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Abstract: In this paper we focus on consistently identifying a transfer function (module)
embedded in a dynamic network. When identifying a module embedded in a dynamic network,
a critical choice is which variables to include as predictor inputs. In the system identification
literature sufficient conditions have been derived. One condition is that there should be no
confounding variables. We show that this condition can be relaxed.
1. INTRODUCTION
Dynamic networks are pervasive in engineering domains
such as power systems, pipelines, and distributed control
systems. These systems cannot be designed, operated or
maintained without models of the system. Data is becoming easier to collect from these systems, and so system
identification is well poised to play a critical role in the
advancement of these technologies. Developing tools for
identifying transfer functions embedded in dynamic networks is an active research field [Gonçalves and Warnick,
2008, Materassi and Innocenti, 2010, Haber and Verhaegen, 2013]. Conditions have been proposed to ensure that
consistent estimates of the transfer function(s) of interest
[Dankers et al., 2016, Materassi and Salapaka, 2015].
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Fig. 1. (a) Example of a network, circles denote internal
variables, and boxes denote transfer functions. (b), (c)
Networks analyzed in Examples 1 and 3.
When deciding how to identify a particular module embedded in a dynamic network, a critical choice is which
variables to include as predictor inputs. Suppose that the
objective is to consistently identify a transfer function G0ji
embedded in a dynamic network. Simply choosing wi as
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the only input and wj as the variable to be predicted (i.e.
the output) will generally not lead to consistent estimates
of G0ji . Consider the example network shown in Fig. 1a to
illustrate this statement. For this network, there are two
parallel paths from w1 → w2 . Suppose that only w1 and
w2 are known. It can be proved that when using w2 as the
output, and w1 as the input, an estimate of G021 + G013 G031
is obtained. In other words, instead of identifying G021 , an
estimate of a sum of the parallel paths is obtained. On the
other hand, it can also be shown that if both w1 and w3
are used as predictor inputs, then consistent estimates of
both G021 and G023 are obtained. The main point is that
including w3 as a predictor input enabled the possibility
of consistent estimates of G021 .
As illustrated, an important question is: what variables
must be included as predictor inputs to ensure consistent
estimates of a module embedded in a dynamic network?
This question has been addressed in both Dankers et al.
[2016] and Materassi and Salapaka [2015]. The paper
of Materassi and Salapaka [2015] is based on extending
notions developed in the field of probabilistic inference
[Pearl, 2000], where typically the networks that are dealt
with are directed acyclic graphs (networks with no loops).
The paper of Dankers et al. [2016] on the other hand
is based on extending closed-loop identification methods.
The conditions for predictor input selection presented in
Materassi and Salapaka [2015] are less restrictive when
considering networks that are directed acyclic graphs, and
the conditions of Dankers et al. [2016] are less restrictive
when considering causal networks with loops. One of the
key differences between the two papers is how confounding
variables are handled. A confounding variable is an unmeasured variable that directly affects both the output and the
predictor inputs. They are well studied in the statistics
literature (see Pearl [2009] for instance). The question we
address in this paper is: can the conditions of Dankers et al.
[2016] be relaxed when handling confounding variables?

2. BACKGROUND
In this section we present dynamic networks, confounding
variables, and the Direct Method for identifying a module
embedded in a dynamic network.
2.1 Dynamic Networks
We use the framework presented in Van den Hof et al.
[2013], where a dynamic network is built up of L nodes,
related to L scalar internal variables wj , j = 1, . . . , L.
Each internal variable
X is such that it can be written as:
G0jk (q)wk (t) + rj (t) + vj (t)
(1)
wj (t) =
k∈Nj

k ∈ Nj is a proper transfer function, q −1 is
where
the delay operator (i.e. q −1 u(t) = u(t − 1)) and,
G0jk (q),

• Nj is the set of indices of internal variables with direct
connections to wj , i.e. i ∈ Nj iff G0ji 6= 0;
• vj is an unmeasured process disturbance variable
modelled as a stationary stochastic process with rational spectral density, i.e. vj = Hj0 (q)ej where ej
is a white noise process, and Hj0 is a monic, stable,
minimum phase transfer function;
• rj is an external variable that is known and can be
manipulated by the user.
If a disturbance and/or external variable are not present
at a node, the corresponding vk or rk term is set to zero.
The entire network is defined by:
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Using an obvious notation this results in:
w = G0 w + r + v
(2)
where, w, r and v are vectors. For the remainder of the
paper we assume there are no external variables present in
the network. This simplifies the notation and reasoning.
A path from wi → wj means there are transfer functions
such that Gjn1 Gn1 n2 · · · Gnk i is non-zero. A loop is a path
from wj → wj . Let wk , k ∈ D and wz , z ∈ Z = {1, . . . , L}\
D be a partition of internal variables. A path from wi → wj
that passes only through nodes in Z is defined as a path
for which Gjz1 Gz1 z2 · · · Gzn i are non zero and all zk are in
Z. A direct path between wi and wj (i.e. Gji 6= 0 is also
considered a path that passes only through nodes in Z.
A path from wi to wj is blocked by wk if the path passes
through wk .
The following assumption will hold throughout this paper.
Assumption 1. (General Assumptions).
(a) The network is well posed.
(b) The process noise variables are mutually uncorrelated,
i.e. the power spectral density of v is diagonal.
(c) The process noise is full rank, i.e. the power spectral
density is full rank for almost all ω ∈ [−π, π).
(d) (I − G0 )−1 is stable.
The focus of this paper is how to handle confounding
variables when estimating a particular transfer function

