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SYSTEM� MODEL� PREDICTOR� ���

True system �conceptually useful	 �

S � yt � P��z�ut � vt��z�
H��z�et

et � white noise

Model set � M � fM���� � � D�g

Model �

M��� � yt��� � P �z� ��ut �H�z� ��qt
�qt � white noise�

Predictor �

�ytjt����� � �yt��� � H���z� ��P �z� ��ut

����H���z� ��	yt
� Wu�z� ��ut �Wy�z� ��yt

�



Model
����� Predictor

Wu�z� �� � H���z� ��P �z� ��

Wy�z� �� � ��H���z� ��

H�z� �� � ��Wy�z� ��

P �z� �� � ���Wy�z� ��	Wu�z� ��

�



SOME TYPICAL MODEL SETS

�� ARX models �

yt � a�yt�� � � � � � anyt�n

� b�ut�� � � � � � bmut�m � qt

� A�z���yt � B�z���ut � qt

P �z� �� �
B�z���

A�z���

H�z� �� �
�

A�z���

Rewrite as �

yt � ���A�z���	yt �B�z���ut � qt

Predictor �

�ytjt����� � ���A�z���	yt � B�z���ut

�




� OE models �

yt �
B�z���

A�z���
ut � qt

P �z� �� �
B�z���

A�z���
H�z� �� � �

Predictor �

�ytjt����� �
B�z���

A�z���
ut

�



THREE IMPORTANT SITUATIONS

S � M
��� such that P �z� ��� � P��z�

H�z� ��� � H��z�

S �� M� but P� � G
��� such that P �z� ��� � P��z�

but H�z� ��� �� H��z�

S �� M

This is the practically important and inter�

esting situation of unmodelled dynamics�

reduced complexity modeling� system ap�

proximation�

In this course we consider almost exclu�

sively S �� M� The true system could be

nonlinear� time�varying� ���

�



PREDICTION ERROR

IDENTIFICATION

Prediction error

�t��� � yt � �ytjt�����

� H���z� ����P��z�� P �z� ���ut � vt	

Filtered prediction error

�
f
t ��� � D�z��t��� D�z� � data �lter

Prediction error criterion �Least Squares	

VN��� �
�

N

NX
t��

��
f
t ���	

�

	 ��N � arg min
��D�

VN���

	 �P � P �z� ��N� �H � H�z� ��N�

Often � �H � �xed noise model

	



CONVERGENCE

Recall �

VN��� �
�

N

NX
t��

��
f
t ���	

�

��N � arg min
��D�

VN���

Denote �


V ��� � E��
f
t ���	

�

�� � arg min
��D�


V ���

Under reasonable conditions

VN���
N���� 
V ���

��N
N���� ��

�




ACCURACY

Under reasonable conditions �
p
N���N � ���

N���� N��� P��

If S �M
i�e� ��� � P �z� ��� � P��z�

H�z� ��� � H��z�

	 P� � ��E

�
��yt

��

�
��yt

��

�T���
��

	 We can get an estimate of P� �

P��N
�

�
	�

�

NX
�

��t �
��N�



A
�
��
�

NX
t��

��yt

��

�
��yt

��

�T
���
��N

��



Total transfer function error

Assume that the true system is linear� time�

invariant� At every frequency � �

P��e
j��� P �ej�� ��N� �

P��e
j��� P �ej�� ���� �z �
bias error

�P �ej�� ���� P �ej�� ��N�� �z �
variance error

Bias error in�uenced by �

� Model set fP �z� ��� H�z� ��g

� Input spectrum �u���
and cross�spectrum �ue���

� Data �lter D�z�
Noise spectrum �v���

Variance error in�uenced by �

� Model order n

� Number of data N

� Input spectrum �u���
and cross spectrum �ue���

��



IDENTIFIABILITY IN OPEN LOOP

A� S � M

��� � P �z� ��� � P��z� and H�z� ��� � H��z�

� Richness conditions

	 ��N
N���� ��

	

