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Summary

Ensemble optimization (referred to throughout the remainder of
the paper as EnOpt) is a rapidly emerging method for reservoir-
model-based production optimization. EnOpt uses an ensemble of
controls to approximate the gradient of the objective function
with respect to the controls. Current implementations of EnOpt
use a Gaussian ensemble of control perturbations with a constant
covariance matrix, and thus a constant perturbation size, during
the entire optimization process. The covariance-matrix-adaptation
evolutionary strategy is a gradient-free optimization method
developed in the “machine learning” community, which also uses
an ensemble of controls, but with a covariance matrix that is con-
tinually updated during the optimization process. It was shown to
be an efficient method for several difficult but small-dimensional
optimization problems and was recently applied in the petroleum
industry for well location and production optimization. In this
study, we investigate the scope to improve the computational effi-
ciency of EnOpt through the use of covariance-matrix adaptation
(referred to throughout the remainder of the paper as CMA-EnOpt).
The resulting method is applied to the waterflooding optimization of
a small multilayer test model and a modified version of the Brugge
benchmark model. The controls used are inflow-control-valve set-
tings at predefined time intervals for injectors and producers with
undiscounted net present value as the objective function. We com-
pare EnOpt and CMA-EnOpt starting from identical covariance mat-
rices. For the small model, we achieve only slightly higher (0.7 to
1.8%) objective-function values and modest speedups with CMA-
EnOpt compared with EnOpt. Significantly higher objective-function
values (10%) are obtained for the modified Brugge model. The pos-
sibility to adapt the covariance matrix, and thus the perturbation size,
during the optimization allows for the use of relatively large pertur-
bations initially, for fast exploration of the control space, and small
perturbations later, for more-precise gradients near the optimum.
Moreover, the results demonstrate that a major benefit of CMA-
EnOpt is its robustness with respect to the initial choice of the
covariance matrix. A poor choice of the initial matrix can be
detrimental to EnOpt, whereas the CMA-EnOpt performance is
near-independent of the initial choice and produces higher objective-
function values at no additional computational cost.

Introduction

Several studies have shown that there is considerable scope to
improve the economic-life-cycle performance of oil fields through
the use of formal optimization methods in conjunction with reser-
voir-simulation models. A very efficient way to perform such
model-based life-cycle optimization is with the aid of gradient-
based methods by which the gradient is obtained through an
adjoint technique. For an overview of this approach and a large
number of references, we refer to the review paper by Jansen
(2011). The adjoint method is computationally very efficient, but,

unfortunately, it is an intrusive method, requiring access to the
simulator source code as well as extensive implementation efforts.
Because it is practically impossible to access commercial simula-
tor source codes for implementation of the adjoint, there is a need
for alternative methods for model-based production optimization
in which the simulator is treated as a black box.

One such method, EnOpt, was shown to achieve good results
for a variety of different reservoir models. In EnOpt, the gradient
of the objective function with respect to the vector of control vari-
ables is approximated by first evaluating the objective-function
values for an ensemble of control vectors, chosen from a multi-
Gaussian random distribution with a constant prescribed covari-
ance matrix, and then estimating the optimal regression model
with a least-squares approach. Predecessors to the EnOpt method
were proposed by Lorentzen et al. (2006) and Nwaozo (2006),
whereafter Chen (2008) and Chen et al. (2009) gave systematic
descriptions of the method, as mostly used today. Thereafter, sev-
eral publications addressed applications and computational
aspects of the method; see, for example, Chaudhri et al. (2009),
Chen and Oliver (2010), Su and Oliver (2010), Leeuwenburgh
et al. (2010), and Chen and Oliver (2012). In a recent paper, Do
and Reynolds (2013) demonstrate that EnOpt can be interpreted
as a member of a broader class of approximate-gradient methods
that also includes the simultaneous-perturbation stochastic
approximation method. As an alternative to exact or approximate
gradient-based optimization methods, one can revert to gradient-
free methods such as genetic algorithms or evolutionary strat-
egies, as developed in the “machine-learning” community. One of
the latter, called the Covariance matrix adapted-evolutionary
strategy (CMA-ES), which was developed by Hansen and co-
workers (Hansen and Ostermeier 1996, 2001; Hansen 2006), was
recently used for well-placement optimization by Ding (2008)
and Bouzarkouna et al. (2011), in a flooding-optimization prob-
lem by Schulze-Riegert et al. (2011), and for a smart-well-optimi-
zation problem by Pajonk et al. (2011). The main idea in CMA-
ES is to systematically adapt the variance of the control-vector
sample in directions that have proved to be successful. In this
paper, we propose an improvement to EnOpt in which the use of a
constant covariance matrix throughout the optimization is
replaced with a covariance matrix that is constantly adapted with
the CMA-ES logic. We will refer to the resulting hybrid scheme as
CMA-EnOpt. CMA-EnOpt combines the advantage of explicitly
using gradient information to achieve faster convergence (EnOpt)
with the continuous adaptation of the covariance matrix to improve
the gradient estimate by means of improved sampling with “local”
knowledge of the nature of the objective-function search space. In
the remainder of this paper, we will first provide an introduction to
CMA-EnOpt, followed by its application to a small synthetic 3D
reservoir model and to a modified version of the Brugge benchmark
model. A comparison of the results with those obtained by EnOpt
will illustrate the advantages of CMA-EnOpt for relatively large-
scale model-based production optimization.

Theory

In this section, we give a brief overview of the theoretical basis
of CMA-EnOpt. We first define our objective function followed
by an overview of EnOpt and the proposed modification. We
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apply the usual expression for net present value as objective func-
tion J:

J ¼
XK

k¼1

f½ðqo;kÞ � ro � ðqwp;kÞ � rwp� � ½ðqwi;kÞ � rwi�g � Dtk

ð1þ bÞtk=st

 !
;

� � � � � � � � � � � � � � � � � � � ð1Þ

where qo;k is the oil-production rate in B/D, qwp;k is the water-pro-
duction rate in B/D, qwi;k is the water-injection rate in B/D, ro is
the price of oil produced in USD/bbl, rwp is the cost of water pro-
duced in USD/bbl, rwi is the cost of water injected in USD/bbl,
Dtk is the difference between consecutive timesteps in days, b is
the discount factor expressed as a fraction per year, tk is the cumu-
lative time in days corresponding to timestep k, and st is the refer-
ence time period for discounting, typically 1 year.

