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Summary

This study presents a novel perspective on pressure-transient anal-
ysis (PTA) of downhole-pressure and flow-rate data by use of sys-
tem-identification (SI) techniques as widely used in advanced
process engineering. Key features of the paper are that it considers
the classic PTA process from a system-theoretical perspective;
derives the causal structure of the flow dynamics; proposes a
method to deal with continuously varying pressure and flow-rate
signals contaminated with correlated noise, which estimates phys-
ical reservoir parameters through a systematic matching proce-
dure in the frequency domain; and can cope with arbitrary (i.e.,
not necessarily piecewise constant) flow-rate signals. To this end,
the wellbore and the reservoir are modeled as two distinct two-
port power-transmitting systems that are bilaterally coupled at
their common boundary. This structure reveals that, from an SI
perspective, the wellbore dynamics affect the bottomhole data as
a feedback mechanism. Because of this feedback structure, it is
necessary to use closed-loop SI techniques, and, because of the
presence of sensor noise, the reservoir model cannot be identified
solely from the bottomhole measurements. Therefore, an auxiliary
signal is needed, for which we choose the surface flow rate,
although other signals, such as the bottomhole temperature, could
potentially also be used. Then a suitable closed-loop SI technique
is the so-called two-stage method. The first stage of the algorithm
removes the dynamic effects of the wellbore from the noisy data,
and the second stage identifies the reservoir model in terms of
rational polynomials. Thereafter, the usual physical reservoir pa-
rameters (e.g., averaged permeability and skin factor) are obtained
through matching the results of the identified reservoir model and
those of typical analytical reservoir models in the frequency do-
main, as an alternative to classic graphical or numerical type-
curve analysis. The method does not rely on a piecewise constant
approximation of the flow-rate signal, unlike other known PTA
methods such as time-domain deconvolution. Six numerical
experiments, by use of a synthetic data set, and one field example,
by use of data from a real gas well, illustrate the key aspects of
the proposed method.

Introduction

Traditional pressure-transient analysis (PTA), also called buildup
testing or well testing, relies on the use of downhole-pressure
measurements (from retrievable or permanent gauges) in combi-
nation with a fixed flow rate, where the most-reliable form of a
fixed rate is a zero rate obtained by a quick-closing downhole
valve during drillstem testing. More-inaccurate “zero” rates are
obtained by shutting in the well at surface and accounting for the
wellbore-storage effect (resulting in an initial nonzero rate at the
bottom of the well) with the aid of a simple model (a wellbore-
storage coefficient). In conventional PTA, the step response in the
bottomhole pressure resulting from shutting in the well is used to
identify the reservoir type through type-curve matching—through

comparison of the shape of the measured response to those of
known “typical” reservoir types selected on the basis of prior in-
formation such as well type, completion details, or log data—and
to estimate physical reservoir parameters (e.g., average perme-
ability and skin factor) by identifying characteristic slopes or by
manual or computer-aided adjustment of the parameters of the
response model for the selected reservoir type until the corre-
sponding pressure response matches the measured response. An
obvious disadvantage of conventional PTA is the need to shut in
the well, leading to deferred production.

The widespread availability of permanent downhole-pressure
gauges, in combination with the emerging use of permanent
downhole sensors for (total) flow rate, has inspired a new area of
research in the field of PTA over the past decade. The availability
of permanent downhole-pressure and rate measurements poten-
tially allows for frequent PTA without the need to shut in the
well, by use of fluctuations in bottomhole pressure and flow rate
resulting from operational disturbances, such as closing in a
neighboring well, or deliberate changes in operating conditions.
In the literature, several methods have been proposed to modify
the first step of PTA (reservoir-type identification) to cope with
nonconstant-flow rates. Generally, it is assumed that the govern-
ing partial-differential equation for single-phase flow in a reser-
voir is approximately linear. Hence, Duhamel’s principle is valid,
and consequently the bottomhole-pressure change with respect to
the initial reservoir pressure is described as the convolution of the
flow rate into the well with the impulse (pressure) response of the
reservoir. The problem to be solved in this step is therefore to
compute the impulse response of the reservoir from the bottom-
hole pressure and flow-rate measurements, a process known as
deconvolution in the PTA literature (Kuchuk et al. 2010). Once
the impulse response is known, it is possible to generate the corre-
sponding step response and proceed with the conventional PTA
procedure as if the step response had been obtained by shutting in
the well. The deconvolution problem has been addressed by sev-
eral researchers (Roumboutsos and Stewart 1988; Bourgeois and
Horne 1993; Baygü et al. 1997; Onur and Reynolds 1998; Grin-
garten 2008). For a recent review we refer to Kamal and Abbasza-
deh (2009) and Kuchuk et al. (2010).

The main challenge in the use of deconvolution methods for
well-test analysis is their high level of sensitivity to the presence
of noise. The algorithms typically become unstable in cases with
even a relatively low sensor-noise level in one of the measured
variables. Realistically, both bottomhole-pressure and flow-rate
measurements contain sensor noise, and without properly dealing
with the noise, the estimate of the reservoir’s impulse response
will be biased and maybe even uninterpretable. Note that in addi-
tion to sensor noise, the effects of disturbances such as turbulence
in the wellbore are present in the measurements. Von Schroeter
et al. (2004) and Levitan (2005) propose two similar robust and
stable algorithms that can handle relatively high levels of sensor
noise in both measured variables by modeling the noise as uncor-
related Gaussian signals. These algorithms solve a nonlinear,
regularized total-least-square (TLS) -optimization problem to esti-
mate the reservoir’s impulse response. However to implement the
algorithm, certain regularization parameters need to be selected a
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priori. Unfortunately, the final estimate is very sensitive to the
chosen values of the regularization parameters, the optimal values
of which depend on the properties of the noise (such as variance)
and on penalty terms associated with the curvature of the response
that are very difficult to know, if at all, a priori. Pimonov et al.
(2010) modified the TLS method of von Schroeter et al. (2004) by
introducing a weighting factor to emphasize those measurements
that are assumed to have low sensor noise, thus increasing the
number of tuning variables.

An important limiting factor of all TLS-based algorithms is
that they require a piecewise-constant approximation of the flow-
rate signal. We note that this is not a theoretical limitation but
rather the effect of a numerical implementation in which the flow
rate is discretized in a piecewise-constant fashion. To approxi-
mate the signal as a series of constant-rate-flow periods, the exact
starting points of the periods are usually found on the basis of
breakpoints in the measured pressure signal (Athichanagorn
1999). Unfortunately, sensor noise often masks the exact location
of the breakpoints, and, consequently, breakpoint-detection algo-
rithms may not always find the exact starting points of the flow
periods. Especially for measurements with many short flow peri-
ods, these errors can affect the estimated response considerably
(Nomura and Horne 2009).

Cheng et al. (2005) consider the analysis of data sets with com-
pletely variable flow rates by use of a deconvolution algorithm
modeled after a frequency-domain transformation of the measure-
ments. In the frequency domain, the convolution integral becomes
a simple algebraic equation and the quotient of the Fourier trans-
form of the pressure and flow-rate signals gives the Fourier trans-
form of the impulse-response function. The impulse response of
the reservoir is then calculated by inverse-Fourier transformation
of the solution. Because the frequency transformation does not
need any assumption on the shape of the flow-rate signal in the
time domain, the algorithm can be applied to data sets with contin-
uously varying flow-rate signals. However, the simple algebraic
equation is no longer valid when the data contain noise, and there-
fore the authors propose an iterative scheme to suppress the noise
in the data and calculate the impulse response. Although the algo-
rithm appears simple to deploy, the study does not provide any sta-
tistical or mathematical analysis to assess its accuracy.

Next, we consider the two main steps of PTA: reservoir-type
characterization and physical-parameter estimation. We assume
that the identified reservoir model has been obtained in the form
of a bottomhole-pressure-step response, either through direct mea-
surement of the pressure in response to shutting in the well or
through deconvolution of continuous pressure and flow-rate sig-
nals. A graphical representation of the identified model—typically
a log-log plot of the Bourdet derivative (i.e., the pressure deriva-
tive with respect to the natural logarithm of time vs. time)—is
then compared with graphical-model representations of known
“typical”-reservoir models (referred to as type curves) selected on
the basis of prior information such as well type, completion
details, and log data. The reservoir-flow regime and the presence
of flow-relevant heterogeneities are determined through selection
of the type curve that best fits the features (slopes, curvatures, and
asymptotes) of the identified model. The “typical”-reservoir mod-
els are obtained as (semi-) analytical solutions of the governing
differential equations for single-phase flow in relatively simple
geometries, with parameters that represent physical parameters
such as average permeability, skin factor, and drainage radius.
These parameters are then estimated by minimizing some differ-
ence measure between the graphical representations of the identi-
fied and the selected known reservoir models. The (semi-)
analytical solutions are usually obtained in the Laplace domain.
However, the parameter estimation is usually dependent on com-
parisons in the time domain, which, therefore, requires taking the
inverse Laplace transform of the analytical solution. To avoid this
transformation, Bourgeois and Horne (1993) proposed to perform
the physical-parameter estimation in the Laplace domain, whereas
more recently, Ahn and Horne (2011) introduced an estimation
method in the frequency domain.

