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Abstract

Various techniques of system identification exist providing for a nominal model and an uncertainty bound. An important question is
what the implications are for the particular choice of the structure in which the uncertainty is described when dealing with robust
stability/performance analysis of a given controller and when dealing with robust synthesis. It is shown that an amplitude-bounded (circul ar)
uncertainty set can equivalently be described in terms of an additive, Youla parameter and v-gap uncertainty. As a result, the choice of
structure does not matter provided that the identification methods deliver optimal uncertainty sets rather than an uncertainty bound around
a prefixed nominal model. Frequency dependent closed-loop performance functions based on the uncertainty sets are again bounded by
circles in the frequency domain, allowing for analytical expressions for worst-case performance and for the evaluation of the consequences
of uncertainty for robust design. The results can be used to tune optimal experimental conditions in view of robust control design and in
the further development of experiment-based robust control design methods.
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1 Introduction

In identification for (robust) control several stages can be
recognized in the research results that have been obtained
over the last decade. In the pre-1990's the certainty equiva-
lence principle was dominant: an exact plant model isiden-
tified that is to be used in model-based (nominal) control.
In the early nineties the focus was on identifying approxi-
mate nominal models for control (see e.g. [13,31]), identify-
ing models that focus on the control-relevant aspects of the
plant. Around the same time, model uncertainty sets were
constructed from measurement data, first in aworst-case de-
terministic setting (for an overview see [5]), but also in a
probabilistic ([16]) and combined deterministic-probabilistic
framework ([9,18]). Inidentification for control, these uncer-
tainty sets are typically used to verify the robustness proper-
ties (robust stability and robust performance) of a controller
designed on the basis of a nominal model only, i.e. nomina
design plus robustness analysis. For the “classical” predic-
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tion error identification methods, particular tools for robust-
ness analysis have been developed ([2]) as well as for model
and controller validation ([14]). Additionally alarge number
of uncertainty descriptions is available from robust control
theory, as e.g. a (Hw)-norm-bounded additive or multiplica-
tive uncertainty on the plant model, a norm-bounded un-
certainty on a closed-loop plant representation (e.g. its dual
Youla parameter), uncertainties bounded in the gap or v-gap
metric, and real parametric uncertainties, seee.g. [34,35,29].
In the next phase of research it is recognized that for an op-
timal robust controller, it isnot only necessary that the nom-
inal model is control-relevant, but a so that the model uncer-
tainty is smallest in the control-relevant (frequency) region.
This latter property is required for the designed robust con-
troller to achieve a satisfactory level of performance. Iden-
tification for control methods that include a robust design
(rather than anominal design with robustness analysis) were
considered in [7,6]. Thisincludes the iterative identification
of control-relevant model uncertainty sets.

An excellent overview of this development, including as-
pects of experiment design, is given in [21].

Both in the robustness analysis and in the robust synthesis
problems, the choice for an appropriate model uncertainty
structure isimportant. From an identification experiment the
measurement dataistypically mapped into an uncertainty set
that isrepresented in aparticular structure, as e.g. parametri-
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cally structured (ellipsoidal) uncertainty, norm-bounded ad-
ditive, non-parametric (boxed, €ellipsoidal) additive in the
frequency domain [25,16,18,9].

Amongst such a variety of possible uncertainty structures a
relevant question is what the implications are of a particu-
lar choice of structure for the identification for robust con-
trol problem. An ultimate question to be answered would be
what is, for a given purpose (robust stability/performance
analysis or synthesis), the best model uncertainty structure
in which to identify the model set (nominal model and un-
certainty bound). And consequently, what would be the best
experiment allowing for minimization of the uncertainty.

In this paper the former problem will be taken at hand.
While extensive literature exists dealing with characteris-
tics of each uncertainty structure, answering the posed ques-
tion requires a thorough comparison and a bridging of the
gap between identification and robust control that goes be-
yond the present state of the art. A first attempt with limited
scope only directed towards robust stability issues was made
in [12]. Computationa tools for calculating robust perfor-
mance over uncertainty sets are available for many struc-
tures [35,34]. Here we will focus in particular on analytical
expressions.

This paper is intended to highlight aspects in which the var-
ious uncertainty structures differ in their consequences for
robust analysis and design and in their potentials to be de-
termined on the basis of realistic experimenta data. In the
next section the uncertainty structures and the performance
measure are specified. The third section explores the link
between the uncertainty structures and their behaviour un-
der alinear fractional transformation. In the last three sec-
tions the uncertainty (structure) is analyzed with respect to,
respectively, robust stability and robust performance (anal-
ysig/synthesis).

2 Framework

We consider single-input-single-output linear time-invariant
finite dimensiona systems G(s) and controllers C(s). Co-
prime factorizations of plants and controllers are defined
as G(s) = N(s)DY(s) and C(s) = Nc(s)Dz1(s) where
N(s),D(s),N¢, D¢ € RH., satisfy the usual conditions [33].
The factorizations are normalized, denoted by (+), if they
additionally satisfy N(s)*N(s) + D(s)*D(s) = 1, where (-)"
denotes complex conjugate transpose. This paper considers
three model sets based on a specific uncertainty structure;

Additive uncertainty

Ga(Gx,Wa) :={Ga(S) | Ga(S) = Gx(s) +Aa(s) ,
Aa(iw)] < Wh(iw) VYwe R}, (0]

with Gx(s) anominal model and W;(s) aweighting function.

Youla-uncertainty

{GA(sHGA(s) e D(9Ac(9) @

k( (
x(S) = Ne(s)Ag(s)
@ |

Gy (Gx,C.Q,Qc, W) :=
S
Q- (iw)As(iw)Q(iw)| < W (iw)

VweR}.

with Gx(s) = Nk(s)Dxl(s) a nomina model, C(s) =
N¢(s)Dg1(s) a present controller and Q(s),Qc(s) stable and
stably invertible weighting functions reflecting the freedom
in choosing the coprime factorizations of Gy(s) and C(s)
[33]. An additional weighting can be provided by W (s).
The Youla parameter Ag(s) is uniquely determined by

Ba(8) = D (8)(1+Ga(S)C(5)) ™ (Ga(s) — Gx(s))Dx(9).
v-gap uncertainty [34]
Gv(Gx7V\b) = (3

{Ga(9) | K (Ga(it). Gx (iw)) < My(iw)] Ver& B},

withk (GA, Gx) the chordal distance between apl ant Ga(s)

Na(s)D,(s) and the nominal model Gy(s) = Nx(s)Dy ():
defined by

K(Ga (iw), Gy (iw)) : = [Ny (iw)Da (i) — Dy (1w)Na (iw)|
_ |Gx (i) — Ga (iw)

(160 (0)?) (1+ 6c0)?)

Note that at this point pole/zero conditions are not yet im-
posed on Ga(s), Gx(S),A(s), P(s) or W(s) as required when
studying robust stability conditions. The focuslies here with
the properties of the frequency responses of the sets. In sec-
tion 4 the particular stability conditions will be discussed.
We consider a frequency-dependent control performance
measure:

J(Ga,C,V,W) :=0 (V(iw)T (CGa(iw),C(iw) W(iw)), (4)

with @ the maximum singular value and

T(GA,C) = liA

(14+GxC)* [C 1} . (5)

The weighting matricesV and W are diagonal. These diag-
ona weighting functions alow for a large range of perfor-
mance specifications, such as weighted sensitivity or com-
plementary sensitivity function [35], loop-shaped perfor-
mance [26,34] and more general versions [8] .

Remark 1 From here onwards the arguments s and iw are
omitted to include both an evaluation in terms of transfer
functions (e.g. G(s)) with frequency responses over thewhole
frequency axis, and an evaluation over a frequency grid
with, eg. G(iwx) € C, ux € Q € R. Throughout the paper
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Fig. 1. Lower (a left) and upper (b. right) linear fractional trans-
formations in a control loop of a model with uncertainty.

results will be formulated in terms of frequency responses.
However, all results are such that they hold true for transfer

functions. Substitution of [X|2 by X (s)X*(s) and interpreting

\/|X|? as the spectral root of X*(s)X(s) will allow for a
formulation in terms of (rational) systems.