EnOpt

EnOpt uses an ensemble of control vectors to approximate the
gradient of the objective function J with respect to the (average)
control vector. A single control vector is defined as

u ¼ ðu1 u2 � � � uNÞ T ; ð2Þ

where N is the number of control variables (e.g., bottomhole pres-
sures, well rates, or valve settings) and the superscript T indicates
the transpose. Thus, u is a vector with a number of elements N that
typically equals the number of control timesteps times the number
of control variables per timestep. In EnOpt, a multivariate, Gaus-
sian-distributed ensemble (u1, u2, …, uM) is generated with a distri-
bution mean ~u and a predefined distribution covariance matrix

~
C,

where M is the ensemble size. (In this paper, matrices are indicated
with bold capitals, vectors with bold lowercase letters, and scalars
with italics.) In the remainder of this paper, we will use u instead
of ~u to simplify the notation. During the iterative optimization pro-
cess, u is updated until convergence, whereas

~
C is kept fixed. To

estimate the gradient, a mean-shifted ensemble matrix is defined as

U ¼ ½u1 � u u2 � u � � � uM � u�; ð3Þ

where

u ¼ 1

M

XM

i¼1

ui ð4Þ

is the ensemble mean (i.e., the sample mean that is an estimator of
the distribution mean u). [Note that in earlier publications we
used the transposed version of U. We modified our notation to
bring it in line with that of textbooks such as Conn et al. (2009).]
In our implementation of EnOpt, the ensemble members ui, i¼ 1,
2, …, M, are created with

ui ¼ u þ ~
C

1=2
zi; ð5Þ

where a Cholesky decomposition is used to calculate
~
C

1=2
, and

where zi is drawn from a univariate Gaussian distribution. A
mean-shifted objective-function vector is defined as

j ¼ ½ J1 � J J2 � J � � � JM � J �T ; ð6Þ

where values Ji correspond to the simulated response to control
vectors ui, and where

J ¼ 1

M

XM

i¼1

Ji: ð7Þ

If we would have an overdetermined case, that is, for M>N, and
U of rank N, the approximate gradient with respect to the controls
could be obtained as the least-squares solution for the regression
coefficient vector:

g ¼ ðUUTÞ�1
Uj : ð8Þ

For the derivation of Eq. 8, see any introductory linear-algebra
textbook [e.g., Strang (2006)]. Eq. 8 can also be expressed as

g ¼ C�1
uu cuJ ; ð9Þ

where

Cuu ¼
1

M � 1
ðUUTÞ ð10Þ

and

cuJ ¼
1

M � 1
ðUjÞ ð11Þ

are the ensemble (sample) covariance matrix and cross-covariance
vector, respectively (Chen 2008; Chen and Oliver 2010). (Note
that the cross-covariance vector is often referred to as the cross-
covariance matrix, in which case the vector is just interpreted as a
1D matrix.) In practical applications, however, we normally have
an underdetermined case, that is, M<N. This implies that the ma-
trix product UUT is rank-deficient such that we cannot directly
compute its inverse and solve the associated system of equations
with Eq. 8. Instead, we can compute the Moore-Penrose pseudoin-
verse with a singular-value decomposition (SVD) (e.g., Strang
2006). We note that this formulation was also described in Deh-
dari and Oliver (2012), whereas Do and Reynolds (2013) recently
demonstrated that it is akin to what is known as a “simplex
gradient” in, for example, Conn et al. (2009). Alternatively, Chen
(2008) and Chen et al. (2009) propose to simply use

g0 ¼ cuJ ¼ Cuug ð12Þ

instead of g [i.e., to use a regularized (smoothed) approximate
gradient in the form of the cross-covariance cuJ]. Moreover, they
propose to use a second premultiplication with Cuu as a further
regularization that leads to

g00 ¼ CuucuJ ¼ CuuCuug : ð13Þ

Alternatively, the premultiplication can be performed with
~
C,

leading to

g000 ¼ ~
CcuJ ¼ ~

CCuug : ð14Þ

Eqs. 12, 13, and 14 can be interpreted as modified approximate
(regularized) gradients. Note that the regularized gradients g0, g

00
,

and g000 are dimensionally inconsistent, in the sense that their ele-
ments do not have the same dimensions as those of g. In our
study, we applied Eq. 8 with an SVD on U with a truncation level
of 0.999. Chen and Oliver (2012), Oliveira and Reynolds (2014),
and Zhao et al. (2013) use Eq. 13 or Eq. 14 for the gradient esti-
mate. Note that, when diagonal covariance matrices are used, Eqs.
13 and 14 act only as a scaling of the magnitude of the gradient
and have no impact on the direction of the gradient. In addition,
we believe there is no conclusive evidence to suggest that Eq. 13
or Eq. 14 is always better than Eq. 8, in particular, because the
dimensional inconsistency of the expressions implies that the rele-
vance of earlier experiences will be restricted to situations in
which J and the elements of u have the same dimensions
expressed in the same units systems as in the earlier case.

Update Rules

One can use the approximate gradient g from Eq. 8 in any gradi-
ent-based optimization algorithm. In our study, we used a simple
steepest-ascent scheme according to

u‘þ1 ¼ u‘ þ a‘g‘; ð15Þ

where the superscript [‘] is the iteration counter and a[‘] is a step
length in the direction of the gradient. Note that, to ensure dimen-
sional consistency, a must have dimensions, and its value will
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therefore depend on the units system applied. If u and g both con-
tain elements with different dimensions (e.g., when the elements
of u are pressures and rates), an additional scaling of the gradient
elements may be required. Following Oliveira and Reynolds
(2014), we scaled the gradient by its infinity norm and then, for
each iteration, used an initial step size a¼ 1. Thereafter, we
allowed for a maximum of three back-tracking steps, each time
reducing the step size with a factor of one-half. In more-sophisti-
cated optimization algorithms, an improved update direction (i.e.,
one different from g) is determined by using optimization meth-
ods that make use of the second derivatives of J with respect to u
(i.e., of the Hessian matrix, or, more commonly, of approxima-
tions to the Hessian). In particular, so-called quasi-Newton meth-
ods use gradient information of subsequent iterates to construct an
approximate Hessian H‘. The corresponding update rule then
becomes

u‘þ1 ¼ u‘ þ a‘ðH‘Þ�1
g‘; ð16Þ

where the definition of H‘ depends on the particular type of quasi-
Newton method applied; see, for example, Nocedal and Wright
(2006) or Luenberger and Ye (2010) for further details. Unlike Eqs.
13 and 14, Eq. 16 is dimensionally consistent if a is taken dimen-
sionless, because H