���
��

P �z� ��N�
N���� P��z�

H�z� ��N�
N���� H��z�

��



B� P� � G but S 	�M

��� � P �z� ��� � P��z� but H�z� ��� �� H��z��

Then � P �z� ��N�
N���� P �z� ��� � P��z� if

� ut is su
ciently rich

� P �z� �� and H�z� �� are

independently parametrized

Examples �

OE � yt �
B�z�
F �z�

ut � qt

BJ � yt �
B�z�
F �z�

ut �
C�z�
D�z�

qt

But not ARX � A�z�yt � B�z�ut� qt

��



BIAS IN OPEN LOOP

Parseval �

S � yt � P��z�ut� vt Efutvsg � � 
t� s
M � yt��� � P �z� ��ut �H�z� ��qt

	 �
f
t �

D�z�

H�z� ��
��P��z�� P �z� ���ut � vt	

E��
f
t 	
� �

�

�


Z �

��
�����d�

��N
N���� ��

�� � argmin
�

Z �

��

h
jP��ej��� P �ej�� ��j��u���

��v���	

����� D�ej��

H�ej�� ��

�����
�

d�

Tells us what model we converge to with

open loop identi�cation�

��



BIAS IN OPEN LOOP �cont�d	

��N �� ��

�� � argmin
�

Z
fjP��P ���j��u��vg

jDj�
jH���j�d�

Design variables �

� model set fP �z� ���H�z� ��g

� input spectrum

� data �lter D�z�

��



EFFECT OF INPUT SPECTRUM ON

IDENTIFIED MODEL

Example

P��z� �
���
��z���� � ���z���

�� ���z�� � ����z��
� System

P �z� �� �
bz��

� � az��
� �

�
a
b

�
� Model

Identi�cation with no noise and with

u�t� � cos��t�

�� � ��� rad�sec 	 P �z� ����

�� � ��� rad�sec 	 P �z� ����

�� � � rad�sec 	 P �z� ����

��
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Nyquist plot of the true system and 3 estimated models
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VARIANCE IN OPEN LOOP

Approximate expression for high order

models �

EjP �ej�� ��N�� P �ej�� ���j� � n

N

�v���

�u���

EjH�ej�� ��N��H�ej�� ���j� � n

N

�v���

�

Design variables �

� model order � n

� number of data � N

� input spectrum � �u���

�	



IDENTIFICATION IN CLOSED LOOP

Motivation

� Often the data have been collected on

processes that were operating in closed

loop

� When the system is unstable� it is often

necessary to �rst stabilize it

� Identi�cation for control typically leads

to closed loop identi�cation

�




IDENTIFICATION IN CLOSED LOOP

yt

-
C P

vt
ut

tr

+

H

et

0

Consider di�erent situations �

�� Only f�ut� yt�� t � �� � � � � Ng is measured


� f�ut� yt� rt�� t � �� � � � � Ng is measured

�� Knowledge of C�q� is used

First we focus on case ��

��



IDENTIFIABILITY IN CLOSED LOOP

i�e� ��� � P �z� ��� � P��z��H�z� ��� � H��z�

When can feedback cause a problem �

Example �

M��� � yt � ayt�� � but�� � qt

Controller � ut � cyt

Predictor in closed loop �

�yt � �bc� a�yt��

	 All models ��a� �b� such that

�a � a � 
c �b � b� 


give the same predictor� for any 


Note � Knowing c does not help �

��



Classical results on identi�ability

using �yt� ut� data only�

A� S � M

Then � ��N � �� provided

� rt is su
ciently rich� or

� controller switches� or
� controller is of su
ciently high order� or

� controller is nonlinear

��



The case of external excitation � rt is PE

S � yt � P�ut �H�et

M � �yt � �H�� �Put � ��� �H���yt

R � ut � C�yt � rt�

�t � yt� �yt

	 �t �
�P� � �P �C

�H��� � P�C�
rt �

H��� � �PC�

�H�� � P�C�� �z �
monic

et

� T�r���rt � T�e���et

� et �
�P� � P ���	C

H����� � P�C	
rt

�

�
H��� � P ���C	

H����� � P�C	
� �

�
et

��



Denote


V ��� � E���t 	

Then

��N
N���� �� � argmin

�


V ���

Therefore


V ��� � E���t 	 � E�e�t 	

If rt is persistently exciting of su
ciently

high order� the minimum is achieved for �

� T�r�e
j�� ��� � �


�
� T�e�e

j�� ��� � �

��



T�r�e
j�� ��� � �	 P �ej�� ��� � P��e

j��

This� together with

T�e�e
j�� ��� � �

implies 	 H�ej�� ��� � H��e
j��

Conclusion

If S � M and rt is PE of su
cient order�

then

P �z� ��N� �� P��z�

H�z� ��N� �� H��z�

��



B� S �� M but P� � G

i�e� ��� � P �z� ��� � P��z��

but �� � P �z� �� � P��z��H�z� �� � H��z�

Then prediction error identi�cation using

�yt� ut� data does not converge to the cor�

rect P��z�� This can be observed by char�

acterizing the minimum of the asymptotic

criterion �bias formula	�

��



Conclusion on identi�ability using �yt� ut�
data only�

A� S � M
i�e� ��� s�t� P �z� ��� � P��z�

H�z� ��� � H��z�

Then � ��N � �� provided

� rt is su
ciently rich� or
� controller switches� or
� controller is of su
ciently high order� or
� controller is nonlinear

