ., H,, this can be rewritten as

s

o4 _‘h
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As a result, H is a monic stable and stably invertible
rational matrix, and &, is a white noise process with spectral
density given by HY DI'71@; T7TD*(HS )T = HY (HY)".
Therefore we can write (34) as,

wQ Goo 0 Gullwe| [Hin Hiz 0 |[&%
GOQ 0 G(M Wo [+ Ha1 Hypy 0 [ & | (39)

wM Guo Guo Gu||we| [Hz1 Hszz Has || &,
where [H31 H32] = [Hgl f{32] f‘erl(ﬂ;")*l. Let

Ty )
[HEy Hi) = [Hz  Haol [Hll H12] . Pre-multiplying
21 22
1 0 0
(39) with 0 I 0 | while only keeping the iden-

—Hy —Hj, I
tity terms on the left hand side, we obtain an equivalent
network equation:

Hy Hi 0 [&%
HHa1 Haz 0 || &

0 Hsz || &

w@ Goo 0 Gal[wo
GOQ 0 Gallw, |+
wu Gy G, Gl 0

(40)

where Gl = Glo — H4, G, — Hip Gl + Hjy, Gy = Guo +
H32 and G = G — H3 GY, — H},G" . In order to make

GL’M hollow, we move any diagonal terms of this matrix to
the left hand side of the equation, and pre-multiply the third
(block) equation by the diagonal matrix (I — diag(G’,,))~
This will modify (3,3) (block) element of the H matrix to
(I — diag(G/,,)) " Hs3, which we need to be monic, stable
and stably invertible. Applying spectral factorization as before
[40], we can write the term (I —diag(GY,,)) ™" Hss§, as Has&,
where Hs3 is monic, stable and stably invertible and &, is a
white noise process with covariance Asz. This completes the
proof for obtaining (7).

The absence of confounding variables for the estimation
problem w, — wy, can be proved as follows. Since all non-
measured nodes w; are removed in the network represented
by (7), the only non-measured signals in the network are the
noise signals in &, and they do not have any unmeasured paths
to any nodes in the network (i.e. to w,,). Due to the block-
diagonal structure of H,, in (7), the only non-measured signals
that have direct paths to wy, originate from §,, while the only
non-measured signals that have direct paths to w, originate
from [¢2" &,|". Therefore there does not exist an element of
& that has simultaneous unmeasured paths or direct paths to
both w, and wy,. O

APPENDIX B
PROOF OF THEOREM 1

In order to prove Theorem 1, we first present three prepara-
tory Lemmas.

Lemma 1: Consider a dynamic network as defined in (6),
a vector e, of white noise sources with X < £, and two
subsets of nodes wg and wq, ®,Q < L\Z. If in e, there is no
confounding variable for the estimation problem wg — wq,
then

HouH:, = HouHE, =0,

where H. Qv H o+ are the noise model transfer functions in the
immersed network (15) related to the appropriate variables.
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Proof: If in e, there is no confounding variable for the
formulated estimation problem, then for all e,, x € X there
do not exist simultaneous paths from e, to we and wgq, that
are direct or pass through nodes in Z only.

For the network where signals w; are immersed, it follows
from (17), that Hy = Hyp + Giz(I — Gzz)"'H.; where
k € ® and ¢ € X. The first term in the sum (i.e. Hy;) is
the noise model transfer in the direct path from e; to wy
and the second part of the sum is the transfer function in
the unmeasured paths (i.e. paths through w; only) from e, to
wg. If all paths from a node signal e, to wg pass through a
node in We\zs then there are no direct or unmeasured paths

from e, to nodes in wg. This implies that H kr = H * =0
forall k € ® (i.e Hop = 0). A dual reasoning applies to paths
from e, to wg. Consider ey = [e;, €z, ... €g,] . Then

we have HoyHg, = Hoo HE, + -+ Hoo, HE, . If the
condition in the lemma is satlsﬁed implying that there do not
exist simultaneous paths, then in each of the product terms we
either have Hg,, = 0 or ﬁémk =0 where k = {1,2,...,n}.
This proves the result of lemma 1. O

Lemma 2: Consider a dynamic network as defined in (15)
with target module G ;;, where the non-measured node signals
w; are immersed, while the node sets {o, Q,U} are chosen
according to the specifications in Section IV.