embedded in a network. In the probabilistic inference literature, a confounding variable is defined as an unmeasured
variable that causally affects both wi and wj [Pearl, 2009].
Here, we formulate the same concept in our framework.
Definition 1. (Confounding Variables). Consider a dynamic
network as defined by (2). Partition the nodes into the
following three sets: a set of variables wk , k ∈ A, a variable
wj , j ∈
/ A and the set Z = {1, . . . , L} \ (A ∪ {j}). Given a
partition A, {j} and Z, construct the set C(j, A) such that
for every c ∈ C(j, A), vc satisfies the following conditions:
(a) There is a path from vc to wj that passes only through
nodes in Z.
(b) There is a path from vc to any wk , k ∈ A that passes
only through nodes in Z.
A variable vc , c ∈ C(j, A) is a confounding variable.
2
Remark 2. Whether or not a variable vk is a confounding
variable depends on the choice of j and A. To emphasize
this dependence we use the notation vc , c ∈ C(j, A).
2
Example 1. Consider the network in Fig. 1b. Let j = 2,
and A = {1}. By Definition 1, v3 is a confounding variable,
i.e. C(2, {1}) = {3}. Note that v2 is not a confounding
variable. Even though there are paths from v2 to both
w2 and w1 , the path from v2 → w1 passes through
{j} ∪ A = {1, 2}, and so the conditions for a confounding
variable are not satisfied.
2
Why are confounding variables important? If they are not
accounted for properly, they can induce a correlation in
the noise terms of wj and wk , k ∈ D, even if vj and vk ,
k ∈ D are all mutually uncorrelated. This is illustrated in
the following example.
Example 2. Consider the same setup as in Example 1. The
network equations in this case are:
" #  0
" #
" # 
H1 0 0
w1
0 G012 G013 w1
e1
w2 = G021 0 G023  w2 +  0 H20 0  e2
w3
w3
0
0
0
0 0 H30 e3
where e1 , e2 , and e3 are mutually uncorrelated. Both w1
and w2 can be expressed in terms of only w1 and w2
(eliminate w3 from the expressions) as:
w1 = G012 w2 + v̆1

and w2 = G021 w1 + v̆2 .

where v̆1 = v1 + G013 v3 and v̆2 = v2 + G023 v3 . The key
observation is that v̆1 and v̆2 are correlated since they are
both functions of the confounder v3 .
2
Remark 3. Consider a network with uncorrelated process
noise variables, i.e. each process noise variable vk only has
a path to wk . For given sets j and A, the variables vk ,
k ∈ A ∪ {j} cannot be confounding variables since every
path from these vk ’s to any other internal variable wn ,
n 6= k necessarily passes through a node wk , k ∈ A ∪ {j}.
Therefore, for a network with uncorrelated process noise
variables, we always have C(j, A) ∩ A ∪ {j} = ∅.
When using a direct prediction error identification method,
a confounding variable that affects the output to be predicted and the predictor inputs can result in biased estimates. Before illustrating this point, we first present the
direct prediction error identification method.

2.2 Prediction Error Identification
In the following text we show how to obtain an estimate of
G0ji embedded in a dynamic network using the predictionerror framework [Ljung, 1999, Van den Hof et al., 2013].
Let wj denote the variable which is to be predicted. Let
wk , k ∈ Dj denote the predictor inputs (the set of internal
variables that will be used to predict wj ). The one-stepahead predictor for wj is [Ljung, 1999]:
X
Hj−1(q, θ)Gjk (q, θ)wk (t)
ŵj (t|t − 1, θ) =
k∈Dj


+ 1−Hj−1(q, θ) wj (t),

(3)

where Hj (q, θ) is the noise mode which is parameterized
as a monic, stable and minimum phase transfer function.
The prediction error is:
εj (t, θ) = wj (t) − ŵj (t|t − 1, θ)
X

Gjk (q, θ)wk (t) .
(4)
= Hj (q, θ)−1 wj (t) −
k∈Dj

The unknown parameters, θ, are estimated by minimizing
the sum of squared (prediction) errors (SSE):
N −1
1 X 2
Vj (θ) =
ε (t, θ).
(5)
N t=0 j
where N is the data length. Under standard (weak)
assumptions the estimated parameter vector θ̂N converges
in the number of data N as θ̂N → θ∗ with probability 1
as N → ∞ [Ljung, 1999] where θ∗ = arg minθ Ē[ε2j (t, θ)]
PN −1
and Ē := limN →∞ N1 t=0 E, and E is the expected value
operator. If Gjk (q, θ∗ ) = G0jk the module transfer is said
to be estimated consistently.
The identification method presented in (3) - (5) is referred
to as the Direct Method [Ljung, 1999, Van den Hof et al.,
2013]. The following example illustrates why confounding
variables are difficult to handle using the Direct Method.
Example 3. Consider the network shown in Fig. 1c. Suppose the objective is to obtain an estimate of G021 . Select
w2 as the output to be predicted, and select w1 as the
predictor input. By Definition 1, C(2, {1}) = {3}, i.e.
v3 is a confounding variable in this case. From (4), the
prediction error for this situation is