–1 acts as a natural scaling matrix for the gradi-
ent vector g. Note that, as usual, in an actual implementation,
computing the inverse is avoided, and a system of equations is
solved instead. The gradient is the direction of a tangent (hyper)
plane in a point touching the objective function, whereas the Hes-
sian gives curvature information in that point (i.e., it defines a con-
vex quadratic function). The basic idea underlying the various
quasi-Newton methods is that the curvature information contained
in the approximate Hessian is gradually increased by subsequent
inclusion of gradient information from previous iterations. Although
we do not use a quasi-Newton algorithm in the optimization exam-
ples in our study, the concept of the use of information from subse-
quent iterates to improve the estimate of the curvature of the
objective function is an important aspect of covariance matrix adap-
tation-evolutionary strategy, and thus also of covariance matrix
adapted-ensemble optimization. Moreover, we note that the use of
the preconditioners Cuu and

~
C in Eqs. 13 and 14 seems to play a

role similar to that of the preconditioner H–1 in Eq. 16. However,
Cuu and

~
C, unlike H

–1, do not restore dimensional consistency.

Covariance-Matrix Adaptation

Covariance matrix adaptation-evolutionary strategy (CMA-ES) is
a stochastic iterative optimization method in which the covariance
matrix is updated at every iteration such that its largest principal
direction (i.e., the eigenvector corresponding to its largest eigen-
value) is (approximately) realigned in the direction of the maxi-
mal increase of the objective function. CMA-ES uses two types of
updates for the covariance matrix, as briefly explained later in this
text. For a detailed overview, we refer to Hansen (2011).

Rank-l Update. The motivation behind a rank-l update is to use
information obtained within one single iteration (i.e., one ensemble
of random control vectors {u1, u2, …, uM}[‘] and their corresponding
objective-function values {J1, J2, …, JM}[‘] through selecting the
“best” l members (i.e., those corresponding to the l highest objec-
tive-function values) out of the M ensemble members:

C
~ ‘þ1

uu ¼ ð1� clÞ~C
‘

uu þ cl
1

l
~
U

~
U

T
; with

~
U ¼ ½u1 � u‘ u2 � u‘ � � � ul � u‘ �; � � � � � � � ð17Þ

where 0 < cl < 1 is a learning rate and where the control vectors
u1, u2, …, uM have been ranked such that, for their corresponding
objective-function values, it holds that J1 � J2 � � � � � Jl >
Jlþ1 � � � � � JM: Eq. 17 is called a rank-l update because the ma-

trix product
~
U

~
U

T
is, at most, of rank l. Note that we use the dis-

tribution mean u‘ instead of the ensemble mean u‘. It can be

shown that for l¼M and cl ¼ 1,
~
C
‘þ1

uu would be an unbiased esti-

mator of the distribution covariance
~
C
‘þ1

(Hansen 2006). How-
ever, because we typically choose l<M, the entries of the
covariance matrix will be selectively influenced by the ensemble
members corresponding to the l highest objective-function val-
ues. The choice of the learning rate cl turns out to be crucial to
the success of the optimization, as is demonstrated later. Hansen
(2011) discusses strategies to determine optimal values for cl

(and for learning rate c1 introduced later) on the basis of the
dimension of the problem. However, his test cases are of a
relatively small dimension, whereas production-optimization
problems typically have hundreds to thousands of control varia-
bles. The choice of l is up to the user; in this study, we used
l ¼ M=4.

Rank-One Update. In Eq. 17, the covariance-matrix update is
determined with the best objective-function values within one sin-
gle iteration. It is also possible to update the covariance matrix
with information from previous iterates, in a fashion similar to
that of updating the Hessian in quasi-Newton methods. [For
remarks about the relationship between the Hessian and the covar-
iance matrix, see Hansen (2011).] The expression for such an
update, derived in Hansen (2006), is given by

~
C
‘þ1

uu ¼ ð1� c1Þ~C
‘

uu þ c1e‘þ1ðe‘þ1ÞT ; ð18Þ

where c1 is again a learning rate and e is the “evolution path,”
which is a function of iterates u‘ in earlier steps. Roughly speak-
ing, e is obtained as a summation of previous iterates emphasizing
the most recent iterates while gradually “forgetting” the earlier
ones. For the exact definition of e, see Hansen (2006). Because
the outer product of two vectors results in a matrix of rank one,
Eq. 18 is referred to as a “rank-one update”. The rank-one update
was shown to be particularly powerful when using small ensemble
sizes with CMA-ES (Hansen 2006).

Combined-Rank Update. Combining Eqs. 17 and 18, one
obtains the update rule

~
C
‘þ1

uu ¼ ð1� cl � c1Þ~C
‘

uu þ cl
1

l
~
U

~
U

T

|fflfflffl{zfflfflffl}
rank-l update

þ c1 e‘þ1ðe‘þ1ÞT|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
rank-one update

: � � � � � � � � � � � � � � � ð19Þ

Eq. 19 uses information within one iteration as well as infor-
mation from previous iterations. Hansen (2011) suggests that the
former is more important when using a larger ensemble and that
the latter is more important when using smaller ensembles. Sev-
eral variations to Eq. 19 were proposed; see, for example, Ros and
Hansen (2008) and Arnold and Hansen (2010) wherein the off-di-
agonal elements are set to zero and only the diagonal elements
(i.e., the variances of the covariance matrix) are updated:

~C
‘þ1

uu;ii ¼ ð1� cl � c1Þ ~C
‘

uu;ii þ cl
1

l
~Uii

~UT
ii|fflfflfflffl{zfflfflfflffl}

rank-l update

þ c1 e‘þ1
i ð e‘þ1

i Þ
T

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
rank-one update

; i ¼ 1;…;M: � � � � � � � ð20Þ

CMA-EnOpt

In EnOpt, a constant-distribution covariance matrix
~
C is used

which, for uncorrelated controls of the same type, is typically cho-
sen as a diagonal covariance matrix with equal diagonal elements
r2. Often, a time correlation is imposed on the controls, resulting in
a block-diagonal matrix with each block corresponding to the

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . .
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control timesteps of a single well or inflow control valve. The value
of the standard deviation r can have a strong influence on the qual-
ity of the approximate gradient and therefore on the performance
of the optimization algorithm. However, there is no well-defined
method to choose this value. (The same is true for the choice of the
time-correlation length.) Thus, we propose to use the covariance-
adaption strategy described previously to gradually improve the
distribution-covariance matrix in EnOpt, leading to CMA-EnOpt.

Algorithm:
1. Set ‘ ¼ 0. Choose an initial control vector u0 and evaluate

the corresponding objective-function value.
2. Generate an ensemble of randomly perturbed controls

around u0 from an initial, user-defined, diagonal covariance
matrix

~
C ¼ r2I or block-diagonal covariance matrix

~
C.

3. Run a reservoir simulation for every member of the per-
turbed control ensemble and calculate the corresponding
objective-function values with Eq. 1.

4. Compute the EnOpt gradient g‘ with Eq. 8.
5. If the optimization-stopping criterion, or the maximum

allowed number of iterations, is achieved, stop. Otherwise,
set ‘ ¼ ‘þ 1.

6. Determine a step size a‘ and compute an updated control
vector u‘þ1 with Eq. 15 and the corresponding objective-
function value.

7. Compute the updated covariance matrix
~
C
‘þ1

uu with either
Eq. 19 or Eq. 20.

8. Regenerate an ensemble of randomly perturbed controls

around u‘þ1 from the updated covariance matrix
~
C
‘þ1

uu .
9. Go to Step 3.

3D Synthetic Reservoir Model

Advances in technology have led to an increase in the application
of inflow-control valves (ICVs) to regulate flow rates and main-
tain pressure in the reservoir. We consider a control problem
where ICV settings of injection and production wells in a 3D syn-
thetic reservoir model are manipulated to optimize waterflooding
over the producing life of the reservoir. The model, illustrated in
Fig. 1, consists of 25� 32� 5¼ 4,000 gridblocks. The approxi-
mate size of the gridblocks is 110� 90� 20 m, such that the
model represents a volume of 2.5� 3.5� 0.1 km. The geological
structure consists of uplifted blocks, separated by faults. The res-
ervoir is produced with an inverted five-spot well pattern (i.e.,
four producers at the corners of the grid with an injector in the
center). The reservoir is divided into five layers with different hor-
izontal permeabilities. There is a sealing fault on the northwestern
side of the block, close to Producer 1. Table 1 lists the reservoir
and fluid properties of the model.

A Corey model with exponents equal to 2 for both oil and
water is used for the relative permeabilities in which the connate
water saturation is 0.2, the residual oil saturation is 0.3, and the
endpoint relative permeabilities to oil and water are 0.8 and 0.4,
respectively. No capillary pressures are included. The wells
penetrate all five layers with an ICV in every layer, resulting in a
total of 25 controls per timestep. The producing life of the
reservoir is divided into 15 time intervals of 1 year (365 days)
each, which results in a total of 15� 25¼ 375 controls to be
optimized. Water is injected at a constant pressure of 300 bar,
and the production wells are operated at a minimum pressure of
15 bar. We used an oil price ro¼USD 130/m3, water-production
costs rwp¼USD 25/m3, and water-injection costs rwi¼USD 6/m3.
The discount rate b was set to zero. Well-index multipliers were
used to model the ICVs in the simulator with bounds of 1� 10–4

and unity. For the simulation of the model, we used a commer-
cial, fully implicit finite-difference black-oil simulator (Eclipse
2011).

Comparison Between EnOpt and CMA-EnOpt

We performed several comparisons between EnOpt and CMA-
EnOpt to optimize the inflow-control-valve (ICV) settings with
the aim to maximize net present value as defined in Eq. 1. The
starting point for the optimization was an initial control vector
with values equal to unity. Thus, all the ICVs were fully open as
a starting strategy. The initial value of r, for use in a diagonal
covariance matrix, was chosen equal to 0.1, and we used a fixed
ensemble size of 50 samples. Random control values outside the
range [1� 10–4, 1] were simply reset to their bounds. We first
compare the results with only a diagonal update for the covari-
ance matrix; see Eq. 12. The optimization was allowed to run for
50 iterations that usually resulted in a near-horizontal (i.e.,
nearly converged) objective-function graph for the EnOpt
method; see Fig. 2.

Note that in the use of approximate gradients and inexact line-
search techniques, it is very well possible that the curves do not

Fig. 1—Five-spot reservoir model. The colors indicate the initial
water saturation.

Property Values Units 

–2.0ytisoroP

rab002at 1950 merusserpriovreseR
008liofoytisneD m/gk 3

0001retawfoytisneD m/gk 3

C°77erutarepmeT
Oil compressibility at 200 bar 1/bar
Water compressibility at 200 bar 4× 10–5 1/bar

rab/10ytilibisserpmockcoR
pc2at 1 barliofoytisocsiV
pc5.0at 1 barretawfoytisocsiV