Then C_T‘ji is given by the following expressions:
Ifie Q: GjiZ(I—éjj + ﬁjgéuj)i

YGji—Hj3Gu) (41)

Ifield: Gji=(f—éjj+Hj3éuj)_l(éji— ngém-i-gji) 42)
where H ;3 is the row vector corresponding to the row of node
signal j in Hy3 (if j € Q) or in Has (if j € 0), and Hj; isvthe
element corresponding to the column of node signal ¢ in H 3.

Proof: For the target module G;; we have the following

cases that can occur:

1) 7 = o and ¢ € U. From (30) we have Gﬂ = (I —
é; )T 1G’ where G’ is given by (25) and G ; Is given
by (26). ThlS dlrectly leads to (42).

2) j = o and ¢ € Q. From (30) we have G], =
(I— G’ i) 1G’ where G ; and G ; are given by (25),
leadlng to (41)

3) j€ Q, ois void and ¢ € Y. From (36) we have Gﬂ =
(I - égj)_légi where é;-’ and é” are given by (32).
Since o is void, (32) leads to G” G’ Therefore
é;(j = é; which is specified by (24) and G” égl
which is given by (23). This leads to (42).

4) j € Q, 0is void and 7 € Q. Since j # i it follows
from (35) that Gj; = (I — Cu?;-’j)’lé’j(i where é;’] and
égi are given by (32). Since o is void, (32) leads to
G2, é" . Therefore for this case, éz’j = é;J and

é” G;,, which are given by (24). This leads to (41).

Lemma 3: Consider a dynamic network as defined in (15)
where the non-measured node signals w: are immersed, and let

U be decomposed in sets A and B satisfying Condition 2. Then

the spectral density ®; has the unique spectral factorization

http://dx.doi.org/10.1109/TAC.2020.3035634

Py = HAH* with A constant and H monic, stable, minimum
phase, and of the form

A11 A12 A13 0 Hll H12 HQB 0
A Agr Agp Az 0 j7 H21 H22 H(B 0

Azr Az Azz 0 [ Hup Hyo He 0 |7

0 0 0 Ay 0 0 0 Hyy

(43)
where the block dimensions are conformable to the dimensions
of wg, w,, ws and w, respectively.

Proof: On the basis of (15) we write w, = [w, w,
and

% ﬁQQ gQO ﬁQB g% ﬁQZ %
’lu)—ﬁ ZO _ EOQ ﬁoo FIOB FIQA Eroz o
ST e o Ha Hao He ||
e H.o Hyo s Haa Azl e,

(44)
with cov(e) = I and the components of H as specified in
(17). Starting from the expression (44), the spectral density
®; can be written as H H* while it is denoted as

Dy Pigw, Puiows Pigia

P, = élﬂ)‘Q’Ua (b"ujo (bﬁo'{)B (D'UO'U.A (45)
’ q)’;;g’bg (p;oi)g q)f)B q)Tj’BUA
XA LI SN
Vo VA VoA U3 0A

In this structure we are particularly going to analyse the
elements

q)f)gfm szQQ :\kg'i'HQO :0+HQB :B—i—ﬁQA va“‘ﬁQz :z
i i =HooHug + HooHy, + Hos Hyy + HonHy + Hoz Hy,
(DT)BTJA _HBQH:\EQ + H;go :\ko""HBB ,:ks + Hau fA‘i'HBzHé:%

(46)

If A and B satisfy Condition 2, then none of the white noise
terms e,, * € L will be a confounding variable for the
estimation problems w, — wy, w4, — w, or w, — wg. Then
it follows from Lemma 1 that all of the terms in (46) are zero.
As a result we can write the spectrum in equation (45) as,

fID(I’)"ﬁQ q’(ggf)o ivgvzs 0

o 5 53 0
q)f, — Vo Vo Vo VoUB (47)

Plons Pipns P 0

0 0 0 Dy,

Then the spectral density ®y; has the unique spectral factor-
ization [40]

[P FY 0 e
Dy = 0 FoohoF3 | = HAH (48)
where H is of the form in (43), and monic, stable and
minimum phase. O

Next we proceed with the proof of Theorem 1.