B� S �� M but P� � G
i�e� ��� � P �z� ��� � P��z��

but �� � P �z� �� � P��z��H�z� �� � H��z�

Then � ��N �� ��

Bias is governed by the BIAS FORMULA

��



BIAS IN CLOSED LOOP

IDENTIFICATION

S � yt � P��z�ut � vt

Controller � ut � C�z��rt� yt�

yt+

-r

tu

t
PC

vt

0

M � yt��� � P �z� ��ut �H�z� ��qt

	 �
f
t �

D

�H�� � P�C�
��P� � �P �Crt

��� � �PC�vt	

�	



CONVERGENCE POINTS OF ��N

��N �� �� � argmin
�


V ���


V ��� � E���t���	

By Parseval �


V ��� �
�

�


Z �

��

�����P� � P ���

� � P�C

����� jCj��r
�

����� � P ���C

� � P�C

����� �v
�

jDj�
jH���j�d�

This is the BIAS FORMULA for direct

closed loop identi�cation using fut� ytg data
only�

�




Can show that

argmin 
V ��� � argmin 
V ����


V ���� �
�

�


Z �

��

�����P� � P ���

� � PC

����� jCj��r
�

����H�� � P ���C��H����� � P�C�

� � P�C

����� ��
�


 jDj�
jH���j�d�

If P� � G but S 	� M� the minimum is

generically not reached for � � ���

��




V ��� �

Z �

��

n
jP � P ���j�jCj��r

�j� � P ���Cj��v
o


 jDj�
jH���j�j� � PCj�d�

Design variables �

� model set fP �z� ���H�z� ��g

� reference spectrum �r���

� controller C�z�

� data �lter D�z�

��



Special cases

Assume �xed noise model �H�z� is used

�� Noise�free identi�cation � �v � �

	 �� � argmin
�

Z �

��

jP� � �P ���j�
j� � CP j� jC

�j�r
jDj�
j �Hj�d�

�P close to P where
jCj��rjDj�

j� � CP�j�j �Hj�
is large�

��




� Identi�cation with no excitation � �r � �

	 �� � argmin
�

Z �

��

������ � C �P ���

� � CP�

�����
�

�v
jDj�
j �Hj�d�

�P close to � �

C
where

�vjDj�
j� � CP�j�j �Hj�

is large�

�� Noise and excitation

�� � argmin

Z
fjP� � �P j�jCj��r � j� � C �P j��vg

jDj�
j �Hj�j� � CP�j�

d�

Fit occurs where
jDj�

j �Hj�j� � CP�j�
is large�

Cross�over frequency of closed loop

system �

��



VARIANCE ERROR IN CLOSED LOOP

IDENTIFICATION

Assumption � S �M

E

�
P �ej�� ��N�� P��e

j��

H�ej�� ��N��H��e
j��

�� ��
�� n

N
�v���

�
�u��� �ue����

�eu���� ��

���

Design variables �

� model order n

� number of data N

� reference spectrum �r���

� controller C�z�

��



VARIANCE OF P �z� ��N� � OPEN AND

CLOSED LOOP

Open loop �

V arf �PNg ��
n

N

�v

�u

Closed loop �

ut �
C

� � P�C
rt�

CH

� � P�C
et

�u �
jCj�

j� � P�Cj�
�r �

jCj�jHj�
j� � P�Cj�

��

� �ru � �eu

V arf �PNg �� n

N
�v

��

���u � j�uej�

�
n

N

�v

�ru
Compare with open loop�

Only the reference contribution in the u

signal contributes to knowledge of �P �

��



VARIANCE OF H�z� ��N� � OPEN AND

CLOSED LOOP

Open loop �

V arf �HNg ��
n

N

�v

��

Closed loop �

V arf �HNg �� n

N
�v

�u

���u � j�uej�

�
n

N

�v

��
�u

�ru

�
n

N

�v

��

�
� �

�eu
�ru

�

Compare with open loop�

��



Conclusions on variance errors

O�L� C�L�

V arf �PNg n
N
�v
�u

� n
N
�v
�r
u

V arf �HNg n
N
�v
	�

� n
N
�v
	�

�
� �

�e
u

�r
u

�

Yet� if �PN and �HN are used for control design�

closed loop identi�cation is typically opti�

mal for the minimization of the controller

variance� i�e� V arf �CNg with �CN � C� �PN � �HN��

��



ALTERNATIVE CLOSED LOOP

IDENTIFICATION METHODS

�� The joint input�output identi�cation

method

Ref� � Anderson and Gevers ���	
�

Assumptions

� ut � rt� Cyt
� rt is PE but not necessarily measurable

� rt � W �z��t� �t � white noise

Consider

�
ut
yt

�
as a multivariable process

driven by white noise� Closed loop system �

�
ut
yt

�
�

�
��

W
�	P�C

� H�C
�	P�C

P�CW
�	P�C

H�

�	P�C



��

� �z �
L�z�

�
�t
et

�

�	



Step � �

Estimate an innovations models for the

joint process

�
ut
yt

�
using standard open

loop prediction error method

	 �L�z� and Cov

�
�
e

�
�

Step 
 �

Estimate P�H�C�W and �� from �L�z� and

Cov

�
�
e

�
�

�




Comments

�� Uses standard �open loop	 prediction

error methods in step �� Step 
 is al�

gebra�


� Uses

�
ut
yt

�
data only� Estimates not

only �P�H�� but also C and W �

�� Converges under mild conditions to the

true P�� H�� C�W if S � M�

�� Not clear what approximation we get

for step 
 from an approximation in

step ��

��




� The instrumental variable �IV	 method

True system � yt � P��z�ut�H��z�et

Model �

A�z���yt � B�z���ut � wt
�	 yt � �Tt �� � wt

with wt coloured noise�

Regressor �

�t � �yt��� � � � � yt�na� ut��� � � � � ut�nb�

Construct IV estimator �

��IVN �

�
� �

N

NX
t��

�t�
T
t



���

�
� �

N

NX
t��

�tyt



�

� �� �

�
� �

N

NX
t��

�t�
T
t



���

�
� �

N

NX
t��

�twt



�

��



IDENTIFIABILITY WITH IV METHOD

Assumption � S 	� M but P� � G

��N
N���� ��

if

� �
N

PN
t�� �t�t �� R � nonsingular

� �
N

PN
t�� �twt �� �

Open loop � �t � �ut��� � � � � ut�na�nb�

Closed loop � �t � �rt��� � � � � rt�na�nb�

These �t satisfy the above conditions�

��



Summary

� We have studied open loop and closed

loop prediction error methods�

� We have given identi�ability conditions

when S � M� and when S �� M but

P � G�

� We have focused on the design vari�

ables that a�ect bias and variance�

� We have seen that� in closed loop iden�

ti�cation using fut� ytg data� the bias of
�P cannot be controlled when the noise

model is incorrect�

� Alternative methods have been given�

��
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Minicourse Closed-loop Identification

Part - 2
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Alternative methods for closed-loop

identification using controller or

reference signal information

Paul Van den Hof

Michel Gevers

Minicourse Part 2 - p.1



CONTENTS

• What are we aiming for?

• What can be done with “classical” meth-

ods (indirect ID)?

• Solutions through reparametrizations:

(1) Two-stage method

(2) Coprime factor identification

(3) Identification in dual-Youla parametriza-

tion

• A guidebook for choosing your favourite

method

Minicourse Part 2 - p.2



Set-up

C P0

H0

+−

+
+

+
+

r1

r2 u
v

y

e

• Normal operation of many plants.

• Unstable processes have to be stabilized.

Available from measurements / a priori:

• u, y; r1 and/or r2

• possibly C

Attention will be limited to prediction error

type identification methods

Assumption that e and (r1, r2) uncorrelated.

Minicourse Part 2 - p.3



Stability of the closed-loop

Definition

CLosed-loop system is stable if the mapping[
r2
r1

]
→
[
y
u

]

is stable.

This mapping is characterized by the transfer

function

T (P0, C) =

⎡
⎢⎢⎣

P0C
1+CP0

P0
1+CP0

C
1+CP0

1
1+CP0

⎤
⎥⎥⎦

Minicourse Part 2 - p.4



Problems / Required Properties of

Closed-loop Identification Methods

• Consistency of estimate (P̂ , Ĥ) provided

that S ∈ M

• Consistency of estimate P̂ , provided that

P0 ∈ G

• Tunable expression for asymptotic bias dis-

tribution of P̂ :

P (θ∗) = argmin
θ

1

2π

∫ π

−π
|P0(e

iω)− P (eiω, θ)|2 · |W (eiω)|2dω

for some known and tunable W

• Ability to handle model class G of fixed

order models

(control over model order)

• Applicability to situation of unstable plant

P0

Minicourse Part 2 - p.5



A classical method - indirect identification

• Identify a model of the closed-loop:

y(t) = G(q, θ)r1(t) +K(q, θ)ε(t)

where

G0(q) =
P0

1 + CP0
; K0(q) =

H0

1 + CP0

• Reconstruct open loop model (P̂ , Ĥ) by

solving

Ĝ =
P̂

1+ CP̂

K̂ =
Ĥ

1+ CP̂

Use knowledge of C to construct

P̂ =
Ĝ

1− CĜ

Ĥ =
K̂

1− CĜ

Minicourse Part 2 - p.6



Properties

- Open-loop type of identification
(input and noise uncorrelated)

- Consistency results hold for both (P̂ , Ĥ)
and P̂

- If G and K independently parametrized,
then asymptotic model P (θ∗) is obtained
as minimizing argument of

1

2π

∫ π

−π

∣∣∣∣∣ P0

1 + CP0
− P (θ)

1 + CP (θ)

∣∣∣∣∣
2

|L|2Φrdω

- Model order is not under control, because

P (θ) =
G(θ)

1− CG(θ)

Generic model order: nP = nG + nC

- Unstable plant is no problem

Minicourse Part 2 - p.7



An additional property

Let Ĝ be a stable (approximative) model of

the closed-loop transfer G0, and let

P̂ =
Ĝ

1− CĜ
.