This paper studies the PTA problem from a system-theoretical
perspective, and presents a new method to analyze continuously
varying pressure and rate data. It proposes the use of system-iden-
tification (SI) techniques to identify a data-driven reservoir model.
SI is the process of identifying a mathematical model with rigor-
ous error estimates, on the basis of measured input and output
data, and has been widely used in control engineering and
advanced process engineering (Ljung 1999). To our knowledge,
the use of SI methods on the well-testing problem has not been
attempted before, except for work reported by Kuiper (2009). To
apply SI, the causal structure (input/output relationship) of the
system needs to be known. Consequently, to use SI for well-test
analysis, first the causal structure of production system must be
determined. For this, we consider the reservoir and wellbore as
two distinct systems that interact at the bottom of the hole. The
wellbore and reservoir can each be modeled as two-port hydrau-
lic-power-transfer (sub)systems, where the power flow (i.e., the
time derivative of energy) at a certain point in the system is equal
to the product of flow rate and pressure at that point. The interac-
tion between the two subsystems is modeled by bilaterally cou-
pling them (i.e., by requiring equality of both pressure and flow
rate at the interface). As will be illustrated in detail in this study,
the resultant structure reveals that the wellbore dynamics act as a
feedback between the bottomhole pressure and flow rate.

Because of the feedback structure of the coupled well/reservoir
system, it is necessary to use closed-loop SI techniques. We will
show that, in the presence of noise, the reservoir model cannot be
identified solely from the bottomhole measurements, and that an
auxiliary signal is needed to make the identification feasible. In
this paper, we choose the surface flow rate as the auxiliary signal.
Then, a suitable closed-loop SI technique is used: the so-called
two-stage (TS) method (Van den Hof and Schrama 1993). In the
first stage, a noise-free bottomhole-flow-rate signal is estimated.
In the second stage, this signal is used to identify the reservoir
model without wellbore effects. Subsequently, the identified res-
ervoir model is transformed to the frequency domain, and the res-
ervoir type is characterized. The physical parameters are then
estimated on the basis of a comparison of the identified model
with a physics-based model in the frequency domain. The particu-
lar TS SI method presented in this study relies on the availability
of an external-control signal and on the presence of near-linear
dynamic relationships between flow rate and pressure in both the
wellbore and the reservoir. If these conditions are satisfied, then
measurements with completely variable flow rate and correlated
sensor noise, and that are contaminated by the effects of unknown
disturbances such as turbulence, can be handled effectively. In the
synthetic examples treated in this study, we have chosen the exter-
nal-control signal in the form of a nearly noise-free surface flow-
rate measurement, and in the (single-phase) field example in the
form of set-point surface flow rates. It is, in theory, also possible
to use (single-phase) surface choke settings (which are nonli-
nearly related to the flow rate) by use of the modified TS method
presented in Forssell and Ljung (1999). For single-phase wellbore
flow (e.g., in water-injection wells or dead-oil- or dry-gas-produc-
tion wells) it is indeed possible to obtain nearly noise-free surface
flow-rate measurements. For multiphase (live-oil- or wet-gas-pro-
duction wells), this is not feasible. Although the requirement of
noise-free surface rate measurements is therefore restrictive, we
note that most parts of our theoretical development will remain
valid for more-general SI methods, including those relying on dif-
ferent auxiliary signals, either with or without noise. Depending
on the nature of such an alternative auxiliary signal, specific SI
methods may be required, the description of which is outside the
scope of this paper. First steps toward such a more-generally-ap-
plicable SI method have been reported in Mansoori et al. (2014),
where we used surface flow-rate measurements contaminated
with sensor noise, and in Mansoori et al. (in press), where bottom-
hole-temperature measurements are used as the auxiliary variable.

The study is organized as follows. In the second section, Model-
ing the Production System, the modeling of the wellbore and the
reservoir and the coupling between the models are explained in
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detail. In the third section, Model Identification and Parameter Esti-
mation, SI is concisely explained and the application of TS closed-
loop SI to well-test data is elaborated on. (A more-elaborate
description of the basics of SI is given in Appendix A.) Physical-pa-
rameter estimation in the frequency domain is explained in the
fourth section, Physical-Parameter Estimation. The results of model
identification and parameter estimation for synthetic examples and
a field case are discussed in the sections Synthetic Examples and
Field Example, respectively, and the final section is Conclusions.

Modeling the Production System

Introduction. System identification, just like the parameter-esti-
mation step in classical well testing, involves matching the output
of a system model to the measured output, and just like in classi-
cal well testing we need prior information to determine the nature
of the reservoir model. In this section, we present a system model
in the form of a simple cylindrical and homogeneous reservoir
drained by a vertical well in its center (Fig. 1). This model also
allows us to analyze the well-test process from a system-theoreti-
cal perspective and derive its corresponding causal structure. We
assume that the well test is carried out by manipulating the choke
at the wellhead and measuring the resulting bottomhole-flow rate
and pressure. The reservoir and the wellbore are modeled as two
distinct fluid-delivery systems, coupled at the bottom of the well.
To derive the dynamical relationships of the wellbore and reser-
voir analytically, we assume, as a first step, that the reservoir and
the wellbore contain a slightly compressible single-phase fluid.
During a well test the wellbore will usually experience two-phase
flow in at least the top part of the well. Modeling the dynamical
behavior of this two-phase flow in detail is out of the scope of this
study. However, in a second step, we will follow the usual
approach in conventional pressure-transient analysis (PTA) to ap-
proximate the wellbore dynamics with a single wellbore-storage
(WBS) coefficient.

Modeling the Fluid Flow in the Wellbore. Single-Phase-
Liquid-Flow Model. The fluid enters the production tubing at the
bottom of the well with flow rate qbh(t) and bottomhole pressure
pbh(t). The fluid reaches the top of the well with flow rate qwh(t)
and wellhead pressure pwh(t). Let qw(z,t) and pw(z,t) be the flow
rate and pressure in the tubing at depth z and time t, respectively.
[Note that throughout this study we assume that all flow rates and
pressures qx(t) and px(t), with x representing an arbitrary subscript,
are flow rate and pressure differences with respect to the steady-
state condition. The constant hydrostatic pressure in the well is
therefore not part of p(t).] In general, the dynamics of unsteady
flow within the tubing can be modeled with the aid of mass-, mo-
mentum-, and energy-conservation equations. As a first step, we
consider isothermal flow of a single-phase, constant-density,
slightly compressible liquid through an elastic pipe of constant
cross section, which are relevant assumptions for water-injection
wells. (If necessary, the equations can simply be extended to a
quasi-isothermal situation with temperature-dependent fluid prop-
erties and a temperature profile along the well that is defined a pri-
ori.) In this case, these equations are reduced to two water-
hammer equations (Chaudhry 1979), which describe the relation-
ships between qw(z,t) and pw(z,t) as

qa2

A

@qw z; tð Þ
@z

þ @pw z; tð Þ
@t

¼ 0; ð1Þ

A

q
@pw z; tð Þ
@z

þ @qw z; tð Þ
@t

þ Rqw z; tð Þ ¼ 0; ð2Þ

where g is acceleration of gravity (9.81 m/s2), A is cross-sectional
area of the pipe (m2), q is fluid density (kg/m3), a2 ¼
K=½qþ KDq eEð Þ�1� is velocity of water-hammer wave in the
fluid (m/s), R¼ 32 �/D2 is laminar-flow-friction effect (1/s), K is
bulk modulus of the fluid (Pa), E is Young’s modulus of the pipe
(Pa), D is internal diameter of the pipe (m), e is wall thickness of
the pipe (m), and � is kinematic viscosity of the fluid (m2/s).

Note that in the literature on hydraulic transients, the water-
hammer equations are usually written in terms of hydraulic head
H, but for convenience we have substituted the hydraulic head
with p¼ qgH in the water-hammer equations. If pw(z,t) is elimi-
nated from Eqs. 1 and 2, one obtains

@2qw z; tð Þ
@z2

� 1

a2

@2qw z; tð Þ
@t2

� R

a2

@qw z; tð Þ
@t

¼ 0: ð3Þ

Eq. 3 is written in the Laplace domain, with Qwh sð Þ and
Qbh sð Þ as the Laplace transforms of qwh(t) and qbh(t), as

@2Qw z; sð Þ
@z2

� s2

a2
þ Rs

a2

� �
Qw z; sð Þ þ s

a2
þ R

a2

� �
qw z; 0ð Þ

þ 1

a2

@qw z; 0ð Þ
@t

¼ 0: � � � � � � � � � � � � � � � � � � � ð4Þ

It is assumed that the well does not produce fluid at time t� 0;
i.e., that

qw z; 0ð Þ ¼ 0;
@qw z; 0ð Þ

@t
¼ 0; 0 � z � Lw; ð5Þ

where Lw is the well length. Applying the initial conditions of Eq.
5 in Eq. 4 and solving the equation lead to the solution

Qw z; sð Þ ¼ M1sinhnzþM2coshnz; ð6Þ

where

n2 ¼ s2

a2
þ Rs

a2
; ð7Þ

and M1 and M2 are two unknown constants. Furthermore, if Eq. 1
is transformed into the Laplace domain and Eq. 6 is substituted
into it, we obtain
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Fig. 1—A cylindrical homogeneous reservoir with a vertical
well where the wellhead flow rate is controlled, and the bottom-
hole flow rate and pressure are measured.
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Pwðz; sÞ ¼
�qa2

As
n M1coshnzþM2sinhnzð Þ þ pw z; 0ð Þ

s
;

� � � � � � � � � � � � � � � � � � � ð8Þ

where the last term is zero. Two boundary conditions are required
to find M1 and M2. At each side of the pipe, either q or p can be
specified. For example, in a well test, the choke controls the flow
rate at the wellhead and the reservoir response determines the
pressure at the bottom of the hole; therefore, qwh(t) and pbh(t) are
taken as the boundary conditions. Finally, solving Eqs. 6 and 8
together gives

Qbh sð Þ
Pwh sð Þ

� �
¼W

Qwh sð Þ
Pbh sð Þ

� �
; ð9Þ

in which the 2� 2 matrix W is given by

W sð Þ ¼
W11 W12

W21 W22

� �

¼ 1=coshnLw � sA=qna2ð ÞtanhnLw

qna2=sAð ÞtanhnLw 1=coshnLw

� �
:

� � � � � � � � � � � � � � � � � � � ð10Þ

These four transfer functions, or filters, describe the full
dynamic behavior of the flow of a slightly compressible single-
phase liquid in a vertical well. Fig. 2 represents the causal struc-
ture of Eq. 9 and illustrates how the inputs and outputs are con-
nected. For example, the output qbh(t) is the sum of input qwh(t),
filtered by W11, and input pbh(t), filtered by W12.

