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Dynamic Network Identification Using the Direct Prediction-Error
Method

Arne Dankers, Paul M.J. Van den Hof, Peter S.C. Heuberger and Xavier Bombois

Abstract— The problem of identifying dynamical models on
the basis of measurement data is usually considered in a
classical open-loop or closed-loop setting. In this paper this
problem is generalized to linear dynamical systems that operate
in a complex interconnection structure and the dynamical
relationships between the measured variables signals need to
be identified. It is shown that the classical Direct Method of
closed-loop identification in the prediction-error context can
be generalized to provide consistent model estimates, under
specified experimental circumstances.

I. INTRODUCTION

In the control field there is a trend towards distributed and
networked control. Models are required to use model based
control for interconnected systems. The goal of the work
presented here is to obtain good models from data generated
by a network.

The following terminology will be used [1]. The dynamic
blocks of the network will be referred to as modules. The
modules are embedded into a network by connecting the
terminals of the modules to the terminals of other modules.
The result is an interconnection structure.

In the companion paper [2], the opportunities to generalize
closed-loop methods to dynamic networks are investigated.
In this paper, attention will be focused on generalizing the
Direct Method of closed loop identification ([3], [4]) to
more complex interconnection structures. In the bulk of the
paper it will be assumed that the interconnection structure of
the network is known. It will be shown that the conditions
such that the generalized Direct Method leads to consistent
estimates of the module dynamics are very similar to those
of the closed loop Direct Method. Moreover, it will be shown
that some of these conditions are not just sufficient, but also
generically necessary for consistent estimates.

Under particular assumptions the generalized Direct
Method can also be used to identify the dynamics of a net-
work with unknown interconnection structure. Importantly,
the conditions presented in this paper are less restrictive
than the conditions that are often imposed in the network
identification literature [5], [6].
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One of the mechanisms of the Direct Method that ensures
consistent estimates is exact noise modeling. This mechanism
has also been investigated in [7]. However, it could be
questioned if it is practically feasible to exactly model all
noise sources. In the companion paper, [2], methods of
obtaining consistent estimates without exact noise modeling
are investigated.

The paper is organized as follows: in Section II a dynamic
network is defined and the Direct Method is presented; in
Section III conditions under which the Direct Method leads
to consistent estimates of the module dynamics are presented;
in Section IV necessity of one of the conditions is proved;
and in Section V it is shown how the Direct Method can be
used when the interconnection structure is unknown.

II. PROBLEM SETUP

In this section, a dynamic network will be defined, and
the Direct Method of identification will be presented.

A. Dynamic Networks

Throughout the paper it will be assumed that there are
L measured variables {wy,...,wr}. As a generalization of
the way measurements are taken in a closed loop, it will
be assumed that measurements are taken such that each
measured variable w; can be written as:

wilt) = ;v Gli(g)wi(t) + Gh(q)rj(1) +vi(r) (1)

where G?l. represents the module dynamics of the data gen-
erating system, v; represents a noise source, r; represents an
external excitation source which can be manipulated by the
user, J\/ j denotes the set of indices i for which G(}i #£0, (ie.
the set of measured variables with direct causal connections
to w;) and ¢~ ! is the delay operator (i.e. ¢~ 'u(t) = u(t —1)).
The noise and external excitation sources may or may not
be present. The noise sources are considered to be stationary
zero mean stochastic processes. It will be assumed that v;
can be represented as filtered white noise: v;(t) = Hjo(q)ej(t),
where e is white noise. All the measured variables can be

written in a single matrix equation as:

wi 0 G(l)z G(I)L wi G Vi

Mfz _ Gy, 0 GY, Mfz Gy N V2

“;L G'I(Z | Gg , () W.L GL.r rL VL
=G'w+ G+ HO% (2a)
= (-G (G +HC) (2b)



The network is completely characterized by (G°,G%, H?).

