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Probabilistic Uncertainty Bounding in Output Error Models with
Unmodelled Dynamics

Sippe G. Douma and Paul M.J. Van den Hof

Abstract— In prediction error identification probabilistic model
uncertainty bounds are generally derived from the statistical
properties of the parameter estimator. The probabilistic bounds
are then based on an (asymptotic) normal distribution of the
parameter estimator, accompanied by a covariance matrix,
which generally has to be estimated from data too. When
the primal interest of the identification is in quantifying the
parameter uncertainty on the basis of one single experiment,
alternative methods exist that do no require the specification of
the full pdf of the parameter estimator. The objective then is to
have simpler computations and less dependency on (asymptotic)
assumptions. While in earlier publications the situation of ARX
models has been studied, here we consider the situation of
nonlinearly parametrized (Output Error) models. It is shown
that for this class relatively simple probabilistic uncertainty
bounds can be constructed, that are applicable also to the
situation where there is unmodelled dynamics (S ¢ M).
Index Terms—system identification, undermodelling, model
uncertainty, parameter confidence bounds.

I. INTRODUCTION

In the mainstream approach of system identification, i.e.
prediction error identification, model uncertainty quantifi-
cation is based on the covariance matrix of the parameter
estimator, in conjunction with a presumed (or asymptotically
achieved if the number of data tends to infinity) Gaussian
probability density function, see e.g., [10]. This description
leads to probabilistic confidence bounds on estimated pa-
rameters, from which also probabilistic confidence bounds
on estimated frequency responses can be constructed, with
any prechosen level of probability.

In classical prediction error identification explicit and exact
expressions for the parameter covariance matrix are available
for model structures that are linear-in-the-parameters in the
situation that the model structures are correct, i.e. the data
generating system is part of the model set, S € M. For linear
regression models with deterministic regressors (such as FIR
and generalized FIR [8]) this holds for finite data length, for
ARX models this holds asymptotically. For general model
structures, and under the assumption S € M, the parameter
covariance matrix can be approximated by using first order
Taylor expansions. However, in this situation exact system
knowledge is also required to compute these approximate
expressions for the covariance matrix.

Only in case of linear parametrizations results are available
for model uncertainty bounding when the model structures
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are not correct (S ¢ M), see e.g. [7], [9] and [8], Chapter
7.

For Gaussian distributions parameter confidence bounds that
are constructed on the basis of the (exact) covariance matrix
of the parameter estimator, lead to the smallest possible
parameter uncertainty regions for a given probability level.
However, usually the exact covariance matrix is not avail-
able, and a replacement has to be made with an estimated
covariance.

In this paper we continue the line of research that is presented
in [4] where it is shown that alternative probabilistic param-
eter bounds can be derived for ARX and OE models, that
do not require full specification of the estimator probability
density function (pdf). This approach is based on the analysis
of a data-dependent mapping of parameter estimates. In
[5] particularly the case of ARX models is analyzed, and
it is shown that the alternative approach shows potentials
for analyzing finite-time results also. In the current paper
we will focus on the situation of nonlinearly parametrized
(output error) models. It will be shown that even in the
situation of unmodelled dynamics S ¢ M, probabilistic
model uncertainty bounds can be derived in a reliable way.
Additionally it will be shown that the presented uncertainty
intervals have a very good performance for finite time data
records also. Whenever necessary for distinguishing random
variables from their realizations, boldface symbols are used
to denote random variables.

II. OUuTPUT ERROR MODELLING - THE CLASSICAL
APPROACH

In an Output Error (OE) model structure we consider the
one-step ahead predictor

B(q,9)
F(q,0)

and we denote the predictor derivative:

gt — 1;0) = u(t)

v(t.6) = 550

where u and y are input and output signal, and B and F' are
polynomials in the delay operator ¢~—* [10].

