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𝑟𝑟𝑖𝑖 external excitation
𝑣𝑣𝑖𝑖 process noise
𝑤𝑤𝑖𝑖 node signal
𝐺𝐺𝑖𝑖𝑖𝑖 module

𝐺𝐺 =

0 𝐺𝐺12 ⋯ 𝐺𝐺1𝐿𝐿
𝐺𝐺21 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 𝐺𝐺𝐿𝐿−1,𝐿𝐿
𝐺𝐺𝐿𝐿𝐿 ⋯ 𝐺𝐺𝐿𝐿,𝐿𝐿−1 0

𝑣𝑣 = 𝐻𝐻𝐻𝐻, white noise 𝑒𝑒

Module representation

3 P.M.J. Van den Hof et al (2013)

𝑤𝑤 𝑡𝑡 = 𝐺𝐺 𝑞𝑞 𝑤𝑤 𝑡𝑡 + 𝑅𝑅 𝑞𝑞 𝑟𝑟 𝑡𝑡 + 𝐻𝐻 𝑞𝑞 𝑒𝑒(𝑡𝑡)
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Physical systems

Protein structure: Kmiecik et al (2018) Power grid: X. Xiong and J. Wang (2011)
Human body: M.P. Norton (1989) Hydrocarbon reservoirs: Mansoori (2014)
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No pre-determined direction of information[1]

Interaction through difference of node signals:

Basics of physical interconnections

[1] J.C. Willems (2010)6

Resistor

𝐼𝐼 =
1
𝑅𝑅 𝑉𝑉1 − 𝑉𝑉2

Spring
1
𝑅𝑅 𝐹𝐹 = 𝐾𝐾 𝑥𝑥1 − 𝑥𝑥2

1
𝑅𝑅

Diffusive coupling



Identification in physical systems?
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Mass-spring-damper system

• Masses 𝑀𝑀𝑗𝑗
• Springs 𝐾𝐾𝑗𝑗𝑗𝑗
• Dampers 𝐷𝐷𝑗𝑗𝑗𝑗
• Input 𝑢𝑢𝑗𝑗
• Positions 𝑤𝑤𝑗𝑗 𝑡𝑡

𝑀𝑀1
𝑀𝑀2

𝑀𝑀3

𝑤̈𝑤1
𝑤̈𝑤2
𝑤̈𝑤3

+
0

𝐷𝐷20
0

𝑤̇𝑤1
𝑤̇𝑤2
𝑤̇𝑤3

+
𝐾𝐾10

0
0

𝑤𝑤1
𝑤𝑤2
𝑤𝑤3

+
𝐷𝐷13 0 −𝐷𝐷13

0 𝐷𝐷23 −𝐷𝐷23
−𝐷𝐷13 −𝐷𝐷23 𝐷𝐷13 + 𝐷𝐷23

𝑤̇𝑤1
𝑤̇𝑤2
𝑤̇𝑤3

+
𝐾𝐾12 + 𝐾𝐾13 −𝐾𝐾12 −𝐾𝐾13
−𝐾𝐾12 𝐾𝐾12 0
−𝐾𝐾13 0 𝐾𝐾13

𝑤𝑤1
𝑤𝑤2
𝑤𝑤3

=
0
𝑢𝑢2
0
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𝑀𝑀𝑗𝑗𝑤̈𝑤𝑗𝑗 𝑡𝑡 + 𝐷𝐷𝑗𝑗𝑗𝑤̇𝑤𝑗𝑗 𝑡𝑡 + �
𝑘𝑘≠𝑗𝑗