WBS Model. In practice, the assumption of single-phase liq-
uid flow is only applicable to water-injection wells because in
nearly all producing wells two-phase (gas/liquid) flow occurs.
The analytical model for single-phase liquid flow, as derived pre-
viously, is then no longer applicable. In the PTA literature, the
concept of WBS is used to model the dynamic effects after shut-
in of a production well. In that case, a single WBS coefficient, Cs,
describes the effect of wellbore-fluid compression on the well-
flow rate qWBS as

qWBS tð Þ ¼ Cs
dpbh tð Þ

dt
: ð11Þ

The mass-balance equation for the wellbore now becomes

qwh tð Þ ¼ qbh tð Þ þ Cs
dpbh tð Þ

dt
; ð12Þ

which can be transformed into the Laplace domain as

Qbh sð Þ ¼ Qwh sð Þ � CssPbh sð Þ þ Cspbh 0ð Þ; ð13Þ

where the last term is zero. Hence, the causal structure of Eq. 13
is illustrated in Fig. 3, where

W11 ¼ 1; ð14Þ

W12 ¼ �Css: ð15Þ

Because in the WBS model only the mass-conservation equa-
tion is used, only two transfer functions appear in the causal
structure.

Modeling the Fluid Flow in the Reservoir. Consider a circular
reservoir with flow rate qsf (t) and pressure psf (t) at the sandface
of the well (Fig. 1). Recall that throughout this study we assume
that all flow rates and pressures qx(t) and px(t), with x representing
an arbitrary subscript, are flow-rate and pressure differences with
respect to the steady-state condition. It is assumed that an aquifer
supports the reservoir with rate qe(t) and pressure pe(t) at the outer
boundary; i.e., at r¼ re. In this homogeneous reservoir with sin-
gle-phase, slightly compressible fluid, the radial flow rate qr(r,t)
and pressure pr(r,t) at radial distance r from the symmetry axis
satisfy the diffusivity equation and Darcy’s law as

1

r

@

@r
r
@pr r; tð Þ
@r

¼ 1

g
@pr r; tð Þ
@t

; ð16Þ

qr r; tð Þ ¼ � 2prkh

l
@pr r; tð Þ tð Þ

@r
; ð17Þ

where g ¼ k=/lct is hydraulic diffusivity (1/s), Ct is total com-
pressibility (1/Pa), k is absolute permeability (md), / is porosity,
l is fluid viscosity (Pa�s), and h is reservoir thickness (m).

The initial condition can be expressed as

pr r; 0ð Þ ¼ 0; rw � r � re: ð18Þ

Note that pr represents the difference with respect to the
steady-state condition. If Pr r; sð Þ and Qr r; sð Þ are the Laplace
transforms of pr(r,t) and qr(r,t), we can write Eq. 16 in the Laplace
domain as

r
@

@r
r
@Pr r; sð Þ

@r
¼ s

g
r2Pr r; sð Þ: ð19Þ

Solving this ordinary-differential equation in the radial coordi-
nate leads to the solution

Pr r; sð Þ ¼ M1I0

ffiffiffi
s

g

r
r

� �
þM2K0

ffiffiffi
s

g

r
r

� �
; ð20Þ

in which M1 and M2 are two arbitrary coefficients. To find their
magnitudes, we invoke the Laplace transform of Eq. 17:

Qr r; sð Þ ¼ � 2pkh

l
M1r

ffiffiffi
s

g

r
I1

ffiffiffi
s

g

r
r

� �
�M2r

ffiffiffi
s

g

r
K1

ffiffiffi
s

g

r
r

� �� �
;

� � � � � � � � � � � � � � � � � � � ð21Þ

and choose two boundary conditions, which, at each boundary,
can be specified in terms of either p or q. We assume that at the
sandface the flow rate qsf (t) is imposed, and at the outer boundary

. . . . . . . . . . . . . . . . . . .
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Fig. 3—Causal structure of the WBS model, showing the rela-
tionships between inputs and outputs.
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Fig. 2—Causal structure of the single-phase model, showing
the relationships between inputs and outputs.
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the pressure pe(t). By solving Eqs. 20 and 21, the dynamical
behavior of the reservoir is then derived as

Qe sð Þ
Psf sð Þ

� �
¼ R

Qsf sð Þ
Pe sð Þ

� �
; ð22Þ

where R is a 2� 2 matrix with
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I1 re

ffiffiffi
s

g

r� �
K0 re

ffiffiffi
s

g

r� �
þ I0 re

ffiffiffi
s

g

r� �
K1 re

ffiffiffi
s

g

r� �

I0 re

ffiffiffi
s

g

r� �
K1 rw

ffiffiffi
s

g

r� �
þ I1 rw

ffiffiffi
s

g

r� �
K0 re

ffiffiffi
s

g

r� � ;

� � � � � � � � � � � � � � � � � � � ð23Þ

R12 sð Þ ¼ 2pkh

l

� re

ffiffiffi
s

g

r I1 rw

ffiffiffi
s

g

r� �
K1 re

ffiffiffi
s

g

r� �
� I1 re

ffiffiffi
s

g

r� �
K1 rw

ffiffiffi
s

g

r� �

I0 re

ffiffiffi
s

g

r� �
K1 rw

ffiffiffi
s

g

r� �
þ I1 rw

ffiffiffi
s

g

r� �
K0 re

ffiffiffi
s

g

r� � ;

� � � � � � � � � � � � � � � � � � � ð24Þ

R21 sð Þ ¼ l

2pkhrw

ffiffiffi
s

g

r

�
I0 re

ffiffiffi
s

g

r� �
K0 rw

ffiffiffi
s

g

r� �
� I0 rw

ffiffiffi
s
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r� �
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ffiffiffi
s
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r� �

I0 re

ffiffiffi
s

g

r� �
K1 rw

ffiffiffi
s

g

r� �
þ I1 rw

ffiffiffi
s

g

r� �
K0 re

ffiffiffi
s

g

r� � ;

� � � � � � � � � � � � � � � � � � � ð25Þ

R22 sð Þ ¼
I0 rw

ffiffiffi
s

g

r� �
K1 rw

ffiffiffi
s

g

r� �
þ I1 rw

ffiffiffi
s

g

r� �
K0 rw

ffiffiffi
s

g

r� �

I0 re

ffiffiffi
s
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r� �
K1 rw

ffiffiffi
s
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r� �
þ I1 rw

ffiffiffi
s
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r� �
K0 re

ffiffiffi
s

g

r� � :

� � � � � � � � � � � � � � � � � � � ð26Þ

As illustrated in Fig. 4, each output is connected to two inputs,
and the causal structure of the flow dynamics of the reservoir is
therefore identical to that of the single-phase wellbore. The trans-
fer function of interest in PTA is R21(s), which describes the effect
of qsf(t) on psf(t). Adding a skin factor Sr to Eq. 25 gives

R21;Sr
¼ R21 þ

lSr

2pkh
: ð27Þ

To reduce notation complexity, we use R21 instead of R21;Sr

throughout the study.

Bilaterally Coupling the Wellbore and Reservoir Models. We
have represented the reservoir and the wellbore as linear systems
with two bilaterally coupled ports—i.e., with two inputs, two out-
puts, and four transfer functions—to describe the complete input/
output relationships and causal structure. At the boundary, power
is exchanged as a result of the mutual interaction between the sys-
tem and its environment. Power can be represented as the product
of a flow variable and a potential variable, which in our case are
q(t) and p(t), respectively. In the interaction at the boundary, one
variable is imposed on the system by the environment and, conse-
quently, the other is determined by the system response (Bosgra
2009). After deriving the individual models of the wellbore and
the reservoir, a well-test-response model is constructed through
bilateral coupling. Note that in the case of a WBS model, which
does not contain W21 and W22, the bilateral coupling of the models
is still possible because the wellbore has the two required connec-
tions at the sandface side. To complete the well-test-response
model, the wellhead side of the wellbore and the outer-edge side
of the reservoir are connected to a flow and a potential source,
respectively (Figs. 5 and 6).

The networks in Figs. 5 and 6 illustrate that the bottomhole
variables are internal variables that are influenced by the dynam-
ics of both the wellbore and the reservoir. As mentioned previ-
ously, in PTA the transfer function R21(s) has to be identified. If
only the network elements that directly influence R21 are kept, a
reduced model is obtained that contains a feedback loop from pbh

to qbh (Fig. 7). This reduced model clearly shows how the reser-
voir and wellbore dynamics influence the bottomhole variables.
Taking into account the feedback loop between the internal varia-
bles, the network equations can be written as

Qbh sð Þ ¼ W11 sð ÞS sð ÞQwh sð Þ þ R22 sð ÞW12 sð ÞS sð ÞPe sð Þ;
� � � � � � � � � � � � � � � � � � � ð28Þ

Pbh sð Þ ¼ R21 sð ÞW11 sð ÞS sð ÞQwh sð Þ þ R22 sð ÞS sð ÞPe sð Þ;
� � � � � � � � � � � � � � � � � � � ð29Þ

where the sensitivity function is defined as

S sð Þ ¼ 1=½1� R21 sð ÞW12 sð Þ�: ð30Þ

These relationships reveal how the inputs qwh and pe affect the
bottomhole-flow rate and pressure. Note that the structure of the

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

R11 +

+ R22

R21 R12

qsf

∆pe

qe

∆psf

Fig. 4—Causal representation of the reservoir model, showing
the relationship between inputs and outputs.
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Fig. 5—Bilateral coupling of single-phase wellbore and reservoir models.
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reduced model does not depend on whether the wellbore is repre-
sented with a single-phase or a WBS model.