For quantifying parameter uncertainty bounds in the standard
approach, the starting point is a first order Taylor expansion:

(On —00) ~ —[V"(00)] " [V (60)] (1)

where Vi (6) = OVN(0)/00]y_,, »
Vn(0) = £ e(t,0), e(t,0) = y(t)

(t‘t - 17 0)1

— g(tt — 1;0)
Ee(t,6)? and

and V" is the second derivative of V
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N is the number of data points. In the first order Taylor
approximation, the asymptotic expressions

Vii(0o) = N(0,Q), Q=clE[5¥(0)"(00)] (2)

V"(00) = E[¥(00)"¥(60)] 3)
with
YT (1,0)
¥(0) = :
YT (N,0)

are then substituted to arrive at the asymptotic covariance
matrix of (0 — ) given by

P = 02[E-(00) W ()] " @

The following asymptotic model uncertainty region can
then be formulated based on asymptotic normality of the
parameter estimator:

{00 € Doe(a,0x)} w.p. a, with (5)

cX(oz,n)}7

where ¢, (a,n) refers to the number indicating the a-
probability level in a y-squared distributed random variable
with n degrees of freedom.
Note that the approximations and assumptions that are in-
volved in this analysis include:
¢ An approximation in the first order Taylor approxima-
tion (1);
o Convergence to (asymptotic) normality of the product
term on the right hand side of (1), and
o Convergence of the covariance of this term to the
product of the separate terms, as reflected in (2) and
(3).
For arriving at a computable expression for the parameter
uncertainty, the unknown terms o2 and [Ex-W(60)7 ¥ (6))]
that appear in the covariance matrix (4) are replaced by
estimates, to arrive at

Doc(a,0n) :={0 | (0 —On)" P (0 — ) <

Poe =6 [ U(On) T (0N (6)

III. ALTERNATIVE APPROACH FOR PARAMETER
UNCERTAINTY BOUNDING

In our new paradigm, the starting point for the analysis of
the parameter estimate is the derivative of the identification
criterion: Vi, (fn) = 0 or equivalently

f: Bla,0x)

)]t On) =0. (7

(qa 01\/)
The data generating system is assumed to be specified by
y(t) = Golq)u(t) + e(t) (8)

with e a white noise process.
To analyse the model error Go(q)
the following decomposition

Golg) — Gla.Ox) = (Gla.0) = Ga,0n)) + Golg. 0")
)

— G(g,0x) we introduce

where G(q,0*) € M with 0* defined as the minimizing
argument: 0* = argming Ee(¢,0)2, for an identification
experiment with sufficiently exciting input signal. It is the
best representative of G(g) within the model set; Go(gq, %)
denotes the part of Go(q) which cannot be contained in the
model class M. If the data generating system is within the
model set (S € M) then G(q,0%) = Go(q) and Gy(q,0*) =
0.

Whereas in [4] an alternative implicit expression for éN is
derived to specify probabilistic uncertainty bounds, here we
utilize a first order Taylor expansion of the model error. This
is to facilitate the handling of unmodelled dynamics as well.
It is slightly different from the classical situation where a first
order Taylor approximation is made of the cost function.
The first order Taylor coefficient of the model error term
(G(q,0%) — G(q, 0n)) around (% — Oy) is given by
0G(q,0n)/06n. By writing

D>

Q4 (9)

T
b
07 (q)

f

G(q,0n) =

D>

with
N (q)
Q) = [q!
07 671"

[1 a7 e T )
T

™ ], (11)

and 0y = it follows that dG(q, fy)/00y is given

by
K(qv éN) =

1
e O

As a result expression (9) can be rewritten as

Golg) — Gla,0n) = K™(q,0n) (07 — ) +Gola, 0", 0)
13)

where Go(q,0%,0n) = Golq,0%) + G(q,0%,0x), the latter

term G being the linearization error that is induced by the

first order Taylor approximation in (12).

Now substituting expressions (8) and (13) into (7) it follows

that

T
i (9) }(12>

N
Z (KT (q,00)u(t)(0" — On)+
+e( ) +w(t)] - (t, On) =0, (14)
with ) )
w(t) = Go(q, 0", 0n)ult). (15)

Utilizing the fact that
KT (qa éN)u(t) = 1/’T(t7 éN)

the parameter error (6* — Ay ) in (14) can be written in a
linear regression-type equation as:

0" —On = —(T(ON)TT(ON) U (AN (e + W)

where e and w are column vectors with stacked values of
e(t)i=1,...n and w(t);=1,..n respectively.