10–54×

Permeability (Layers 1 through Layer 5) 100, 300, 50, 600, 100 md 

Table 1—Reservoir and fluid properties.
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always increase monotonically. We have chosen to allow for this
to happen. Although monotonicity could be enforced, this would
induce a higher computational cost and an increased risk of
becoming trapped in a local optimum. We used various settings of
the initial-distribution covariance matrix (i.e., of the standard
deviation r) to generate the initial ensemble, leading to different
optimization results; see Fig. 2. The best EnOpt run resulted in an
objective-function value of USD 9.1� 109 whereas the CMA-
EnOpt run for the same initial covariance distribution achieved a
slightly higher value of USD 9.15� 109 (i.e., 0.7% higher). An
illustration of the corresponding ICV settings for one of the wells
is presented in Fig. 3, which shows the differences in the control
strategies between EnOpt (blue line) and CMA-EnOpt (red line).
The major difference is in the nature of the controls: CMA-EnOpt
obtains controls that switch almost completely between the upper
and lower bounds. We note that such (near-) bang-bang controls
are, in some optimization problems, the optimal solutions, and are
often easier to implement in practice. As shown by Zandvliet

et al. (2007), a locally optimal solution of an optimal control prob-
lem in which the system equations and the integral term in the
objective function are both linear in the controls, and that has
only simple bound constraints or linear constraints on the con-
trols, is necessarily a bang-bang solution (possibly in combination
with singular arcs, i.e., areas in which the solution is not bang-
bang). In our example, we have indeed only bound constraints on
the inputs, that is, on the ICV settings, while also the integral term
in the objective function and the system equations are linear in the
controls (i.e., the problem is control-affine). One can see the latter
by considering that the oil- and water-flow rates qo and qwp,
respectively, that appear in the objective function in Eq. 1 are
obtained with the aid of a well model that can be written, for a
single well, in general form as (Jansen 2013)

qo

qwp

� �
¼ fo

fw

� �
Iwell ð pwell � pgbÞb; ð21Þ. . . . . . . . . . . . . .
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Fig. 2—Comparison of optimization performance for different initial covariance matrices.
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Fig. 3—Optimal control settings for ICV 4 as computed by EnOpt (blue) and CMA-EnOpt (red) with initial r 5 0.1 for both cases.
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where fo and fw are fractional flows, which are functions of the
water saturation in the well gridblock (a state variable); Iwell is the
well index, which, through its dependence on relative permabil-
ities, is also a function of the gridblock’s water saturation; pwell is
the wellbore pressure, pgb is the well gridblock pressure (also a
state variable); and b is the dimensionless ICV opening (well-
index multiplier; i.e., the control variable). For the water-injection
rate qwi in Eq. 1, a similar expression holds but with qo¼ 0 and
fw¼ 1. The full analysis of necessary and sufficient conditions for
bang-bang control would require rewriting the optimization prob-
lem in terms of an optimal switching time with the aid of an
adjoint solution, which we therefore did not pursue for this exam-
ple. We refer to Zandvliet et al. (2007) for detailed information on
the conditions for bang-bang control.

Improved Robustness

Exact gradient-based methods (in combination with an exact
line search) are inherently local methods because they always
result in uphill directions, unless forced to take steps in other
directions to search for other optima. Most gradient-free meth-
ods were shown to possess more-global search characteristics.
In the EnOpt method, one may choose the initial-distribution
covariance matrix to mimic the desired behavior: Large varian-
ces result in a more-global search strategy and small variances
in a more-local one. We tested EnOpt and CMA-EnOpt with
different initial starting values for the standard deviation r. Fig.
2 illustrates that the choice of the initial covariance matrix has
a significant impact on the performance of EnOpt, because the
matrix remains constant throughout the optimization. When
using r¼ 1 for EnOpt (green line), the algorithm achieves poor
results, probably because the sampling takes place in a too-large
area, which leads to poor approximations of the gradient. For
r¼ 0.1 (blue line) and r¼ 0.01 (light-blue line), better results
are achieved. For CMA-EnOpt (red and black lines), the initial
starting covariance matrices have relatively little impact on the
final objective-function values, and both runs achieve better
results than EnOpt. When starting with r¼ 1, CMA-EnOpt
achieves a slightly higher objective-function value than when
starting with r¼ 0.1. However, if the algorithm is continued for
more iterations, we observe (not shown here) that both the
curves (red and black) achieve very similar objective-function
values. For this example, we therefore find that CMA-EnOpt
performs better than EnOpt with an optimized-distribution co-
variance matrix, and much better than EnOpt with a poor initial
guess for the covariance. The main benefit of CMA-EnOpt,
therefore, appears to be its robustness with respect to initial
choices of the covariance matrix.

Learning Rates

CMA-EnOpt contains several parameters that require user-
defined values (particularly, the learning rates cl and c1). Fig. 4
illustrates that if we choose the learning rates too low, the
advantage of CMA-EnOpt over EnOpt is negligible, if any.
Higher learning rates are seen to achieve significantly better
results. Here, a high learning rate (fast learning) corresponds to a
75 to 25% update rule with cl¼ 0.20 and c1¼ 0.05. In the case
(clþ c1)� 100%¼ 25%, new information is incorporated into
the covariance matrix every iteration. A low learning rate (slow
learning) corresponds to a 99.5 to 0.5% update rule with
cl¼ 0.004 and c1¼ 0.001; in the case (clþ c1)� 100%¼ 0.05%,
new information is incorporated. These results were obtained
when we only updated the diagonal elements of the covariance
matrix. Hansen (2011) reports, for covariance matrix adaptation-
evolutionary strategy, that if the full covariance matrix is
updated, high learning rates can have a detrimental impact on
the optimization because they may lead to covariance-matrix
degeneration (i.e., to a situation in which the elements of the co-
variance matrix become so small that sampling takes place in a
too-small area).

Fig. 5 illustrates estimated standard deviations r for two
control variables (i.e., the square root of the corresponding di-
agonal values of the distribution covariance matrix) for different
learning rates. We observe from Fig. 5 that different control
variables have different optimal standard deviations at each iter-
ation. The CMA-EnOpt algorithm generally results in a gradual
decrease of the standard deviation of a control when approach-
ing the optimum. For Control 19 in Fig. 5, the magnitude of
the corresponding gradient is an order higher than that of Con-
trol 299, indicating that either Control 19 is still much farther
from the optimum than Control 299, or that the objective func-
tion has a much higher curvature in the direction of Control 19.
We note that of the 375 controls, only five controls have stand-
ard deviations similar to Control 19 (i.e., standard deviations
higher than the initial standard deviation) with Control 19 being
the highest, whereas the remaining 370 controls have much
lower standard deviations. The low learning rates, on the basis
of the recommendations for small-sized problems as described
in Hansen (2011) and Hansen (2006), lead to negligible changes
in the standard deviation (black line, overlapped by the blue
line in Fig. 5). In this case, CMA-EnOpt behaves similarly to
EnOpt with a fixed standard deviation (blue line) for all con-
trols. Thus, learning rates have a significant impact on the
performance of the optimization algorithm; if chosen too con-
servatively, the advantage of CMA-EnOpt over EnOpt will be
negligible.