Simulation shows that for typical wellbore and reservoir prop-
erties as listed in Table 1, the contribution of Pe, filtered with R22,
is negligible in the final value of pbh for the first 70 days. Thus,
we remove this input route from the network. Fig. 8 shows the
final simplified network, which has an output-feedback structure.
For this simplified network, Eqs. 28 and 29 reduce to

Qbh sð Þ ¼ W11 sð ÞS sð ÞQwh sð Þ; ð31Þ

Pbh sð Þ ¼ R21 sð ÞW11 sð ÞS sð ÞQwh sð Þ: ð32Þ

To compare the derived structure to those described in the
PTA literature, the transfer functions W11 and W12 in Eqs. 31 and
32 are replaced with those of the WBS wellbore model: Eqs. 14
and 15. This substitution leads to the expressions for bottomhole-
flow rate and pressure as used in conventional PTA (Kuchuk
1990). This illustrates that the model presented in this study is just
a more-general description of the conventional representation of a
well-test-response model. However, the causal structure of the
model clearly discriminates the wellbore and reservoir effects on
the bottomhole variables and shows the presence of a feedback
mechanism between the variables. As will be described later in

this study, this feedback has major consequences for the selection
of a suitable identification procedure.

Analysis of Wellbore and Reservoir Models. In this subsection,
we analyze the dynamic behavior of the simplified network for
property values listed in Table 1. Figs. 9 and 10 display the mag-
nitudes (amplitudes) of the frequency responses for the single-

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . .

R22

pe

W11

W12

+ R21
pbh

+
qwh qbh

Fig. 7—Influential elements (white) of the bilaterally coupled
wellbore/reservoir network for R21(s) (yellow).

Table 1—Wellbore and reservoir properties.
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Fig. 6—Bilateral coupling of WBS and reservoir models.
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W12

+ R21
qwh qbh pbh

Fig. 8—Influential elements (white) of the bilaterally coupled
wellbore/reservoir network for R21(s) (yellow) after simplifica-
tion and removing the input pe.
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Fig. 9—Magnitude of the frequency response of W11( jx); (red)
single-phase model, (blue) WBS model.
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phase and WBS models. The single-phase response shows many
resonant peaks at high frequencies, which are absent in the WBS
response. These resonances correspond to the frequencies at
which pressure waves travel up and down the liquid column. The
smooth-frequency response of the WBS model does not show any
resonances because the WBS model only represents the effect of
compressibility and not of inertia. In this case, W12 shows the stor-
age effect, represented by Cs, as the slope of the blue line. Note
that at low frequencies, both models display an identical fre-

quency response. This equality can be used to calculate the WBS
coefficient Cs in terms of the single-phase-flow parameters. If the
transfer functions of the single-phase model are considered for
x! 0 and then compared with those of the WBS model, it fol-
lows that

Cs ¼ ALw=qa2: ð33Þ

The frequency response of the reservoir-transfer function, R21,
has been depicted in Fig. 11. It shows a smooth- and low-
frequency dominant behavior that is the characteristic of a diffu-
sive system.

The combined effect of the transfer functions R21 and W12 is
present in the feedback loop in Fig. 8. It follows from the defini-
tion of the sensitivity function in Eq. 30 that for values of S(s)
close to unity the feedback does not affect the system; otherwise,
it influences the entire dynamic behavior of the system. For the
parameter values in our example, the feedback effect is negligible
at less than approximately 10�2 rad/s (Fig. 12). For frequencies
greater than 10�2 rad/s, the blue curve displays a downward trend,
whereas the red curve starts to oscillate.

A different way to illustrate this effect is through simulating a
step response of the network for both cases (Fig. 13). The step
response of qbh for the single-phase model shows spikes and an
oscillatory behavior at early times, whereas the response for the
WBS model shows a smooth behavior. At later times, both sys-
tems behave increasingly similarly and the dynamic effect of the
feedback vanishes. The early spikes of the single-phase model
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Fig. 10—Magnitude of the frequency response of W12( jx); (red)
single-phase model, (blue) WBS model.
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Fig. 11—Magnitude of the frequency response of R21( jx).
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Fig. 12—Magnitude of the frequency response of sensitivity
function S( jx).
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result from pressure waves in the well that quickly die out because
of strong damping in the reservoir.

Model Identification and Parameter Estimation

System Identification (SI). SI is the process of estimating a math-
ematical model of a physical system by use of experimental data
that may be contaminated by unknown disturbances (process
noise) and sensor noise. A brief introduction to SI concepts and
techniques is given in Appendix A. A complete overview can be
found in Ljung (1999). Usually, SI techniques are applied to data
that are discrete-time signals, in which case a discrete-time approx-
imation of the physical system is identified. The output of a dis-
crete-time dynamical system G0 that is excited by an input u(k) is

y kð Þ ¼ G0 q�1
� �

u kð Þ þ H0 q�1
� �

e kð Þ; k ¼ 1;…;N; ð34Þ

where the symbol q�1 is the shift operator—i.e., q�1u(k)¼ u(k�1),
in which k is discrete time—G0(q�1) is the discrete-time transfer
function of the physical system, e(k) is a white-noise signal, and
H0e (H0 is monic and stable transfer function) represents both sen-
sor noise and disturbances. The goal of SI is to obtain estimates of
the transfer functions G0 and H0 of the data-generating system on
the basis of the measured data ½u kð Þ; y kð Þ�k¼1;���;N .

A powerful SI method is the prediction-error method (PEM),
in which a one-step-ahead prediction error for the system is
defined as (see Appendix B for details)

e k; hð Þ ¼ H�1 q�1; h
� �

½y kð Þ � G q�1; h
� �

u kð Þ�: ð35Þ

The parameterized transfer functions G(q�1,h) and H(q�1,h)
are estimated by minimizing the average-squared-prediction error:

ĥN ¼ arg min
h

1

N

XN

k¼1

e2 k; hð Þ; ð36Þ

where h 2 Rd is a real-valued parameter vector. The parameter-
ization of models G and H depends on the model structure, which
must be chosen before applying Eq. 35. There are several black-
box model structures that can be used for fitting the data and esti-
mating the system and noise models. For example, in the Box-
Jenkins (BJ) model structure (Box et al. 1994), the system and
noise models are independently parameterized as G q�1; hð Þ ¼
B q�1; hð Þ=F q�1; hð Þ and H q�1; hð Þ ¼ C q�1; hð Þ=D q�1; hð Þ, where
B, C, D, and F are polynomials in the shift operator q�1. For the
simpler auto-regressive-external-input model structure, C¼ I and
D¼F, and for the output-error model structure, H¼ I. After choos-
ing the model structure and substituting the corresponding equa-
tions into Eq. 35, a linear- or nonlinear-regression problem has to
be solved to obtain the parameter vector ĥN . For example, use of
the BJ model structure leads to a one-step-ahead prediction error:

e k; hð Þ ¼
1þ

Xnc

m¼1
cmq�m

	 


1þ
Xnd

m¼1
dmq�m

	 


� y kð Þ �

Xnb

m¼1
bmq�m

1þ
Xnf

m¼1
fmq�m

	 
 u kð Þ

2
4

3
5; � � � � ð37Þ

and consequently a nonlinear optimization has to be solved to
obtain the parameter vector ĥN of the polynomials. The estimated
parameter vector is a random variable with normal distribution,

ĥ 2 N h0;Pĥ
	 


; ð38Þ

where Pĥ is the estimated covariance matrix and h0 is the true pa-
rameter vector. An important property of the covariance matrix is
that it asymptotically approaches zero as the number of measure-
ments approaches infinity; i.e., for experiments with an infinite

number of measurements, ĥ approaches h0 asymptotically.
To validate the identified model, different statistics-based tests

such as residual tests can be performed. For example, by use of
Pĥ , the cross-correlation test that will be used in this study is such
that one can conclude with 99% confidence that there is no evi-
dence in the data that the model is wrong.

To implement the PEM, two important prerequisites must be
fulfilled: First, the input signal u has to be persistently exciting of
sufficiently high-order, which simply means that it has to be
“variable enough” to excite all relevant dynamics in the system;
second, the noise term in the output must be uncorrelated with the
input signal u. The second condition can be checked by assessing
the causal structure of the system. For example, the left-hand side
Fig. 14 shows that an open-loop structure fulfills this condition. In
this configuration, the system is excited by a reference signal u
and there is no link and therefore no correlation between u and v.
For systems operating under the effects of a feedback loop, such
as a system with a controller, this condition is violated because
the feedback mechanism transfers the effects of the noise to the
input of the system (Fig. 14, middle). In this case, the input u is a
combination of the reference signal r and the filtered output,
which has the noise effect in itself. The reference signal comes
from the environment and affects the system, but does not receive
any effect from the system. To identify such systems, so-called
closed-loop SI methods have been developed (Van den Hof
1998). Another important case in which it is impossible to apply
PEM directly is when the measured input and output both contain
noise (Fig. 14, right). This case, in which a noise-free input signal
is not available, is called an errors-in-variables (EIV) problem. A
complete review of this problem has been presented in Söder-
ström (2007). EIV problems usually suffer from lack of identifi-
ability. However, under special assumptions about the noise and
the input signal, the identifiability issue can be resolved.