A convenient way of dealing with model uncertainty and
closed-loop performance functions is in terms of upper and
lower linear fractional transformations (Fig. 1). The map-
ping of the open-loop transfer functions Gp to the closed-
loop performance functions in (5) can be described with
a lower linear fractional transformation (LFT) F(P.C) :=
P11+ P1oC (14 P2C) 1 Pyy. Thisisindicated in Figure 1(a).
Similarly, the three uncertainty sets above can be described
in terms of an upper LFT (see Figure 1(b)): Fy(P.C) :=
Pos+ Py A (1+PiA) 1Py, afact that is shown in the sub-
sequent sections. As a result, for the discussion in this pa-
per it will be essential to specify the consequences of LFT
mappings when applied to uncertainty sets. This will be the
topic of the next section.

3 Effect of linear fractional transformations
3.1 Mapping of circles

It is well known that a linear fractional transformation
(Mobius transformation) maps circles into circles. Here we
will recall this result in an explicit formulation (see e.g.
[10]). Such a formulation allows for much insight when
comparing uncertainty structures and assessing their influ-
ence on performance.

Proposition 1 A set of frequency responses described by
the (30) LFT

F(PA) =Py+PuA(l+Pud) P, with WA <1
(6)

and a one-dimensional uncertainty block A, can at each

frequency be described in an additive structure as

F (PaA) = Feentre +Aa, |WailAa| <1,
with
—Po1 PPy W Po1P12
Feentre = Poo + ———=—— A= ——>5
1— [PuW/? 1— |PuW[?

provided that |P11W| < 1. Whenever |P11W| > 1, the fre-
quency responses of the set F(P,A) lie in the area outside
the circle Feenre + Aa, [Wy 1Aa| = 1.

Proof Consider the simple linear fractional transformation
Z= HLA, A < |W|. Since A= 1Z it holds that
11—z <|W[*|zf?
With [1—2Z|? = (1-2Z)(1— 2)*, this reads
1Z[? (1— |W|2) z-7' <1

which with completion of the squares resultsin

2
w[?

(awe)

where the inequality sign should be reversed in case
(1— |W|2) < 0. Therefore, it holds that

Z— 12
1- W

1 . W
(1-wr)

1w
Asthe LFT F(P,A) of expression (6) can be written as,

P21P12( 1 >
FIPA) =Pp+ 2212 (7 = )
(RA) =P Pu (14 Pp1d)

)

Proposition 1 is seen to hold by shifting and scaling with
respect to the result in expression (7). O

The proposition shows that acircular region in the frequency
domain is again mapped into a circle. However, the original
centre (P,) is not the new centre unless the linear fractional
transformation happens to be affine (P11 = 0). Further, the
radius |W,| is easily shown to increase whenever |W| isin-
creasing as long as |P13W| < 1. In this case the interior of
the circle defined by |W| is mapped to the interior of the
circle defined by Feentre @nd |Wh|. The radius |W;| decreases
with |W| whenever |P11W/| > 1, in which case the interior of
the first set is mapped to the exterior of the latter one.

3.2 Mapping of non-circular bounds and probability den-
sity functions

Uncertainty regions resulting from system identification are
not necessarily circular. Techniques based on statistical con-
siderations as [9,18,16,25] usually provide for ellipsoidal
or boxed uncertainty regions at each frequency, where the
bound on the real and imaginary part is with respect to
a certain probability level. Parameter bounding techniques
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Fig. 2. Transformation of circular, ellipsoida and boxed uncertainty bounds from plant model G (left) to closed-loop transfer model

CG/(1+CG) (right).

as in [27,17] induce polytopic uncertainty regions, while
H. identification procedures [5] essentially provide point-
wise circular uncertainty regions in the frequency domain.
A (SISO) LFT, being a conforma mapping, will map closed
contours into closed contours and will leave angles locally
intact. However, the mapping will in general not preserve
shape, as depicted in Figure 2. In this figure it is illustrated
that a circular uncertainty set for a plant G is mapped to
acircular uncertainty set for the corresponding closed-loop
plant CG/(1+CG). Note however that concentric sets are
not mapped to concentric sets, due to the fact that the centres
of the sets are not maintained. The mapping of noncircu-
lar setsis not structure-preserving. Worst-case performance
analysis and robust stability evaluation on such non-circular
sets will require special, adapted procedures.

As indicated in [19] the transformation will change the
structure of the probability distribution as well (see Fig-
ure 3). For example, when a closed-loop identified object
T =GC/(1+GC) is used to obtain the open-loop plant
model G by recalculation with the present controller C, i.e.
G=T/C(1-T), thestatistical propertieschange drastically.
An unbiased estimate of the closed-loop object does not im-
ply an unbiased estimate of the recal culated open-loop plant.
An important exception here is formed by all affine trans-
formations (P11 = 0). For these affine transformations the
shape of the uncertainty sets remain invariant. This holds
e.g. for the closed-loop function T (Ga,C) when applied to a
Youla uncertainty set Gy (Gx,C, Q, Qc, Wy ) with the present
controller C. Thisis further elaborated in section 6.

4 Equivalence of uncertainty structures

Thetechnical results of the previous section allow for acom-
parison between the additive, dual Youla and v-gap uncer-
tainty structures. Also the effect of conditions on the (un-
stable) poles and zeros of the plants in the uncertainty set
will be discussed. The latter constraints are required when
studying robust stability conditions.

Fig. 3. Linear fractional transformation of a Gaussian distribution.
A circular region (top right) associated with a p-% confidence
region will be mapped to acircular region of again p-%. The latter,
however, will not be the p-% confidence region with the smallest
area under the new probability density function. The shape of the
probability function changes drastically as can be seen from the
contours of equal probability (bottom right).

4.1 Frequency responses in the uncertainty sets

All the uncertainty structures of Section 2 can equivalently
be described by an additive structure in terms of their fre-
guency domain properties. While this follows directly from
Proposition 1 for e.g. the Youla parameter uncertainty struc-
ture, the v-gap structure requires a separate proposition to
show this fact. First Proposition 1 applied to the Youla pa-
rameter uncertainty structure is made explicit.

Corollary 1 The set of frequency responses of all plants Ga
€ Gy (Gx,C,Q,Qc, W) (see (2)) isequivalently described as



an additive uncertainty set Ga(Geentre, Wa) (See (1)) with

1 AL
Geentre = Gx — —ct %
1- Wyl 1- Wl
_ Gy+Clo
1- W
NeQc
DxQ
Proof See appendix. O

a

where W, =

Wy

Note that the centre of the Youlauncertainty set isgiven by a
linear combination of the nominal model G4 and the negative
inverse of the controller C used in the Youla parametrization.

The transformation of the v-gap uncertainty set into an addi-
tive structure is indicated in the following two propositions.
First it will be shown that the set of frequency responses
of plants Ga € Gy (Gx,W,) (see (3)) can equivalenty be de-
scribed in terms of a linear fractional transformation.

Proposition 2 Define the set G, (G, W) as

G,(GuW) :={Ga |

~ Nu(s) +Dg; (9)Ac(S)
~ Dx(s) —Ngy(5)Ac(9)’
W (iw)]

(1- W (io0)?)

A

with |Ag(iw] < YweR

with (Ny,Dy) and (Ng;,Dg;) normalized coprime factor-
izations of Gx and G;;, respectively.

Then it holds that G, (Gx,W,) = G, (Gx, W,).

Proof Every plant Gp can be represented as Gp =
(Nx+De;6) (Dx — Nz Ac) by aunique A given by

P
Ag = — (DaDg; +NaNg;) ™ (DaN— NaDx)
=D, (1+GaGy) *(Ga— Gx)Dx.

From the definition in equation (3) it holds that

B — - N_er ISG*AG 1
= MSXSG;; + N_XI\_IG§ |AG| |Qil| ’ (8)

with Q the normalizing factor given as the spectral factor of

Q"'Q= (N +Dg;Ac)" (Nx+ Dg;Ac)
+ (Dx —Ng;Ac) " (Dy — NgzAg) -

Using the facts that

N;N¢+ DDy =1, Dg,Dg; +Ng;Ng; =1 9
DG N« — N&,.Dx = Dg; (Gx— (G)") Dx =0
the expression for Q*Q reduces to Q*Q = 1+ AgAG.

Further, by division of (9) by the product of denominator
factors, it follows that

DiDy = (GxGy+1) ",  Dg;Dg; = (GG +1) *,
showing that
2 % ~~ |2
= |1+ GxG;|* |DxDg;
=14+ GG,* |1+ GGl 2 =1.