(16)

1678



IV. SITUATION § € M AND NEGLECTING
LINEARIZATION ERROR

If the system is in the model set, and we neglect the error
due to first order Taylor approximation, the expression for
the parameter error becomes:

Oy — 0 = (¥T0) 1uTe (17)

where we have used the short-hand notation ¥ = W(fy).
For specifying the parameter uncertainty bounds, we now
consider the expression

1 A 1
—0TU (O — 6y) = —=TTe
\/N ( N 0) \/N
The random variable 3 = LN\I'Te is asymptotically Gaus-
sian distributed with zero mean and covariance matrix

_ L &7
Q = 0w B[ 9T Y]

Mapping the uncertainty region of 3 to On — 6o, using
the similar reasoning as presented in [4] then leads to the
asymptotic uncertainty region

{6y € Doe’n(a,HAN)} w.p. a, with

D (0s0) 1= 16| (6~ On) P31, (0~ ) < 20

oe,n

}

with 1 1
Poep = (=0T0)" 1. Q- (= 0TW)~ L 18
w= (VW) Q (VT Y) (8)
In order to arrive at a computable expression for the pa-
rameter uncertainty, o2 is replaced by an estimate 62 and

E[+ w7 W] is replaced by [+ ¥TW] leading to the estimate
. 1 L
Poen = (1 070) 7107 (19)
Note that P, , does not have the interpretation of the co-
variance matrix of 6. It only serves to specify the parameter
uncertainty region. Note also that the computational expres-
sion for the parameter uncertainty region has become exactly
the same as the expressions (5) and (6) in the classical case.
However whereas the classical analysis relies on asymptotic
normality of the right hand side of (1), the alternative analysis

. . . 1 T
relies on asymptotic normality of \/N\I’ e.

V. EXTENSION OF THE OE RESULTS

The probabilistic expressions in the previous section, are
based on the statistical properties of the expression 3 :=
LN\IITe. In order to further isolate the role of the noise
a{;ribution, the following Lemma will be instrumental. For
completeness the proof is also added in the appendix.

Lemma 1 ([5]): Consider random vectors z,e € RV*! and
a random matrix V € RV*¥ related through

z=VTe.

If the following properties are satisfied:

1) e has independent identical Gaussian distributed en-
tries, N'(0,0?), and
2) e and V are independent, and

3) V is unitary, i.e. Viv =1
then the vector elements of z are independent identically
distributed with Gaussian distribution N (0, 0?). O

The result of this Lemma is quite remarkable. Irrespective
of the pdf of the elements of matrix V, the resulting random
variable z has a Gaussian distribution. We can now formulate
the following result that is relevant for OE models.

Proposition 1: Given a random matrix ¥ € RY*" and a
random vector e € RV*!, The vector e contains indepen-
dent identically distributed Gaussian random variables with
distribution A (0, 0%).

If ¥ and e are statistically independent, then for every
realization (z, ¥) of the random variables (z, ¥) with

2= (eTw)1wle
it holds that
Z(UTW)z < ey (a,n) s true wp. a.
This result is exact for all values of V.

Proof Utilizing the singular value decomposition of o
¢" = UXV?, with UTU = VTV = 1, it follows that
TPz = U Ve

We now denote

B =2 'UTwTwz = V7e. (20)

If V and e are independent (upon assumption) then accord-
ing to Lemma 1 3 € N(0,02%1,,) and consequently for every
realization (3 corresponding to (z,¥) with ¥ = UXV7T it
follows that

BTB < cy(a,n) wp. a.

Substituting (§ in the left hand side then delivers
R 2R 05 Yand Yand URRVER 72

which by using VT¥ = UX2U7T, simplifies to 27 (U7¥)z
which proves the result. (]

When applying Proposition 1 to estimated OE models, the
suggested consequence is that for all N with probability a:

ey (o, m)

(éN — Ho)T%\I/T\I/(éN —6p) < N

and consequently 6y € D(wv, Oy), wp. a,

with D(a,0y) ==

57 L or 5 cy(a,n)
{6|(0—0n) N\I! Ul —0y) < N }.
This - very strong looking - result however is not exactly
true, due to the fact that Proposition 1 requires statistical
independence of V and e, a condition that is not satisfied
for OE models. However the statistical relation between ¥
and e is only through the fact that they both depend on
0. ¥ does not contain signals (as e.g. output signals) that
are correlated directly to the noise signal. Therefore the

21
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correlation between W and e is expected to be rather small.
Here we conjecture that failure to meet this independence
condition hardly affects the Gaussian character of the test
statistic 3. Support for this conjecture is illustrated in the
following example.

