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Objective

® Given availability of:
e high-fidelity, complex, nonlinear model

® Find a reduced complexity model:
e suitable for high-performance controller design, over the
complete operating regime
e With open open-loop and closed-loop capabilities
e retaining high computational efficiency, (e.g. on-line
trajectory planning)

® Approach:
e LPV model
e Utilizing simulated input-output signal sequence, collected
under the desired (non-stationary) operating conditions
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Contribution

® Novel affine (quasi-) LPV modeling method:

e applies to any numerically-based model

e not restricted to equilibrium points, rather it captures the
non-stationary and transient system behavior

e not limited by practical implementation constraints such as
state differentiation

e With user-specified frequency-range of interest

e Using the H.norm paradigm
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Problem Statement (1/4)

® From a Noise-free, Continuous-Time, Nonlinear Model given by

vr>0  x(7) = f(x(n.u(@)  y@)=x()

® Compute non-stationary linearizations, along a simulated
(sampled) input-output signal sequence

7 y/xuw 7z _ofxw _
! oxT (xi,u;) l_ ouf (x7.15) i’n = {(Air Bir di)};':l
d; = f(xi w;) — 4% — B, Sequence of frozen LTI systems

® In order to obtain an affine LPV representation

(Yr>0
X(7) = Aox(7) + Bou(r) + ...

S 6,0)(4,x() + Bu(r)
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Problem Statement (2/4)

® First note the equivalence between model S(6(t))

(Y>>0
X(7) = Apx(r) + Bou(r) + ...

S(Q(.f)) =1 g
3 (0(4x(0) + Bou(n)

e And model S(n(t), ¢(t))

(V>0
X(7) = Aox(r) + Bou(r) + ...

S(n(). ¢() = i s ((Lsx(t) + Rou() + ..
S 40(Tx(0) + Z,u(n)

L w=1
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Problem Statement (3/4)

e Affine Model

(V>0
X(7) = Aox(7) + Bou(r) + ...

S(n(), ¢(0) = i ns()(Lsx(t) + Rau() + ..
2 GO(Tx(0)+ Z,u(0)

® Next, we need to identify

e affine term (A, B,)

e basis functions (L,R.) and (T,,Z,,)

e scheduling parameters n. (t) and ¢, (t)
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Problem Statement (4/4)

_ (V>0
e Affine Model X(7) = Aox(7) + Bou(?) + ...
S(n(0. ¢(1) = + i 1s(O(Lsx(t) + Rou(0)) + ..
o from S 60(Tux() + Z,u(0)
i‘n = {(4, B;. di)h‘:] =l

e Problem I: The information in (4;, B;) is used to identify
e affine term (A,,B,), basis functions (L_R.)
e scheduling parameters n_ (t)

e Problem II: The information in (d; ) is used to identify
e basis functions (7,,Z,)
e scheduling parameters ¢, (t)

e Problem III: find static mappings from (X(t),u(t)) to the scheduling
parameters n. (t) and ¢, (t)
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Defining The Optimization Problems (1/2)

® We define Gi(s) ::I 4 i" ‘ C=1D=0
e And S S
C | D

RS T—

(L.E iﬂIXﬂIrREERHIXHu J].'}'I:EE-)

e With _f, = [Es]Snxxnxa -ﬁ = [ﬁS]SHIXHuﬂ and ﬁ = [ﬁﬂi]SXN

e And lIGlls, := sup o(G(jw)) from KYP Lemmma (spectral constraints)
weA,,

NLR - Dedicated to innovation in aerospace 8



Defining The Optimization Problems (2/2)

® Problem II

(f“,f,’, é) = arg inf J>
(T, eRmxnx Z, eRneon 7 R )

J, = i de - i G TouXs + Zw“i)’

2

e With f' = [TW]WHI){HIJ 2 = [ZW]WH;:KHM and é‘ = [éw,—]WxN
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A Solution to Problem I

® First obtain the affine term

N
(4o, By) = arg inf > 1IGi(s) = Go(9)la,

(AHEEH‘IXHI ‘BQER“IXHH ) 1:1

Restricts the search space to Z¥ ,i.e. one of the frozen models

e Next obtain the basis functions L = [Lilsnsxn, R = [Rslsnxn,
based upon the use of SVD decompositions

e Finally obtain the scheduling parameters: two-stage modus
operandi
Vie(l .. Nt i) =

arg inf ||Gi(s) — G(s)lla,
(UssER)

- an initialization stage
- a nonlinear refinement stage
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A Solution to Problem II

® Suppose we can find scheduling parameters ¢, (t) and basis
functions (T ,,Z,) such that

<« | W W
VfE lls---,N] di[ “:_ "ﬁ*’{ Z ngTW Z é’w:'zw

1

o With ['" the left inverse, then by right-multiplying both sides
with [x] u’]" we recover

W

d; ~ ) é’w,-(wai + Zw“i)

w=1

® Solution based upon SVD decompositions and least-squares
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The Quasi-LPV Representation

Problem III

® We aim to find suitable representations

n() = gx().u(@) @)= h(x). u@)

® By illustrating the applicability of a standard two-layer
feedforward neural networks

® The first layer being sigmoid and the second linear, with a
hyperbolic tangent activation transfer function in the hidden
layer, and backpropagation training for the weights and biases
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Simulation Results (1/5)

® Pointmass pendulum, the rotational motion is given by

q
dt

x (1) | _ [ x2(1)
() | | =bxy(f) = % sinx;(7)

| o |
a(u(r))

e With a fictional nonlinearity a(u(?)) := u()* sinu(?)
® And states [x; x]T = [0 6]F

® To derive the LPV model, we excite the pendulum, from its rest
position, with a 10 sec long sine-sweep

® Sine-sweep defined as: u(t) = A sin(2n. £ .t)
A=2,f€[0.05-1] Hz, sampled with a period T = 0.05 sec,
resulting in 201 data points
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Simulation Results (2/5)

corresponds to the

® The optimal affine term Gy(s) = [
LTI model for i=59

® We retain all basis functions in Problem I & II, i.e. in this
simulation case S=2, W=3

® We use a 5-neurons neural network
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Simulation Results (3/5)

® Next, we use fresh data sets, namely sine-inputs at various
amplitudes and frequencies, and compare time-domain outputs
of the original nonlinear model (NM) with the LPV model

® To compare results we use the Best-FiT (BFT) and Variance-
Accounted-For (VAF) metrics
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Simulation Results (4/5)

® Validation results: given in Table, Left value is BFT (%), Right

value is VAF (%)

Input Input Frequency (Hz)
Amplitude || 0.25 0.5 0.75 1

0.5 65 95 | 48 93 | 37 91 37 87
1 74 96 | 71 95 | 53 95 35 92
1.5 86 98 | 82 98 | 68 97 39 94
2 86 99 | 81 99 | 92 100 | 85 99

® | PV model exhibits very good to excellent fit with the nonlinear
model (NM), for an input amplitude equal to the value used
during estimation (Amplitude A = 2)

e Naturally, LPV model accuracy diminishes as input amplitude is

moved away from value used during estimation
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Simulation Results (5/5)

® For illustration, case (A = 2, f = 0.25 Hz) is shown
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Conclusion

® Novel and comprehensive affine quasi-LPV modeling method

® For high model fidelity in open-loop, one could keep a
maximum number of basis functions

® Whereas for controller design, one could potentially cope with
fewer basis functions

® Scheduling parameters: static dependence only.

® Experiment design to be developed
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