Expression (8) then becomes

A
K(GAaGX) = i, (10)
1+ |AG‘2
from which it follows that |Ag| = —<Co& &4 o

V1-K2(Gyp,Gy)

The LFT representation of the v-gap set Gy (Gx,W,) of
Proposition 2 immediately reveals the circular properties of
Gv(Gx,W,) in the frequency domain, which is formalized
in the following proposition.

Proposition 3 The set of frequency responses of all plants
Ga € Gy(Gx, W) (asdefined in (3)) isequivalently described
as an additive uncertainty set Ga(Geentre, Wa) (See (1)) with

et (1+|(<33Xx|2) WP
(1- W) (162 +1) W
(e WP
Proof See appendix. 0

The fact that both the Youla uncertainty set and the v-gap
uncertainty set allow for an additive description shows that
the two sets can be transformed into one another. That both
uncertainty structures induce circular uncertainty regionsin
the frequency domain could be gathered from existing lit-
erature, see e.g. [34] for the v-gap structure. However, the
explicit formulations of the uncertainty sets in terms of an
additive structure allows for a thorough comparison, as is
further explored in the subsequent section.



4.2 Transfer functions in the uncertainty sets

The preceding section showed how a union of circlesin the
frequency domain describing a set of frequency responses
is independent of a particular uncertainty structure, when
allowing for different nomina models and weighting func-
tions. This result is very useful when evaluating robust per-
formance analysis and synthesis since the control perfor-
mance specification of expression (4) can be evaluated solely
on the basis of frequency responses (cf. Section 6). How-
ever, arobust stability evaluation (cf. Section 5) isin terms
of transfer functions. To formulate robust stability condi-
tions additional constraints have to be imposed in terms of
unstable poles and zeros. Each of the three structuresis ac-
companied by a condition on unstable poles/zeros induced
by the standard robust stability criteria (cf. Section 5). In
particular,

o additive structure: Ay(s) € RHw or n(Ga(s)) = n(Gx(s))
(with n (+) denoting the number of unstable poles) [35].

e Youlastructure: Ag(s) € RH, [33].

e v-gap structure: wWno(Ny" (S)Na(s) + Dx"(s)Da(s)) = O.
(with wno(g) denoting the winding number about the ori-
gin of g(s) as s follows the standard Nyquist D-contour)

3M].

With each of these particular conditions on the transfer func-
tions a different subset is obtained from al possible fre-
guency responses in the union of circles. However, it can
be shown that even under the above constraints each point
in the union of circles can be reached with al three uncer-
tainty structures. In particular, the associated subset of fre-
guency responses is such that, at each frequency w, every
point within and on the boundary circle is reached for at
least one plant Ga(s) in the set (see Figure 4). Thisiis for-
malized in the following propositions.

Proposition 4 Consider the additive set G4(Gx,W;) as de-
fined in (1) subject to the additional constraint n(Ga) =
N(Gx). Then for every we R and r < [Wa(iw)| and 0 <
@ < 2mthere exists a Ga(s) in the constrained set such that
Ga(iw)— Gx(iw) =re®.

Proof A suitable transfer function Ga(s) can always be
found and could beformed as Ga = Gx(S) +Aa(S) with Aa(S)
a stable inner function giving a particular amplitude and
phase shift at, say, wx. In particular, the stable inner function

_ 4
aip9=B(5r5) (1)
with
— ¢

has an amplitude of 3 over al frequency and a w-dependent
phase @. The fourth order allows for a phase shift over the

A_(s) = W, (s)B(s)

g
-0.22 o 40
2 60
-0.24 =
£ a0
0.2 ~ 360
0-26 [y ON
-0.28 % 360 N'\,N
< § 720 el
0. 2 .1080 S :
8.2 0.25 0.3 10 10

Frequency (rad/sec)

-0.1 0 0.1 0.2 0.3 0.4

Fig. 4. Consider a union of circles in the frequency domain as-
sociated with the additive set G4(Gx,Wa). At each frequency w,
every point within and on the boundary circle (top left) is reached
for at least one Ga(s) € Ga(Gx,Wa) satisfying n(Ga) = n(Gx).
For example, Ga(s) = Gx(S) +Aa(s), depicted as the thick curve
in the bottom plot, with Ay =W;(s)B(s) and B(s) a suitable inner
function. The top right plot shows the Bode plots of W; (solid
blue) and A, (dashed red).

complete 2rtradians. If B is chosen between 0 and 1 the sta-
ble transfer function WA, () will have an amplitude equal
to or smaller than Ws(iw)| , Yw € R, and at a particular
frequency wy any phase can be obtained.

In particular, the frequency response of Az g(s) = B (S;Z)

s+
has a phase ¢ at wyx when { is chosen as

- %(u \/uTanz(p)) 13

which follows from the fact that

w2

Re(Agp (iax)) = BW; 28

Im (A (iwx)) = Bmﬁﬂz

and

2
which is solved for € in expression (13). Result (12) for the
fourth order inner function of (11) follows easily. Techni-
caly, the required Az g could violate the condition n(Gp) =
N(Gx) by cancelling an unstable pole in G, in which case
an additional inner function could be used changing the re-
quired phase and associated Ay((). O



Proposition 5

a) Consider the set of plants Gy (Gx,C, Q, Qc, W) as defined
in (2) subject to the additional constraint Ag(s) € RHe.
Then for every w € R and r < Wy(iw)| and 0 < @<
21 there exists a Ga(s) in the constrained set such that
Ga(iw) — Gx(iw) =re?®, with Gx and W, as defined in
Corollary 1.

b) Consider the set of plants G, (Gx,W,) as defined in (3)
subject to the additional constraint wno(N;;(S)Na(s) +
D;(s)Da(s)) = 0. Then for every we R and r < |Wa(iw|
and 0 < @ < 21t there exists a Ga(s) in the constrained
set such that Ga(iw)— Gy(iw) =re?, with G and W, as
defined in Corollary 3.

Proof Proposition 2 showed that the set of frequency
responses G, (Gx,W,) equas those of the v-gap set

Gyv(Gx,W,). Further, al transfer functions Ga(s) €
Gy (Gx,W,) satisfying Ag € RH., satisfy the winding num-
ber condition wno(N;; (s)Na(s) + D;(s)Da(s)) = 0, since
wno(N;Na + D;Da) =
wno(1+ (N;Dg; — DiNg; ) Ac) +wno(Q 1) =
wno(1+ Dj (G; — G;) DgyAc) +wno(Q 1) =
wno(1) +wno(Q 1) = 0.

In other words, the set of plants Ga(s) € Gy (Gx, W, ) satisfy-
ing Ga € RH., forms a subset of the set of transfer functions
Ga € Gy (Gx, W) satisfying the winding number condition.
: _ Nx(9)+Dc(s)Ag(s)

Now, cheDthe rzappmgs of Ga(s) = Ba(9) Ne(9Ba(d) and
Ga = % are bijective, implying that for every
(stable) Ag there is a unique Gp and vice versa, the proof
of Proposition 4 can be followed for dual Youla and v-gap
as well. While in the proof for the additive case care has
to be taken that the term A, does not induce a cancellation
of unstable poles of G, for the v-gap the term Ag should
not violate coprimeness (in dual Youlathisis automatically
taken care of by requiring Ag to be stable). |

The above propositions show that pole/zero conditions im-
posed on the transfer functions in the uncertainty sets do
not induce any restrictions in terms of the points that can
be reached in the circular region at each frequency. Within
the "tube’ induced by the union of circles over frequency
not every frequency response can be allowed because of the
pole/zero condition. However, the boundary of the circlesis
aways reached by at least one plant of the set. This fact is
very relevant for robustness studies of the constrained sets
of plants. It implies that robustness tests in the frequency
domain can be applied without conservatism to the union of
circles in the complex plane, irrespective of the particular
constraints on unstable poles/zeros.