𝐷𝐷𝑗𝑗𝑗𝑗 𝑤̇𝑤𝑗𝑗 𝑡𝑡 − 𝑤̇𝑤𝑘𝑘 𝑡𝑡 + 𝐾𝐾𝑗𝑗𝑗𝑗𝑤𝑤𝑗𝑗 𝑡𝑡 + �
𝑘𝑘≠𝑗𝑗

𝐾𝐾𝑗𝑗𝑗𝑗 𝑤𝑤𝑗𝑗 𝑡𝑡 − 𝑤𝑤𝑘𝑘 𝑡𝑡 = 𝑢𝑢𝑗𝑗 𝑡𝑡



Mass-spring-damper system

• Masses 𝑀𝑀𝑗𝑗
• Springs 𝐾𝐾𝑗𝑗𝑗𝑗
• Dampers 𝐷𝐷𝑗𝑗𝑗𝑗
• Input 𝑢𝑢𝑗𝑗
• Positions 𝑤𝑤𝑗𝑗 𝑡𝑡

𝑀𝑀 𝑤̈𝑤 𝑡𝑡 + 𝐷𝐷0 𝑤̇𝑤 𝑡𝑡 + 𝐾𝐾0 𝑤𝑤 𝑡𝑡 + 𝐷𝐷 𝑤̇𝑤 𝑡𝑡 + 𝐾𝐾 𝑤𝑤 𝑡𝑡 = 𝑢𝑢(𝑡𝑡)
𝑀𝑀 𝑝𝑝2 + 𝐷𝐷0 𝑝𝑝 + 𝐾𝐾0 𝑤𝑤 𝑡𝑡 + 𝐷𝐷 𝑝𝑝 + 𝐾𝐾 𝑤𝑤 𝑡𝑡 = 𝑢𝑢(𝑡𝑡)

A dynamic network approach to identification of physical systems11

𝐵𝐵 𝑝𝑝 𝑤𝑤 𝑡𝑡 + 𝐴𝐴 𝑝𝑝 𝑤𝑤 𝑡𝑡 = 𝑢𝑢 𝑡𝑡 any order



𝐵𝐵 𝑝𝑝 + 𝐴𝐴 𝑝𝑝 𝑤𝑤 𝑡𝑡 = 𝑢𝑢 𝑡𝑡
𝐵𝐵 𝑝𝑝 diagonal polynomial
𝐴𝐴 𝑝𝑝 Laplacian polynomial

𝑄𝑄11 = 𝑀𝑀1 𝑝𝑝2 + 𝐷𝐷13 𝑝𝑝 + 𝐾𝐾10 + 𝐾𝐾12 + 𝐾𝐾13
𝑄𝑄22 = 𝑀𝑀2 𝑝𝑝2 + 𝐷𝐷20 + 𝐷𝐷23 𝑝𝑝 + 𝐾𝐾12
𝑄𝑄33 = 𝑀𝑀3 𝑝𝑝2 + 𝐷𝐷13 + 𝐷𝐷23 𝑝𝑝 + 𝐾𝐾13

𝑃𝑃 =
0 𝐾𝐾12 𝐷𝐷13 𝑝𝑝 + 𝐾𝐾13
𝐾𝐾12 0 𝐷𝐷23 𝑝𝑝

𝐷𝐷13 𝑝𝑝 + 𝐾𝐾13 𝐷𝐷23 𝑝𝑝 0

Physical network

A dynamic network approach to identification of physical systems12

𝑄𝑄 𝑝𝑝 − 𝑃𝑃 𝑝𝑝 𝑤𝑤 𝑡𝑡 = 𝑢𝑢 𝑡𝑡
𝑄𝑄 𝑝𝑝 diagonal polynomial
𝑃𝑃 𝑝𝑝 hollow, symmetric polynomial

𝑄𝑄: elements related to node
𝑃𝑃: elements in interconnection



Discretisation

𝑄𝑄 𝑝𝑝 − 𝑃𝑃 𝑝𝑝 𝑤𝑤 𝑡𝑡 = 𝑢𝑢 𝑡𝑡
𝑄𝑄 𝑝𝑝 diagonal polynomial
𝑃𝑃 𝑝𝑝 hollow, symmetric polynomial