With Lemma 2 it follows that G; is given by either (41) or
(42). For analysing these two expressions, we first are going
to specify G]Z and Gj j- From (16), we have

Gzi
1
sza

(49)
(50)

Gji =
Gjj =

Gji + GjZ(I — Gzz)_
ij + GjZ(I — Gzz)i
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where the first terms on the right hand sides reflect the direct
connections from w; to w; (respectively from w; to w;) and
the second terms reflect the connections that pass only through
nodes in Z. By definition, G;; = 0 since the G matrix in the
network in (6) is hollow. Under the parallel path and loop
condition 1, the second terms on the right hand sides of (49),
(50) are zero, so that Gj; = G;; and G; = 0.

What remains to be shown is that in (41) and (42), it holds
that

Hj?;éuj = vj3ém =0 (51)
while additionally for ¢ € U, it should hold that
H;; =0. (52)

With definition (20) for H and the special structure of ﬁlg
and Hos in (18) that is implied by the result (43) of Lemma

3, we can write
KA N o | I i R
Hog Hys O 0 Hu Hys 0f°
implying that columns in this matrix related to inputs k € A
are zero.
In order to satisfy (52) we need the condition that: if ¢ € U
then i € A. This is equivalently formulated as i € Q U A
(conditon 2b).
In order to satisfy (51) we note that H 73 1s a row vector, of
which the second part (the columns related to signals in A) is
equal to 0, according to (53). Consequently, (51) is satisfied if
for every k € B it holds that Gk] = sz = 0. On the basis of
(16), this condition is satisfied if for every wy € wy there do
not exist direct or unmeasured paths from w; to wy and from
w; to wy, (condition 2c). O

-1

APPENDIX C
PROOF OF THEOREM 2

Expression (8) can be written as
wy = Gwp + H,.

Substituting this into the expression for the prediction error
(9), leads to

e(t,0) := H(q,0) " [AG(q,0)wsr + AH(q,0)4] + & (54)

where AG(q,0) = G° — G(q,0) and AH(q,0) = H° —
H(q, ). The proof of consistency involves two steps.
1) To show that EcT'(¢,0)We(t,0) achieves its minimum
for AG(0) =0 and AH(6) = 0,
2) To show the conditions under which the minimum is
unique.
Step 1: With Proposition 1 it follows that our data generating
system can always be written in the form (7), such that w,, =
T(q)&m- We denote T} as the matrix composed of the first and
third (block) row of T, such that w, = T1(q)&,,. Substituting
this into (54) gives

e(t,0) :== H(q,0)" ' [AG(q,0)T1 +

where &, is (block) structured as [EJ @TJT.
In order to prove that the minimum of E [5

[AH(O) 0]]&m + 6,

T(t,0)We(t, 0)]
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is attained for AG() = 0 and AH(6) = 0, it is sufficient to
show that

is uncorrelated to &,(t). In order to show this, let F,, = U\F,

with F as defined in the Theorem, while we decompose &,

according to &, = [§) & & ]T. Using a similar block-

structure notation for AG, T and A H, (55) can then be written

as

(AGyo(0)Toy + AGyr (0) Ty + AGyy, (0) T,y + AH, (0)) &+
Gyo(0)Tor + AGys(0) T + AGyr,, (0)Tr,7) &

+(A
(AGyQ(e)TQ.Fn + AG)}F(H)Z}F + AG)}F ( ) J'-'n}'n) {F

(55)

n*

(56)
Since, by definition, &, (t) is statically uncorrelated to &(t),
the & -dependent term in (56) cannot create any static corre-
lation with &,(¢). Then it needs to be shown that the &,- and
&--dependent terms in (56) all reflect strictly proper filters. i.e.
that they all contain at least a delay.
AH(0) is strictly proper since both H(f) and H® are monic.
Therefore, AH,,,(0) will have at least a delay in each of its
transfers.
If all paths from wy,» to w,, in the transformed network and in
its parameterized model have at least a delay (as per Condition
¢ in the theorem), then all terms AGyo(0) and AG,-(6) will
have a delay.
We then need to consider the two remaining terms,
AGyy, ()15, and AGyy, (0)T:, ». From the definition of
AG, (0), each of the two terms can be represented as
the sum of two terms. Gyr Ty, and Gy, T - repre-
sent paths from wy, to w, and from wr to wy respec-
tively in the transformed network. Whereas, Gy, (0)T,
and Gy, (0)T:, - is partly induced by the parameterized
model and partly by the paths from w, to wy, and from
wr to wg, respectively in the transformed network. Ac-
cording to condition ¢ of the theorem (delay conditions),
these transfer functions are strictly proper. This implies that
(56) is statically uncorrelated to &,(t). Therefore we have,
E[7(tOWe(t,0)] = E[AXO)nlly] + E[&TWS)]
where AX(0) = H(0)"' [AG(O)T1(q) + [AH() 0 0]].
As a result, the minimum of E [¢7(¢,0)We(t,6)], which is
E [¢f W&, is achieved for AG(0) = 0 and AH(6) = 0.