If additionally C or Ĝ−1 is stable then

P̂ is stabilized by C

Model set is restricted to models stabilized by

C.

Similar results for other closed-loop transfer

functions

Major shortcoming:

lack of control over model order

Minicourse Part 2 - p.8



Alternative methods based on

reparametrization

Remain within “classical” PE framework with

LS criteria

Methods

(1) Two-stage method

(2) Coprime factor identification

(3) Identification of dual-Youla parameter

Required experimental situation:

• r persistently exciting - (1,2,3)

• Either r measurable or C known - (1,2)

• C known - (3)

Minicourse Part 2 - p.9



1. TWO-STAGE METHOD

C P0

H0

+−

+
+

+
+

r1

r2 u
v

y

e

Without loss of generality: r1 ≡ r; r2 = 0

Step 1

• Identify transfer r → u

u(t) = S0(q)r(t)− CS0H0(q)e(t)

(open loop problem) → Ŝ

• Simulate noise-free input ûr(t) = Ŝ(q)r(t)

Step 2

• Identify transfer ûr → y

(open loop problem if Ŝ = S0) → P̂

Minicourse Part 2 - p.10



H0

y

e

+
P0

S0CH0

S0
−

+
urr

e

u

Step 1 (fixed noise model)

εu(t, β) =
1

W (q)
[u(t)− S(q, β)r(t)]

β∗ = argmin
∫ π

π
|S0 − S(β)|2 Φr

|W |2
dω

Model set: S(q, β) ∈ T .

Step 2 (fixed noise model)

εy(t, θ) =
1

K(q)
[y(t)− P (q, θ)ûr(t)]

Model set: P (q, θ) ∈ M

Minicourse Part 2 - p.11



Consistency / Bias properties

• If S0 ∈ T , then S(β∗) = S0 and

θ∗ = argmin
∫ π

−π
|P0 − P (θ)|2|S0|2Φr

|K|2
dω

• If S0 ∈ T and P0 ∈ M then

P (θ∗) = P0

(irrespective of modelling noise)

• If S0 /∈ T then

θ∗ = argmin
∫ π

−π
|P0S0−P (θ)S(β∗)|2 Φr

|K|2
dω

Note:

P0S0 − P (θ)S(β∗) =

= [P0 − P (θ)]S0 + P (θ)[S0 − S(β∗)]

Minicourse Part 2 - p.12



• Consistent modelling of P0 provided

first step is accurate enough

• Noise-independent bias expression

• Model order is not “important” in first

step

• Control over model order in 2nd step

• Method requires {r, u, y} (not C)

• Easily applicable (standard tools)

• Restricted to stable plant models

Minicourse Part 2 - p.13



Succesfully applied to

• Simulation example

[Van den Hof and Schrama 1993]

• Compact Disc servo mechanism

[De Callafon et al. 1993]

• Sugar cane crushing plant

[Partanen and Bitmead 1993]

• Crystallization plant

[Eek et al. 1996]

Minicourse Part 2 - p.14



2. COPRIME FACTOR

IDENTIFICATION

Data generating system:

y(t) = P0S0r(t) + S0H0e(t)

u(t) = S0r(t)− CS0H0e(t)

Write: N0 = P0S0 D0 = S0

then P0 =
N0

D0
.

Factorization is coprime if factors are stable

and there are no cancelling unstable zeros.

N0, D0 can be estimated from data {r, y, u}.
(open loop).

εy(t, θ) = y(t)−N(q, θ)r(t)

εu(t, θ) = u(t)−D(q, θ)r(t).

P̂ =
N̂

D̂
.

Minicourse Part 2 - p.15



Observations

• Closed-loop experiments provide access to

coprime factors of process (r → u, r → y).

• Unstable plant can be modelled by stable

factors

• Identification of these factors is an “open-

loop” problem

• Availability of r can be replaced by know-

ledge of C:

r(t) = u(t) + C(q)y(t)

• Constructing plant model

P̂ =
N̂

D̂

shows problem of keeping control over model

order.

Generalization can provide a solution.