4.3 ldentification of model uncertainty sets

The preceding section showed how a circular region in the
frequency domain is equivalently described in terms of an

additive, dua Youla and v-gap uncertainty structure. In an
identification setting we think of the uncertainty regions as
resulting from an identification experiment. These can e.g.
be ellipsoidal or boxed regions following from the methods
of [9,18,17,25,16]. In order to provide uncertainty sets that
are suited to be used as a basis for control design and evalu-
ation, appropriately structured uncertainty sets are required
such as the structures discussed before (additive, Youla, v-
gap). Consequently they need to embed the uncertainty re-
gionsthat result fromidentification. Inidentification for con-
trol, the choice of uncertainty structure seems to be an im-
portant user’s choice [32]. However, the equivalence of the
several structures as presented here, impliesthat the smallest
(unique) circle embedding the identification uncertainty can
equivalently be described in all structures of Section 2. As
aresult there are no arguments favouring one structure over
another. Each representation, however, will have a different
nominal model and weighting function.

In identification for control it is common practice to first
identify a (low order) nominal model, and subsequently to
bound the uncertainty around this nominal model [13,31,1].
When fixing the nominal model, embedding the identified
uncertainty set will result in different regionsfor the different
uncertainty structures. In other words: in order to maintain
the advantages of the equivalence of structures, both nomi-
na model and weighting functions have to be made flexible.
As aresult, the principal problem in identification for con-
trol appears to be an uncertainty set estimation, minimizing
over both nomina model and uncertainty bound, rather than
first identifying a nominal model (with any method) and
subsequently bounding the model uncertainty. This builds
on earlier results as discussed in [32,6].

In general, however, embedding is sought while maintain-
ing a particular nominal model, in which case al structures
will provide different embedding regions. Propositions 1, 3
and Corollary 1 show how the circular uncertainty region in-
creases in size with increasing W,, Wy, W, , respectively. But
moreover, they show that for a fixed nominal model Gy the
uncertainty regions expand with increasing W in a partic-
ular way, i.e. the centre of the circular sets moves along a
particular line while the circles expand. Figure 5 illustrates
how an additive uncertainty set G,(Gx,Ws) increases with
W, in concentric circles around Gy. The centre of the dual
Youla uncertainty set Gy (Gx,C, Q, Qc, Wy ) moves along the
line between G, and —C~! away from —C~! as the un-
certainty level W¢ increases. Note from Corollary 1 that at
|\/\A(|2 = 1, the centre passes through infinity after which it
continues to move alone the line through Gy and —C~? to-
wards —C~ 1. In this case, the set is given by the exterior of
the boundary circle whose radius is now seen to decrease
with increasing uncertainty W . Similarly, the centre of the
v-gap set G, (Gx,W,) moves along the line between G4 and

—(G:) "t away from — (G;) ! (cf. Proposition 2).

Note the significance of the points —C1 and — (G}) %, re-
spectively, for the dual Youla and v-gap uncertainty. When,
for fixed Gy, plant models need to be described that are close



real —

Fig. 5. Illustration of the characteristics of an additive, dual Youla
and v-gap uncertainty structure with respect to a fixed nominal
model Gx. Figures a,b and ¢ depict contours of increasing additive,
dua Youla and v-gap uncertainty around Gy, respectively. While
the contours are concentric for the additive uncertainty, for the
dual Youla uncertainty the centre of the set shifts with increasing
uncertainty along a line between Gy and —C~1 away from —C1.
Similarly, the v-gap set is seen to increase with a centre shifting
along aline between G and — (G}) ~* away from — (G;) L. Fig-
ure d illustrates the differences when embedding a plant Gp with
the smallest additive set (dotted), the smallest v-gap set (dashed)
and the smallest dual Youla set (solid) around the nominal model
GXA

to these points, the radii of the uncertainty sets will need to
be large. In other words, the uncertainty structures are most
sensitive in the direction of these respective points. For ad-
ditive uncertainty, this same reasoning holds with respect to
the point (0) . For example, in Figure 6 it isindicated how
an additive set G,(Gy,W,) with nominal model Gy, can be
embedded by av-gap set G, (Gx,W,) with the same nominal
model Gy. When building av-gap set around nominal model
Gy, the centre of the resulting circular region moves along
the line through Gy and — (G;) *. This can be understood
by examining the expression for Geenre in Proposition 3 or
Proposition 2. Consequently, in order to cover G,(Gyx, W),
W, hasto beincreased until the circular v-gap region touches
the additive set G4(Gx,Wy) in that point on the boundary of

the circle that intersects the line from — (G;)* to G. In

other words, the point closest to — (G)~* corresponds to
that element from G,(Gx, W, ) which accounts for the largest
chordal distance from G. Additionally, Proposition 3 shows
that a v-gap set G, (Gx,W,) cannot embed an additive set

Ga(Gy,Ws) Which contains the point — (G;) ™%, since the

*-1
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Fig. 6. Embedding an additive uncertainty G4(Gx, W) (blue solid)
with a v-gap uncertainty (red dashed-dot). Contour lines corre-
sponding to v-gap sets G, (Gx, W, ) with increasing W, are depicted
by the thin dashed-dotted lines similar to those in Figure 5.c. The
point Gx(|Gx| — [Wa|)/|Gx| in line with the nominal model Gy
('D’) will cause the largest chordal distance from Gy among all
elements of Ga(Gy,Ws).

point — (G;) ! is only reached for W, = 1. These results
provide an anaytical tool to calculate the chordal distance
over an additive uncertainty set with a nominal model Gy.
Similarly as above, a quantitative comparison can be made
between any of the three uncertainty structures using the re-
sults of Proposition 1 and 3 and Corollary 1.

5 Robust stability
5.1 Robust stability and the frequency domain

Constraints on unstable poles and zeros asin Section 4.2 are
required for the formulation of conditionsfor robust stability,
i.e. the question whether a controller C(s) stabilizes all ele-
ments Ga(s) € G. For example, a controller C(s), satisfying

the condition ‘C(iw) (1+C(iw)GX(ioo))’1‘ < Wyt (iw)|,
stabilizes the additive set G,(Gx,W;) provided that G(s) is
stabilized by C(s) and all elements of G4(Gx,W,) have an

equal number of unstable poles. In such results for robust
stability three types of conditions can be discerned:

i. the condition that C(iw) # —Ggl(iw) foral Ga(iw) e
G and for al weR.
ii. thecondition that C stabilizesanominal model Gy € G.
iii. conditions on all Gy € G with respect to the nominal
model Gy.

The first condition on the frequency responses seems most
characteristic for different uncertainty structures:



a) ‘C(loo) (1+C(iw)Gx(iw))
tive uncertainty structure [35],

b) |Q Y(iw)As(iw)Qc(iw)| < 5\/\51(iw)| for the dual Youla
uncertainty structure [29 12] and

0) G(T(Cliw), Gy(w)) < W, !
tainty [34].

‘ < |Wyt(iw)| for the addi-

(iw)| for the v-gap uncer-

However, they are simply ensuring the condition that
C(iw) # —G,*(iw) for al Ga(iw) € G. And from the pre-
ceding sectionsiit is clear that al three uncertainty sets can
be transformed into one another with respect to the fre-
guency responses of the members. Naturally the "nominal’
model and weighting function will change. For example,
part i. of the robust stablllty condition for the v-gap set
0 (T(C(iw), Gx(iw)) < W, (iw)|, |sequ|valently described

by the (additive) condition ‘C(1+CGcemre < Wi,

with Geentre and Wy as formulated in Proposition 3. The
uncertainty sets do differ in terms of part iii. That is, they
differ in terms of awinding number condition or a condition
on unstable poles and zeros.

5.2 ldentification and robust stability

Many identification techniques characterize the plant iden-
tification uncertainty in terms of bounds on the frequency
response, see e.g. [9,16,18,2,28]. The discussion in Section
4.3 showed that such a set of frequency responses is equiv-
alently described in any of the uncertainty structures. When
considering robust stability, however, the uncertainty sets
do differ in terms of winding-number/pole/zero condition,
i.e. each uncertainty structure induces a different subset of
transfer functions associated with the identified set of fre-
guency responses. The question arises whether system iden-
tification provides for information to determine which of
the winding-number/pole/zero constraints are satisfied and
correspondingly which of the uncertainty structures has to
be chosen to describe the plant uncertainty. Identification
methods generally do not operate under particular winding-
number/pole/zero constraints on the resulting models. With
one major exception: the constraint that the identified ob-
ject is stable. The constraint of stable models is regularly
applied in identification either in an open-loop setting or in
closed-loop identification. In other words, the verification
of condition iii. is feasible for an additive uncertainty struc-
ture following an open-loop identification which requires
that all elements Gp € G, (Gx,W,) are stable. Or, a closed-
loop identification could lead to a Youla parameter uncer-
tainty where a stability condition on Ag can automatically
be satisfied, since the Youla parameter itself can directly be
identified from closed-loop data [30].