Step 2: When the minimum is achieved,
we have E[[JAX(0)&m |l ] to be zero.
From (54), we have X(0)ém =

- ~ - T .
H(q,0)7"[[AG(a.0) AH(q,0)][w] & 17| Using

the expression of ¢, from (8) and substituting it in

the expression of AX(0), we get, ( Y¥m =
H(q,0) ' [[AG(q,0) AH(q.0)]Jw(t)] = Ax(0)Jr(1)
where,

I 0 0 1 AT
J= 0 I 0 |;GL= [gf]

_(HOO)iléov _(H00)71H0Q (HOO)il

Writing E[||AX (0)¢mlly] = E[lJAz(0)Ja(®)ly] = 0

using Parseval’s theorem in the frequency domain, we have
1 (™ :

— Am(e“" 0) "I, (w)J* Ax(e 7, 0)dw = 0.

o (57)
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The standard reasoning for showing uniqueness of the identifi-
cation result is to show that if E [||AX ()&, || ] equals O (i.e.
when the minimum power is achieved), this should imply that
AG(#) =0 and AH(9) = 0. Since J is full rank and positive
definite, the above mentioned implication will be fulfilled only
if ®,(w) > 0 for a sufficiently high number of frequencies.
On condition 2 of Theorem 2 being satisfied along with the
other conditions in Theorem 1, it ensures that the minimum
value is achieved only for G(#) = G° and H(0) = H°. [

APPENDIX D
PROOF OF PROPOSITION 2

The disturbances in the original network are characterized
by © (15). From the results of Lemma 3, we can infer that
the spectral density ® has the unique spectral factorization
Dy = HAH®* where H is monic, stable, minimum phase, and
of the form given in (43). Together with the form of A in (43)
it follows that &, is uncorrelated with &,. As a result, the set
A satisfies the properties of F,,, so that in Condition ¢ we can
replace F by B. What remains to be shown is that the delay
in path/loop conditions in the transformed network (8) can be
reformulated into the same conditions on the original network
(6). To this end we will need two Lemma’s.

Lemma 4: Consider a dynamic network as dealt with in
Theorem 2, with reference to eq. (8), where a selection of node
signals is decomposed into sets D = Q ulU, Y = Q U {o},
and which is obtained after immersion of nodes in Z. Let ¢
be any element i € ) U U, and let k be any element k € ).
If in the original network the direct path, as well as all paths
that pass through non-measured nodes only, from w; to wy
have a delay, then Gy is strictly proper.

Proof: We will show that Gy, is strictly proper if all paths
from w; to wy have a delay. For any k € ), i € D, Gy is
given by either (41) or (42) with j = k. The situation that is
not covered by (41), (42) is the case where i = {0}, but from
(34) it follows that Gk, = 0, for k € ). So for this situation
strictly properness is guaranteed.

We will now use (41) and (42) for j given by any k € V. In
(41) and (42), it will hold that Hys is given by the appropriate
component of (20), which, by the fact that (18) is monic, will
imply that Hjs is strictly proper. By the same reasoning this
also holds for Hy;.

From (41) and (42) it then follows that strictly properness
of Gy; follows from strictly properness of Gy if the inverse
expression (I — G + Hkgéuk)’l is proper. This latter
condition is guaranteed by the fact that Hys is strictly proper
and G}, and (I- ékk)_l are proper as they reflect a module
and network transfer function in the immersed network [30],
[41]. Finally, strictly properness of Gy follows from strictly
properness of G; and the presence of a delay in all paths
from w; to wy, that pass through unmeasured nodes.

Lemma 5: Consider the transformed network and let j, k& be
any elements j, k € Y uU. If in the original network all paths
from wy to w; have a delay, then all paths from wy, to w; in
the transformed network have a delay.