Often, it is natural to talk about ‘paths’ and ‘loops’ in
a network. What is meant by a ‘path’ from i to j is that
there are transfer functions such that the transfer function
Gjn,Gnny -+ Gp,i 18 nonzero. A path without loops has
Jsni,...,ng, i all unique. The length of the path is the number
of transfer functions, n;+ 1. A loop is a path from j to j.
In the above example, if i = j, a loop results.

A network will be well posed if all module transfer
functions are proper (causal) and if det(I — G%) # 0.

B. The Direct Method

In the closed-loop system identification literature the so
called Direct Method can be used to consistently identify the
plant dynamics if (1) there is noise present in the loop, (2)
an external input is connected to the loop, and (3) there is a
delay present in the loop [3]. This method will be extended
to obtain consistent estimates of all the module dynamics
embedded in the network.

The generalized Direct Method is presented in the follow-
ing text. The transfer function modules and noise filters are
modeled as transfer functions with unknown coefficients:

by + bjl'q’l—i- A big ™
L+al'qg '+ +ajqg™
l+cjg '+ +chg™
L+ dig +-+di,qg™

Gii(g,0) = (&)

Hj(q,0) = “)

where i € Nj and Gj,(q,0) is parameterized in the same way
(ie. i = r in the parameterization of G;i(¢,0)). Note that it is
not necessary that ny, np, ne, ng are the same for all Gji(e),
however, for notational clarity they will be denoted the same.
The one-step-ahead predictor for w; is [4]:

Wwi(t,0)=H:"(q.0)( Y. Gjilq,0)wi(t)+Gj(q,0)r(t))

Y
ieN;
+(1-H; Y (q,0)w;(t) (5

which results in the following prediction error:

&t e) - w,m —0(1,6)
(w, ~ ¥ Giilg,0)wi(r) ~ Girla. 0)r;(r))
tGN

( ~Gilg.0))wi(0)
+ ( Girla0)) () +v,(1))-

The unknown parameters, 6, are estimated by minimizing
the sum of squared errors (SSE):

1Ni >
=—) &(t,0).
N t=0 ’

The question which will be investigated in this paper is
under which conditions minimizing (7) results in consistent
estimates of GY; and GY,. In other words, if there exists a 6
such that Gj;(6y) = G?Ii and H;(6p) = HJO, does minimizing

(6)

@)
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(7) lead to a consistent estimate of 6y? This question will be
analyzed using the function:

_ . .

7,(6) = lim E[V;(0)] = E[e(1,6)] ®)
Under standard assumptions of the Prediction Error iden-
tification literature, and that the external inputs {r;(¢)} are
bounded, then minimizing V;(0) is equivalent to minimizing
Vi(0). For a formal analysis see Lemma 8.2 in [4].

III. CONDITIONS FOR CONSISTENT ESTIMATES

The Direct Method for identification of the dynamics of a
network is presented as a “local” method in the sense that the
transfers G i L€ N can be estimated without estimating the
other transfer functions in the network. Moreover the condi-
tions do not depend on global properties of the network, only
on properties related to variable w;. Before the statement and
proof of the main theorem, a lemma will be introduced.

Lemma 1: Let G° = (I —G°)~!, where G* is defined in
(2b). The (i, j)th entry of G°, denoted Q?j, has a delay if
every path from j to i has a delay. Similarly, g?j =0 if there
is no path from j to i.

The proof of the lemma is presented in the Appendix. The
following theorem will present conditions under which the
transfer functions G?i, i € Nj can be consistently estimated.
The following notation will be used in the theorem: let V;
denote the set of indices of noise sources for which there
are paths to j. Similarly, let R ; denote the set of indices of
external inputs for which there are paths to j. Let n; be the
number of elements in N;.

Theorem 1: Consider a dynamic network (G°,G% HO).
Assume that the interconnection architecture is known. As-
sume the following conditions hold:

(a) The network is well posed.