Measurement Setup. We assume that during a well test in the
production system depicted in Fig. 5, one manipulates the surface
flow rate qwh, on the basis of a planned schedule, and measures
the downhole flow rate qm

bh and pressure pm
bh. We assume that

measurements are contaminated with different unknown distur-
bances, and in addition sensor noise is present. Both of these
effects can be modeled as a stationary stochastic process; the dis-
turbances act as internal inputs to the network and affect the sys-
tem, whereas the sensor noise just influences the measurement
data. We denote the disturbances and sensor noise with v(t) and
~v tð Þ, respectively. Fig. 15 shows the network in which the mea-
surement devices have been indicated and both disturbance and
sensor noise have been taken into account.
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Fig. 14—Three SI configurations: (left) open-loop case, (middle) closed-loop case, (right) EIV case.
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Because the measurement devices sample the continuous vari-
ables at periodic intervals of Ts in seconds, it is convenient to use
discrete-time notation to describe the system equations:

qm
bh kð Þ ¼ W11Sð Þd q�1

� �
qwh kð Þ þ wq kð Þ; ð39Þ

pm
bh kð Þ ¼ R21W11Sð Þd q�1

� �
qwh kð Þ þ wp kð Þ; ð40Þ

where the superscript d indicates discrete time and

wq kð Þ ¼ Sd q�1
� �

vqbh
kð Þ þ W12Sð Þd q�1

� �
vpbh

kð Þ þ ~vpbh
kð Þ;

� � � � � � � � � � � � � � � � � � � ð41Þ

wp kð Þ ¼ R21Sð Þd q�1
� �

vqbh
kð Þ þ Sd q�1

� �d
vpbh

kð Þ þ ~vpbh
kð Þ;

� � � � � � � � � � � � � � � � � � � ð42Þ

are the noise terms.
To identify the reservoir model from the bottomhole measure-

ments, a closed-loop SI method must be used, but because qm
bh and

pm
bh contain sensor noise, a so-called direct closed-loop SI method

cannot be applied (Ljung 1999). The identification problem for
this case is known as an EIV identification problem in a closed-
loop configuration. Söderström et al. (2013) have investigated this
problem and concluded that the system under such conditions is
not identifiable merely by use of noisy input and output—i.e.,
measured bottomhole flow rate and pressure—but is identifiable if
a so-called reference signal is available. A reference signal defines
the set-point that the system has to follow (i.e., it is a control sig-
nal), and has to enter the system from outside the loop. Thus, in
our system qwh(t) can be considered as the reference signal. In Ap-
pendix C, a spectral analysis of the well-test problem has been
presented to illustrate how the use of qwh as a reference signal
leads to the identifiability of Rd

21. The availability of a reference
signal makes it possible to use an indirect closed-loop SI tech-
nique, known as a two-stage (TS) method.

TS Closed-Loop Identification. The TS method subdivides the
problem in two successive open-loop identification problems
(Van den Hof and Schrama 1993). The idea behind the method is
to first estimate the noise-free input of the system and then use
this input for identification of the system. In the first stage, the

transfer function Gfs q�1; hð Þ, approximating W11Sð Þd q�1ð Þ, is
identified by use of measurements of qwh and qm

bh on the basis of
Eq. 39. Then, this model is used to reconstruct the noise-free bot-
tomhole flow-rate signal q̂bh0

:

q̂bh0
kð Þ ¼ Gfs q�1; ĥN

	 

qwh kð Þ; k ¼ 1;…N: ð43Þ

In the simulated q̂bh0 kð Þ, there is no longer any effect from the
stochastic-noise signal wq(k) because it has been removed in the
identification. Thereafter, a second identification is performed by
use of q̂bh0

and pm
bh on the basis of Eq. 40 to identify the

Rd
21 q�1; ĥN

	 

; Fig. 16 illustrates the two consecutive open-loop

identification steps.

Physical-Parameter Estimation

To complete the pressure-transient-analysis procedure, the physi-
cal parameters of the reservoir have to be estimated by use of the
identified model. To perform this step, we compare the frequency
response of the identified model to the frequency response of one
or more analytical reservoir models. These analytical models can
be derived by solving the partial-differential equations for single-
phase (diffusive) flow in the reservoir in the Laplace domain. The
solution of these equations results in an irrational reservoir model
such as R21 s; bð Þ in Eq. 25, where b is a vector of relevant physi-
cal parameters. Frequently used parameters in well testing are av-
erage permeability k and skin factor Sr. In the identification step,
this analytical model has been approximated with a finite-order

discrete-time dynamical model—i.e., Rd
21 q�1; ĥN

	 

—on the basis

of the bottomhole measurements.
The reservoir parameter b can be estimated as the minimizer

of a suitable difference measure between the parameterized reser-

voir model R21(s,b) and the identified model Rd
21 q�1; ĥN

	 

. How-

ever, two important issues have to be addressed before
performing the minimization. First, the difference between the
domains of the models should be resolved: The identified model
is in the time domain, whereas the analytical solution is in the
Laplace (complex) domain. Second, the difference between dis-
crete-time and continuous-time models should be overcome. To
address the first issue, the identified time-domain model can be
simply transformed to the complex domain by substituting the
shift operator q with z where z is a complex variable. Thus,

Rd
21 q�1; ĥN

	 

is transformed to Rd

21 z�1; ĥN

	 

. To overcome the
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Fig. 15—Data-generating system including disturbances and sensor noise.
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Fig. 16—The TS method breaks down the EIV problem into two
subsequent open-loop identification problems.
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second issue, a continuous-time approximation of the discrete-
time model can be obtained by use of, for example, a zero-order-
hold or a first-order-hold approximation of the intersample behav-
ior for the discrete model. A more-efficient way, which is used in
this study, is to transform both the discrete and continuous models
from their respective complex domains (the Laplace and the z-do-
main) into the frequency domain and perform the parameter esti-
mation in that domain. This transformation is obtained by simply

substituting s with jx and z with ejx, where j is the imaginary
unit. Thereafter, the comparison can be performed by use of

R21 b; jxð Þ � Rd
21 ejx; ĥN

	 

; x 2 xL;xHð Þ; ð44Þ

where the lower frequency xL cannot be lower than the frequency
resolution of the input signal, and the upper frequency xH cannot
be larger than half of the sampling frequency. Alternatively, the
comparison may be performed in the Laplace domain (Bourgeois
and Horne 1993). Note that, in theory, deconvolution could also
be performed directly in the Laplace domain, but this would lead
to incorrect results for measured data containing noise. An impor-
tant element of our SI method is the removal of noise before the
reservoir-model characterization and physical-parameter estima-
tion. Because of the nature of the SI method this results in a time-
domain model along with the statistical properties of the model
derived from the stochastic part of the signal (i.e., the noise). The
model and its statistical properties are easily transformed into the
frequency domain for physical-parameter estimation. In addition,
the statistical properties of the model provide the proper fre-
quency range for the estimation. For a complete review of the sig-
nal and system properties in time and complex domains, we refer
to Oppenheim et al. (1999).

The identified finite-order reservoir model is, generally, not
equally accurate at all frequencies of this frequency range. In par-
ticular, the quality of the identified model is low at frequencies
where the input signal qbh0

does not exert enough excitation. The
excitation levels at different frequencies can be calculated by
computing the spectral density of the signal. Based on the calcu-
lated spectral density of the input signal, the frequency range (xL,
xH) in Eq. 44 may have to be modified. This frequency range
may also be chosen on the basis of the statistical properties
of the identified model. The estimated covariance matrix Pĥ is
then used to estimate the covariance of the identified model
cov½Rd

21 ejx; ĥ
	 


�. The covariance can be plotted as a confidence
bound around the frequency response of the identified model and
used as a measure of the uncertainty of the identified model in dif-
ferent frequencies.

The physical-parameter-estimation problem can now be
expressed as

b̂ ¼ 1

M
arg min

b

XM

m¼1

k R21 b; jxmð Þ � Rd
21 ejxm ; ĥN

	 

kW xmð Þ;

� � � � � � � � � � � � � � � � � � � ð45Þ

where x1 ¼ xL; xM ¼ xH, and M and W xmð Þ are tuning varia-
bles that specify the number of comparison points and the weight-
ing function at those points, respectively.

Synthetic Examples

Simulation. To generate synthetic data for the case of a variable
wellhead flow rate, Eqs. 31 and 32 can be used to simulate the
network. Because these equations are in the Laplace domain, a
numerical Laplace-inversion technique, such as the Stehfest algo-
rithm, can be used (Stehfest 1970). However, the Stehfest algo-
rithm is not suitable for the inversion of the solution of hyperbolic
equations that display oscillatory behavior (Hassanzadeh and Poo-
ladi-Darvish 2007). To handle this issue, we use discrete-time
approximations of the transfer functions in the data-generating
simulation model, which is a standard procedure in control engi-
neering for simulating the response of a system. The transfer func-
tions in Eqs. 10 and 25 are irrational functions of

ffiffi
s
p

, and
therefore the usual discretization schemes, such as Euler’s
method, cannot be applied straightforwardly. To circumvent this
issue, first a rational continuous-time approximation of the origi-
nal transfer function,

G
ffiffi
s
p� �
�

XM

k¼0
bks�k

1þ
XN

k¼1
aks�k

	 
 ; ð46Þ

is required; in Eq. 46 the parameter vectors b and a are estimated
by use of a suitable fitting algorithm. Several algorithms such as
Pade’s algorithm (Press et al. 2007) or series expansions are avail-
able for obtaining such an approximation, but we use the vector-
fitting (VF) algorithm that can obtain a good fit over a large fre-
quency range (Gustavsen and Semlyen 1999). In the VF algorithm
the numerical values of the original irrational-transfer function
are applied and a stable approximation of the original transfer
function over the selected frequency range is computed. After
obtaining the rational approximation, a suitable discretization
scheme can be used to calculate the discrete-time-transfer func-
tion. In Figs. 17 and 18, the approximated transfer functions of
W11R21S and W11S are displayed. The approximations show a
very-good fit with the original irrational-transfer function.