�𝑄𝑄 𝑞𝑞 − �𝑃𝑃 𝑞𝑞 𝑤𝑤 𝑡𝑡 = 𝑢𝑢 𝑡𝑡
�𝑄𝑄 𝑞𝑞 diagonal polynomial
�𝑃𝑃(𝑞𝑞) hollow, symmetric polynomial 

J. Ramos et al (2013)13

𝑑𝑑𝑑𝑑 𝑡𝑡
𝑑𝑑𝑑𝑑

=
𝑤𝑤 𝑡𝑡𝑑𝑑𝑇𝑇𝑠𝑠 − 𝑤𝑤 𝑡𝑡𝑑𝑑 − 1 𝑇𝑇𝑠𝑠

𝑇𝑇𝑠𝑠



Inputs

�𝑄𝑄 𝑞𝑞 − �𝑃𝑃 𝑞𝑞 𝑤𝑤 𝑡𝑡 = 𝑢𝑢 𝑡𝑡
�𝑄𝑄 𝑞𝑞 diagonal polynomial
�𝑃𝑃(𝑞𝑞) hollow, symmetric polynomial 

𝑄𝑄 𝑞𝑞 − 𝑃𝑃 𝑞𝑞 𝑤𝑤 𝑡𝑡 = 𝐹𝐹 𝑟𝑟 𝑡𝑡 + 𝐶𝐶 𝑞𝑞 𝑒𝑒 𝑡𝑡
𝑄𝑄 𝑞𝑞 diagonal polynomial 
𝑃𝑃 𝑞𝑞 hollow, symmetric polynomial
𝐹𝐹 diagonal, binary
𝐶𝐶 𝑞𝑞 monic, stable, stably invertible

A dynamic network approach to identification of physical systems14
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𝑄𝑄 𝑞𝑞 − 𝑃𝑃 𝑞𝑞 𝑤𝑤 𝑡𝑡 = 𝐹𝐹 𝑟𝑟 𝑡𝑡 + 𝐶𝐶 𝑞𝑞 𝑒𝑒 𝑡𝑡

𝑤𝑤 𝑡𝑡 = 𝑸𝑸−𝟏𝟏 𝑞𝑞 𝑷𝑷 𝑞𝑞 𝑤𝑤 𝑡𝑡 + 𝑸𝑸−𝟏𝟏 𝑞𝑞 𝑭𝑭 𝑟𝑟 𝑡𝑡 + 𝑸𝑸−𝟏𝟏 𝑞𝑞 𝑪𝑪 𝑞𝑞 𝑒𝑒(𝑡𝑡)

Module representation
𝑤𝑤 𝑡𝑡 = 𝑮𝑮 𝑞𝑞 𝑤𝑤 𝑡𝑡 + 𝑹𝑹 𝑞𝑞 𝑟𝑟 𝑡𝑡 + 𝑯𝑯 𝑞𝑞 𝑒𝑒(𝑡𝑡)

Module representation

A dynamic network approach to identification of physical systems16

𝑷𝑷 𝑞𝑞 hollow, symmetric
𝑸𝑸 𝑞𝑞 , 𝑭𝑭 diagonal

𝑮𝑮 𝑞𝑞 hollow
𝑹𝑹 𝑞𝑞 diagonal

Physical networks are module representations with additional 
structural conditions



Module representation

𝑮𝑮 𝑞𝑞 = 𝑸𝑸−𝟏𝟏 𝑞𝑞 𝑷𝑷 𝑞𝑞
𝑹𝑹 𝑞𝑞 = 𝑸𝑸−𝟏𝟏 𝑞𝑞 𝑭𝑭

𝑄𝑄: elements related to node
𝑃𝑃: elements in interconnection

Node interactions in pairs of modules

Framework for network identification remains the same

Incorporated symmetry in identification 

A dynamic network approach to identification of physical systems17
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Data generating network