(b) The network is stable in the sense that all signals are
bounded.

(c) A noise source v; is present that is uncorrelated to the
external inputs 7, k € R; and the noise sources v, k €
Vi\J

(d) The spectrum of [w; r; wy, Wi, )T, ni € N,
@y n;y(€/?) is positive definite for @ € [, 7).

(e) Every path from j to j has a delay.

() It is known which transfer functions G(]?l- have a delay.

(g) The data generating system (2b) is in the set of possible
models (i.e. there exists a 8y such that G;;(6) = G(]?l-,
i€ Nj, Gjr(6) =GY, and H;(6p) = HY).

Then all the module transfer functions G%,i € Ny and GY,

can be estimated consistently using the Direct Method.
Proof: The proof will proceed as follows:

1) Show that the lower bound of the objective function

V;(0) (defined in (8)) is o7, the variance of e;.

2) Show that V;(6) = 1mp11es that @ = 6y (i.e the global

minimum is attamable and unique).

In this proof, it will be assumed that G(]?r = 0. This is to save

space, and increase the clarity of the proof. Every step of

the proof would be exactly the same if G?r # 0 only an extra
term would be included in every summation.



Step 1. Throughout the proof, it will be useful to expand
the measured variable w; in terms of all noise sources and
external inputs that affect w;. From (2b) and using the
notation from Lemma 1 we have:

=Y G+ Y Gine

keV; kER;

L
wi =Y Go(ve+7e) )
k=1

where the second equality holds by Lemma 1 and the
definitions of V; and R;.

Now, (9) will be used to express the objective function in
terms of only noise sources and external inputs. Substituting
(6) into (8), V;(0) can be written as:

v,(0)=E|(H;'(0)(vi+ ¥ (G?r—Gﬁ“’))W"))z]

J

iENj
TR l 0 0 2
[GAC (vj—i—l;]AGj, )(k;)-gika+k§€-gikrk))) ]
:E{(AH/'(Q)V]'-FHJ- )Y Y AG;i(6)Ghw
iEN keV;
2
0¥ ¥ AG(O)Ghr+e;) | 10)
IEN;kER;
where AGi(6) = GY% —G;i(), and AH;(6) = H;'(6) —

Hj(.)fl. Next Conditions (f) and (e) will be used to simplify
this expression.

By (f) if G?l. has a delay, then G;(6) will be parameterized
with a delay (i.e. AG;;(0) has a delay if G?l. has a delay).
Moreover, by Lemma 1 the term G?igij has a delay if all
paths from j to j have a delay. By Condition (e), every path
from j to j has a delay, therefore, AG.,-,-(G)Q?I- has a delay
for all i.

Consequently every term in (10) is uncorrelated to e;:
since H;(0) and HJQ are both monic, AH;(0)v; is a
function of v;(r —k), k> 1 ;
as described above, AG;(6 )g ;vj is also a function of
vi(t—k) k> 1;
by Condition (c) any term involving vy, k € V}, k # j is
uncorrelated to ej;
by Condition (c), e; is uncorrelated to ry for all k.

Using this reasoning to simplify (10) results in:

)}, ) AG;i(®

ieNjkeV;
tkrk) :|

0) ), ) AG;i(®
i) |+

iENjkeER;
6) ) AG;i(6
ieN;
where Gez_ is the variance of e;. From (11), it is clear that
Vi(0) > Gezj- This concludes the first step.
Step 2. Next it must be shown that the global minimum of
V;i(0) is attainable and unique. This will be done by showing

Vf<e>:E[(AH,-<e>v.,-+H lei

GZ

¢j

:E[(AH( Jj+H; ! o2 (D

Vi) =0; = 6=6
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Using (11), V;(6) = Gezj can be written as