To simulate the well-test process, we assign a pseudorandom
binary (PRB) flow-rate sequence with a magnitude of 1� 10�4

m3/s at the wellhead for a period of Texp¼ 106 seconds. PRB sig-
nals are often used as the input signal in identification experi-
ments because they can be designed to generate a persistently
exciting input. A limit on the flow-rate change is taken into
account by letting the time period of the designed PRB signal be
3,600 seconds; i.e., the surface choke has to be in one state for at
least 1 hour. It is assumed that the reservoir has been producing at
steady-state conditions before the experiment is triggered, so the
varying qwh(t) is applied on top of the steady-state-flow rate.
Hence, the resulting bottomhole-rate and pressure responses are
also deviations from the corresponding steady-state values.

. . . . . . . .

. . . . . . . . . . . . . . . . .
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Flow-rate and pressure disturbances vqbh
and vpbh

are generated
as a two white-noise signals that are filtered by low-frequency
Butterworth filters with cutoff frequencies x 2 0� 0:01pð Þ rad/s.
The flow-rate disturbance is considered to have more high-fre-
quency content in accordance with what we observed in the field
case discussed later in this study. Because these disturbances act
as internal-excitation signals, they are filtered by the wellbore-
and reservoir-system-transfer functions (Eqs. 39 and 40), and their
final values are added to the noise-free bottomhole signals. More-
over, pressure and flow-rate sensor noise are simulated by adding
white Gaussian noise to the bottomhole measurements. The
amplitudes of the disturbances are chosen to reach predefined sig-
nal/noise ratios (SNRs). The SNR is defined as

SNRym ¼ 20log10

rym

r~y
; ð47Þ

where rym and r~y are the standard deviations of the measured sig-
nal ym and noise ~y, respectively.

To demonstrate the performance of the proposed two-stage
(TS) system-identification (SI) method, six cases are considered.
In Case 1, the single-phase wellbore model is used, whereas the
other cases use the wellbore-storage (WBS) model. In these
cases, the WBS effect is rather small, so to assess the robustness
of the method to WBS effects, a relatively large WBS coefficient
Cs is used for Cases 3 through 6. This value of Cs has a rather-

substantial effect in the frequency range greater than x¼ 10�4

rad/s. A completely variable flow-rate-wellhead signal is consid-
ered in Case 4. In Case 5, the noise level has been doubled, and
in Case 6, the skin factor has been changed. In all cases, the qm

bh
measurement has been given a higher SNR than the pm

bh measure-
ment because in practice the uncertainty in flow-rate measure-
ments is much higher than in pressure measurements. The
specifications of different cases have been listed in Table 2, and
the data have been plotted in Figs. 19 through 24. Note that only
the first 10% of the data have been plotted. For all cases, the
data-generating reservoir model is a homogeneous circular reser-
voir with a constant-pressure external boundary and properties
given in Table 1.

Identification Results. Next, the synthetic signals qwh tð Þ; qm
bh tð Þ,

and pm
bh tð Þ are used to identify discrete-time-transfer functions of

the reservoir.

Results of the TS SI Method. In the first step of the TS proce-
dure, the transfer function between qwh and qm

bh is identified by
solving an open-loop identification problem by use of the Matlab
SI toolbox (MathWorks 2015). Analyzing the periodogram of the
pseudorandom binary signal for Cases 1, 2, 3, 5, and 6 shows that

the amplitude of the input signal at frequencies greater than x �
3� 10�3 rad/s is negligible. Therefore, we downsample the input
and output data with a factor of 10. Thereafter, the output-error-

. . . . . . . . . . . . . . . . . . . . . . .

Table 2—Data for six cases to demonstrate the TS SI method. (PRBS = pseudorandom binary signal.)
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Fig. 19—Noise-free wellhead flow rate (left), and measured and noise-free bottomhole flow rates (middle) and pressures (right) for
Case 1.
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Fig. 20—Reference wellhead flow rate (left), and measured and noise-free bottomhole flow rates (middle) and pressures (right) for
Case 2.
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Fig. 21—Reference wellhead flow rate (left), and measured and noise-free bottomhole flow rates (middle) and pressures (right) for
Case 3.
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Fig. 22—Reference wellhead flow rate (left), and measured and noise-free bottomhole flow rates (middle) and pressures (right) for
Case 4.
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Fig. 23—Reference wellhead flow rate (left), and measured and noise-free bottomhole flow rates (middle) and pressures (right) for
Case 5.

0 2 4 6 8 10
x 104 x 104 x 104

−2

−1

0

1

2
x 10−4

q w
h(

t)
 (

m
3 /

s)

0 2 4 6 8 10
−2

−1

0

1

2
x 10−4 x 105

q b
h(

t)
 (

m
3 /

s)

q m
bh

qbh0

p m
bh

pbh0

0 2 4 6 8 10

2

1

0

–1

–2

Time (seconds)Time (seconds)Time (seconds)

p b
h(

t)
 (

pa
)

Fig. 24—Reference wellhead flow rate (left), and measured and noise-free bottomhole flow rates (middle) and pressures (right) for
Case 6.
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model structure is selected to estimate Gfs q�1; ĥN

	 

, which is an

approximation of W11Sð Þd in Eq. 39, according to

Gfs q�1; ĥN

	 

¼

Xnb

k¼0
bkq�k

1þ
Xnf

k¼1
fkq�k

: ð48Þ

The parameters of the identified models—i.e., the coefficients
bk and fk of the polynomial ĥN— have been listed in Table 3 for
the six different cases.

Before performing the second stage, or the identification of

reservoir model Rd
21 q�1ð Þ, the transfer function Gfs q�1; ĥN

	 

is

used to construct q̂bh kð Þ according to Eq. 43. The reconstructed
bottomhole flow rates q̂bh tð Þ of Cases 3 and 4 have been depicted
in Fig. 25 and show an acceptable match with the noise-free sig-
nals. Moreover, the pm

bh signal is scaled down by a factor of 10�9

to equate the orders of magnitude of the input and output signals.
In the second stage, again, the output-error structure is chosen as
the model structure. The parameters of the identified models are
displayed in Table 4 for the six different cases.

. . . . . . . . . . . . . .

Table 3—The estimated parameters for the first-stage identified models for the six cases.
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Fig. 25—Simulated q̂ bh0
by use of the first-stage identified model; (left) Case 3, (right) Case 4.

Table 4—The estimated parameters for the second-stage identified models for the six cases.

J176031 DOI: 10.2118/176031-PA Date: 12-October-15 Stage: Page: 1017 Total Pages: 23

ID: balamurali.l Time: 14:32 I Path: S:/J###/Vol00000/150065/Comp/APPFile/SA-J###150065

October 2015 SPE Journal 1017



To validate the identified models, a cross-correlation [or cross-
covariance (CV)] test is performed for all the identified models in
the first and second stages. The results of the CV test are pre-
sented in Figs. 26 through 28. In theory, a CV test is passed
when the cross correlation between the identified model’s predic-
tion-error signal—[ in Eq. 35—and the input signal—~qbh0

—
becomes asymptotically zero. However, because of the finite
length of the data, in practice a 99% confidence interval is used
(the yellow area). This implies that as long as the cross-correlation
signal remains within the corresponding confidence bounds, the
identified model is considered to be correct with 99% confidence.

Reservoir-Type Characterization. Before use of the identified

reservoir model Rd
21 q�1; ĥN

	 

for physical-parameter estimation,

we have to characterize the reservoir type. In conventional pres-

sure-transient analysis, this step is usually performed through
comparing plots of the step response and its derivative with type
curves of various idealized reservoir models. Following a similar
reasoning, we can compare the identified model’s frequency
response with those of different reservoir models. In our examples
it is assumed that the reservoir is homogeneous but the condition
at the external boundary—e.g., infinite acting, constant pressure,
or no flow—is unknown. The effect of different boundary condi-
tions on the reservoir’s frequency response has been displayed in
Fig. 29 for two different radial distances of the external boundary
(1000 and 2000 m). Fig. 29 shows that a no-flow boundary causes
the frequency response to raise with a high slope at low frequen-
cies, and that a constant-pressure boundary results in a zero slope
at these frequencies. However, the frequencies at which these
effects can be observed are well below the frequencies for which
the model has been identified. In this case, the data only contains
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Fig. 26—CV test for the identified reservoir model in the second-stage identification; (left) Case 1, (right) Case 2.
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Fig. 28—CV test for the identified reservoir model in the second-stage identification; (left) Case 5, (right) Case 6.
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Fig. 29—Magnitude plots of the frequency responses for the identified models for Cases 1 through 5 and for the synthetic truth,
displaying a small discrepancy (order of 1%).
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Fig. 27—CV test for the identified reservoir model in the second-stage identification; (left) Case 3, (right) Case 4.