Correlations and Block-Diagonal Update

Imposing correlations over control times (effectively imposing
smoothness on the control solution) may lead to an improved effi-
ciency of the EnOpt algorithm when using many control time-
steps; see, for example, Chen et al. (2009), Leeuwenburgh et al.
(2010), and Oliveira and Reynolds (2014). The CMA-EnOpt
results presented thus far were obtained with a diagonal update of
~
Cuu, with Eq. 20, without imposing smoothness on the controls.
Fig. 6 illustrates the impact of introducing nonzero correlations
on the control perturbations over time with the spherical correla-
tion function as defined in Zhao et al. (2013) in which the correla-
tion length is set equal to the total number of control timesteps.
This results in the red curve; that is, a diagonal CMA-EnOpt
update with an additional correlation (smoothing). The black
curve represents the case without correlation. Although, in this
case, the impact of imposing a correlation over time only margin-
ally increases the objective-function value, the red curve is nearly
always above the black curve, which suggests an improved com-
putational efficiency.

To obtain those results, an arbitrary correlation length was
chosen. The correlation length can have a significant impact on
the results in different problems, but unfortunately there is no pre-
defined way of knowing the ideal correlation length, as shown in
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Fig. 4—Impact of optimization method and learning rates: EnOpt
(blue curve) and CMA-EnOpt with low learning rates (0.5%, black
curve) and with high learning rates (25%, red curve).
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Oliveira and Reynolds (2014). The efficiency of using such a cor-
relation function in conjunction with the diagonal-update-based
CMA-EnOpt algorithm raises the question as to whether it is pos-
sible to estimate the optimal correlation between the controls with
the CMA-EnOpt method. To investigate this, we introduce a
block-diagonal update of

~
Cuu for the CMA-EnOpt method with

Eq. 19 in which off-diagonal covariance updates also are allowed,
but only for cross-covariances between controls belonging to the
same inflow-control valve (ICV). Thus, instead of using an artifi-
cial or predefined correlation function and length to impose
smoothness on the controls, we allow the CMA-EnOpt algorithm

to estimate the optimal cross-correlation between the controls;
that is, each ICV is associated with its own 15� 15 covariance
matrix (in which 15 is the total number of control timesteps),
starting from a diagonal covariance matrix. The blue curve in Fig.
6 represents this “block-diagonal” update, which performs better
than both the diagonal update (black curve) and the diagonal
update with smoothing (red curve). As a comparison, we also
introduced time-correlations (smoothing) in EnOpt with the aid of

a (constant) block-diagonal covariance matrix
~
C. With different

correlation lengths (green and yellow lines), we achieve higher
objective-function solutions in the earlier iterations but solutions
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Fig. 6—Impact of imposing time correlations.
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with lower objective-function values at the final iteration com-
pared with CMA-EnOpt. Also, in Fig. 4, EnOpt seems to perform
better early in the optimization, which suggests using EnOpt early
and switching to CMA-EnOpt only later during an optimization
run. However, it is unknown in advance what is the correct point
during the optimization to switch between the two methods, and
we did not pursue this possibility. Finally, we checked the influ-
ence of regularization by (double) premultiplication of the gradi-

ent g with
~
C (constant, for EnOpt) or with

~
Cuu (updated after

every iteration, for CMA-EnOpt), similar to the premultiplications
in Eqs. 12, 13, and 14. Table 2 depicts the results, and it follows
that, for this particular example, regularization generally does not
have a positive effect and, in nearly all cases, results in somewhat
lower objective-function values.

Full-Matrix Update

In the Theory section, we discussed the similarity between CMA-
EnOpt and quasi-Newton methods, with an adapted covariance
matrix that is approximately similar to the inverse of the Hessian
matrix. So far, however, we did not use the full covariance matrix
for two reasons:

• Bouzarkouna et al. (2011) and Ros and Hansen (2008) show
that for certain types of objective functions, such as net pres-
ent value (NPV), which can be decomposed into a sum of
the individual NPVs from each well, an uncorrelated (diago-
nal) covariance matrix achieves better solutions in compari-
son to using a full covariance matrix.

• Because the updated covariance matrix is used to sample a
new ensemble of controls for a gradient estimate of the next
iteration, either an eigen or Cholesky decomposition of the
covariance matrix is needed to generate the ensemble of
controls, which can be computationally demanding espe-
cially in problems of a high dimension.

In view of these points we, so far, used diagonal or block-diagonal
updates. This approach is supported by the results shown in Fig.

7, which compares the various covariance-matrix update types
available with CMA-EnOpt for this model.

We observe that with the full-matrix update (black curve), the
achieved solutions are inferior to those resulting from the diago-
nal update (blue curve), which we believe is a result of the intro-
duction of “unnecessary” correlations between controls that
should be, logically, uncorrelated (e.g., wells on opposite corners
of the five-spot pattern). The block-diagonal update (red curve) of
the covariance matrix achieves the best results. There are a num-
ber of advantages associated with the use of a block-diagonal
update in this example:

• The obtained objective-function values are higher than for
other update types.

• The solutions are somewhat smoother, as shown in Fig. 8.
• There is no need to define a correlation length.
• The computational burden of decomposing a large matrix is

avoided.
In addition, some of the rotational aspects of the covariance ma-
trix are retained, which is known to be especially useful when
dealing with objective-function search spaces that contain ridges,
in which case the elongated sampling area may align itself with a
ridge.