ε2 (θ) = H2 (θ)−1 w2 − G21 (θ)w1 .
After some algebra, it follows that


ε2 (θ) = H2 (θ)−1 G021 − G21 (θ) v1 + v2

 
+ G023 + G021 G013 − G013 G21 (θ) v3 . (6)

The tool that we employ to handle confounding variables
is to use additional variables in the data generating system
as predictor inputs. The availability of additional variables
to use as predictor inputs is a unique advantage of dealing
with dynamic networks (as opposed to open or closed-loop
systems). The key question is: which additional variables
need to be included in the predictor to ensure consistent
estimates of the module of interest? In Dankers et al. [2016]
it is shown that consistent estimates of G0ji are possible if
a set of predictor inputs is selected that has the following
properties: (1) all parallel paths from wi to wj are blocked
by a predictor input, (2) all loops through wj are blocked
by a predictor input, and (3) there are no confounding
variables. The first two conditions are handled using a set
denoted Aj and the third property is handled using a set
denoted BA . In this paper we focus on the third condition.
In particular, we show that the third condition can be
relaxed. In the following text we summarize the results of
Dankers et al. [2016].
Property 1. Consider a set of internal variables wk , k ∈
Aj . Let Aj satisfy the conditions:
(a) i ∈ Aj , j ∈
/ Aj ,
(b) Every path from wi to wj except G0ji is blocked by a
node wk , k ∈ Aj .
(c) Every loop through wj is blocked by a node wk ,
k ∈ Aj .
2
In Dankers et al. [2016] confounding variables are handled
by selecting the internal variable associated with the confounding variable as a predictor input. This is formalized
the in following property.
Property 2. Suppose that wj and a set internal variables
wk , k ∈ Aj have been selected. Consider an additional
set of internal variables, BA . Let BA = C(j, Aj ), where
C(j, Aj ) satisfies the conditions of Definition 1.
2
If a set BA has Property 2, then it is the set of indeces of
all confounding variables associated with Aj and j.
Algorithm 1. (Direct Method for Estimating Gji ).
(1) Select wj as the output variable to be predicted.
(2) Select sets Aj and BA . The set of predictor inputs is
wk , k ∈ Dj = Aj ∪ BA .
(3) Construct the predictor (3) with wk , k ∈ Dj as the
predictor inputs.
(4) Obtain estimates Gjk (q, θ), k ∈ Dj and Hj (q, θ), by
minimizing the sum of squared errors (5).
Proposition 4. Consider a dynamic network as defined in
(2) that satisfies Assumption 1. Consistent estimates of
G0ji are obtained using Algorithm 1 if:

Because v1 , v2 and v3 are uncorrelated, ε2 consists of
three independent terms. For argument’s sake, suppose
that v3 = 0. Then minimizing the power of ε is achieved by
G21 (θ) = G021 (setting the v1 term to 0), and H2 (θ) = H20 .
Now suppose that v1 = 0, and v3 6= 0. Then minimizing
the power of ε2 is acheived by G21 (θ) = G021 + G023 /G013
(setting the v3 term to 0) and H2 (θ) = H20 . By continuity,
when all three noise terms are present the estimate lies
between G021 and G021 + G023 /G013 . 1 Thus, the estimate of
G021 is biased due to the confounding variable v3 .
2

(a)
(b)
(c)
(d)

1

elements of the spectral factor of the noise process [v̆1 v̆2 ]T as defined
in Example 2.

It can be shown that G21 (θ) that minimizes (5) when all three
−1
noise sources are present is G021 + H̆21 H̆11
, where H̆11 and H̆21 are

There is a delay in every loop wj to wj ,
The set Aj has Property 1,
The set BA has Property 2,
The power spectral density of [wj wk1 · · · wkn ]T ,
k∗ ∈ Dj is positive definite for a sufficiently large
number of frequencies ωk ∈ (−π, π].
(e) The parameterization is chosen flexible enough.
(f) Gjk (θ) is parameterized with a delay if all paths from
wk to wj have a delay.
2