Minicourse Part 2 - p.16



C P0

H0

−

+
+

+
+

r

u
v

y

e

C
+

Fx r

Construct:

x(t) := F (q)r(t) = F (q)[u(t) + C(q)y(t)]

Then:
y(t) = P0S0F

−1x(t) + S0H0e(t)

u(t) = S0F
−1x(t)− CS0H0e(t)

There is access to factorization:

N0,F = P0S0F
−1

D0,F = S0F
−1

Minicourse Part 2 - p.17



Filter F can be used to

• Shape accessible factorizations of P0

• Obtain minimal order factorizations

(McMillan degree of factors equal to

McMillan degree of quotient)

Using accurate plant model, factorization

N0,F = P0S0F
−1

D0,F = S0F
−1

can e.g. be made factorization of polyno-

mials

• Shape bias distribution

Minicourse Part 2 - p.18



Block diagram for identification

No,F

Do,F

+
+

e

W0H0

x

y

+ u

−CW0H0

e

+

“Open-loop” identification of coprime factors.
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OE model structure

εy(t, θ) = Ly(q)[y(t)−N(q, θ)]x(t)

εu(t, θ) = Lu(q)[u(t)−D(q, θ)]x(t).

θ∗ = argmin Ē(ε2y(t) + ε2u(t))

Residual spectrum

θ∗ = argmin
θ

1

2π

∫ π

−π
Φε(ω, θ)dω

with

Φε ={
|P0S0 −N(θ)F |2|Ly|2 + |S0 −D(θ)F |2|Lu|2

}
Φr

Minicourse Part 2 - p.20



Characterization of F

F yields stable mappings

x →
(

y
u

)
and

(
y
u

)
→ x

if and only if F can be written as

F = [Dx + CNx]
−1

with (Nx,Dx) a coprime factorization of any

auxiliary model

Px =
Nx

Dx

that is stabilized by C.

Now:

N0,F = P0[I + CP0]
−1[I + CPx]Dx

D0,F = [I + CP0]
−1[I + CPx]Dx

Choice of F can be replaced by choice of Px

and its factorization Nx
Dx

.
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• Consistent estimate of (P0, H0) and P0

for sufficiently large model sets

• Tunable bias expression

• Method based on {y, u} and r /or C

(For minimal order factors: C required;
see later)

• No problem with unstable plants/

controllers

• Model of P0 obtained by identifying 2
transfer functions

• There is only 1 source of uncertainty

(noise)

In Dual-Youla identification method this

redundancy is removed
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Successful applications

• Simulation examples

[Schrama, 1992; Schrama and Van den Hof, 1992]

• X-Y Positioning table

[Schrama 1992]

• Compact Disc servo mechanism

[Van den Hof et al. 1995]
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3. IDENTIFICATION IN DUAL-YOULA

FORM

Youla parametrization

Let P0 =
N0

D0
, and Cx =

Nc

Dc
, be any controller

that stabilizes P0.

Then any LTI controller C stabilizes P0 if and

only if it can be written in a coprime factor-

ization

C =
Nc +D0Rc

Dc −N0Rc

with Rc stable.

Minicourse Part 2 - p.24



Dual-Youla parametrization

Let C =
Nc

Dc
, and Px =

Nx

Dx
, be any model

that is stabilized by C.

Then any LTI plant P0 is stabilized by C if

and only if it can be written in a coprime

factorization

P0 =
Nx +DcR

Dx −NcR

with R stable.

For given P0,

R = R0 =
(P0 − Px)Dx

Dc(I + CP0)

and:

Nx +DcR0 = P0[I + CP0]
−1[I + CPx]Dx

Dx −NcR0 = [I + CP0]
−1[I + CPx]Dx

Same factorization as before in coprime

factor method

Minicourse Part 2 - p.25



C D−1
x Nx

Nc R Dc

K

+−
+ + +

+
z
�

� �

r2
u

r1

x
y

e

For given (P0, H0), K0 = D−1
c S0H0.

Simple calculations show:

z(t) = (Dc + PxNc)
−1[y(t)− Px(q)u(t)]

x(t) = (Dx + CNx)
−1[u(t) + C(q)y(t)]

leading to

z(t) = R0(q)x(t) +K0(q)e0(t)

with

x(t) = F (q)r(t)
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• z and x can be reconstructed from mea-

sured data

• x is not correlated to the noise disturbance

• R0 and K0 can be identified in an “open-

loop” manner

Identification (OE structure):

ε(t, θ) = L(q)[z(t)−R(q, θ)x(t)]

then θ∗ = argmin Ēε2(t, θ).

Resulting model:

P (θ∗) =
Nx +DcR(θ∗)
Dx −NcR(θ∗)

Model order of P (θ∗) is not under control!

