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Direct and Indirect Continuous-Time Identification in Dynamic Networks

Arne G. Dankers, Paul M. J. Van den Hof, Xavier Bombois

Abstract— Many systems can be modelled as networks of
interconnected continuous-time transfer functions. The coef-
ficients of the transfer functions in the network are often
directly related to physical properties of the system. Thus, the
question we consider is: under what conditions is it possible
to obtain a consistent estimate of a continuous-time transfer
function embedded in a dynamic network? We consider both
direct and indirect continuous-time approaches. We show that
a discrete-time model of a continuous-time data generating
system may have a different interconnection structure (due to
aliasing) and may have algebraic loops (due to the intersample
behaviour). Subsequently we present an instrumental variable
based method to directly identify a continuous-time transfer
function embedded in a network.

I. INTRODUCTION

Many physical systems are naturally modeled as
continuous-time  dynamic networks. Moreover, the
continuous-time transfer functions are often directly related
to physical properties of the system under investigation, such
as resistances, capacitances, permeabilities of materials,
diameters of pipes, etc. Thus, by identifying a continuous-
time transfer function embedded in the continuous-time
dynamic network, estimates of the physical properties of
the system are obtained. In this paper we consider the
question: under what conditions can a consistent estimate of
a continuous-time transfer function be obtained when it is
embedded in a dynamic network? The underlying objective
is to obtain estimates of physical parameters of a physical
system. The paper is split into two parts. First an indirect
continuous-time identification approach is investigated, and
secondly a direct continuous-time identification approach is
investigated. Throughout the paper we consider a general
framework for dynamic networks that are made up of
measured variables, process noise, sensor noise and known
external variables.

In the first part of this paper the relationship between
the continuous-time and discrete-time representations of a
dynamic network is addressed. If a transfer function has
the same frequency response in both representations (for -
ws/2 < w < ws/2 where w; is the sampling frequency),
then a discrete-time estimate of the transfer function can
be converted into a continuous-time transfer function from
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which the physical parameters of the system can be esti-
mated. This is referred to as the indirect continuous-time
identification approach [1]. Two effects of discretization are
investigated in this paper. The effect of discretization on the
interconnection structure of the discrete-time representation,
and the effect of discretization on the presence of algebraic
loops in the discrete-time representation. If the discrete-time
network has a different interconnection structure than the
continuous-time network, this can lead to an unexpected bias
when identifying particular transfer functions embedded in
the network. Knowledge (or assumptions) on the presence
of algebraic loops is essential when choosing an appropriate
identification method, since some methods (such as the
Direct Method and Joint IO methods [2]) will result in biased
estimates if there are algebraic loops present.

In the second part of this paper, we consider directly
identifying a continuous-time model (thus skipping the in-
termediate step of first identifying a discrete-time model).
There are several advantages to such an approach including
dealing with non-uniformly sampled data, less sensitivity to
high sampling rates, and identifying stiff systems [1], [3].
It is in part due to these advantages that direct continuous-
time identification is becoming a more prominent topic in the
identification literature (see for instance [1], [4], [5], [6]).

The paper proceeds as follows. In Section II we define
a continuous-time dynamic network model, then in Section
IIT we discuss the indirect continuous-time identification
approach applied to dynamic networks, and in Section
IV we present an instrumental variable method for direct
continuous-time dynamic network identification.

II. CONTINUOUS-TIME DYNAMIC NETWORKS

In this section a continuous-time dynamic network model
is briefly presented. The framework is a continuous-time
version of that presented in [2]. Each internal variable is
assumed to be such that it can be written as:

wi(t) = Y Gir(p)wi(t) +rj(t) +v;(t)
keEN;

with G;,(s) a continuous-time transfer function, p is the
differential operator, i.e. pu(t) = su(t), and
o N is the set of indices of internal variables with direct
causal connections to w;, i.e. i € Nj if G}, # 0
o the r’s denote the variables that are driven by a known
source and are referred to as external variables
o and the v’s denote process noise, which includes any
unmodeled disturbances that affect the system.
The process noise is modeled as a continuous-time stochastic
process with rational power spectral density. It may be that
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the process noise and/or external excitation term is not
present at some nodes. All the internal variables can be
written in one equation as:

w1 0 Gg? G(l)L w1 1 V1
el T 7 | el I el N
wr, G%l G%; () w, 7"'L U.L

=G (p)w(t) +r(t) +v(t). (1)

Equation (1) defines a dynamic network. The internal vari-
ables can also be expressed in an input/output form:

w(t) = FO(p)(r(t) + v(t)) 2)

where the internal variables are expressed only in terms of
external and noise variables and F° = (I — G°)~L.