For a proof and further discussion of Proposition 4 see
Proposition 7 in Dankers et al. [2016]. In the remainder
of this paper we will present some examples that show
that Property 2 can be made less restrictive. Through
examples, we aim to present a reasoning as to why it is
possible to relax this property. At the end of the paper we
present a new, less restrictive set of conditions to handle
confounding variables.
3. EXAMPLES TO ILLUSTRATE HOW
CONFOUNDERS CAN BE HANDLED
In this section we present three examples, each illustrating
a different aspect of the proposed conditions. In the first
example, we illustrate the first key element of the new
conditions: if either the paths from a confounding variable
to wj or to all wk , k ∈ Aj can be blocked then consistent
estimates of Gji are possible.
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Fig. 2. (a) Networks analyzed in Examples 4 and 5.
Example 4. Consider the network shown in Fig. 2a. The
objective is to consistently estimate G032 without using
w4 as a predictor input (because it is unmeasurable for
instance). Select A3 = {2}. In this case Z = {1, 2, 3, 4} \
{{j} ∪ Aj } = {1, 4}. This set A3 has Property 1. However,
note that there are paths from v4 → w2 and v4 → w3
that pass only through nodes in Z. Thus, by Definition
1, C(3, {2}) = {4}, i.e v4 is a confounding variable in this
case. If v1 were to be zero, then the network considered in
this example is the same as that of Example 3. Thus, by the
same reasoning, it follows that G032 cannot be consistently
estimated using w2 as a predictor input and w3 as the
output.
The main problem is that the predictor input w2 is correlated to the confounding variable v4 . In the following text
we show that (due to the topology of the network) it is
possible to partition w2 into two components, one is uncorrelated and the other is uncorrelated to the confounding
variable. The component of w2 that is uncorrelated to
the confounding variable is then used as a predictor input
to identify G032 . In the second step a consistent estimate
of G032 is obtained because the effect of the confounding
variable has been removed from the predictor input.
First, we show how to partition w2 to obtain a component
that is not correlated to v4 . The expression for w2 is:
w2 = G021 w1 + v2 .
Thus, if G021 can be (consistently) estimated then we can
obtain an estimate of v2 :
(⊥w1 )

w2

= w2 − G21 (θ̂)w1 = v̂2 .

In this situation, v2 is a component of w2 that is uncorrelated to w4 . Using w1 and w2 , the transfer function G021
can be consistently estimated (A2 = {1} and BA = ∅ have
Properties 1 and 2 respectively, and so by Proposition
4 consistent estimates of G021 are possible using only w1
as a predictor input). Now estimate the dynamics from
(⊥w )
w2 1 to w3 . From (4), using w3 as the “output”, and the
(⊥w )
estimate of w2 1 as the predictor input, and H3 (θ) = 1,
the prediction error is:

(⊥w )
ε3 (θ) = w3 − G32 (θ)w2 1 = G032 −G32 (θ) v2 + p, (7)
where in the second equality p = (G032 G021 G014 +G034 )v4 +
G032 G021 v1+v3. Because v1 , v3 , and v4 are uncorrelated to v2 ,
(⊥w )
it follows that p is uncorrelated to w2 1 . Consequently,
from open loop identification theory, it follows that it is
possible to consistently identify G032 by minimizing the
prediction error (7) [Ljung, 1999].
2
In Example 4, we have shown that it is possible to
consistently estimate G32 using w1 and w2 , even though
BA = {1} does not have Property 2. The key feature of
BA = {1} is that all paths from the confounder v4 to w2 ,
are blocked by w1 . We will show in the main result of the
paper that if the paths from the confounding variables to
either wj or wk , k ∈ Aj can be blocked by nodes wn ,
n ∈ BA , then consistent estimates of Gji are possible.
In the next example we present a second feature of the
proposed conditions: the variables selected to block the
paths of the confounding variables should not block any
paths from wi → wk , k ∈ Aj .
Example 5. Consider the network shown in Fig. 2b. The
objective is to consistently estimate G021 without using
w3 . Thus, j = 2. Choose A2 = {1, 5}. This set of
predictor inputs has Property 1. In this case, by Definition
1 C(2, {1, 5}) = {3}, i.e. v3 is a confounding variable (there
are paths from v3 → w2 and v3 → w5 that pass only
through nodes in Z = {1, . . . 6} \ {{j} ∪ A2 } = {3, 4, 6} ).
Using a similar methodology as in Example 4, we want to
eliminate the component of the predictor input w5 that is
correlated to the confounder v3 . In Example 4 it was shown
that this can be achieved using a variable that blocks the
paths from v3 to the predictor input w5 . The variable w4
has this property. Now, we follow the same reasoning as in
Example 4. From Fig. 2b the equation for w5 is:
w5 = G054 w4 + v5

(8)

From (8) we see that the component of w5 due to v5 can
be reconstructed if an estimate of G054 is available, and
that v5 is uncorrelated to the confounder, as desired. By
Proposition 4 G054 can be consistently estimated using w5
as the output, and w4 as the predictor input (A5 = {4}
and BA = ∅ have properties 1 and 2 respectively). Thus
the component of w5 due to v5 is equal to:
(⊥w4 )

ŵ5

= w5 − G54 (γ̂)w4 = v5 .