_T AG,I(G) ' . ‘ 2 y 2
EzGZN, H,;(6) WI+AHJ(6)VJ) }—H;"j = 9;
- Vj )
D . AGjn, (0) o AGj,, (0)7|Wn 7
Wny,
L =G, ~Giu,] [wi
o I )
E|{Ax) 1) ] <o
L 1 _W;l“
=T 2
B[(Ax(0) Iw(ap) | =0 12
where
T [aprroy AGin (8)  AGn,(6)
Ax(0)" = [AHJ“” H;(6) H;(6) }
Wiingy = i W e W), g € NG

Using Parseval’s Theorem results in:
| ; ;
S / AX(e2,0) Iy ) (0)T Ax(e 12, 0)d0 =0  (13)
-

for € [, m), where J* denotes the conjugate transpose
of J. By Condition (d), ®(;n;1(®) is positive definite.
Moreover, J(e/®) is full rank for all @. Thus the only way
(13) can equal zero is if each entry of [AH; AGju, -+ AGjn, |
is equal to zero for all @. Therefore, by Condition (g) and
if the parameterization of G;;(0) is such that the only way
that GY% — G () is equal to zero is when Gi(6) = GY, the
global minimum of V;(8) is unique. [ |

Remark 1: There exists an alternative proof of this theo-
rem. From the closed loop identification literature it is known
that if there are no algebraic loops in the system, then the
direct method can be used to obtain consistent estimates
of the plant [8]. Therefore, (1) show that it is possible to
transform any dynamic network into an equivalent dynamic
network which has an interconnection structure consisting
of a single closed loop where w; is the only variable being
fed back. Then, (2), Lemma 1 can be used to show that if
all paths in the network that loop through w; have a delay
then there is no algebraic loop. Thus the conditions of [8] are
satisfied, and consequently, consistent estimates are possible.

It is interesting that the Direct Method is local in the sense
that it is possible to consistently estimate the dynamics Gj;,
i € N; without estimating any other dynamics Gy;, k # j.
Moreover all the conditions, except Condition (a) are also
local to variable w;. Next, it will be shown that Condition
(e) is not only sufficient, but also generically necessary.

IV. NECESSITY OF CONDITION (E)

Theorem 2: Consider a dynamic network as described in
Theorem 1. Let Gj;(0), i € Nj, Gj»(8) and H;(6) be inde-
pendently parameterized. Under the conditions of Theorem 1

consistent estimates of the transfer functions GY i i€ Njand



G(]?r are generically possible using the Direct Method only if
every loop that passes through w; has a delay.
Proof: The proof will proceed as follows: by condition

(g), there exists a 6y such that G;;(6p) = G?I., ieN;,
Gjr(0) = GY, and H;(6y) = Hj. It will be shown that the
derivative of V;(0) can only equal zero at 6 if every loop
that passes through j has at least one delay.

First the derivative of V;(6) must be calculated. Let 6 be
partitioned as:

T T T T T T
0" = [b,, al, Din @ €} 4 1,
bT [bjl b#bL 3‘1: [ajll aili‘]’
I=le] -], dl=la] - di],

where a-,ii,b',f,ck,d / are the parameters of the model transfer
functions Gj;(0), i € Nj, H;(0) as defined in (3), ny,...,nn €
Nj. The derivative of V;(0) is

0o )
:_m[s,(e)yj ( )(d%f)ej(en Y %e(e)w)]

ieN;

It is possible to split the derivative of V;(6) into n+ 1 sep-
arate components: the derivative w.r.t. [bji], i € Nj denoted
ddevjfej)l dg]( ,) This is
due to the fact that all the transfer functions Gj;(0), i € N;
and H;(6) are all independently parameterized. The resulting

n+ 1 equations are:

and the derivative w.r.t. [ ] denoted

.. —E[g,(0)H;(6) . &(9), (14a)
V;(0) _ g 19y 9Gii(0) 71 .
e, . &0, i . (14b
40y, 0, {8;(9) 5 (8) 10,0, w} icN; (14b)
where,
dH(G)T? C]il qfnc ,H_(e)q—l *H'(G)qf"’d
decj, _|:Dj(9) . D;(6) 5j(9) ’ é)j(e) :| (153)
del(e) _ qfnb ,G.i(9>q—l *G'i(ﬂ)q’”a
d6b;;,a;; _[Aji(e) A f(ji((’) . 1]41':'(6) } (15b)

where D;(6) = l—l-djq71 + - +d{;dq’”d, and Aji(0) =1+
al'q '+t alg " i

Next it will be shown that d‘;jée) can equal 0 at 8 = 6
only if every loop that passes through w; has a delay. First

notice that €;(8p) = ;. This means that (14a) reduces to:

le) ej] =0

ression equals zero due to the fact that each
entry in d9 has a delay (see (15a)), and E[e;(t)e;(t —k)] =

0, k=1, 2 . Note that this equation holds irrespective of
the delay structure of the network.

dv;(6o)
d0c; 4,

dH,(6o)
d6; .4,

=E

H;

'(60)

where the ex§)
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Next, consider what happens to (14b) at 6 = 6y:

dv; _ d dG;i(6o)
bj,-,aj,- bj, aj,
_ dG, 6o)
— [ (6) 29 %) Y G+ Y Gone
[j ’ debjh“ﬂ (keV kER; )}
dG;i(6o) .o
= B[e;H; ! (6) o vi] (16)
jirdji

where the second equality holds by Lemma 1 and the
definitions of V; and R; (as shown in (9)), and the third
equality holds since e; is uncorrelated to v, k € V;\ j, and
rr, k € Rj by Condition (c).
Consider the following useful facts about (16):
« The only way Ele;(t)e;(t —k)] can equal zero is if k #0.
« By Condition (f) it is known which transfer functions
G(]?l- have delays. If G(}i has a delay, then G;;(0) will be
parameterized with a delay, which means by (15b) that

‘jg;]“"j” will have a delay.

Generically g?j will equal O only if there is no path from
i to j (generically the paths from i to j will not cancel
each other out such that the sum of all paths from i to
Jj is equal to zero). Similarly, generically, gj?l. will have

a delay only if all paths from i to j have a delay.
By the first point, the only way that (16) can equal zero is
dG” %) QO is equal to zero, or has a delay. Generically, it

w111 not equal zero or have a delay, unless every path from
Jj to j contains a loop. [ |

V. DYNAMIC NETWORKS WITH UNKNOWN
INTERCONNECTION STRUCTURE

In Theorem 1 it was shown that the transfer functions G ;,
i € N can be consistently estimated under certain conditions.
However, the transfer functions Gj; i € {1,...,L}\ {j} can
also be consistently estimated (some of the estimated transfer
functions are 0). In other words, the direct method can be
used for a network with unknown interconnection structure.

Corollary 1: If the setup described in Theorem 1 is ex-
tended in order to estimate the transfers GO;, i € {1,...,L}\

Ji
{j}, then the results remain basically invariant, except
(c) v; must be uncorrelated to all external excitation
sources and noise sources entering the network.
The spectrum of z:=[r; w; ... wr], (@) must

be positive definite for ® € [—7, 7|.

(d)

Some of the identified transfer functions will be O. 0

Note that the possibility of estimating a O transfer func-
tion leads to an identifiability issue since the parameters
a{l, ail: in (3) become undetermined in such a case.
However, the b',i’ parameters are not undetermined, and will
be equal to zero, resulting in a zero transfer no matter what
the a]' parameters are.

Corollary 1 is a generalization of current methods in the
literature: currently, when identifying in an unknown inter-
connection structure the assumptions are that every transfer
function has a delay, is stable and is driven only by a white



or colored noise noise (see [5] for example). In Corollary 1,
the delay condition has been relaxed and unstable transfers
are no problem (using the method of [9]).