Example 1: Monte Carlo simulations are generated of esti-
mating the two parameters 7 and 0, of the transfer function

Oy

Golgq) = 140,41

on the basis of a data-generating system

y(t) = Golq)u(t) + e(t)

with u(t) and e(t) independent Gaussian distributed white
noise sequences with variance 02 = o2 = 1. The parameters
0¢ and 0, are estimated in the OE model structure with a
least-squares identification criterion.

The top of Figure 1 depicts the second element of
(OTw)~1wTe corresponding with 6, as a function of data
length N. The bottom depicts the distribution of the second
element of VT e corresponding with 0y as a function of data
length . Clearly, the bottom row is nearly indistinguishable
from the Gaussian distribution, while the top, even for N =
50, only approaches the Gaussian. The figure is based on
2000 Monte Carlo simulations.

The top of Figure 2 depicts the first element of
(OTw)~1®Te corresponding with 4 ¢ as a function of data
length N. The bottom depicts the distribution of the first
element of VTe corresponding with 6 + as a function of data
length . Clearly, the bottom row is nearly indistinguishable
from the Gaussian distribution, while the top, even for N =
50, does not even come close to the Gaussian distribution.
The figure is based on 2000 Monte Carlo simulations.

N=2 N=5 N =25 N =50
[}
'_
&
I
2
'_
)
-50 0 50 -2 0 2 -05 0 05 -0.2 0 0.2
[}
'_
>
-2 0 2 -2 0 2 -2 0 2 -2 0 2
Fig. 1. Distribution of parameters in OE structure. Top: second element

of (TTW)~1wTe corresponding to @, for data length N = 2, 5,25, 50.
Bottom: the distribution of the second element of VTe corresponding to
Op.

) vle

-400 O 406100 O 100 -1 O 1 -0.200.2

-2 0 2 -2 0 2 -2 02 -2 0 2

Fig. 2. Similar simulation results as in Figure 1 but then for the test statistic
related to the denominator parameter ¢ ¢.

The results of the example suggest that the existing correla-
tion between V and e hardly affects the normality of the test
statistic. This would allow to apply the Gaussian distribution
to finite time signals also.

VI. MODEL ERROR BOUNDING FOR S ¢ M
A. Model error expression

We are now going to extend the results for parameter
uncertainty intervals in the previous sections to the situ-
ation of uncertainty bounds on the frequency response of
the identified models for the more general situation that
undermodelling can be present (S ¢ M). To this end we start
again from the parameter error relation (16), that together
with (13) can be rewritten into the model error form:

Go(q) — G(q,0n) = K™ (g,0n5)(¥70) 107 (e + W)+
+G0(q,6*7 9]\7) (22)
We model the error term Go(q, 0*, éN) into a series expan-

sion:
éO(Qa 9*»éN) = Qg(Q)HA
with
R@)=[1 ¢ ¢2 - ]".
fa then represents the (infinite) pulse response vector of
Go(a,0,0n) = |Gola,07) + C(a,0,0x)).
With w(t) given by (15), the vector w can be written as

W = (IDAGA

where ® is the matrix corresponding to
{02 (@)u(®)},_, . -

As a result the model error expression can be written as
Golq) — Gg,0n) =
K'(q.0n)(2T0) 10T e + BX(q)0a

stacking

(23)
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with
KX (@) = (K" (a,05) (97 %) 19705 + QX (a) ).
B. Bounding the frequency response error

To evaluate the frequency responses of Go(q) and G(q,0y)
in terms of their real and imaginary parts, we define the
function fg as

fow) == R(G(e™)) S(G(e™)) ]

and note that at a particular frequency w it holds with
expression (23) that

fao W) = fe(w) = frr (W) (PT0) 0T e + frr(w)ba.

For the construction of probabilistic uncertainty bounds we
can now follow the same reasoning as was applied in sections
IV and V, but now taking account of the undermodelling and
linearization error.

To this end we define the random variable

T

86) = =TT (o)~ L) — g @)fa
L
\/NV1 ) 24)

where UT = U~ € R?*2, ¥, € R?*2 1} € RNV*(N=2)
Vi € RV*2 satisfying V{I'Vy = I?*2] such that
VT
frr )T =U [ 5 0] { VlT ] :
2
Conditioned on the reasoning as explained in Section V,

Proposition 1,the unknown term on the right hand side of
equation (24) is known to satisfy

1
ﬁVlTe S N(O, N . IQXQ).