Minicourse Part 2 - p.27



Residual spectrum

Φε = |L|2|R0 −R(θ)|2Φx

= |L|2 ·
∣∣∣∣∣ P0 − P (θ)

Dc(I + P0C)(I + P (θ)C)

∣∣∣∣∣
2

·Φr

Using the expression

1

1+ P0C
− 1

1+ P (θ)C
=

[P0 − P (θ)]C

(1 + P0C)(1 + P (θ)C)

this shows that

Φε =
∣∣∣∣ LNc

∣∣∣∣
2
·
∣∣∣∣∣ 1

1+ P0C
− 1

1+ P (θ)C

∣∣∣∣∣
2

Φr

weighted difference of plant and model sensi-

tivity
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Properties

• Consistency is no problem

• Tunable bias distribution

• No control over model order

• No problem with unstable plants/

controllers

• Identified models are guaranteed to be

stabilized by C

Minicourse Part 2 - p.29



Identification in Dual-Youla Form as

generalization of indirect method

If C is stable, then Px =
0

1
is stabilized by

C =
C

1
.

This factorization leads to

R0 :=
(P0 − Px)Dx

Dc(I + CP0)
=

P0

(I + CP0)

being the closed-loop transfer: r → y.

Literature

• Introduction in [Hansen, 1988]

• Simulation examples

[Lee, Anderson, Kosut, Mareels, 1992, 1995]

[Schrama, 1992]
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A guidebook for choosing your favourite

method

• Most simple to apply:

direct ID and 2-step method

• When (considerable) bias is expected from

correlation between u and e:

choose 2-step method

• When plant unstable:

Indirect ID, Cop-Fac or Dual-Youla

• When limited complexity model required:

2-step method, Cop-Fac

• When controller C not accurately known:

2-step method

Minicourse Part 2 - p.31
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Control