𝑸𝑸0 𝑞𝑞 𝑤𝑤 𝑡𝑡 = 𝑷𝑷0 𝑞𝑞 𝑤𝑤 𝑡𝑡 + 𝑭𝑭0 𝑟𝑟 𝑡𝑡 + 𝑪𝑪0 𝑞𝑞 𝑒𝑒 𝑡𝑡

𝑸𝑸0 𝑞𝑞 diagonal polynomial 
𝑷𝑷0 𝑞𝑞 hollow, symmetric polynomial
𝑭𝑭0 diagonal, binary, known
𝑪𝑪0 𝑞𝑞 monic, stable, stably invertible

𝑤𝑤 𝑡𝑡 = 𝑮𝑮0 𝑞𝑞 𝑤𝑤 𝑡𝑡 + 𝑹𝑹0 𝑞𝑞 𝑟𝑟 𝑡𝑡 + 𝑯𝑯0 𝑞𝑞 𝑒𝑒(𝑡𝑡)

𝑮𝑮0 𝑞𝑞 = 𝑸𝑸0 −1 𝑞𝑞 𝑷𝑷0 𝑞𝑞 𝑸𝑸0 ∞ = lim
𝑧𝑧→∞

𝑄𝑄0 𝑧𝑧
𝑹𝑹0 𝑞𝑞 = 𝑸𝑸0 −1 𝑞𝑞 𝑭𝑭0
𝑯𝑯0 𝑞𝑞 = 𝑸𝑸0 −1 𝑞𝑞 𝑸𝑸0 ∞ 𝑪𝑪0 𝑞𝑞 monic, stable, stably invertible

Identification in diffusively coupled physical networks19



Parameterised model

𝑤𝑤 𝑡𝑡 = 𝑮𝑮 𝑞𝑞,𝜃𝜃 𝑤𝑤 𝑡𝑡 + 𝑹𝑹 𝑞𝑞,𝜃𝜃 𝑟𝑟 𝑡𝑡 + 𝑯𝑯 𝑞𝑞,𝜃𝜃 𝑒𝑒(𝑡𝑡)

𝑮𝑮 𝑞𝑞,𝜃𝜃 = 𝑸𝑸−1 𝑞𝑞,𝜃𝜃 𝑷𝑷 𝑞𝑞,𝜃𝜃
𝑹𝑹 𝑞𝑞,𝜃𝜃 = 𝑸𝑸−1 𝑞𝑞,𝜃𝜃 𝑭𝑭
𝑯𝑯 𝑞𝑞,𝜃𝜃 = 𝑸𝑸−1 𝑞𝑞,𝜃𝜃 𝑸𝑸 ∞,𝜃𝜃 𝑪𝑪 𝑞𝑞,𝜃𝜃

𝑸𝑸 𝑞𝑞,𝜃𝜃 diagonal polynomial 
𝑷𝑷 𝑞𝑞,𝜃𝜃 hollow, symmetric polynomial
𝑭𝑭 diagonal, binary, known
𝑪𝑪 𝑞𝑞,𝜃𝜃 monic, stable, stably invertible
𝑸𝑸 ∞,𝜃𝜃 = lim

𝑧𝑧→∞
𝑄𝑄 𝑧𝑧,𝜃𝜃 diagonal

[1] H. H. M. Weerts (2018a) 20



Consistency

Consistent estimates of 
𝑮𝑮 𝑞𝑞, �𝜃𝜃𝑁𝑁 , 𝑹𝑹 𝑞𝑞, �𝜃𝜃𝑁𝑁 , 𝑯𝑯 𝑞𝑞, �𝜃𝜃𝑁𝑁

by the joint-direct method[1] with identification criterion

�𝜃𝜃𝑁𝑁 = arg min
𝜃𝜃

1
𝑁𝑁�

𝑡𝑡=1

𝑁𝑁

𝜀𝜀⊤ 𝑡𝑡,𝜃𝜃 𝜀𝜀 𝑡𝑡,𝜃𝜃

with prediction error
𝜀𝜀 𝑡𝑡,𝜃𝜃 ≔ 𝑸𝑸−1 ∞,𝜃𝜃 𝑪𝑪−1 𝑞𝑞,𝜃𝜃 𝑸𝑸 𝑞𝑞,𝜃𝜃 − 𝑷𝑷 𝑞𝑞,𝜃𝜃 𝑤𝑤 𝑡𝑡 − 𝑭𝑭𝑟𝑟 𝑡𝑡

and under general conditions.