We suppose that measurements of the internal variables
are obtained using analog to digital converters (ADC)s. An
analog to digital converter consists of four components: a
sensor, an anti-aliasing filter, a sampler, and a digitizer [7].
Adopting the notation of [7], the discrete-time version of a
continuous-time variable will be denoted with a superscript
*. We assume that every ADC measures with some error
which we call sensor noise. The (discrete-time) output of a
ADC is then denoted:

wp(n) = wi*(nT) + sp(nT), n=0,1,2,... (3)

where n is used to denote discrete-time, 7' denotes the
sampling period, wi®(t) = Ag(p)wk(t) where Ag(s) is the
transfer function of the anti-aliasing filter, and s; is the
sensor noise. A superscript = denotes a discrete-time signal,
and Wy denotes that wy is measured with (sensor) noise.
If anti-aliasing filters are not present, then G,.(s) = 1.
The sensor noise si(nT), n = 0,1,2,..., is modeled as a
discrete-time stochastic process with rational power spectral
density.! Equations (1) and (3) define the continuous-time
data generating system. Throughout the paper we assume
the dynamic network (1) is well-posed in the sense that all
principal minors of (I — G) are non-zero and stable in the
sense that (I — G)~1 is stable.

External variables, 7, may be digital signals that have
been converted into analog signals by a digital to analog
converter (DAC). A DAC is equipped with a hold circuit
which determines the intersample behaviour of the output
of the DAC. For instance, some DACs are equipped with
zero-order-hold circuits, which means that the output of
the DAC is held constant in between sampling instants [7].
Mathematically, the continuous-time signal r(¢) that is the
output of a DAC is:

r(t) = ) ri(n)gi(t = nT) @
n=0
where ¢i°(¢) is the impulse response of the hold circuit

of the DAC. For a DAC equipped with a zero-order-hold,

A sampled sequence of a continuous-time stochastic process can be well
approximated in this way [6].

gio9(t) = rect(t), where rect(t) is a rectangular pulse of

length T'. Note, however, we do not neccesarily assume that
all external variables are generated by DACs.

III. INDIRECT CONTINUOUS-TIME IDENTIFICATION

In the indirect approach, first a discrete-time transfer func-
tion is estimated from the sampled data. Then a continuous-
time transfer function is constructed based on the discrete-
time transfer function. In order to be able to (easily) obtain an
estimate of the continuous-time transfer function Gg-)i (s) from
the transfer function G;’l(z) estimated from the (sampled)
data, it is essential that Gj;(z) is an accurate representation
of the dynamics of GY;(s). Thus, it is essential to understand
the effect of discretizing (1). We address two effects: first
the effect of aliasing on the interconnection structure of
the discrete-time representation of the continuous-time data
generating system, and secondly the effect of the intersample
behavior on the presence of direct feed-though terms in
the discrete-time dynamic network. Both these effects are
important when attempting to identify a transfer function em-
bedded in a dynamic network using the indirect continuous-
time identification approach.

A. Effect of Discretization on the Interconnection Structure

In the following proposition the relationship between
a discrete-time dynamic network and its continuous-time
counterpart is presented.

Proposition 1: Consider a dynamic network with no pro-
cess noise present, and external excitation present at every
node. Assume that each external variable is a discrete-time
signal that has been converted into a continuous-time signal
by a DAC. The discrete-time representations of the data set
in input/output form and network form respectively are:

w*(n) = F*(¢)r*(n), and (5)
w*(n) = G*(¢)w*(n) + D*(g)r*(n) with (6)
w*(n) = w*(n) + s*(n)

where F*(q), G*(q), and D*(q) are matrices of discrete-
time transfer functions and s*(n) denotes sensor noise. The
discrete-time transfer functions F* and G* are related to
their continuous-time counterparts as defined in (1) and (2)
by the following equations:

F(2) = 2] (L AOF6)Gaa)] ) |, )
G'(2)=1-D"()F"(2) ®)

where Z[ - ] and L] - | denote the Z and Laplace transforms
respectively, A(s) is a diagonal matrix with the (k,k)th
element equal to the anti-aliasing filter of the kth ADC,
Ghola(8) is a diagonal matrix with the (k, k)th element equal
to the transfer function of the hold circuit of the kth DAC,
D~* is a diagonal matrix of the diagonal entries of F*. [

The proof can be found in the Appendix. The main
point of Proposition 1 is that G*(z) is not constructed
simply by discretizing each element of G(s). In fact, a zero
element in G(s) is not neccessarily zero in G*(z). Thus,
the discrete-time dynamic network may have a different
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interconnection structure (there may be extra links present)
than the corresponding continuous-time network.