Update Types

In the CMA-EnOpt equations written previously, there are two
different sources of information used for the matrix update: rank-
one and rank-l updates. Although the literature on covariance ma-
trix adaptation-evolutionary strategy suggests that the former is
more important in smaller ensembles and the latter in larger
ensembles, we investigated which update is more useful for our
case. Fig. 9 illustrates the effect of the different matrix-update
types, and shows that for our problem the rank-l update (blue
curve) performs significantly better than the rank-one update
(green curve), in terms of objective-function value and computa-
tional efficiency. In fact, for this model and learning rates, the
rank-one update has a detrimental effect on the optimization, as
one can see in the combined-rank update (black curve), the result
of which lies between the different rank updates. We note that fur-
ther testing is required to obtain full insight into the relationships
between various aspects of the CMA-EnOpt algorithm, such as
optimal learning rates and update strategies.

Comparison With Covariance Matrix
Adaptation-Evolutionary Strategy (CMA-ES)

The motivation for CMA-EnOpt was derived from the CMA-ES
algorithm given in Hansen (2006). Therefore, an obvious next
step would be the comparison of EnOpt and CMA-EnOpt with
CMA-ES (i.e., with the evolutionary strategy that formed the
basis for the covariance-matrix adaptation strategy in CMA-
EnOpt). Initial comparisons, illustrated in Fig. 10, indicate that
the CMA-ES results are inferior to those of the two EnOpt vari-
eties. CMA-ES achieves results that are approximately 2.5%
lower than CMA-EnOpt for the diagonal update and 1.4% lower
for the full-matrix update, while also EnOpt achieves better
results than CMA-ES for the same computational burden (i.e., 50
optimization iterations). Therefore, explicitly using (approxi-
mate) gradient information seems to pay off for this problem.
(Note: Tuning parameters such as ensemble size, initial covariance
matrix, and learning rates are exactly the same for all the results in
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Fig. 7—Comparison of the impact of different matrix updates.

Table 2—Effect of regularization. All results are expressed as objective function value in $.
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Fig. 10.) However, further numerical comparisons are required to
evaluate the strength and weaknesses of the three methods.

Effect of Different Random-Number Sequences

The results shown in this paper are based on single runs starting
from the same initial random-number seed. A comparison of
stochastic methods requires multiple sets of comparisons with
different random-number sequences. Chen and Oliver (2012)
have shown that sizeable variability in the results for different
random seeds exists for cases in which smaller ensembles are
used to estimate the gradient. When they use a larger ensemble
size, which is still smaller than the size used in our paper, the
variability is reduced. We have run our experiments with five
different random seeds, the results of which are displayed in
Fig. 11. We observe the trends to be similar to the earlier
results in our paper (i.e., CMA-EnOpt always outperforms
EnOpt). In addition, there is a marginal reduction in variability
when using CMA-EnOpt, but we may need more runs to con-
clude definitively in this regard. Note the scale of the y-axis in

Fig. 11: The range of net present values that defines the vari-
ability is rather small, so even for EnOpt, the variability is not
very large, which is in accordance with the results shown in
Chen and Oliver (2012).

Modified Brugge Model

To test our results on a more-complex and challenging reservoir
model, we selected a modified version of the Brugge benchmark
model (Peters et al. 2010, 2013). The model, shown in Fig. 12,
consists of 60,048 gridblocks. It represents a segment of an anti-
clinal structure with one major fault. The reservoir is produced
with a peripheral well pattern (i.e., 10 injectors on the down-flank
of the structure and 20 producers toward the top of the structure).
The reservoir is divided into nine layers with varying permeabil-
ities and porosities. All rock and fluid properties were chosen
identical to those in the original Brugge model (Peters et al. 2010,
2013). However, the oil/water contact has been lowered to 1780
m (compared with an original contact depth of 1678 m), thus
increasing the stock-tank oil initially in place of the model, while
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Fig. 9—Comparison of the impact of different rank updates. Rank-1 update: cl 5 0 and c1 5 0.05. Rank-l update: cl 5 0.20 and
c1 5 0. Combined update: cl 5 0.20 and c1 5 0.05.
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Fig. 11—Box plot to illustrate the effect of different random seeds on the stochastic ensemble-optimization method. Note the scale
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Fig. 12—Modified Brugge reservoir model. The colors indicate the initial oil saturation.
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Fig. 10—Performance comparison of CMA-ES with CMA-EnOpt on the five-spot model with a full-matrix update (red, purple) and a
diagonal-matrix update (blue, green).
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the corresponding well locations are also adjusted, as shown in
Fig. 12. We consider a control problem in which inflow-control-
valve (ICV) settings of injection and production wells are manipu-
lated to optimize waterflooding over the producing life of the res-
ervoir, which is set to 20 years, or 7,200 days.

The wells penetrate all nine layers with three ICVs in every
well (except where bottom ICVs would be placed in the water
leg), resulting in a total of 87 controls per timestep. The producing
life of the reservoir is divided into 20 time intervals of 1 year (360
days) each, which results in a total of 1,740 controls to be opti-
mized. Water is injected at a constant rate of 3000 m3/d, and
the production wells are operated at a maximum liquid rate of
1200 m3/d. The bottomhole-pressure limits were 190 bar for
injectors and 40 bar for producers. All wells are assumed to be
operational from the start of field production. We used an oil price
ro¼USD 140/m3, a water-production cost rwp¼USD 30/m3, and
a water-injection cost rwi¼USD 10/m3. The discount rate b was
set to zero. Well-index multipliers were used to model the ICVs
in the simulator with bounds of 1� 10–4 and unity. The starting
point for the optimization was an initial control vector with values
equal to unity. The initial value of r was equal to 0.1, and we
used a fixed ensemble size of 50 samples. Perturbed control val-
ues outside the range [1� 10–4, 1] were simply reset to their
bounds. We used a commercial fully implicit finite-difference
black-oil simulator (Eclipse 2011).

Results

Because this model is significantly more complex and larger than
the small model discussed previously, we chose to perform only a
limited number of optimization experiments. Fig. 13 shows a
comparison between EnOpt (black curve), CMA-EnOpt with only
diagonal updates (blue curve), and CMA-EnOpt with block-diag-
onal updates (red curve). The optimization was run for 50 itera-
tions (i.e., 2,500 reservoir simulations). User-defined parameters
and initial strategies were the same for all algorithms. Although
neither of the CMA-EnOpt methods had yet converged to an
optimum after 50 iterations, CMA-EnOpt with block-diagonal

updates clearly outperformed EnOpt, with an increase of 10.5% in
objective-function value for the same number of reservoir
simulations.