When taking this result for granted, an uncertainty bound for
realizations of the random variable 3 can be specified:

2
O¢

B =

B € Dg(c,0) w.p.cr, with

D(a0)i= {5 I8l < 2427,

As this probabilistic expression is also valid for the particular
estimate

B= \/LNEflUT |:(fG0 (w) = fe(w)) = frr (w)QA} ’
it follows that
5 [t (@)~ Fateh) — frglrpa] [ < 22

w.p. a, where I'(w)I'T (w) = P~1(w) and

P() = frer (@) (07 0) 7 e (@)

With a norm bounded undermodelling term 64 it follows
that with probability a:

(a,2)0?

|P@) (fou(@) = falw) = Frg@)oa | < /2222

leading to

[T (@) (fe(w) = fa,@)]|, <
cx(a, 2)0?

N
The result refers to an ellipsoidal region in the frequency
domain that specifies - for each prechosen value of w - an
« probability uncertainty region for the system’s frequency

response f¢, (w). Effects of undermodelling and linearization
lead to an increase of the size of the uncertainty ellipsoids.

* HF"J(W)JCKZ(W)QA’L wp. >«

C. Estimating a bound on the undermodelling

In a practical situation (a bound on) the undermodelling
and linearization term 6 has to be estimated from data
to determine the model error of expression (25). From
expression (16) it follows that

e(ln) = (I — W) 10T (PplA +e), (25)

with £(Ay) a stacked column vector with the residual signal
for t = 1,--- N. Note that in this expression now all terms
are known except for fn and e. The expression can be
used to estimate the (bound on the) undermodelling term
Oa. This can be done in several ways: In model error
modelling, [9], the term 6 is directly estimated from (25). In
stochastic embedding, [6], the term Oa is parametrized and
estimated together with the nominal model. Alternatively, in
the approach of [2] and [7] the pulse response represented
in Oa is bounded on the basis of the extrapolation of the
estimated parameters Oy itself.

D. Remarks

When e is not white but has a covariance Ac?
then a similar derivation will lead to P(w) =
frr (W) (HYTAV) = T (w) by defining

U[ 1 0 ] l: %ﬁ :| = fKT(w)(\IJT\I/)*lll/TA%.

Note that the result is very straightforward and exact, except
perhaps for the fact that V;T' is not exactly uncorrelated with
e.

Further as more frequency points are considered simultane-
ously (say n,,), it follows that more rows of V are to be
considered as V1, resulting in the fact that

Vle GN(O,

& . Imax(n,an)Xmax(nan))

N

Consequently, for the total frequency response error to be

cx(a,2)o?
N

bounded over all frequencies the bound is to be

cX(am)Ug

replaced by <, see also e.g. [1].

VII. CONCLUSIONS

Using an alternative paradigm for probabilistic uncertainty
bounding, it has been shown that uncertainty bounds can
be formulated for nonlinearly parametrized (Output Error)
models, using tools and expressions that usually are only
fit for linear regresson models. The presented approach
appears to have high potentials for use also in situations of
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finite data, while - in contrast with existing methods - the
situation of undermodelling (S ¢ M) is covered as well. A
further generalization of the results to the Box-Jenkins model
structure is developed in [3].
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APPENDIX

Proof of Lemma 1.

Define the vgctor valued fugction
g(): R(m17) <1, R(n47?) <1 defined by

o[- [1 pte][1]:

with v = col(VT) a vector containing all elements of V7.
When denoting € := [T vT]|T and 2z’ := [z vT]7T it
follows that

Pa(2) = /pz’<zl)dv'

v

Using the mapping from z’ to €’ it follows from standard
theory on the transformation of random variables [11] that

P (2') = per (9(2)) - det(J (9(2)))
with the Jacobian given by

Ko =| o piee |

and Z containing the partial derivatives of 'z to v. Conse-
quently

Pa(2) =

/mww»dwﬂm

v

/pe(Vz)pv(v) - det(J)dv

v

where the latter equation follows from the fact that e and
V are independent. Using the Gaussian distribution of e and
the fact that det(J) = det(V) = 1 it follows that

1 _1,-2,TyTy,
— e 29 % Z py(v)dv
AU( oy pv(v)

1 —2
= /767%0 ik py(v)dv

pa(z) =
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