Now we use the (estimated) version of w5 that is uncorrelated to the counfounder as a predictor input in the primary identification problem in order to obtain an estimate
of G021 . The equation for the prediction error ε2 using w1
(⊥w )
and ŵ5 4 as predictor inputs is:

and either wj or any wk , k ∈ Aj . Therefore, sometimes
more than one variable may be required to partition the
(⊥w )
= (G021 +G025 G054 G041 −G21 (θ))w1 +(G25 −G25 (θ))w5 4 +p, predictor inputs such that the effect of the confounding
where p = v2 + G25 G54 v4 + G25 G54 G46 w6 . Because p is variable is neutralized. This is illustrated in the following
(⊥w )
uncorrelated to the predictor inputs w5 4 and w1 , it example.
follows from open loop system identification theory that
v1
consistent estimates of G021 + G025 G054 G041 and G025 will
0
be obtained, not G21 as was desired. The reason is that
v5 w 5
w1
w4 v4
G015
G014
(⊥w4 )
w5
= v5 does not block the effect of the parallel
path from w1 → w2 that passes though w4 and w5 .
G056
G021
G034
The component of w5 that was blocking the parallel path
was removed by removing the component of w5 due to
v6 w 6
w2
w3 v3
G026
G032
w4 . The component of w5 blocking the parallel path is
needed, otherwise an estimate of the sum of parallel paths
v2
is obtained. Indeed, this is shown in the above prediction
0
0
0
0
error, where an estimate of G21 + G25 G54 G41 is obtained.
Fig. 3. Network analyzed in Example 6.
In the following text we show that if an internal variable
is selected as an additional predictor input (to handle the Example 6. Consider the network shown in Fig. 3. This
effects of the confounder) that both blocks the path from network is the network of Example 4 plus two additional
the confounder, v3 to wk , k ∈ A2 = {1}, but it does not internal variables w5 and w6 . The objective is to con0
block any paths from w1 to w2 then a consistent estimate sistently estimate G32 without using w4 or w6 . The set
0
A
=
{2}
has
Property
1. Recall from Example 4 that we
3
of G21 is possible. All effects of the confounder v3 can be
partitioned
w
into
a
component
uncorrelated to the con2
removed from w5 by removing the component due to w6
(because there is only one path from w3 to w5 , and it founder v4 using w1 . This was achieved was by estimating
0
passes through w6 ). The expression for w5 in terms of w1 G21 (consistently). In the network of Figure 3 we are not
able
to consistently estimate G021 using w2 as an output,
and w6 is:
and w1 as a predictor input (as was done in Example
w5 = G054 G041 w1 + G054 G046 w6 + G054 v4 + v5 .
4) because there is a confounder v6 (by Definition 1 we
Thus we need to obtain an estimate of G054 G046 . This have C(2, {1}) = {6}). However, G021 can be consistently
is achieved as follows. Choose w5 as an “output”, and estimated, if the effect of w6 is first removed from w1 .
w6 as a predictor input (A5 = {6} has Property 1 and
BA = ∅ has Property 2 for this choice of A5 ). Consequently, In the following text we show that by using w2 , w1 and
it is possible to
by Proposition 4 G054 G046 can be consistently estimated. w5 and solving 3 identification problems,
0
obtain
a
consistent
estimate
of
G
.
32
Denote the estimated transfer function G56 (γ̂). Now the
effect of w3 can be removed from w5 as follows:
By Proposition 4, G015 can be consistently estimated with
(⊥w )
w1 as the output, since A1 = {5} and BA = ∅ have
ŵ5 6 = w5 − G56 (γ̂)w6
Properties 1 and 2 respectively. The expression for w1 is
0
0
0
= G54 G41 w1 + G54 v4 + v5 .
w1 = G015 w5 + G014 w4 + v1 .
(⊥w )
The key features of ŵ5 6 is that it is still a function of w1
(⊥w )
(still blocks the path from w1 to w2 ) and it is uncorrelated Using the estimated transfer function G15 (γ̂), w1 5 can
(⊥w
)
5
to the confounder w3 . Now construct a predictor of w2 be constructed as: w
= w1 − G15 (θ̂)w5 = G014 w4 + v1 .
1
(⊥w )
(⊥w5 )
using w1 and ŵ5 6 as predictor inputs:
It can be verified that w1
is only a function of v1 and
(⊥w )
v4 , and so it is uncorrelated to v6 .
ε2 (θ) = w2 − G21 (θ)w1 − G25 (θ)w5 6
(⊥w4 )

ε2 (θ) = w2 − G21 (θ)w1 − G25 (θ)w5

(w6 )

+ G025 w5

+ G023 w3 + v2

= (G021 − G21 (θ))w1 + (G025 −

(⊥w )
G25 (θ))w5 6

+ p, (9)

(w )
where p = G025 w5 6 +G023 w3 +v2 . In this
inputs are functions of v1 , v4 , v5 , and

case the predictor
the term p is a
function of v6 and v3 . Therefore, p is uncorrelated to
both predictor inputs. Again, from open loop identification
theory it follows that it is possible to consistently estimate
G032 by minimizing the prediction error (9).
2
The main point of this example is to show that when
choosing variables to block a path from a confounder to
wj or a variable wk , k ∈ Aj , the selected variable must
not block a path from wi → wk , k ∈ Aj .
The last feature of the new conditions is that it can
happen that after selecting additional variables to include
as predictor inputs, there is a ”new” confounding variable,
vk , that has paths to the newly selected predictor inputs,

Now we return to the secondary identification problem
where the objective is to consistently estimate G021 . Choose
(⊥w )
w2 as the “output” and w1 5 as the predictor input
(recall that C(2, {1}) = {6}). However, G021 can be consistently estimated because the effect of the confounding
(⊥w )
variable v6 has been removed from w1 5 . Now, using the
(⊥w1 )
(⊥w )
can be constructed as w2 4 =
estimate G21 (γ̂), w2
0
w2 − G21 (γ̂)w1 = G26 w6 + v2 .
Finally, we return to the primary identification problem
with the objective to identify G032 . Choose w3 as the
(⊥w )
output, and w2 1 as the predictor input (recall that
C(3, {2}) = {4}). However, G032 can be consistently identified because the effect of the confounding variable v4 has
(⊥w )
been removed from w2 1 .
2
The recursive reasoning as presented in this example can
be captured by the following definition.