6 Robust performance analyis

A controller is said to perform robustly for a set of plantsif
a certain performance level is reached for al plants in the
uncertainty set. A robust performance analysis comes down

to aworst-case performance evaluation over the uncertainty
set. To this end, nonlinear optimization or LMI based pro-
cedures are available for general (LFT based) uncertainty
structures [35]. For SISO systems with a one dimensional
uncertainty block, bounded in amplitude, these tools provide
for a nonconservative answer. However, in the following we
will derive analytical expressions since this will alow for
more insight. In case non-circular uncertainty regions are
considered, in some cases an adapted p-analysis could be
employed, as for ellipsoidal regions[2], but in general stan-
dard techniques are not applicable. Here we will not con-
sider non-circular regions.

6.1 One-block performance functions

First scalar performance specifications are considered. That
is, the weighting functions V and W of the performance
measure (4) are such that only one element of the function
matrix T(Ga,C) of expression (5) is selected. The perfor-
mance of a (circular) uncertainty set with a particular con-
troller will be analyzed using the results of Section 3. The
discussion isfacilitated by considering a particular example.
Consider a plant Gy controlled by a controller C, and in the
performance cost consider V =W = diag(0, 1), such that

1

I(Gx.C) ‘1+Gx(iw)C(iu))"

We will study the effect of an, say additive, uncertainty in
Gy on the performance with C. First of al, Proposition 1
provides for an exact description of the performance of al
elements of the uncertainty set. The set of al sensitivity
functions induced by the controller C and the additive un-
certainty set G, (Gx,W,) is given by

1
— - wilag <, 14
S 1+ (Gx+0a)C [V *0a < o (14
1+G,LC)°CA
_ (1_’_GXC)71_ ( + Gy ) a ‘Wa—lAa| <1

1+ (l"’ GXC)ilCAa ’

Proposition 1 provides for the following aternative descrip-
tion of this set,

S = Sertre+8s,  |As| < [We| with (15)
1+CGy )t
Scentre: ( X) > and
1- ‘(1+CGX)*lcwa
2
W _ (A+CGIC

1- ‘(1+CGX) CWa

which follows from the fact that the set (15) equalsthe LFT
F(P,A) of Proposition 1 with the entry P containing both
the controller C and the nominal plant Gy, i.e Py = (1+
GXC)fl, PP = (1+ GXC)72C and P = (1—‘r GXC)ilc.



The circular representation (15) alows for a straightfor-
ward robust performance analysis. The minimal and maxi-
mal (worst-case) performance cost at each frequency can be
expressed analytically by

max  |Sa| = |[Seentre| + [Ws| (16)
Aa, [Ws taq|<1

min  |Sa| = [Seertre| — V4. (17)
Da, [Wa 10 [<1

From the discussion after Proposition 1 it can be concluded
that an increase of the uncertainty (W) at a particular fre-
quency will always lead to an increase of the worst-case
performance cost a that same frequency. Expression (15)
provides for the exact amount of performance degradation
(increase of worst-case performance) with growing uncer-
tainty.

The example also shows that part i. of the robust stability
condition given in Section 5 appears naturally in the denom-
inators of the centre and the weighting function. That is, to
maintain afinite performance cost for all elementsin the ad-
ditive uncertainty set considered here, the associated (small

gain) condition |(1-+CGy) *CWa| < 1 has to be satisfied.

Finally, notethat the nominal sensitivity S, = (14 CGy) tis
not the centre of the set of sensitivity functions Sy. This prop-
erty becomes critically important when considering non-
circular boundaries and/or probability density functions over
the uncertainty set (see the discussion in Section 3.2).

All of the above observations hold true for any of the three
uncertainty structures (additive, Youlaand v-gap) and aone-
block performance measure (4) with a particular controller
C. Most importantly, the worst-case performance cost at each
frequency can be calculated analytically.

The Youla parameter uncertainty structure plays a special
role in case we consider the robust performance of the aux-
iliary controller C used in the parametrization itself (i.e. the
“present” controller). For this auxiliary controller all four
scalar entries of T(Gy,C) over the set Gy (Gy,C, Q, Qc, W)
are affine in the uncertainty Ag. With the coprime factors of
Ga, Gx and C as in the dual Youla expression (2), the per-
formance matrix T (Gp,C) of expression (5) becomes ([31])

Na

T(Ga,C) (DeDa + NeNp) [N‘C 50]

Da
N_x + IScAG
D_X - ,\_chG

(Dcﬁx - 5CN_CAG + N_c|\_lx + N_CECAG)il [ N_c
Dc

= T(Gx,C) + Ac(DeDx + NeNy) 2 [

C

This implies that the nominal performance will be the
centre of the set of performance functions associated

Ne 50}.
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with Gy (Gx,C,Q,Qc,W). Moreover, probability density
functions and non-circular uncertainty structures (e.g.
boxed/ellipsoidal/irregular) maintain their shape under the
mapping from Gy to the performance cost functions.

6.2 Multi-block performance function

For non-scalar performance functions, i.e. for general diag-
onal weighting functionsVV and W in the performance mea-
sure (4), Proposition 1 cannot be used. Still, an analytical ex-
pression can be formulated for the worst-case performance
of a controller over a circular uncertainty set. To this end,
first the following Lemma is presented in which the per-
formance cost J(Gp,C,V,W) is expressed in terms of the
sensitivity function of the closed loop of G and C. A simi-
lar result but without the inclusion of weighting matrices is
derived in [34] in connection with loop-shaping.

Lemma 1 For the performance measure J(Ga,C,V,W) of
expression (4) it holds that at each frequency w

J(Ga,C,V,W)? = G(VT(Ga,C)W)?
P o wP '
<<SA (v1|2+|v220|2)> (SA (v1|2+|v2202)> *
V1|2V, 2[C 2 )(v1|2+|v22cz)(|wZz+wl|2c2)
(M12+NoPICP?) c? ’

(18)

where S\ = (1+CGp) %, V = diag(Vi, Vo) and W =
diag(W,W2).

Proof See appendix. ]

Analyzing expression (18) it is seen that the performance
measure J(Gp,C,V,W)? can be interpreted as the *height’
of athree-dimensional parabola over the (complex) variable

- : 1
Sh. Figure 7 depicts the parabola centred at (Vi VaZP)
Note that the value of J(Ga,C,V,W)? increases whenever
Vaf?
(P n7ep) and thet
all Sy a an equal distance from the centre induce the same
value J(Ga,C,V,W)?2. Inother words, given aset of sensitiv-
ity functions Sy for a particular controller C, the sensitivity
function Syc associated with the largest (worst-case) per-
formance cost is easily identified as the one most removed

v [2
from the centre —Ihlz—z—
(IV1lP+M2[*[C]?)

S\ is moving away from the centre

A result similar to Lemma 1 can also be derived in terms
of the complementary sensitivity or any of the other terms
in T(Ga,C). However, the specific formulation in terms of
the sensitivity function is chosen because expression (18) is
such that the plant G, enters in none of the terms other than
the term Sy, which facilitates the explicit expression of the
performance cost; for example the centre of the parabolais
Ga-independent which property islost inthe other cases. The



J(G,.C.V,W)?

,Im(s)
e Re(S))
\§
2 2 2
M +V[[C]

v

Fig. 7. The performance cost J(Ga,C,V,W)? at a given frequency
wcan beinterpreted asthe’height’ of athree-dimensional parabola
over the (complex) variable Sy. The projection of the level sets of
the parabola onto the plane of Re(Sy) and Im(Sy) is circular and

-1
centred around [V |? (|V1\2+ \V2\2|C|2) .

worst-case performance can now be calculated following a
two-step approach:

e In the first step the set of plants G is mapped with the
controller C into a set of sensitivity functions S (G, C).

e The second step is provided by Lemma 1 which shows
that the worst-case performance is achieved for that par-
ticular Syc € S(G,C) most removed from the ’centre

Val?/ (Val® -+ Nl [CP).

For a (circular) uncertainty set G the set S(G,C) can be
given an additive structure by application of Proposition 1,
i.e $(G,C) = {Sh | Sh = Sentre+Bs , [W5 'Ag| < 1} (cf.
expression (15)), alowing for an analytical computation of
Swyc and the associated worst-case performance value. This
is illustrated in Figure 8 and formalized in the following
corollary.