Remark 2: 1f the conditions of Corollary 1 are applied to
each measured variable w; j € {1,...,L} the result is that
all noise sources must be uncorrelated to each other (i.e. H°
must be diagonal).

Suppose that each module transfer is identified using
the method presented in this paper (and the conditions of
Corollary 1 are satisfied for every wj, j € {1,...,L}). By
Remark 2, H® must be diagonal. For any dynamic network,
there is only one representation such that H° is diagonal.
However, there do exist other representations with non-
diagonal noise models. See [10] for more in depth analysis.
The following example illustrates the point.

Example 1: Consider a dynamic network described by the
following equations:

0 0 0
w1 % GIZ G(1)3 w1 Hl o el
wa | = |Gy, 0 Gy |wa2f| + H, e
w3 0 ng 0 w3 Hé) e3

The network can be represented graphically as shown in Fig.
la. Note that H° is diagonal in this case. The following
equations also describe the exact same dynamics between
the measured variables (substitute the expression for w3 into
the expression for wy):

w1 0 G?z 0 w1 H {) G(1)3 H g) el
wy | = G(Z)l 0 G(2)3 wy |+ H g e
w3 0 ng 0 w3 H g e3

which can be represented graphically as shown in Fig. 1b.
In the figure, GV, = GY, + G3,GY, and ¥ = GYv3+vy. It
seems that the two networks have “different” interconnection
structures. However, the conditions of Corollary 1 are not
satisfied in the second network when attempting to identify
GY,: ¥ is not uncorrelated to v3. Therefore, this network
must be transformed into the form of the first network,
where all noise sources are uncorrelated, and then Corollary
1 applies to all measured variables in the network.

In conclusion, by Corollary 1 only the interconnection
structure which corresponds to a diagonal H° matrix can
be estimated (i.e. only one interconnection structure can be
identified using the method presented in this paper).

VI. CONCLUSION

In this paper the classical Direct Method of closed loop
identification has been generalized to include more complex
network structures. Conditions have been presented under
which consistent estimates can be obtained. It has also
been shown that the method can be applied to a network
with unknown interconnection architecture. This idea will
be further investigated in the future.
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APPENDIX
PROOF OF LEMMA 1

Before proving Lemma 1, some preliminary material on
permutations is presented. Often permutations are thought
of as ways of listing n objects so that each object is listed
exactly once. However, they can also be thought of as
functions [11].

For example, consider a permutation of 6 objects: 251634.
The function f could be defined as f(1) =2, f(2) =5,
f(3) =1, f(4) =6, f(5) =3, and f(6) = 4. This leads to
the so called 2 line notation of a permutation [11]:

(123456)

251 6 3 4
which emphasizes that f maps 1 to 2, 2 to 5, 3 to 1, etc.



Another interesting fact is revealed using this notation:
no matter how many times f is applied, f"(4) =4 or
f™(4) =6, and f™(4) will never have any other values. In
other words, f cyclically permutes 4 and 6 and f cyclically
permutes 1,2,5,3. This leads to another notation for the
permutation f; the so-called cycle notation. For the example:
f = (1253)(46). This idea will be used in the proof of
Lemma 1.

Proof of Lemma 1: The proof will proceed as follows:

1) the (i, j)th entry of (I—G)~! is the jith cofactor of

(1-G),

2) the jith cofactor is a sum of products of permutations

of the transfer functions G9,,,

3) each product has a factor equal to a path from i to j,

4) moreover the factor multiplied by the path is monic

(never has a delay)

Therefore this reasoning shows that the (i, j)th entry has a
delay if and only if each path from i to j has a delay. By
the same reasoning it follows that the (i, j)th entry is zero if
and only if each path from i to j is zero.