Definition 5. (Sequence of linked confounders). Consider a (b) BA does not induce a sequence of linked confounders
between any node wk k ∈ Aj and wj .
network as defined in (2) with a node wj , and the set of
nodes wk , k ∈ Aj , j ∈
/ Aj . Consider an additional set (c) No nodes wn , n ∈ BA block any paths from wi to wk ,
k ∈ Aj .
of nodes wn , n ∈ L, where L ∩ {Aj ∪ {j}} = ∅. Let Z
be the set of nodes that are not in {j}, Aj or L, (i.e. (d) No nodes wn , n ∈ BA block any loops through wj . 2
L = {1, . . . , L} \ {{j} ∪ Aj ∪ L}). The set L induces a
sequence of linked confounders vz1 , vz2 , . . ., vzn between The following proposition is a generalization of Proposition
wj and wk , k ∈ Aj if there exists a set of nodes such that 4 that allows for more general conditions when handling
confounding variables.
vz1 → wj , vz1 → w`1 ,
Proposition 6. Consider a network as defined in (2) that
vz2 → w`1 , vz2 → w`2 ,
satisfies Assumption 1. Consistent estimates of G0ji are
vz3 → w`2 , vz3 → w`3 ,
obtained using Algorithm 1 if Condtions (a)-(b), (d)-(f)
..
of Proposition 4 are satisified, and BA has Property 3.
.
vzn → w`n , vzn → wk , k ∈ Aj
The proof is in Appendix A
where all zk ∈ Z, all `k ∈ L and each path passes only
through nodes in Z.
2
5. CONCLUSION AND FUTURE WORK
Example 7. Consider the network shown in Fig. 3. Choose
j = 3, A3 = {2}, and L = {1}. In this case Z = {4, 5, 6}. In this paper we have made the conditions for handling
The set L induces the sequence of linked confouders v4 and confounding variables more flexible. There are likely many
connections between the work presented in this paper and
v5 between w3 and w2 because there exist paths
other works in the literature. For instance, Properties 1
v4 → w3 , v4 → w1 ,
and Properties 3 likely define a notion similar to the conv6 → w1 , v6 → w2 ,
cept of d-separation [Pearl, 2000]. Secondly, the conditions
where all paths pass only through nodes in Z.
2 presented in this paper are likely closely related to the
conditions for network identifiability as defined in Weerts
The third feature of the new conditions we propose in this et al. [2015]. Finally, in this paper we did not investigate
paper is that the set BA should not induce a sequence the use of external variables for handling confounders, but
of confounders from any wk , k ∈ Aj to wj . In the next there is likely a significant advantage in doing so.
section we combine all elements for handling confounding
variables as highlighted in Examples 4, 5, and 6 into one
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Appendix A. PROOF OF PROPOSITION 6
Before presenting the proof of Proposition 6, we present a
proposition and a lemma from Dankers et al. [2016] that
will be used in the proof.
Proposition 7. Consider a dynamic network as defined in
(2) that satisfies Assumption 1. Consider a set of internal
variables wk , k ∈ Dj ∪ {j}. There exists a network
#
"




vj (t)
wj (t)
wj (t)
0
0
(A.1)
= Ğ (q,Dj )
+ F̆ (q,Dj ) vD (t) .
wD(t)
wD (t)
vZ (t)
where Ğ0 and F̆ 0 are unique transfer matrices given by
(arguments q and Dj have been dropped for clarity):