Corollary 2 Let there be a set of plants G in either the ad-
ditive, dual Youla or v-gap uncertainty structure and con-
sider the performance cost J(Ga,C, V, W) of (4). For agiven
controller C the set of plants G is mapped into a set of
sensitivity functions S (G, C), which can be described in an
additive structure using Proposition 1 as

S(G,C):={Sr | S =Seentre+As, |Wg'Ag| <1}.

At each frequency the particular Syc € S(G,C) that yields
the worst-case performance cost of J(Ga,C,V,W) over all
Ga € G, isgiven by

SNC = &entre

1 |m(3:entre)

. Vg 2
Re(Sentre) (ViP+v2PPICP)

itan~

+|Ws| exp

11

M

v

Fig. 8. 2-D projection of the performance cost J(Gp,C,V,W) de-
picted in Figure 7 illustrating the worst-case performance calcu-
lation. An uncertainty set G induces with a controller C a set of
sensitivity functions S (G, C) (blue dashed-dotted circle). Lemma 1
shows that the worst-case performance is achieved for that partic-
, , Vi |?

ular Syc € S(G,C) most removed from the ' centre A
The exact value of the worst-case performance cost follows
from inserting Syc in expression (18) of Lemma 1.

Proof The corollary follows from the circular nature of the
three uncertainty structures (Corollary 1 and Proposition 3),
thefact that the boundary of circular region at each frequency
is reached for at least one member of the uncertainty set
(Propositions 4 and 5), from the application of Proposition
6 and Lemma 1 and standard geometric considerations. O

6.3 Comparing uncertainty sets in terms of performance
cost

The previous section provided for an analytical approach
of calculating the worst-case performance of a controller C
over a plant uncertainty set by mapping the set of plants
to a set of sensitivity functions. In this section an opposite
approach is taken in order to study the differences between
the three uncertainty sets of Section 2. Starting from a given
performance cost J(Ga,C,V, W) al plants are characterized
achieving this cost with a given controller C. The three un-
certainty sets are then compared with this set of all plants
achieving the particular performance cost.

Lemma 1 can be read as to give adescription of all sensitiv-
ity functions achieving o (VT (Ga,C)W) < y. Figure 7 illus-
trates that the projection of a horizontal intersection of the
parabola, depicted by the solid circle in Figure 8, is the set
of al sengitivity functions achieving the performance corre-
sponding to the level of the intersection. Thisis formalized
in the following corollary,

Corollary 3 The seat of all sendgitivity functions Sy =
(1+CG_A)‘1 for which a C and a Ga achieve the perfor-
mance 0 (VT (Ga,C)W) <y is given by

S = Sentre +48s ;

We A <1, (19)



2
Sere= P
Vi + V2| [Cf?
V|2 = IC*y? __ MPVAICP
(VP NV2PIC) (M PHWAPICE) (v 24 Vo2 CP2)?
_ 2 (MPENRPICP)P 2,12
(v12+v2|2|c2)2<(|W22+W1IZIC|2) MRt ).

Proof With Lemma 1 it follows that all sensitivity functions
Sy satisfying o (VT (Ga,C)W)? < y2 are described by

L wmp P ’
((SA (v12+\1/2|2|C|2)> (SA (v1|2+|i/22q2)> *

MV ) (VAP V2 PICP?) (M 2+ wa 2[Cl?) ¥
2 2 212 2 < I
(17 +IV2°IC1?) C|

which directly leads to (19). ]

Using the fact that Gn = 5>, al plants achieving
0 (VT (Gp,C)W) < y with C must have their frequency re-
sponses in the region described by the following corollary.

Coroallary 4 All plants Ga achieving o (VT (Ga,C)W) <y
are characterized by

_ Dc |V2‘2 |C|2 +DcA

Ne [V1|% — NeA
(V2P + N2 (1) 2
(el -+ v ?[CP?)

,with |A] <Wy and

W = [C| — V12 Vo f?

Due to the LFT structure, this set can also be described in
an additive structure using Proposition 1,

GA = Gcernre+Aa ) ’WaflAa} < 1

_C—1|VW‘2+ Vo ?[CJ? V1 [?

GCG’]tre_
Vaf* = W[
2 2 2
W, :C71|V2| |C| +‘V1| )
AR

Note again that the set equals the exterior of the circle in
case Va[* < W 2.

Proof See appendix. ]
Given a controller C and weighting functionsV and W the

corollary describes the set of al plants achieving the perfor-
mance measure 6 (VT (Ga,C)W) < y. This set turns out to
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be circular at each frequency and is independent of a partic-
ular uncertainty structure and determined by C,V,W and y
only. When y increases, indicating the allowance of alarger
performance cost, this set of plants naturally becomes larger
(WY increases). But note that the set increases with y in a
particular direction. By comparison with the dual Youla un-
certainty set and its depiction in Figure 5.b note that the cen-
tre of the (circular) set always moves along the line between

Vo2~ o o1 agarti Val? :
v |2C and —C~-, starting from v ‘ZC (for y corresponding
1 1

to Wy = 0) and moving away from —C~2. Thisisillustrated
in Figure 9. At Wy |2 = |V4|*, the centre passes through in-
finity after which it continues to move aone the line through

2
%C* and —C~1 now towards —C 1. In this case, the set
is given by the exterior of the boundary circle whose radius

is now seen to decrease with increasing performance cost .

-
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Fig. 9. lllustration of the sets of plant models that achieve a
certain performance cost J(Ga,C) <y for increasing values of .
For increasing y the circular set expands with its centre moving

2 2
aong the line through %C* and —C~1, starting from %C*
1 1

and moving away from —C 1.

The set of Corollary 4 offers an alternative interpretation of
the worst-case performance of a particular uncertainty set
G. The worst-case performance over an uncertainty set G
is determined by the smallest possible value of y for which
the set of Corollary 4 isjust large enough to contain al the
members G, of the set G. It is clear that when the uncer-
tainty in G increases, the worst-case performance (the re-
quired y) increases. But, Corollary 4 revedls that aso the
positioning of the uncertainty set G with respect to —C 1 is
of crucial importance, since the set of Corollary 4 is bound
to increases with y along a particular line. Figure 10 illus-
trates an example in which a larger uncertainty region still
leads to a smaller worst-case performance as a result of this
dependence of the positioning of the uncertainty region with
respect to —C~1. The figure illustrates an identified uncer-
tainty region (grey region) and two possible embedding re-
gions (top and bottom dashed circles). While the embedding
region in the top figure is much smaller than the embedding
region in the bottom figure, the resulting worst-case per-
formance is smaller for the larger uncertainty. This results
from a more conducive positioning with respect to —C—1.
As another extreme example, Corollary 4 reveals that a cer-
tain nomina performance with Gy is achieved by many a
plant Ga. The set of al these plants (with G, on the bound-
ary) could be taken as an uncertainty around G for free, i.e.



without changing the worst-case performance.

> worst-case
performance
Ve

Fig. 10. Embedding an uncertainty region and the effect on the
worst-case performance. The worst-case performance at a particu-
lar frequency is determined by that y for which the set of Corollary
4 (red solid circle) is just large enough to contain the embedding
set G (blue dashed-dotted circle). Therefore, the positioning of
the uncertainty set with respect to C~lis of crucial importance.
Here a more conservative embedding (bottom) still leads to a bet-
ter worst-case performance due to a more conducive orientation
of the embedding set.

The centre of the set of plants performing robustly with the
controller C liesalong aline through —C~* and moves away
from this point for increasing performance costs. This in-
dicates a direction in which the performance cost is most
sensitive to an increase in uncertainty. In other words, the
closer a plant uncertainty set comesto —C~1, the higher the
performance cost. The Youla parametrization was shown to
expand away from the negative inverse of the auxiliary con-
troller Cax used in the parametrization itself along a line
through the nominal model Gx and —C~* (cf. Corr. 1). In
case the auxiliary controller Cyy is close to the controller C
to be evaluated, the Youla parameter uncertainty is’ pushed’
in the right direction, i.e. in the direction being least sensi-
tive to an increase in the worst-case performance. A further
exploration of this result is beyond the scope of the current
paper. Another interesting topic of research is the connec-
tion between this corollary and the results of [15] where the
set of all plants/controllers achieving a certain performance
with a particular controller/plant is described based on com-
putational techniques which do include robust stability.