Proof: This is proved using the Lemma 3 in [15] and Lemma
4. Let G(o0) denote lim, ., G(z). From Lemma 4 we know
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G, is strictly proper if all paths from wy, to w; in the original
network have a delay. Therefore,

o= |14,

where the 0 represents G (o0). Using inverse rule of block
matrices we have,

(58)

(I = G(o0)) ™" = [j 0] (59)
Considerir_lg (7) we can write w,, = C_v’my}m + v, where
UV = Hpn&n. So have w,, = (I — G,,)"'v,, where

(I — G,,)~" represents the transfer from v,, to w,,. Having
0 in (59) represents that the transfer function from vy to w;
has a delay. Since vy has path only to wy with unit transfer
function, wy, to w; has a delay. O

We now look into the proof of Proposition 2. For this we
need to generalize the result we have achieved in Lemma 5
in terms of scalar node signals to set of node signals. If all
existing paths/loops from wy,_» to w,, in the original network
have at least a delay, then all existing paths/loops from wy, k €
YuF towy,j € Y in the original network have at least a delay.
If all existing paths/loops from wy,k € YV u F to wj,j €Y
in the original network have at least a delay, then as a result
of Lemma 5, all existing paths/loops from wy, k€ )Y u F to
wj,j € Y in the transformed network have at least a delay.
This implies that all existing paths/loops from wy, ke Y u F
to wj, j € YV in the transformed network have at least a delay.
Following the above reasoning, we can also show that if all
existing paths from wy,_+ to wy, k € F,, in the original network
have at least a delay, all existing paths from wy,» to wy, k €
Fn in the transformed network have at least a delay.

ACKNOWLEDGMENT

The authors gratefully acknowledge discussions with and
contributions from Arne Dankers, Giulio Bottegal and Harm
Weerts on the initial research that led to the presented results.

REFERENCES

[1] D. Materassi and M. Salapaka, “On the problem of reconstructing an
unknown topology via locality properties of the Wiener filter,” /IEEE
Trans. Automatic Control, vol. 57, no. 7, pp. 1765-1777, 2012.

B. Sanandaji, T. Vincent, and M. Wakin, “Exact topology identifica-

tion of large-scale interconnected dynamical systems from compressive

observations,” in Proc. American Control Conference (ACC), San Fran-

cisco, CA, USA, 2011, pp. 649-656.

[3] D. Materassi and G. Innocenti, “Topological identification in networks
of dynamical systems,” IEEE Trans. Automatic Control, vol. 55, no. 8,
pp- 1860-1871, 2010.

[4] A. Chiuso and G. Pillonetto, “A Bayesian approach to sparse dynamic
network identification,” Automatica, vol. 48, no. 8, pp. 1553—-1565,
2012.

[5]1 S. Shi, G. Bottegal, and P. M. J. Van den Hof, “Bayesian topology
identification of linear dynamic networks,” in Proc. 2019 European
Control Conference, Napels, Italy, 2019, pp. 2814-2819.

[6] A. Haber and M. Verhaegen, “Subspace identication of large-scale inter-

connected systems,” IEEE Transactions on Automatic Control, vol. 59,

no. 10, pp. 2754-2759, 2014.

P. Torres, J. W. van Wingerden, and M. Verhaegen, “Hierarchical PO-

MOESP subspace identification for directed acyclic graphs,” Intern. J.

Control, vol. 88, no. 1, pp. 123-137, 2015.

[8] H. H. M. Weerts, P. M. J. Van den Hof, and A. G. Dankers, ‘Prediction
error identification of linear dynamic networks with rank-reduced noise,”
Automatica, vol. 98, pp. 256-268, December 2018.

[2

—

[7

—

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



(10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

——, “Identification of dynamic networks operating in the presence of
algebraic loops,” in Proc. 55nd IEEE Conf. on Decision and Control
(CDC). IEEE, 2016, pp. 4606-4611.

M. Zorzi and A. Chiuso, “Sparse plus low rank network identification:
a nonparametric approach,” Automatica, vol. 76, pp. 355-366, 2017.
A. S. Bazanella, M. Gevers, J. M. Hendrickx, and A. Parraga, “Iden-
tifiability of dynamical networks: which nodes need to be measured?”
in Proc. 56th IEEE Conference on Decision and Control (CDC), 2017,
pp. 5870-5875.

J. Gongalves and S. Warnick, “Necessary and sufficient conditions
for dynamical structure reconstruction of LTI networks,” IEEE Trans.
Automatic Control, vol. 53, no. 7, pp. 1670-1674, Aug. 2008.