J176031 DOI: 10.2118/176031-PA Date: 12-October-15 Stage: Page: 1018 Total Pages: 23

ID: balamurali.l Time: 14:32 I Path: S:/J###/Vol00000/150065/Comp/APPFile/SA-J###150065

1018 October 2015 SPE Journal



infinite-acting-reservoir information, and boundary effects are not
present. Consequently, an infinite-acting-reservoir type is chosen
for the physical-parameter estimation. The infinite-acting-reser-
voir model is obtained by letting re approach infinity in Eq. 25.

Physical-Parameter Estimation. According to Eq. 45, physi-
cal-parameter estimation requires the specification of a fre-
quency range of interest xL;xHð Þ. This range is chosen on the
basis of the confidence interval of the identified model in the fre-
quency domain. To illustrate the procedure, the frequency-
response plots for Case 5 have been displayed in Fig. 30. These
plots show that the identified reservoir model has the highest
certainty at frequencies less than xH ¼ 10�3 rad/s. The lower
bound can be chosen, by use of a general rule, as four to five
times the lowest measured frequency, which leads to xL ¼
3� 10�5 rad/s. The selected frequency range for each case has
been listed in Table 5. To cover this frequency range, M¼ 1,000
points are selected, logarithmically distributed over the range.
To put equal weight on all frequencies, the weighting function is
chosen to be unity.

The parameters to be estimated are permeability k and skin
factor Sr. The estimation results are listed in Table 5. In Cases 1
through 5, the “true” reservoir does not have any skin, and the
estimated skin factor is almost zero. The skin factor for Case 6 is
equal to 2.0, and is estimated as 2.05 (2.5% error). Also, the esti-
mated-average-permeability values are quite close to the “true”
value (200 md) with a maximum error, for Case 5, equal to
approximately 3.5%.

If we compare the amplitude of the frequency response of the
estimated models, by use of the estimated parameters, with that of
the “truth”—i.e., the data-generating model—we find a small dis-
crepancy (approximately less than 5%), which is outside the fre-
quency range of interest (Fig. 31).

Field Example

This section describes the application of our two-stage (TS) sys-
tem-identification (SI) procedure to a real-gas-well data set. The
downhole transient data of a flow-after-flow (FAF) test in the gas
well were obtained during a production-logging-tool (PLT) run.
This FAF test was performed after the stationary passes of the PLT
and covered four flow periods, each approximately 3 hours, and a
short buildup of 5 hours. The total duration of the test was 65,311
seconds, where the data between 39,050 and 44,823 seconds were
not recorded. For the example in this section, we select the first
part of the data, until 39,050 seconds, for identification and param-
eter estimation, and compare the estimated results with those of a
conventional pressure-transient analysis on the buildup data. At
the end of the third flow period, approximately 100 recorded flow
rates were clear outliers. These were removed and replaced with
interpolated values. Fig. 32 and 33 display the recorded data. The
flow-rate-noise level appears to be higher than the pressure-noise
level, as illustrated in the zoomed-in view in Fig. 34.

The surface flow-rate set points are used as the reference sig-
nal (Fig. 35). The downhole-pressure data are transformed to real-
gas pseudopressures to linearize the governing diffusivity
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Fig. 30—The amplitude (left) and phase (right) plots of the identified model in Case 5 with the 99% confidence bounds (gray dotted
lines).

Table 5—Estimated physical parameters for the six cases.
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Fig. 31—Frequency-response amplitude differences between the estimated models, by use of the estimated parameters, and the
data-generating model; (left) Cases 1 through 5, (right) Case 6.
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equation of the system (Al-Hussainy et al. 1966). In this transfor-
mation, the viscosity of the gas is estimated by use of the correla-
tion of Carr et al. (1954). The gas specific gravity and the reservoir
temperature are 0.59 and 115.5 �C, respectively. The relevant res-
ervoir parameters are thickness¼ 13.1 m, porosity¼ 0.07, and
well radius¼ 0.0762 m.

The identification in the first step yields an eighth-order Box-

Jenkins (BJ) model (Box et al. 1994) for Gfs ĥ; q�1
	 


, which

describes the dynamic relationship between the reference and the
measured downhole flow-rate signal. The identification in the sec-

ond step estimates a sixth-order output-error model for

Gss ĥ; q�1
	 


. To perform the second step, the output is scaled

down with a factor of 10�18 to make its order of magnitude the
same as that of the input. The frequency response of the identified
reservoir model in the second-stage is displayed in Fig. 36. We

use the confidence bounds of Gss ĥ; q�1
	 


to select the frequency

range (xL � xH) for physical-parameter estimation, because
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Fig. 32—Measured bottomhole flow rate in the FAF test.
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Fig. 33—Measured bottomhole pressure in the FAF test.
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Fig. 34—Zoomed-in view of the bottomhole flow rate and pres-
sure signals, illustrating the difference in noise level; (left axis)
flow rate, (right axis) pressure.
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Fig. 35—Wellhead flow-rate set-point signal used as reference
flow-rate signal.
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spectral analysis of the qbh signal does not show a clear xH cutoff.

The confidence interval of Gss ĥ; q�1
	 


(gray dotted lines in Fig.

36) indicates that the model is less reliable at frequencies greater
than x¼ 10�2 rad/s because the interval starts to grow in this range.
On the other hand, the number of data points determines the lowest-
frequency resolution to be 10�4 rad/s. Hence, a frequency range

x ¼ 4� 10�4 � 10�2
� �

rad/s is selected. Although this constitutes

a relatively narrow frequency band for the physical-parameter esti-
mation, it turns out to be wide enough to produce acceptable results.

There is no evidence of a constant-pressure or no-flow bound-
ary—i.e., a horizontal line or an upward straight line—in the
selected frequency range; therefore, a parameterized infinite-act-
ing gas-reservoir model is selected for physical-parameter estima-
tion. There is also no indication for wellbore storage, which would
result in a sharp drop in amplitude at higher frequencies (dashed
red line in Fig. 29). The parameterized physical model of an infi-
nite-acting gas reservoir in pseudopressure—i.e., Ginf k; Stð Þ—is
used for parameter estimation; Appendix D provides the derivation
of Ginf. Conducting the parameter-estimation optimization accord-
ing to Eq. 45, by use of the identified model and the parameterized
physical model, results in estimated permeability and total skin
values of 10.3 md and �2.4, respectively. These estimated values
are consistent with the estimates for permeability and skin
obtained from the final buildup, by use of a straight-line analysis,
which are 10.9 md and �2.6, respectively. As a comparison we
also performed a classic deconvolution analysis with the aid of
commercial well-testing software, which is described in Appendix
E. Although the resulting parameter values are in the same range
as the values estimated with the aid of SI, it is clear that the (some-
what arbitrary) choice of the constant-rate approximation of the
flow rates and the weight factors, as required in the total-least-
square-based deconvolution procedure implemented in this soft-
ware, can have a significant influence on the shape of the com-
puted impulse response and the estimated parameters.

Conclusions

The conclusions of this study are as follows:
1. Pressure-transient analysis (PTA) can be interpreted as a form

of system identification (SI); i.e., as a process to identify a
mathematical model from noisy data. Modern SI techniques, as
applied in advanced process engineering, can also be used in
PTA, and could be of particular value for the estimation of res-
ervoir parameters by use of continuous bottomhole-pressure
and flow-rate measurements.

2. Single-phase near-compressible flow in a circular reservoir can
be described in the Laplace domain with the aid of four trans-

fer functions relating pressures and flow rates at the sandface
of the well and the external reservoir boundary. A similar set of
transfer functions can be obtained to describe the flow in a well,
relating pressures and flow rates at surface and downhole. Alter-
natively, a Laplace-domain representation of a well with well-
bore storage can be derived in terms of two transfer functions,
relating only the flow rate at surface to the downhole variables.

3. Coupling of the sets of reservoir- and wellbore-transfer func-
tions reveals the causal structure of the combined reservoir/
wellbore system. In particular, the wellbore acts as a feedback
mechanism that intrinsically couples fluctuations in bottomhole
pressure and flow rates. This implies that it will not be possible
to identify a reservoir model—i.e., the relevant reservoir-
transfer function—by use of only information from noisy
downhole data.

4. The use of an auxiliary measurement, taken outside the feed-
back loop, will restore the identifiability of the reservoir model.
In this study we used the surface flow rate as an auxiliary sig-
nal, but other choices, not detailed here, may be possible.
Moreover, underlying assumptions for identifiability in our pa-
per are a nearly linear relationship between downhole pressures
and flow rates, and a nearly noise-free auxiliary signal. Relax-
ing these assumptions may be possible, but has not been
addressed in our study.

5. The presence of a feedback loop in the combined reservoir/
wellbore system leads to the requirement to use closed-loop SI
techniques. In particular, a two-stage (TS) SI method has been
used in this study to estimate a discrete-time-domain reservoir
model. In the first stage, the effects of process noise and sensor
noise are removed from the data, and an estimate of a noise-
free bottomhole flow rate is obtained. In the second stage, this
flow-rate signal is then used to identify the reservoir model.

6. To obtain estimates of physical reservoir parameters (e.g., av-
erage permeability and skin factor), it is necessary to compare
the response of the identified reservoir model to those of
known reservoir models with typical geometries and boundary
conditions. By use of classic PTA theory, the latter are conven-
iently obtained in the Laplace domain, whereas the identified
model is in the time domain. The comparison, using an optimi-
zation approach to minimize the mismatch between measured
and modeled data, can be performed in the frequency domain
by transferring the identified and known reservoir models from
their time and Laplace domains, respectively.