The reason for this difference is due to the effect of
aliasing. A feature of the continuous-time to discrete-time
transformation by sampling and digitizing, i.e. the oper-
ation Z[(L7![ - ])*] is that a product (or quotient) of
two continuous-time transfer functions (say B(s) and C(s))
cannot be separated/factored in the discrete-time domain, i.e.

2 [Bs)C(s))) T2 ) 1 2(E O ] ©)

The reason is due to aliasing. The effect of aliasing is easier
to see in frequency domain [6]:

f[(c*[B<s>c<s>1)*]:(Bw)c(jw))*(%fj&wfnws))

oo
= B(jw)C(jw)+ ZB(jw—jwsn)C’(jw—jwsn) (10)
"o
component due to aliasing
where F|[ - ] is the Fourier Transform and w; is the sam-

pling frequency. From (10) if B(jw)C(jw) is non-zero for
frequencies greater than w,/2 then the component due to
aliasing will be non-zero in the range —w;/2 < w < ws/2.

The matrix F(s) = (I —G(s))~! contains many products
of transfer functions. Thus, when performing the inverse
calculation in discrete-time, i.e. obtaining G*(z) from F™*(z)
by (8), there will be no cancellations of transfer functions
resulting in zero entries in G*(z). The reasoning is illustrated
in the following example.

o I
S92 k— S3
[pAac|[aDc| |pac][aDc]
T2 T T3
]M@ e
w1
GO
23 [

Fig. 1. Closed loop data generating system with no process noise and
continuous-time external variables that are constructed from discrete-time
external variables (using DACs).

Example 1: Consider the system shown in Fig. 1. Suppose
that the ADCs are not equipped with anti-aliasing filters
(A(s) = I), and all the DACs are equipped with zero-order-
hold circuits (Ghoa(s) = diag[Rect(s),...,Rect(s)]). The
continuous-time dynamic network is

wi(t) 0 0 0 Gu)|[wi)] [r(?)

wa(t)|_|Gar(p) 0 Gas(p) 0 |fwa(?) n ra(t)

ws(t) 0  Gaap) O 0 |ws(t)| |rs(t)

U)4(t) 0 0 0 0 w4(t T4(t)

By Proposition 1 discrete-time representation of the system:

wy 0 0 0 Gul(g)||wy 1
wi|_|G21(g) 0 Gasla) Gaalg)||ws | | D2(g)r3
wy| | Gsi(q) Gaa(q) 0 Gaalg)||ws| | Ds(q)r3
wj 0 0 0 0 wj r}

where the argument n has beeen dropped. Note that the re-
sulting interconnection structure of the discrete-time network
is not the same as that of the continuous-time network. The
expression for the transfer function Ga3(2) is equal to

2[(£(Gas(5)Rect(s)S(5)]) |

T s

where S(s? = (m)Rect(s). If (9) were to hold
with equality, then the product in the numerator could be
“split” resulting in a cancellation with the denominator, and
G23(z) would be the discrete-time version of Gaz(s). O

There are two cases when the elements of G*(z) are
(approximately) the discrete versions of the corresponding
elements of G(s): when the sampling rate is fast enough such
that the system does not have significant frequency content at
frequencies greater than half the sampling frequency and/or
when anti-aliasing filters are used to take the measurements.

First consider the effect of a fast sampling rate. Suppose
that all the dynamics in the network are low-pass. By in-
creasing the sampling rate, the aliasing terms in (10) become
smaller with the result that

Z(cB(s)C(s)]) =2l Bs))] 2[c )] an

Since all the products of transfer functions can be split, the
operations to obtain G*(z) from F*(z) “undo” the operations
in (2) where F'(s) is obtained from G(s).

If the external variables and the process noise variables
only have power in the frequency range [—ws/2, ws/2] then
the dynamics in (10) that result in aliasing are not excited.
Thus, the approximation (11) can be quite good (leading
to the same result as above). Note that this means ADCs
equipped with zero-order-holds cannot be used (the rect(t)
function has frequency content everywhere).