6.4 ldentification and robust performance analysis

From the equivalence of the uncertainty structures and the
fact that the boundary of the circular region at each fre-
guency is reached for at least on member of the uncertainty
set (Propositions 4 and 5), it is clear that robust performance
analysis is independent of the particular structure of the un-
certainty. That is, robust performance analysis can be done
without conservatism on the basis of the union of circlesin
the frequency domain. In other words, robust performance
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analysis is with respect to the set of frequency responses
and not with respect to a particular nominal model and un-
certainty structure. System identification for control should
therefore be directed towards the identification of the small-
est possible plant uncertainty set rather than towards iden-
tifying a low-order nominal model and (over)bounding its
uncertainty. Secondly, experiment design should be directed
towards achieving this smallest uncertainty at the most rel-
evant frequencies. Even if a low order model is required
for controller design, the controller validation (robust per-
formance analysis) should be based on the smallest possible
uncertainty set that identification can provide based on the
available measurement data.

In the previous sectionsit was shown that the worst-case per-
formance of a controller with a (circular) plant uncertainty
set can be calculated analytically. An application hereof in
system identification for control is in the design of appro-
priate identification experiments to decrease the worst-case
performance cost a a particular frequency. The analytical
expressions for the worst-case performance explicitly give
the amount of additional power required at each frequency to
reduce the performance cost. Note, however, that the new ex-
periment will generally also yield a new nominal model and
associated controller. Related experiment design approaches
for identification are elaborated in [24,20,3].

Section 6.3 gives a mativation for system identification in
the dual Youla structure. The uncertainty region resulting
from identification of the Youla parameter will be such that
it induces a small worst-case performance cost for al con-
trollers close to the present controller.

7 Robust performance synthesis

The final goa in identification for control is designing a
controller achieving a certain worst-case performance over a
set of plants. For SISO systems with a one-dimensional un-
certainty block, this problem can be solved quite well with
standard p-synthesis (DK-iteration or LMI) [35]. However,
such computational methods do not lend themselves for un-
derstanding the influence of uncertainty (structures) on the
attainable performance of such methods. Fortunately, for the
v-gap uncertainty structure an analytical expression exists
for a particular loop-shaped performance measure, given by
o (T(WG,a,WIC)) [26].

Proposition 6 [34]. Let there be a v-gap set G, (Gx, W) as
defined in (3). Consider the so-called loop-shaped perfor-
mance measure 0 (T(WG,,W~C)). Then

max
GpeGy (Gx, W)

=sin (arcsin (G (T(WG,WC)) * —arcsin (V\(,)) -

0 (T(WG,WIC)) (20)

The proposition alows for a robust performance analysis,
but more importantly for a robust performance synthesis



as well. It expresses the worst-case performance of a con-
troller C with a v-gap set G, (Gx,W,) in terms of the per-
formance of C with the nominal model Gy and the chordal
distanceW,. The proposition is special since expression (20)
is such that minimization of the worst-case performance
MaXG, Gy (G, W) O (T (WG, W™IC)) over the controller C
is achieved by minimization of the nomina performance
o (T (WGX,W‘1C) over C. In other words, the performance
of Gx as afunction of C has the same minimizing argument
as the performance of the v-gap set Gy (Gx,W,) as a func-
tion of C. That is, for the particular choice of uncertainty
structure and performance measure it holds that

argmin sup J(Gp,C) = argminJ(Gy,C).
c GAEG C

This expression reflects a special property of a particu-
lar combination of uncertainty structure and performance
measure in the context of robust performance synthesis.
This property holds aso for an additive and multiplica-
tive uncertainty structure in combination with the controller
times sensitivity functionC/ (14 CGa) as performance mea-
sure and for the inverse multiplicative uncertainty struc-
ture in combination with the plant times sensitivity func-
tion Ga/ (1+CGa) as performance measure (for details see
[11]).

Since for nomina performance optimization many tech-
niques are available [15,26,35], robust performance opti-
mization of a v-gap set with the loop-shaped performance
measure is straightforward.

The analysis in the previous sections shows that this result
can be generalized to other uncertainty structures. Because
of the fact that any of the considered uncertainty sets can be
equivalently described in av-gap structure, Proposition 6 can
be applied to the other structures as well. In the following
lemma an additive structure is described in terms of an v-
gap structure.

Lemma 2 An additive uncertainty set G4(Ga,Wa) is al-
ternatively described in terms of a v-gap uncertainty
Gv(Gy,W,) with

1

)

W, [% =

with a € R satisfying
a2|Ga|2+a(1— 1Gal? + |Wa|2) ~1=0. (21)

There are two solutions. The solutions yield sets given by
the exterior and the interior of the boundary, respectively.

Proof See appendix. ]
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On combining Lemma 2 and Proposition 1 all (circular) un-
certainty structures can be transformed into a v-gap uncer-
tainty description. Thisin turn allows for the application of
Proposition 6. While the proposition can be applied directly
for robust performance analysis purposes, in robust perfor-
mance synthesis care has to be taken of robust stability. That
is, while the worst-case performance as afunction of C isto
be optimized for the v-gap nominal model G, of Lemma 2,
the controller C will have to stabilize the original hominal
model Gj.

The loop-shaping performance cost considered in Proposi-
tion 6 is not as general as the general function in (4). For
more general weighting functionsV and W, we have to re-
sort to the dual form of Corollary 4. That is, for a partic-
ular plant Gp the set of al controllers achieving a certain
performance can explicitly be given. The intersection of al
these controllers when evaluated over a set of plants G is
the set of al robustly performing controllers for that set.
Figure 11 illustrates this interpretation of the set of robustly
performing controllers at one particular frequency. For each
point of an additive set G, (Gx, Wa) the (circular) set of con-
trollers achieving a certain performance is given with Corol -
lary 4. The intersection of these sets (thick solid circle) is
the set of robustly performing controllers. The thin outer
circle depicts the region of all controllers satisfying the ro-

bust stability condition ‘H%‘ < W4, showing that this

robust stability condition is automatically satisfied when us-
ing o (VT (Ga,C)W) as performance measure. The union of
such intersections over frequency contains the frequency re-
sponses of al robustly performing controllers.

Thisinterpretation could find a practical application aswell.
Given an identified uncertainty region (ellipsoidal, boxed or
a set of multiple measurements of a nonparametric identi-
fication experiment), one could consider not to embed this
region in a particular uncertainty structure, in terms of fit-
ting anominal plant and constructing an uncertainty region.
Instead, given an a priori specified performance measure,
the identified uncertainty could be transformed directly with
Corollary 4 into a frequency domain region in which the
frequency response of robustly performing controllers has
to be contained. Then a controller could be identified’ by
fitting amodel into this region of frequency responses. Such
an approach has close connections to the Quantitative Feed-
back Theory approach of [22,23] and the Virtual Reference
Feedback Tuning of [4]. In the latter approach, plant input
and output data are mapped with an a priori performance
function into "controller input and output data’, i.e. data
from which a controller can be identified satisfying the re-
quired performance. The approach described here is quite
similar, though formulated in the frequency domain and in-
corporating robustness issues by starting from a model un-
certainty instead of one realization of plant input and output
data. In the QFT method (logarithmic) frequency domain
regions (called templates) are provided for the loop trans-
fer function CGy instead of for C. The results in this paper
provide for exact quantitative templates for a broad class of



performance measures and uncertainty structures. The iden-
tification of a parametrized controller, given a set of regions
over a frequency grid, could be done by using a nonlinear
optimization procedure or simply by using the engineering
method of trial and error based on the visual information
provided by the bode or nyquist plot.

0.071

imaginary
o

-0.07F

-0.07 0 0.07

Fig. 11. Depiction at one frequency of the set of frequency re-
sponses of robustly performing controllers. For each point of an
additive set Ga (Gx,Wa) the (circular) set of controllers achieving
a certain performance is given with Corollary 4. The intersection
of these sets (thick solid circle) is the set of robustly performing
controllers. The thin outer circle depicts the region of al con-

trollers satisfying the robust stability condition ‘HLCGX‘ < Wal.