Minicourse on Closed Loop Identi�cation

by

Michel Gevers and Paul Van den Hof

Part III

IDENTIFICATION FOR CONTROL �

THE OPTIMAL DESIGN APPROACH

�



The �optimal design� approach

Optimal closed loop system �

-t

+ t t

r

et

u0 y
0

C P

H

00

0

Achieved closed loop system �

-t

+
^

ut ty

r

et

C P

H

0

0

Goal � Design the identi�cation to mini�

mize E�y�t�yt�
� given that �C � c�P ���N�� H���N��

�



Earlier result �Gevers � Ljung� ����	

� Showed that for a number of identi�ca�

tion objectives� the optimal identi�ca�

tion design was closed loop identi�cation�

� This was the �rst instance in which

closed loop identi�cation was shown to

be superior to open loop identi�cation�

� For Minimum Variance control design�

with S � M� it was shown that the

ideal identi�cation design was to per�

form closed loop identi�cation with the

optimal �but unknown	 MV controller

in the loop during data collection�

� An apparently useless result�

�



New results

�Hjalmarsson� Gevers� Debruyne� ����	

Assumptions

The system

S � yt � P��z�ut�H��z�et

The model set

M � yt � P �z� ��ut �H�z� ��et

Important assumption � S �M

P��z� � P �z� ���� H��z� � H�z� ��� for some ��

If closed loop identi�cation �

ut � Cid�z��rt� yt�

Prediction error identi�cation � N data

� �PN � P �ei�� ��N�� �HN � H�ei�� ��N�

�



The control design criterion 
 a mapping

from plant to controller�

C� � c�P�� H��� �CN � c� �PN � �HN�

De�ne identi�cation performance measure

�P�� H�� � C� � fy�t g

� �PN � �HN� � �CN � fytg

JV � E�y�t � yt�
�

Comments�

� Applies to one or two degree of free�

dom controller

� Can de�ne other measures�

JV � E�y�t � yt�
� � �E�u�t � ut�

�

JV �

Z �

��
E�jC�ei��� �CN�ei��j��W �ei��d�

�



Optimal solution

Consider one�degree�of�freedom controller�

Denote 	CN � �CN � C�� For small 	CN �

one can write�

y�t � yt
��

P�


 � P�C�
	CN y�t

Therefore� by Parseval�

JV
��




��

Z �

��

jP�j
��y�

j
 � P�C�j�
Ej	CN j

�d�

For small 	CN � one can write�

	CN � �F� F��

�
	PN
	HN

�
�

where�

	PN � P� � �PN � 	HN � H� � �HN

F� �
�C

�P
� F� �

�C

�H

�



Use covariance formula for full order trans�

fer function estimates�

E

��
	PN
	HN

��
	PN
	HN

�
�
�

��
n

N

jH�j
�	�

	��u � j�uej�

�
	� ���ue
���eu �u

�

After some manipulations� we get

�for F� �� �	�

Ej	CN j
� ��

n

N
jH�j

�jF�j
�

�
�
 � j	�F�

F�
� �uej

�

	��u � j�uej�

�
A

Thus� the controller variance is minimized

by the design�

�optue �e
i�� �

F��e
i��

F��ei��
	�

�



�optue �e
i�� �

F��e
i��

F��ei��
	�

What does this mean���

During closed loop identi�cation�

ut �




 � P�Cid
rt �

H�Cid


 � P�Cid
et

Therefore�

�ue �
�H�Cid


 � P�Cid
	�

Conclusion

The variance Ej	CN j
� is minimized at ev�

ery frequency if the identi�cation is per�

formed in closed loop with an operating

controller�

C
opt
id

�z� � �
F��z�

F��z�P��z� � F��z�H��z�

This choice of course minimizes JV �

�



With ideal closed loop identi�cation�

Ej	CN j
�
idcl

��
n

N
jH�j

�jF�j
�

J
opt
V

��
n

��N

Z �

��

jP�j
�jH�j

�jF�j
�

j
 � P�C�j�
�y�d�

Under open loop identi�cation�

Ej	CN j
�
ol

��
n

N
jH�j

�jF�j
�

	

 � 	�

jF�j
�

�ujF�j�




JV
��

n

��N

Z �

��

jP�j
�jH�j

�jF�j
�

j
 � P�C�j�
�y� �	


 � 	�
jF�j

�

�ujF�j�



d�

	



Comments

� Closed loop identi�cation is optimal for
control design� Ej	CN j

�
idcl 
 Ej	CN j

�
ol

whatever the input or reference signal
power�

� The optimal design depends on the un�
known system �P�� H�� �typical	 and is
therefore not feasible�

� It depends on the control design cri�
terion through the sensitivity functions
F� and F��

� The controller C
opt
id may not exist or

may not be stabilizing� Can de�ne the
optimal stabilizing controller for identi�
�cation �see paper	�

� For Model Reference and Minimum Vari�
ance control design� C

opt
id

�z� � C��z��

�




Compare two strategies� using N data each�

�� Open loop identi�cation

� �PN � �HN�� JolV

�� Iterative identi�cation

�Assume C
opt
id

�z� is stabilizing�	

� First open loop identi�cation using

�
� ��N data �� 
 � 
 
��
� Using � �P�����N �

�H�����N�� compute the

corresponding controller �C
opt
id

�z� and apply

to the plant�

� Closed loop identi�cation using �N data�

� �PN � �HN�� J itV

One can show that� if N is large enough�

then

J itV 
 JolV

��



Simulation

�True
 system

�
�
�
q������q���yt � q���
���
q���ut�et

Optimal identi�cation design is with the

ideal MV regulator�

ut � �

�
� ���q��


 � ��
q��
yt

Experiment �� Closed loop identi�cation

with ideal regulator operating�

Experiment �� Open loop identi�cation

with 
��� data generated with �u � 
�

Experiment �� Open loop with �
���
���

data� followed by closed loop identi�cation

with �r � 
 with �
��� data� for all values

of � in ��� 
��

��



In each case the MV controller �C���� is

computed at the end and the correspond�

ing JV is computed� using 
��� Monte Carlo

simulations�

Results

�� Closed loop identi�cation with ideal MV

controller� J idV � ����
��

�� Open loop identi�cation� JolV � ���
���

�� Iterative identi�cation� see J itV on Fig�

ure as a function of ��

��
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When is C
opt
id

� C� �

� Recall that

C
opt
id

�z� � �
�C
�P

�C
�P

P� �
�C
�H

H�

� For MV Control� C
opt
id

� C� was proved

in Gevers and Ljung �����	� Note that

CMV � H���
P�

�

�
�C

�P
� �

H� � 


P �
�

and
�C

�H
�




P�

Result follows immediately�

��



The Model Reference case

The mapping C � c�P�H� is de�ned by

P�C���


 � P�C���
�

�P �C�


 � �P �C�
� Tyr

H�


 � P�C���
�

�H


 � �P �C�
� Tye

This to leads to

�	C� 	C�� � �	PN 	HN �

�
��

�
C���

P�
�
C���

P�

C���

H�

��P�C���

P�H�

�
���

Sketch of proof �

� substitute in expression of JV

� use covariance formula for ��P��H	

� optimize w�r�t� ��u� �ue	�

Very lengthy calculations�

��



Some conclusions

� If identi�cation is done for the design

of a controller which depends on an es�

timated noise model� and if S � M� the

ideal identi�cation design is closed loop

identi�cation with the ideal controller

operating� Apparently useless�

� With an iterative design �open loop fol�

lowed by closed loop	 one can always

obtain a more accurate controller pro�

vided N is large enough�

� Simulations show that the improvements

achieved with iterative design over open

loop identi�cation can be substantial�

��
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