The proof will focus on the first column of (I—G)~!, but
the reasoning applies to any column. For notational clarity
the superscript O has been dropped on G and all G?r

The inverse of a nonsingular matrix is equal to:

Cu Cui
1 : .
det(/ -G
(I-G) Cit

(I - G)il :
CrL
where C;; is the ijth cofactor of (I— G) [12]. Therefore, the

(i,1)th entry, i # 1 of (I—G)~! can be permuted by row
operations into the form:

Gi1  Gi2 Gii1  Gimn GiL
Gy -1 Gri1 Goin Gar
=Gy Giap -1 Giymn G| (A7)
Gi1,1 Ginip G111 GiiiL
G Gn Gri1  Grin -1

The =+ signs are not important, since they will be absorbed
into the factor which multiplies the path. To find an expres-
sion for Cj; the above determinant will be evaluated.

For notational convenience, denote (17) as |A|, and let
[[A]]I.j = a;j. The Leibniz formula for |A] is [12]:

detA = Z sgn(0)aig ar, - Ar-1,6, ;> (18)

oeS—1

where o is a permutation of {1,...,L—1}, Sy is the set of
all permutations of {1,...,L— 1}, o; denotes the ith element
of the permutation o, and sgn(o) is —1 if the permutation
is odd, and 1 if the permutation is even. As mentioned, the
sign is not important.

In the following it will be shown that each product in (18)
has a factor which is equal to a path from i to j.
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Recall the two line notation of a permutation:

(4 @ o o)

01 02 O3 OL-1
Note each column in (19) corresponds to the subscripts of
the term a; s, in the product in (18). Moreover, (19) can
be written in cycle notation as (Inyny---ng)(x---*) where
attention is focused on the cycle that contains 1. Rewriting
in two line notation:
ng—1 mLZ)
*

1
(}’ll 1
where {1,ny,...,ny_1} and {my,...,my_,;} are mutually ex-
clusive subsets of {1,...,L—1} such that {1,ny,...,ny_1}U
{my,....mg_4} = {1,...,L — 1} and each element in
{1,n1,...,ny_1} is unique. Note (20) is the same as (19)

except that columns have been switched, and labeling has
changed. Using the new labels the product in (18) is:

19)

ni
nz

np
n3

my
*

(20)

2L

alnlan1n2 o 'ang,zn[,lan/,ll : A(m17 e 7mL7€)

where A(my,...,my_,) denotes the product of the remaining
am,m, that are not part of the cycle containing 1. Now the
terms a;; must be converted back into G, notation.

Recall that a;; denotes the (1,1) entry of Cy;, which is
equal to Gj; (see (17). From the expression of Cy;:

G; if np <i

S (22a)
Gin+1 ifnp >
Guany if ng <iynp <i
G if ng <i,np>i

S A 1)
Gugtin, if ng >i,np <i
Gna+17nb+l ifng >inp >i

Re-label the set {n,...,n;} as {i,...,0¢}, where & =ny
if np<i,and & =ny+1if np > i.

Using the O labels in (21) and using (22a) - (22b) to
replace the a;; notation results in:

alnlanlnz o 'am;,ll 'A(mlv' . 7mL7€71)

= Gi51 G5152 . --ngl -A(ml,...,mL,g,l). (23)

where G5, -+ Gg,1 is a path from i to 1. Thus far it has been
shown that every product in the sum (18) has the form (23).
Subsequently, the (i, 1)th entry of (I—G)~! is a sum of terms
of the form
A(ml, ces ,mL,g,l)
det(I — G)

All terms containing the same first factor can be grouped

together. Then it must be shown that

Z A(le"vo-Lff*l)
. det(I—G)

Gis, Gs,5, G

(24)

is always monic, where S;_,_; is the set of all permutations
of {my,...,mg_y_1}. Note that for c =m,...,.L—¢—1, it
holds that A = apm, - am;, ym,_, = 1. Since (I —G) has
ones on the diagonal, by (18) the determinant will always
have a term equal to 1. In conclusion (24) is monic. By the
reasoning at the start of the proof, the Lemma is proved. U