The results shown in Fig. 13 confirm the results obtained from
the simple five-spot model. The increased robustness to the choice
of the initial covariance matrix is seen to similarly apply for this
case. In addition, we observe that the relative increase in objec-
tive-function value for the complex Brugge model is significantly
higher than for the simple five-spot model.

Robustness to the Initial Covariance Matrix

The choice of a good covariance matrix in EnOpt is a matter of
trial and error, which, for the modified Brugge case, requires a
significant computational effort. The main idea of CMA-EnOpt is
to avoid the trial-and-error procedure and still achieve results of
practical importance. We reran the simulations for the modified
Brugge example for two additional initial choices of the covari-
ance matrix, the results of which are summarized in Table 3. We
observe that, irrespective of the initial choice of the covariance
matrix, the trend in the results (i.e., CMA-EnOpt performing bet-
ter than EnOpt) is similar to that in Fig. 13. We also observe that
the initial choice of the covariance matrix still plays a role in the
optimization, but that we achieve better results for CMA-EnOpt.
The EnOpt (block-diagonal) result is from an experiment with a
constant covariance matrix with a correlation length of five time-
steps for the correlation function described in Zhao et al. (2013).
Varying the correlation length may lead to superior or inferior
results, which is not known a priori and hence would require trial-
and-error experiments. This has not been pursued because the
experiments are computationally expensive. For the three differ-
ent choices of the initial covariance matrix with block-diagonal
covariance matrices (i.e., time-correlated covariance matrices),
CMA-EnOpt has performed better than EnOpt for two choices of
covariance matrices whereas, for the other choice, it is marginally
inferior. Note: Because of the significant computational effort
required for this model, the effect of different random seeds on
the results was not tested. The stopping criterion for the
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Fig. 13—Comparison of different methods for the modified Brugge model.

Table 3—The effect of different choices of the initial covariance matrix on the optimization for different

methods. All results are expressed as objective-function value in USD.
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experiments was the maximum number of iterations, in this case,
40 iterations.

Update Comparison

In the simple five-spot example, the rank-l update for covariance
matrix adaptation-ensemble optimization with a block-diagonal
update scheme performed best. We performed a similar experi-
ment on the more-complex modified Brugge case, and observed
different results, as illustrated in Fig. 14. For this model, the rank-
one (green line) update performs better than the rank-l (blue line)
update, whereas after 40 iterations, the combined-rank (black
line) update performs best. Note that the rank-l update has a
higher weight (0.20) than the rank-one update (0.05), similar to
the values used in the previous example.

Thus, for the Brugge model, the combined-rank update (black
line in Fig. 14) eventually achieves the highest objective-function
value whereas the rank-l-only update achieves the worst solution
for this case. More experience is needed to arrive at general rec-
ommendations on which type of update is most suited for a partic-
ular case.

Conclusions

• A comparison between CMA-EnOpt and EnOpt for a simple five-
spot model showed consistently (somewhat) higher objective-
function values and modest speedups for CMA-EnOpt, depending
on the choice of user-defined parameters in both algorithms.

• The major benefit of CMA-EnOpt is its robustness with respect
to the initial choice of the covariance matrix. A poor choice of
the initial matrix can be detrimental to EnOpt, whereas the
CMA-EnOpt performance is near-independent of the initial
choice.

• Learning rates are crucial for the success of CMA-EnOpt. For
both the simple five-spot model and the modified Brugge
model, a 75 to 25% update rule proved to be successful.

• For the simple five-spot model, the methods that explicitly use
gradient information (EnOpt and CMA-EnOpt) performed bet-
ter than the method that does not do so (covariance matrix adap-
tation-evolutionary strategy). (Not tested for the modified
Brugge model).

• A comparison between CMA-EnOpt and EnOpt for the modi-
fied Brugge model revealed slightly lower to significantly
higher (–1% to þ9%) objective-function values, depending on
choice of user-defined parameters in both algorithms.

• Updating a block-diagonal (i.e., time-correlated) covariance
matrix leads to significant improvements in the results as well
as in the efficiency of the algorithm, compared with using a pre-

scribed correlation (smoothing) and compared with updating ei-
ther diagonal elements only or updating the full matrix.

• The different rank updates play different roles in the success of
the optimization; for the simple five-spot model, the rank-l
update performed much better than the rank-one update, with a
combined-rank update ending up between these. For the com-
plex Brugge model, however, the rank-l update performed
worst, whereas the combined-rank update performed best. Fur-
ther experience is needed to arrive at general recommendations.

• Robustness to the choice of the initial covariance matrix and
higher objective-function values are the main advantages of
CMA-EnOpt over EnOpt.

Nomenclature

b ¼ discount rate
c ¼ learning rate
~
C ¼ constant-distribution covariance matrix

~
Cuu ¼ updated-distribution covariance matrix
cuJ ¼ ensemble cross-covariance vector

Cuu ¼ ensemble covariance matrix
e ¼ element of evolution path vector
e ¼ evolution path vector
f ¼ fractional flow
g ¼ gradient vector

[‘] ¼ iteration counter
H ¼ Hessian matrix
I ¼ index
j ¼ vector of mean-shifted objective-function values
J ¼ objective-function value
J ¼ mean objective-function value
k ¼ timestep counter
K ¼ total number of timesteps
M ¼ number of ensemble members
N ¼ number of control variables
p ¼ pressure
q ¼ flow rate
r ¼ price per unit volume
t ¼ time
u ¼ control variable
u ¼ vector of control variables
u ¼ ensemble mean
~u ¼ distribution mean
U ¼ matrix of ensemble mean-shifted control vectors
~
U ¼ matrix of distribution mean-shifted control vectors
a ¼ step size
b ¼ dimensionless inflow-control-valve opening (well-index

multiplier)
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Fig. 14—Comparison of the rank updates for the modified Brugge model.
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l ¼ number of “best” ensemble members
s ¼ reference time for discounting

Subscripts

gb ¼ gridblock
o ¼ oil
w ¼ water

wp ¼ produced water
wi ¼ injected water
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