8 Conclusions

The choice for particular uncertainty structures in identi-
fication for robust control has been analyzed for general
frequency dependent performance functions. An amplitude-
bounded (circular) uncertainty set following from system
identification can equivalently be described in terms of an
additive, Youla parameter and v-gap uncertainty. However
the equivalence is only valid when alowing nomina mod-
els and weighting functions to vary, pointing towards a de-
sired identification setup that identifies model uncertainty
sets, rather than bounding the model uncertainty around a
prefixed nominal model. Closed-1oop performance functions
based on the uncertainty sets are again bounded by circles
in the frequency domain, allowing for analytical expressions
for worst-case performance evaluation, and for the evalua-
tion of the consequences of uncertainty for robust control
design. These results can be used to tune optimal experi-
mental conditions in view of robust design. The results are
a step in ongoing research towards procedures for optimal
experiment-based robust control design.
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A Proofs

Proof of Corollary 1 The Youla parametrization of (2) is
rewritten as

. N_X + ScAG . l\_lxD_X - ,\_lle(;AG + BxﬁcAG + ’\_lxl\_chG

G = —
4T D—Nebs Dx (Dx— Nellc)
i, (BB
B Dx (Dx_ NCAG)

— De , M) (N
R, (R (Be)
(i ()
after which Proposition 1 can be applied directly, with P13 =
—1,P2= (% + %"—) P =1,Pp =5 andW = 2w,
'C X X XQ
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Application of Proposition 1 leads to
— De , N 22
Ny (N—c + ﬁf) W |

1— W[

Wt >+C1 Wt
1— Wy |?

1- W[
and

fa =

(Re+8)W  (ciroyw,
1 Wy |? 1-W*

Proof of Proposition 3 Proposition 2 represents G, (G, W, )
in terms of a dual Youla type of representation with G, as
nominal controller. The proof therefore can follow that of
Corollary 1. However, for brevity here a proof is provided
that is independent of the result of Proposition 2. All plants
achieving a chordal distance k(Ga (iw), Gy (iw)) <W, by
definition satisfy

G (i) — Ga (i) ?
(11 (0)?) (1+]Cx(iw)?)

< W2

which can be rewritten (with omission of the argument iw
for brevity of notation) as

1Gx— Gal? < M 2 (1+[Gaf?) (1+16x2)
|Ga|?— GxGj — GaGj +[Gxl? <
(14 1Gx) Wb >+ 1Ga P (1+1G”) Mk, or
1Gaf? (1= (1+1G4?) Mk ?) — G:Gh — Ga G <
(1+1642) MG G2,

which upon completion of the squares|eadsto the expression

2
Gx

o (e w)

< |V\/a‘2




with Wa|2 =

(1+1642) W~ G G2

The second part is obtained by application of Proposition 1.
For, the above expression can be rewritten as

= + 5 2112 4 R Mol ICP+ Loas
(- (romy) (el - et 1
2 2 2 2 2 C M -2 ¢ 1_ﬁAs
_ (1 (24167 WP G (1+16x) i 1 o~ (ke 2 )
el c? (1 AS) w2+ 2 [Cl7)As
(1 (o o) W)’ -5 —
X C 1—ﬁﬂs
1
(1+164°) (1MW) (2+1Gx?) WP 1 PR A
(e me) i e
—(14]Gx T Cvi 2 1_LA
V| i
with which the corollary is proven. m] . P 2ICPR
Therefore, with Pzz_émz ICI?, P1oPoy = 1—‘ 1 IH |2| L and
Proof of Lemma 1 For SISO plants and controllers the proof
can be based on the fact that the squared maximum singular Pu = A \2 direct application of Proposition 1 leads to
value of arank one matrix equals the sum of squares of the
elements (Frobenius norm), i.e. 1 MPVPc? sz
_ onro = S 2 TE
G(VT(Ga,C)W)? C M V[ — W 2
N 2 2 Nol? Vsl Ml P 2
= (Va2 VaRIGol?) | | (el aicr?). 1 v ICl Ml ([ 107 - METEE) wy
c Va[* — W 2
. 1 1-5 , Vo [? M2 a2
= _ - = - V 1
Since Sy 15CGs it holds that Ga SC and straight ZETZM vy |* +W|VW|
forward rewriting with respect to S, resultsin C Vi | —IVW|2
E(VT(GA,C)W)Z and
, , L vy *+]vp lCl?
= | V| + |V +Wal7ICl7), _ M
( SRRV >|sﬂ| (el +waf*[c?) = oL
%1
v
= (Va1 + 145 11— %) (el e cT?) 0
2 2
(<|V2| ICI? + V4 )ISA|2—|V1|2(5A+3£—1)) w Proof of Lemma 2 Straightforward use of Proposition 3

_
N2l~2l ng 2
V2|*|C2|+ V4

(S +S)+

(V22| C?[+Vaf?) (W 2+ W 2[C?)
‘clz 9

~ (1P

YA
Val?[C2]+v1 2

which upon completion of the squares leads to expression
(18). O

Proof of Corollary 4 The first part of the corollary follows
from Corollary 3 and the fact that

1- SA 1—Sentre—As
SC  SewreC+AC
(IValP+ Vol CPP) = Naf? = (IValP + Vel [CPP) &
ViPC+C (M + Vel [P ) &
_ 1P +4s
C wi*-As

Gpr=

ABs=—(MP+ VP Ic?)a

leads to a large, hardly tractable sequence of algebraic ma-
nipulation. A nice simplification, however, follows from the
fact that Gy and W, are completely defined by two points on
the boundary circle of G;(G,,W,) and from the observation
of Proposition 3 that

Gy
1- (14 [Guf2) W P
wherea=1— (1+ IGV\Z) W2,

Gy
"

Ga:

i.e. Gy of aset Gy(Gy,W,) liesin the same direction as the
centre G, of the circle described by G, (Gy,W,). That is, G,
should satisfy the condition

AR W4
K(Gy,Ga (1+ |Ga|>)—K(GV,Ga< —lG—a)) (A1)
K(aGa, Ga (1+ :\g:: )) = K(aGq, Ga ( |\’ij ) ), (A2
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which after many but straightforward algebraic manipula-
tions leads to condition (21). Starting from the (square of)
condition (A.2) it holds that,

|a-(1+{g2h) ‘ )| IGal? B )a%k%)z\eaﬁ
(1+]Ga (1+1e) )(1+\aea\2) B <l+‘Ga (1- }‘g’gw )(1+\aea\2)
 a@-za1+ i)+ +}‘g’a}> _ @-2a(1- )1 }g’:})
1+(Ga ( %) 1+|Ga|2(1 l‘\ga})
| zazalfll a2l G o arzaltl] 1 offll e
14l <1+2}‘(’3V:‘|+}\ga}2> B 1+|Ga|2(1 2}Ga}+l‘\ga}§>
B <a2_2a+1+%2>+2}\g:|‘(1 8 <32_2a+1+%2> 2[8(1-a)

1+\Ga\2<l+ ‘Wa}2>+2\Gana\

Now, for general numbersa, b, c,d it holds that the equation
ath — a-b implies bc = ad. Therefore we have that

cHd —
W 2 W2
2—(1-a) | 1+|Ga| | 1+ —5
|Gal : |Ga)?
W,
:<a2—2a+1+| d >2|Ga||Wa| or
a

[Wal

2
(1-a) <1+ |Gal? <1+ 2))

= <a2—2a+1+| d >|Ga| leading to

Gal?
)) = (a® - 22) Gq[*

W 2
1-a|1+]|Gy? 14! a|2
|Gl

—1=0.

a2(Gal” +a(1+ M4l - |Gal?)

|Gal

Then the rest is simple since

Gy Gy

Ga= 1 (1+|Gv|2) |V\(;|2 T a

(1- M) 16y +1) W

)

Wa ==

of which the last equation leads to Lemma 2 in a straight-
forward manner using the fact that

|_\

- (1+167) Mo

-a
[

[

(1+|Gv )

?

1+|Ga\2<1+ \%=2> 2|Gal|Wa|
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and taking the expression of W
2
& el = (1- W ?) (\Gv|2+1) W ?

a2 Wel® = (1- N)(I\W) W2

a2 Wal* W, [ = (1-a)® — (1—a)* W, [?
|\M|2_ (1_a)2
(@Ml + (1-a)?)
1
|M|2: s
<<1i>2 ‘W""|2+1>

which concludes the proof.