A second alternative is that anti-aliasing filters are used
to take the measurements. Thus, all frequencies outside of
[~ws/2,ws/2] in (10) are filtered out. The result is that

Z[(L7[Ax(s)B(s)C(s)])"] ~
Z[(£7M A B$)) ] -2 [(L7 [ Ar(s)C()]) ]

where Ay (s) is the transfer function of the anti-aliasing filter.
From (7) and (8), with this approach the dynamics of the
anti-aliasing filters become part of the equations.

In this section we have illustrated that if there is aliasing
occuring then the interconnection structure of the discrete-
time dynamic network is not the same as that of the corre-
sponding continuous-time data generating system. This is a
side-effect of aliasing that is unique to dynamic networks.

From the perspective of identification in dynamic networks
this can have unexpected consequences. Suppose that anti-
aliasing filters are not used to take the measurements. Then,
although the interconnection structure of the continuous-
time data generating system is known, this interconnection
structure is not the same as that of the equivalent discrete-
time dynamic network. Thus, if the interconnection structure
of the continuous-time data generating system is imposed on
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the discrete-time representation, a bias will result. This bias
is in addition to the usual bias that results from aliasing.

B. Effect of Discretization on the Presence of Delays

We show that the inter-sample behavior of the external and
noise variables affects the presence of direct feed-through
terms in the discrete-time representation of the continuous-
time system. The presence of direct-feedthrough terms (and
by extension algebraic loops) is an important feature of a
discrete-time dynamic network when selecting an appropriate
method to identify a module embedded in the network.

The main reasoning is based on a result from [8]. Consider
the following equation:

wi(t) = Fik(p)r(t), (12)
with the following discrete-time representation:
wi(n) = Fix(g)ri(n). (13)

Consider the direct feed-through term of F}(2), i.e. f7,.(0).
The result of [8] says that the whether f7, (0) is zero or
not depends (in part) on the inter-sample behavior of the
continuous-time variable 74(¢) in (12). Formally, consider
the following proposition is taken from [8].

Proposition 2: Consider a continuous-time causal SISO
system of (12). Consider the discrete-time representation of
the system, (13). The direct feed-through term f7, (0) is
dependent on the inter-sample behavior of r(t):

« For a piece-wise constant (zero-order-hold) r(¢),

Tk (0) = frx(0).

 For a band-limited r(¢) (i.e. 7(¢) has no power above
the frequency w, = %),

T
f(0) = / sine (7 ) fun(7)dr.

For a proof see [8]. By Proposition 2, if every internal
variable in the network is exclusively driven by an external
variable that is generated by a DAC equipped with a zero-
order-hold, then the delay structure of F*(z) is the same
as that of F'(s) (and consequently if there is no aliasing,
generically the delay structure of G*(z) is the same as
that of G(s)). However, in a realistic continuous-time data
generating system, there will be continuous-time noise vari-
ables v (t) that excite the system (that are not piece-wise
constant). Thus, by Proposition 2 many of the non-zero
entries of the matrix F*(z) will have direct feed-through
terms. Since F* = (I — G*)~1, it follows that the discrete-
time representation may have algebraic loops.

Recall that the objective adressed in this paper is to
identify a transfer function embedded in a continuous-time
dynamic network. In the literature, several methods have
been proposed to identify discrete-time transfer functions
embedded in a discrete-time network [2]. For instance the
Direct, Joint 10, Two-Stage, and Instrumental Variable (IV)
Methods. To apply these methods the interconnection struc-
ture of the network must be known. In order to obtain
consistent estimates using the Direct and Joint IO methods,

there must not be any algebraic loops involving the output
of the transfer function of interest [2].

Thus, by Propositions 1 and 2 the indirect continuous-time
identification approach will work well if (1) there is no alias-
ing occurring and (2) the Two-Stage Method or an IV based
method are used to identify the module embedded in the
discrete-time dynamic network (that represents a continuous-
time dynamic network). In this situation the interconnection
structure of the discrete-time dynamic network is known
(since it matches the known interconnection structure of the
continuous-time network) and even though there may be
algebraic loops present in the network, by using the Two-
Stage or IV Method these do not pose a problem.