H. H. M. Weerts, P. M. J. Van den Hof, and A. G. Dankers, “Identifi-
ability of linear dynamic networks,” Automatica, vol. 89, pp. 247-258,
March 2018.

J. Hendrickx, M. Gevers, and A. Bazanella, “Identifiability of dynamical
networks with partial node measurements,” IEEE Trans. Autom. Control,
vol. 64, no. 6, pp. 2240-2253, 2019.

P. M. J. Van den Hof, A. G. Dankers, P. S. C. Heuberger, and
X. Bombois, “Identification of dynamic models in complex networks
with prediction error methods - basic methods for consistent module
estimates,” Automatica, vol. 49, no. 10, pp. 2994-3006, 2013.

A. G. Dankers, P. M. J. Van den Hof, X. Bombois, and P. S. C.
Heuberger, “Errors-in-variables identification in dynamic networks —
consistency results for an instrumental variable approach,” Automatica,
vol. 62, pp. 39-50, 2015.

J. Linder and M. Enqyvist, “Identification of systems with unknown inputs
using indirect input measurements,” International Journal of Control,
vol. 90, no. 4, pp. 729-745, 2017.

K. R. Ramaswamy, G. Bottegal, and P. M. J. Van den Hof, “Local
module identification in dynamic networks using regularized kernel-
based methods,” in Proc. 57th IEEE Conf. on Decision and Control
(CDC), Miami Beach, FL, 2018, pp. 4713—4718.

N. Everitt, G. Bottegal, and H. Hjalmarsson, “An empirical bayes
approach to identification of modules in dynamic networks,” Automatica,
vol. 91, pp. 144-151, 5 2018.

M. Gevers, A. Bazanella, and G. Vian da Silva, “A practical method
for the consistent identification of a module in a dynamical network,”
IFAC-PapersOnLine, vol. 51-15, pp. 862-867, 2018.

L. Ljung, System Identification: Theory for the User. Englewood Cliffs,
NIJ: Prentice-Hall, 1999.

D. Materassi and M. Salapaka, “Identification of network components in
presence of unobserved nodes,” in Proc. 2015 IEEE 54th Conf. Decision
and Control, Osaka, Japan, 2015, pp. 1563-1568.

A. G. Dankers, P. M. J. Van den Hof, P. S. C. Heuberger, and
X. Bombois, “Identification of dynamic models in complex networks
with prediction error methods: Predictor input selection,” IEEE Trans.
on Automatic Control, vol. 61, no. 4, pp. 937-952, 2016.

D. Materassi and M. V. Salapaka, “Signal selection for estimation
and identification in networks of dynamic systems: a graphical model
approach,” IEEE Trans. Automatic Control, vol. 65, no. 10, pp. 4138-
4153, october 2020.

P. M. J. Van den Hof, A. G. Dankers, and H. H. M. Weerts, “From
closed-loop identification to dynamic networks: generalization of the
direct method,” in Proc. 56nd IEEE Conf. on Decision and Control
(CDC). Melbourne, Australia: IEEE, 2017, pp. 5845-5850.

A. G. Dankers, P. M. J. Van den Hof, D. Materassi, and H. H. M. Weerts,
“Conditions for handling confounding variables in dynamic networks,”
IFAC-PapersOnLine, vol. 50, no. 1, pp. 3983-3988, 2017, proc. 20th
IFAC World Congress.

P. M. J. Van den Hof, K. R. Ramaswamy, A. G. Dankers, and G. Botte-
gal, “Local module identification in dynamic networks with correlated
noise: the full input case,” in Proc. 58th IEEE Conf. on Decision and
Control (CDC), 2019, 5494-5499.

A. G. Dankers, “System identification in dynamic networks,” PhD
dissertation, Delft University of Technology, 2014.

J. Pearl, Causality: Models, Reasoning, and Inference.
Cambridge University Press, 2000.

H. H. M. Weerts, J. Linder, M. Enqvist, and P. M. J. Van den Hof,
“Abstractions of linear dynamic networks for input selection in local
module identification,” Automatica, vol. 117, 2020.