[1] H. H. M. Weerts (2018a) 21



Consistency

If in addition 

𝑸𝑸0 𝑞𝑞 and 𝑷𝑷0(𝑞𝑞) left co-prime 

𝑭𝑭0 ≠ 0 (at least 1 𝑟𝑟𝑗𝑗 𝑡𝑡 )  

then also consistent estimates of 
𝑸𝑸 𝑞𝑞, �𝜃𝜃𝑁𝑁 , 𝑷𝑷 𝑞𝑞, �𝜃𝜃𝑁𝑁 , 𝑪𝑪 𝑞𝑞, �𝜃𝜃𝑁𝑁 .

𝑮𝑮0 𝑞𝑞 = 𝑸𝑸0 −1 𝑞𝑞 𝑷𝑷0 𝑞𝑞

𝑹𝑹0 𝑞𝑞 = 𝑸𝑸0 −1 𝑞𝑞 𝑭𝑭0

𝑯𝑯0 𝑞𝑞 = 𝑸𝑸0 −1 𝑞𝑞 𝑸𝑸0 ∞ 𝑪𝑪0 𝑞𝑞

Identification in diffusively coupled physical networks22



Optimisation 

In general non-affine in 𝜃𝜃 ⟹ non-convex optimisation

𝜀𝜀 𝑡𝑡,𝜃𝜃 ≔ 𝑸𝑸−1 ∞,𝜃𝜃 𝑪𝑪−1 𝑞𝑞,𝜃𝜃 𝑸𝑸 𝑞𝑞,𝜃𝜃 − 𝑷𝑷 𝑞𝑞,𝜃𝜃 𝑤𝑤 𝑡𝑡 − 𝑭𝑭𝑟𝑟 𝑡𝑡

Linear regression if 𝑪𝑪0 𝑞𝑞 𝑸𝑸0 ∞ = 𝐼𝐼

𝜀𝜀 𝑡𝑡,𝜃𝜃 = 𝑸𝑸 𝑞𝑞,𝜃𝜃 − 𝑷𝑷 𝑞𝑞,𝜃𝜃 𝑤𝑤 𝑡𝑡 − 𝑭𝑭𝑟𝑟 𝑡𝑡

Identification in diffusively coupled physical networks23

𝜑𝜑⊤ 𝑡𝑡 𝜃𝜃
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Identification of one physical interconnection

Identification of two modules 𝐺𝐺𝑗𝑗𝑗𝑗 and 𝐺𝐺𝑘𝑘𝑘𝑘
Which node signals to measure?

Local network identification

A dynamic network approach to identification of physical systems25



Conditions for invariance of 𝐺𝐺𝑗𝑗𝑗𝑗[1]:

1. All parallel paths need to contain a measured node

2. All loops around the output need to contain a measured node

[1] A. Dankers et al (2016)

Which signals to measure?

26



Identification in diffusively coupled physical networks

Conditions for invariance of 𝐺𝐺𝑗𝑗𝑗𝑗 and 𝐺𝐺𝑘𝑘𝑘𝑘:

All neighbour node signals of 𝑤𝑤𝑗𝑗 𝑡𝑡 and 𝑤𝑤𝑘𝑘 𝑡𝑡 need to be measured

Local identification on the basis of local signals

Which signals to measure?

27



Identification in diffusively coupled physical networks28
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Summary

Physical networks = module representations + structural conditions

Full network identification: 
Consistency
Non-convex optimisation
Linear regression in special case: 𝐶𝐶 𝑞𝑞 𝑄𝑄 ∞ = 𝐼𝐼

Local network identification: 
Single interconnection
Neighbour node signals

Identification in diffusively coupled physical networks29
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