IV. DIRECT CONTINUOUS-TIME IDENTIFICATION

In this section we present a method to directly identify a
continuous-time transfer function (denoted G?i(s)) embed-
ded in a dynamic network. We extend the Basic CLIVC
method of [9], [10] such that it can be used (a) in the presence
of sensor noise, (b) for identification in interconnection struc-
tures more complex than a closed loop. In [11] a frequency
domain approach is presented to identify continuous-time
closed-loop systems where they also consider the presence
of sensor noise, but there is still a requirement that a (sensor
noise free) periodic, external reference signal is present. The
method we develop in this section is the continuous-time
counterpart to that presented in [12]

First, a set of internal variables must be chosen to form
the data set. The internal variable w; is chosen as the
output’. Choose the set of ’inputs’ as all internal variables
that have a direct causal connection to w; (i.e. choose wy,
k € Nj as inputs). The transfer functions to be identified are
parameterized as rational functions in p:

Bin(p,0)

Ajk(]?, 9)’

for all k € NV, where B, and A;j, are polynomials in p:
Bj(p,0) = békpn" +Fpret g bgL/;
Aji(p,0) = p" +alfpre=t 4 adk

Gr(p,0) = (14)

where the parameters are af, n = 1,...,n,, k € N, and
b%k, n=20,...,ny, k E./\/‘j, i.e.
0, J jk1 ik jka jka1T
9_[&1...anab0 .'.bZlbl'..bO .'.b’zlb]
where {k1,...,kq} = N;. For notational convenience, we

assume all polynomials B;(6) and A (), k € N; have the
same orders, denoted ny;, and n, respectively. The internal
variable w; can be expressed as

w;(t) = Z Gk (p) w (t) + v;(t)

kEN;
1 .
= TG 2, 0 @ a9
where
A;(p) = [[Ajn(p) and Bjx(p) = [ Bjk(0)Ajn(p)-

TLENj nGNj\k
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Consequently, the following differential equation holds:

= > B, (t) + A%(p)v; (t).
keN;
Moreover, (16) holds at each time instant t = 0,727, .. ..
Suppose that the ADCs are not equipped with anti-aliasing
filters (G4, = 1). Then, the differential equation relating the

measured values of the 1nternal variables w; and wy, k € N
at times t = 0,7, 2T, ..

AY Py (tn) = Z B (p) (i (¢
kENj
+ A?(Iﬁ (Uj (tn) + 55 (tn))

(16)

n) - Sk(tn))

=" BY0)ik(tn) +9(t) (A7)
kENj
where t,, denotes the time instant t = n7’, n =0,1,... and

)= By

kEN;

t)+Ai(p) (v (ta) +5;(tn)). (18)

The notation in (17) and (18) is adopted from [9], however,
it is sloppy because the continuous-time operator p cannot be
applied to a discrete-time sequence. Expression (17) can be
rearranged collecting all coefficients on the right-hand side:

B ) = Bk (p) i (tn) + (1= A; (9)) 5 (£n) + 5 (£n)
kEN;
= &7 (t,)0° + (L) (19)

where superscript (m) denotes the mth order derivative, (°
denotes the coefficients of the data generating system,

70 3% =i yik® 3k ® | yika® ¥ika® T
0 [al ay. by bm b bnb ]
where {k1,...,kqs} = Nj, and

STt =[0It -~y (te) W)
'lel(tn)"- w,ﬁ’;“(tn) oy, (t )] (20)

where {ki,...,kq} = N;. If 6 is known, it is possible to
calculate the value of 9 in (14) The IV estimate of 6° is

é[v ZSOI{ ZZ

where Z(t,,) = [2(")(t,) 2=V (t,,) -+ 2(t,)]T and 2(t,,)
is a vector of instrumental variables. The choice of the in-
strumental variables is critical with respect to the consistency
of the estimates. We consider all external and (measurements
of) internal variables, except wy, k € N; U {j} as potential
candidate instrumental variables. Let Z; and X); denote the
sets of indices of internal and external variables respectively
chosen as instrumental variables. Then,

2(tn)=[re,(tn) -+ 1o, (tn) Win, (tn) -+ Wi, (tn)]T (22)

where X; = {{1,...,0,} and Z; = {m,...,my}.
Proposition 3: Consider a dynamic network as defined in

(1). Choose the sets Z; and X of instrumental variables such

that Z; N {N;U{j}} = 0. Consider the estimate 0y of (21)

B\ tn) — T (t)0) = } Q1)

where n, > [length(g?)j(t))/length(z(t))]. The estimate 6y

is consistent if the following conditions are satisfied:

(a) If v; is present, there is no path from w; to any wy,
le Ij

(b) The matrix ]E[Z(tn)éj(tn)]l has full column rank.

(c) Each sensor noise s;, £ € Z; is uncorrelated to all sy,
ke N;.

(d) If v; is present, then it is uncorrelated to all v, with a
path to w;.