 
−1 

0 Ğ0jD
0
G̃0jD
1− G̃jj
=
I −diag(G̃D0D )
G̃D0jG̃D0D −diag(G̃D0D )
ĞD0j ĞD0D
 0
 
−1 

F̆jj 0 F̆j0Z
1 0 F̃j0Z
1− G̃jj
=
I −diag(G̃D0D )
0 I F̃D0Z
0 F̆D0D F̆D0Z
where

 
  0 


0 G0jD
G
G̃jj G̃jD
0
0 −1
= 0 0 + 0jZ (I −GZZ
) GZ0j GZD
,
GDj GDD
GDZ
G̃Dj G̃DD

  0 
G
F̃jZ
0 −1
= 0jZ (I − GZZ
) .
GDZ
F̃DZ
2
In Dankers et al. [2016] the network defined by (A.1) is
referred to as the immersed network.
The following lemma relates the transfer functions F̆mn
in the immersed network to a property of the original
network. For a proof of the lemma see Dankers et al. [2016]
Lemma 8. Consider a dynamic network as defined in (2)
that satisfies Assumption 1. If all paths from vn to wm ,
n ∈ Z, m ∈ Dj ∪ {j}, pass through at least one node w` ,
0
` ∈ Dj ∪ {j} (in the original network), then F̆mn
= 0 in
the immersed network.
2
The following lemma presents a characteristic of the noise
model in the immersed network if BA has Property 3.
Lemma 9. Consider a network defined by (2) that satisfies
Assumption 1 where the variables have been partitioned
into sets wj , wk , k ∈ Aj , wn , n ∈ BA , and wz , z ∈ Z,
where Z = {1, . . . , L} \ {Aj ∪ BA ∪ {j}}. Partition BA into
two sets, S and T according to the following criterion: let
ws , s ∈ S be the set of all variables in BA for which there
are paths wz → wj and wz → ws , z ∈ Z, that pass only
through nodes in Z. Let T be the remaining variables in
BA , i.e. T = BA \ S. If BA has Property 3 then the noise
model of the immersed network will have the structure


Φv̆j Φv̆j v̆S
0
0
Φv̆S
0
0 
Φ
.
Φv̆ =  v̆S v̆j
0
0
Φv̆T Φv̆T v̆A 
0
0 Φv̆A v̆T Φv̆A


(A.2)
2

Proof: From Proposition 7 the noise model of the immersed
network can be expressed as:
 v 
  F̆
j
0
0
0
F̆
jj
j
Z
v̆j
 vS 

0
F̆
0
0
F̆
 v̆S  


SS
SZ 
vT  .
v̆  = 
 0 0 F̆TT 0 F̆TZ  
T
v 
A
v̆A
0 0 0 F̆AA F̆AZ
vZ
The power spectral density of v̆ is equal to H̆ H̆ ∗ , where H̆
is the matrix defined above. Thus, the expression for Φv̆ is


∗
|F̆jj |2+|F̆jZ |2
F̆jZ F̆S∗Z
F̆jZ F̆TZ
F̆jZ F̆A∗Z
∗
2
2
∗
∗
 F̆SZ F̆jZ

|F̆SS | +|F̆SZ |
F̆SZ F̆TZ
F̆SZ F̆AZ


∗
2
2
∗
 F̆TZ F̆ ∗

F̆TZ F̆
|F̆TT | +|F̆TZ |
F̆TZ F̆
jZ

SZ

F̆AZ F̆j∗Z

F̆AZ F̆S∗Z

AZ

∗
F̆AZ F̆TZ

|F̆AA |2+|F̆AZ |2

In the following text, we will show that the off-block
diagonal terms in Φv̆ are 0 resulting in the required
form. First consider the term F̆jZ F̆A∗Z . By Condition (a)
of Property 3, there cannot be a variable present in Z
that has a path to both wj and wk , k ∈ Aj that passes
only through nodes in Z. Therefore, by Lemma 8 it must
be that either F̆jZ or F̆kZ equal zero for every node k ∈ Aj .
It follows that F̆jZ F̆k∗Z = 0 for all k ∈ Aj .
Next consider the term F̆jZ F̆S∗Z . By construction, there is
no node wz , z ∈ Z such that there is are paths wz → wj
and wz → wt , t ∈ T . If there were such a path, t would be
in S. Thus, by Lemma 8, it must be that F̆jZ F̆S∗Z = 0.
Next consider the term F̆SZ F̆A∗Z . Recall that for every node
ws , s ∈ S there exists a node wz , z ∈ Z with paths
wz → ws and wz → wj that pass only through nodes
in Z. Suppose that there would exist a variable wc that
has paths wc → ws , s ∈ S and wc → wk , k ∈ Aj . If
such a wc existed, there would be a sequence of linked
confounders from wk → wj . By Condition (b) of Property
3, this cannot be. It follows that F̆SZ F̆A∗Z = 0.
∗
Finally, consider the term F̆SZ F̆TZ
. By construction of T
there is a sequence of linked confounders from each node
wt , t ∈ T to a node wk in k ∈ Aj . Thus, by reasoning
∗
similar as above, it follows that it must be that F̆SZ F̆TZ
= 0.
2

The following is the proof of Proposition 6.
Proof: Let BA be partitioned into S and T , as defined in the
statement of Lemma 9. From Proposition 7 the equations
for the immersed network using variables wk , k ∈ Dj , with
Dj = Aj ∪ T ∪ S is
   0 Ğ Ğ Ğ     
jS
jT
jA
wj
wj
v̆j
  wS   v̆S 
Ğ
Ğ
Ğ
Ğ
 wS  
S
j
S
S
S
T
S
A

(A.3)
w  = 
ĞT j ĞTS ĞTT ĞTA  wT  + v̆T 
T
wA
wA
v̆A
ĞAj ĞAS ĞAT ĞAA
From Lemma 9 the power spectral density of v̆ has the
form (A.2). From the Spectral Factorization Theorem of

Youla [1961] we have Φv̆ = H̆ H̆ ∗ where H̆ is a unique,
monic, stable, minimum phase spectral factor of Φv̆ . The
upper and lower blocks of Φv̆ can be factored as:

 