M. Gevers and A. S. Bazanella, “Identification in dynamic networks:
identifiability and experiment design issues,” in Proc. 54th IEEE Con-
ference on Decision and Control (CDC). 1EEE, 2015, pp. 4005-4010.
H. J. van Waarde, P. Tesi, and M. K. Camlibel, “Topological conditions
for identifiabaility of dynamical networks with partial node measure-

New York:

(33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

http://dx.doi.org/10.1109/TAC.2020.3035634

ments,” [FAC-PapersOnLine, vol. 51-23, pp. 319-324, 2018, proc. 7th
IFAC Workshop on Distrib. Estim. and Control in Networked Systems.
H. H. M. Weerts, P. M. J. Van den Hof, and A. G. Dankers, “Single
module identifiability in linear dynamic networks,” in Proc. 57th IEEE
Conf. on Decision and Control (CDC). Miami Beach, FL: IEEE, 2018,
pp. 4725-4730.

X. Cheng, S. Shi, and P. M. J. Van den Hof, “Allocation of excitation
signals for generic identifiability of dynamic networks,” in Proc. 58th
IEEE Conf. on Decision and Control (CDC), Nice, France, 2019, pp.
5507-5512.

P. M. J. Van den Hof and K. R. Ramaswamy, ‘“Path-based data-
informativity conditions for single module identification in dynamic
networks,” in Proc. 59th IEEE Conf. Decision and Control, Jeju Island,
Republic of Korea, 2020, to appear.

K. R. Ramaswamy, P. M. J. Van den Hof, and A. G. Dankers, “Gener-
alized sensing and actuation schemes for local module identification in
dynamic networks,” in Proc. 58th IEEE Conf. on Decision and Control
(CDC), 2019, pp. 5519-5524.

D. Kroening and O. Strichmann, Decision Procedures - An algorithmic
point of view, 2nd ed. Springer, 2016.

H. H. M. Weerts, M. Galrinho, G. Bottegal, H. Hjalmarsson, and
P. M. J. Van den Hof, “A sequential least squares algorithm for ARMAX
dynamic network identification,” IFAC-PapersOnLine, vol. 51-15, pp.
844-849, 2018, proc. 18th IFAC Symp. System Identification.

M. Galrinho, C. R. Rojas, and H. Hjalmarsson, “Parametric identification
using weighted null-space fitting,” IEEE Trans. Automatic Control,
vol. 64, no. 7, pp. 2798-2813, 2019.

D. Youla, “On the factorization of rational matrices,” IRE Trans.
Information Theory, vol. 7, pp. 172-189, 1961.

N. Woodbury, A. Dankers, and S. Warnick, “Dynamic networks: repre-
sentations, abstractions and well-posedness,” in Proc. 57th IEEE Conf.
on Decision and Control, Miami Beach, FL, 2018, pp. 4719—4724.

Karthik Raghavan Ramaswamy was born in 1989.
He received his Bachelor’s in Electrical and Elec-
tronics Engineering (with Distinction) in 2011 from
Anna University and Master’s in Systems and Con-
trol (with great appreciation) from TU Eindhoven in
2017. From 2011 to 2015 he was Control & Automa-
tion engineer at Larsen & Toubro. Currently, he is a
PhD researcher with the Control Systems research
group, Department of Electrical Engineering, TU
Eindhoven, The Netherlands. His research interests
are in the area of data driven modeling, dynamic

network identification and machine learning.

Paul Van den Hof received the M.Sc. and Ph.D.
degrees in electrical engineering from Eindhoven
University of Technology, Eindhoven, The Nether-
lands, in 1982 and 1989, respectively. In 1986 he
moved to Delft University of Technology, where
he was appointed as Full Professor in 1999. From
2003 to 2011, he was founding co-director of the
Delft Center for Systems and Control (DCSC). As
of 2011, he is a Full Professor in the Electrical
Engineering Department, Eindhoven University of
Technology. His research interests include data-

driven modeling, identification for control, dynamic network identification,
and model-based control and optimization, with applications in industrial
process control systems and high-tech systems. He holds an ERC Advanced
Research grant for a research project on identification in dynamic networks.
Paul Van den Hof is an IFAC Fellow and IEEE Fellow, and Honorary
Member of the Hungarian Academy of Sciences, and IFAC Advisor. He has
been a member of the IFAC Council (1999-2005, 2017-2020), the Board of
Governors of IEEE Control Systems Society (2003-2005), and an Associate
Editor and Editor of Automatica (1992-2005). In the triennium 2017-2020 he
was Vice-President of IFAC.

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