(e) The parameterization is flexible enough, i.e. there exists
a 0 such that G (s,0)=G,i(s), VkeN]. O

The proof follows along the exact same lines as the proof of

Proposition 3 in [12]

. a1 3 @
4
S1 —
[DAac|  vifaDc]
1G4
Fig. 2. Closed loop data generating system

Example 2: Consider the data generating system shown
in Fig. 2. Suppose that the objective is to obtain a consistent
estimate of GY,. Thus, {j} = {3}, and N3 = {2}. Choose
w1 as the instrumental variable (Zy = {1}, and X5 = 0),
then {N3U{3}}NZ3 = @ as required. Since there is no path
from ws to wy, Condition (a) of Proposition 3 holds. If the
remaining conditions of Proposition 3 hold, then consistent
estimates of G?k, k € Nj are obtained by solving (21). O

In order to calculate rv in (21) it is necessary to
calculate the time derivatives of wy k € N; U {j} and the
instrumental variables. The state-variable filter approach is
to approximate the derivative as [4], [1]

W™ (tn) = P r(tn) & )
where mg > m. The parameter A determines the bandwidth
of the approx1mat10n Within the bandwidth determined by
A, the filter W is equal to the derivative operator. Other
methods for approximating the derivative exist (see [4] for
instance). For many of the methods the approximation of
the derivative improves with increasing sampling rate and
low pass dynamics [13], [14]. Thus, it is beneficial to use
the fastest sampling rate possible.

(23)

V. CONCLUSION

In this paper we present methods for consistently iden-
tifying a continuous-time transfer function embedded in a
continuous-time dynamic network. Our framework includes
the presence of sensor noise and process noise. In the first
part of this paper we investigate the indirect continuous-time
identification approach. In the second part of the paper, inves-
tigate the direct continuous-time identification apprioach. We
present a continuous-time IV method to consistently estimate
a transfer function embedded in a dynamic network.
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APPENDIX

Proof of Proposition 1. Because there is an external
variable present at each node, and they are all generated by
DAGC:s, it follows from (4) that (2) can be expressed as:

wi () (1) ottt
(UL R
w,(t) g (t) io: * (m)*8(t—mT)
m=0
where * denotes convolution o(t) is an impulse
function, and f(t) = “UF(s)]. Let f.(t) =

LHF(s)diag(G"(s), Gh°‘d(8)))]~
equation can be expressed as:

w(t):/ fct—T
m=0

> felt = mT)r*(m),
m=0

Then the above

r*(m) x 6(r — mT)dr

(24)

where w(t) = [wi(t) wr(t)]T and r*(m) =
[rT(m) 7% (m)]T. The continuous-time output of the
anti-aliasing filters of the ADCs is:

b(t) = Z a(t —mT) x fo(t —mT)r*(m) + s(t) (25)

m=0

where a(t) is a diagonal matrix with the impulse response
of the k anti-aliasing filter at the kth entry, and s is a vector
of sensor noise variables. Let F,.(s) = A(s)F.(s), then by
(3) and (25) the discrete-time representation of w(t) is

= Z > .(n—m)r*(m) + s(n), (26)
m=0
where fr.(n) = (fac(t))” = (L7 [Fac(s)])”. Interestingly,

(26) is a discrete-time convolution, thus it can be expressed:
w*(n) (n) +s(n)

where F*(q) = Z[f*(n)] = Z[(L7'[F.(s)])"]. Equation
(27) is of the required form in (5) with

() =z2[(c! [A(s)F(s)Ghold(s)D*]

which proves (7).
The discrete-time dynamic network equations can be ob-
tained from (27). Consider the following steps:

= Fl(q)r” 27)

Fr (qw*(n) = r*(n). (28)
In order to ensure that G* has zeros on the diagonal, first
set the main diagonal of the matrix on the left in (28) to all
ones by multiplying by D*, where D* is a diagonal matrix
of all the diagonal elements of F:

= D*(g)r*(n).

-1

D*(q)Fr (gJw™(n) (29)

Thus, by construction, D*(q)Fc*_l(q) can be expressed as
-1

I+(D*(q)F* (q)—1I) where the second matrix in the sum

has zeros on the diagonal. Thus, (29) can be expressed as:

w*(n) = (I = D*(@)FY " (g)w*(n) + D*(g)r*(n). (30)

Let G*(q) = (I — D*(qQ)F* '(q)). Then (30) can be
expressed as

w*(n) = G*(q)w*(n) + D*(q)r*(n)
which is of the form (6), and (8) is proved.

€29
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