∗
∗
F11 Λ11 F11
0
F11 0 Λ11 0 F11 0
Φv̆=
.
∗ =
0 F22 Λ22 F22
0 F22 0 Λ22 0 F22
In the last equality the left spectral factor is the noise
model of the immersed network. Thus the equations for
the immersed network (A.3) can be expressed as:
   0 Ğ Ğ Ğ    H̆ H̆ 0 0  
jS
jT
jA
j
jS
wj
wj
ĕj
 wS  H̆S j H̆S 0 0  ĕS 
Ğ
Ğ
Ğ
Ğ
 wS  
S
j
S
S
S
T
S
A



w =
ĞT j ĞTS ĞTT ĞTA wT + 0 0 H̆T H̆TA ĕT .
T
wA
ĞAj ĞAS ĞAT ĞAA wD
0 0 H̆AT H̆A ĕA
In this expression for the network, the noise v̆j is correlated
to the noise v̆S . In the following text we aim to derive
an expression for the network, where the noise v̆j is
uncorrelated to all noise sources. Premultiply both sides
of the network equations by


1 −H̆jS H̆S−1 0 0
0
I
0 0 .


0
0
I 0
0
0
0 I
The resulting network equations are:

 Ğ0 Ğ0 Ğ0 Ğ0   
wj
jj
jS
jT
jA
wj − H̆jS H̆S−1 wS

wS 
Ğ
Ğ
Ğ
Ğ


 
wS
Sj
SS
ST
SA 

=
ĞT j ĞTS ĞTT ĞTA  wT 
wT
wA
wD
ĞAj ĞAS ĞAT ĞAA


H̆j − H̆jS H̆S−1 H̆S j 0 0
0 ĕj 

H̆S j
H̆S 0
0 
ĕS 

+
 .

0
0 H̆T H̆TA  ĕT
ĕA
0
0 H̆AT H̆A
where
Ğ0jj = −H̆jS H̆S−1 ĞS j
Ğ0jS = ĞjS − H̆jS H̆S−1 ĞSS
Ğ0jT = ĞjT − H̆jS H̆S−1 ĞST
Ğ0jA = ĞjA − H̆jS H̆S−1 ĞSA
After rearanging the terms in the top row, and removing
the Ğ0jj term, the resulting network equation is:

   0 Ğ00 Ğ00 Ğ00    H̆ 0 0 0
0 ĕj 
wj
wj
jS
jT
jA
j

0 
ĞS j ĞSS ĞST ĞSA 
 wS  
 wS  H̆S j H̆S 0
 ĕS 
w =
ĞT j ĞTS ĞTT ĞTA wT + 0 0 H̆T H̆TA ĕT .
T
wA
0 0 H̆AT H̆A ĕD
ĞAj ĞAS ĞAT ĞAA wA
where


1
−1
−1
Ğ
Ğ
Ğ00jS =
j
S−H̆jS H̆S
SS+H̆jS H̆S
1+ H̆jS H̆S−1 ĞS j
(A.4)


1
Ğ00jT =
ĞjT − H̆jS H̆S−1 ĞST
(A.5)
1+ H̆jS H̆S−1 ĞS j


1
−1
Ğ00jA =
Ğ
Ğ
(A.6)
j
A − H̆jS H̆S
SA
1+ H̆jS H̆S−1 ĞS j
H̆j0 = H̆j − H̆jS H̆S−1 H̆S j
(A.7)
The same matrix operations can be repeated to remove
the term H̆S j from the network equations, resulting in:




Ğ00jS Ğ00jT Ğ00jA wj  H̆j0 0 0
0 ĕj 
ĞS00S ĞS00T ĞS00A 
wS   0 H̆S 0
ĕS 
0 


w +
ĕ .



T
T
0
0
H̆
H̆
ĞTS ĞTT ĞTA
T
TA
w
ĕ
A
A
0 0 H̆AT H̆A
Aj ĞAS ĞAT ĞAA
For the purpose of this proof, we are not interested in the
specific expressions for Ğ00jS , ĞS00S , ĞS00T , ĞS00A . The important
feature of the above network equations is that the output
noise v̆j0 = H̆j0 ĕj is uncorrelated to all other noise variables
in the network. Consequently, by Proposition 4 the transfer
functions [Ğ00jS Ğ00jT Ğ00jA ] can be consistently estimated.
 0
wj
ĞS00j
 wS  
w =
Ğ
T
Tj
wA
Ğ


The last item that we need to prove is that under the
proposed conditions, Ğ00ji = Gji . The expression for Ğ00ji is
shown in (A.6) (i is always a member of Aj by Condition
(a) of Property 1). The proof will conclude by showing
that ĞS j = 0 and ĞS i = 0 for all s ∈ S.
Start with ĞS j . By Condition (d) of Property 3 there is no
loop through wj that passes through a node in BA . There
is a path from each ws , s ∈ S to wj . Thus, if ĞS j were
to be non-zero, then there would be a loop through wj
that passes through a node in BA . This is a contradiction,
and so we conclude that ĞS j = 0 for all s ∈ S. The same
reasoning can be applied to conclude that ĞS i = 0. This
concludes the proof.
2