7. An important advantage of our proposed TS SI method is that
it can directly operate on the recorded flow-rate signal as meas-
ured and does not require the availability of a piecewise-con-
stant flow-rate signal, unlike existing PTA methods that use
time-domain deconvolution. Accordingly, breakpoint detection
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Fig. 36—Magnitude plots of the identified model from TS SI and of the physics-based model by use of the estimated physical
parameters.
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is not required and arbitrarily fluctuating downhole-pressure
and flow-rate signals can be used for the identification. In addi-
tion, this feature offers the opportunity to design deliberate
flow-rate disturbances at surface—e.g., in the form of periodic
or random fluctuations in surface flow rate or choke settings on
top of a steady-state signal—to maximize the information con-
tent in the downhole signals.

8. The results of six numerical experiments by use of a synthetic
data set, and of a field case by use of real data from a gas well,
illustrate the potential of the TS SI method to estimate reser-
voir parameters from noisy downhole-pressure and flow-rate
data. In the experiments that use synthetic data, we estimated
the average permeability and skin of a reservoir on the basis of
downhole signals with various noise levels, and obtained esti-
mates within a few percent of the true values. In the experi-
ment with real downhole data of a gas well, we obtained
permeability and skin values that closely match those obtained
from a traditional buildup analysis and a conventional decon-
volution procedure.

9. The application of SI approaches from the process-engineering
community to PTA of downhole-pressure and flow-rate data
leads to novel theoretical insights (in particular, the interpreta-
tion of wellbore storage as an internal-feedback mechanism),
and potentially useful applications (in particular, methods to
cope with correlated pressure and flow-rate noise, and without
the need for piecewise-constant flow rates). However, further
testing of the proposed methods on real data will be required to
fully assess this potential.

Nomenclature

a ¼ velocity of water-hammer wave in the fluid, m/s
A ¼ cross-sectional area of the pipe, m2

Cs ¼ wellbore-storage coefficient, m3/Pa
Ct ¼ total compressibility, 1/Pa
D ¼ internal diameter of the pipe, m
e ¼ wall thickness of the pipe, m
E ¼ Young’s modulus of the pipe, Pa
g ¼ acceleration of gravity, m/s2

G ¼ system model-transfer function
h ¼ reservoir thickness, m
H ¼ noise model-transfer function, or hydraulic head, m
I# ¼ modified Bessel’s function of the first kind
j ¼ imaginary unit
k ¼ discrete time, or absolute permeability, m2

K ¼ bulk modulus of the fluid, Pa
K# ¼ modified Bessel’s function of the second kind

p ¼ pressure, Pa
q ¼ shift operator, or flow rate, m3/s
r ¼ radial distance, m
R ¼ laminar flow friction, 1/s
s ¼ Laplace variable

Sr ¼ skin factor
T ¼ time, seconds
v ¼ process noise
~v ¼ sensor noise
z ¼ z-domain variable, or vertical distance, m
b ¼ physical parameter vector
g ¼ hydraulic diffusivity, 1/s
h ¼ model parameter vector
l ¼ fluid viscosity, Pa�s
� ¼ kinematic fluid viscosity, m2/s
q ¼ fluid density, kg/m3

r ¼ standard deviation
/ ¼ porosity
x ¼ angular frequency, rad/s

Subscript

bh ¼ bottomhole

r ¼ reservoir
w ¼ wellbore

wh ¼ well head

Superscript

d ¼ discrete time
m ¼ measured
0 ¼ true
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Appendix A—System Identification

A physical process is linear-time invariant (LTI) if it displays lin-
ear dynamic behavior and its properties do not change with
time. Mathematically, an LTI system can be described by linear
ordinary-differential (or partial-differential) equations with time-

independent coefficients. The response or the output y(t) of the
LTI system, to an input u(t), can be described by a convolution
integral as

y tð Þ ¼
ðt

0

u sð Þ � g t� sð Þ ds ¼
ðt

0

d u sð Þ
dt
� k t� sð Þds;

� � � � � � � � � � � � � � � � � � � ðA-1Þ

in which g tð Þ ¼ d k tð Þ
dt

and k(t) are the impulse and step responses

of the system, respectively. This property is also known as Duha-
mel’s principle. In the Laplace domain, Eq. A-1 is written as [tak-
ing into account that u(0)¼ k(0)¼ 0]

Y sð Þ ¼ G sð ÞU sð Þ ¼ sK sð ÞU sð Þ; ðA-2Þ

where s is the Laplace variable, U sð Þ and Y sð Þ are the Laplace
transforms of u(t) and y(t), and G(s) and K(s) are the Laplace
transforms of the impulse and step responses. G(s) is also called
the transfer function of the system. Theoretically, the impulse
response, step response, or transfer function can entirely charac-
terize the dynamic behavior of the LTI system. Hence, in many
applications the impulse response or the transfer function of the
physical system has to be obtained for further investigation of the
dynamical behavior of the system. For example, in classical pres-
sure-transient analysis, a reservoir-flow model is identified by
analyzing the step response of a reservoir and its derivative with
respect to the natural logarithm of time; the latter is simply the
impulse-response function multiplied by time:

d k tð Þ
d lntð Þ ¼ tg tð Þ: ðA-3Þ

To obtain the impulse response, one can write all the govern-
ing equations of the physical processes and solve the set of equa-
tions for an impulse-boundary condition. This approach is called
first-principle or white-box modeling and leads to a physically
insightful model of the system. However, deriving such a model
for a complex system is usually difficult, if possible at all. An al-
ternative approach that is widely used to model complex systems
is data-driven or black-box modeling, which results in a mathe-
matical model for the system derived from known-input and
measured-output data. In reality, the system is affected by
unknown disturbances in addition to the input, the influences of
which are also present in the observed output; these effects are
called process noise and denoted by v throughout the study. More-
over, when a sensor is used to measure the observed output, mea-
surement errors, also called sensor noise and denoted by ~v,
corrupt the measured values. Thus, what is measured as the output
of the system is the summation of the input effect, the disturban-
ces, and the sensor noise. In Fig. A-1, the system, input, output,
disturbances, and sensor noise are shown in a block-diagram rep-
resentation to show the causal relationship of the system and its
environment. System identification (SI) techniques are data-
driven methods for modeling dynamical systems that rigorously
deal with the statistical effects of the sensor noise and disturban-
ces in the data and can be implemented in different noise- and
data-availability situations. The obtained mathematical model

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

System +

Input, u

Disturbances

Output, y0

Disturbance
effects, v

Sensor noise, i

Measured
output, y

Fig. A-1—Block-diagram representation of a dynamical system
under the effects of input, disturbances, and sensor noise.
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does not directly allow for a physical interpretation and just repre-
sents a relationship between the input and output data. This identi-
fied model can be used to predict or simulate the response of the
system to different inputs; therefore, calculating this model im-
plicitly means the calculation of the impulse, or step response, of
the system.

Because measurement devices typically record values at dis-
crete-time intervals, the recorded input and output are y(kT) and
u(kT), k¼ 0, 1, 2, …, where T is the sampling period. Thus, the
relationship between the sampled input and output can be
expressed in discrete time as

y kð Þ ¼ G0 qð Þu kð Þ þ w kð Þ; k ¼ 0; 1;…;N; ðA-4Þ

where G0 is a discrete-time-transfer function and q�1 is the shift
operator; i.e., q�1u(k)¼ u(k�1). The variable w(k) represents a
combination of sensor and process noise and can be modeled as a
stochastic signal. The process noise and sometimes also the sensor
noise are caused by an unknown physical phenomenon, which is
normally not instantaneous such that its effects linger on. Hence,
the value of the stochastic signal at a certain time is correlated
with its values at the previous times. This property is called auto-
correlation and implies that it is not reasonable to model the sto-
chastic signal as white noise. (White noise is a signal with
samples that are regarded as a sequence of serially uncorrelated
random variables with zero mean and finite variance.) Conse-
quently, the noise signal should be modeled as a filtered white
noise w(k)¼H0(q)e(k), where H0 is a monic, stable, minimum-
phase filter, and e is white noise. If there is no high-frequency
content in the measured signals greater than half the sampling fre-
quency (called the Nyquist frequency), then there is a direct rela-
tionship between G0 in Eq. A-4 and G in Eq. A-2. In particular,
both transfer functions have the same frequency response in the
frequency range x 2 �xs=2;xs=2ð Þ where xs is the sampling
frequency. To ensure that there is no high-frequency content in
the measured signals, either antialiasing filters can be used to take
the measurements or the sampling rate can be increased. The
main point is that if an estimate of the discrete-time-transfer func-
tion G0 in Eq. A-4 is obtained by use of tools from SI, the continu-
ous-time dynamics of the physical system can be inferred from
this estimate.

To analyze properties of the estimated transfer functions
obtained by use of SI methods, it is convenient to suppose that the
data set was generated by Eq. A-4. Then, the goal of SI can be
stated as obtaining estimates of the transfer function G0 (and
sometimes, but not always, H0) of the data-generating system in
Eq. A-4 on the basis of the measured data ½u kð Þ; y kð Þ�k¼1;���;N .

A powerful SI method is the prediction-error method (PEM).
The main philosophy of the prediction-error framework is to find
a model from a set of candidate models that can predict the cur-
rent value of an output of a system given the input to the system
and past values of the output. This optimal model is selected in
such a way that has the best predictive capabilities; more informa-
tion is provided in Appendix B. Note that the selected model set
does not have any physical meaning and simply represents a
regression between the input and past values of the system.

To obtain an estimate of the transfer functions G0 and H0, a set
of candidate models needs to be defined. One way is to use para-
meterized transfer functions. There are several black-box-model
sets that can be selected for fitting the data and estimating the sys-
tem and noise models. For example, in the Box-Jenkins model
(Box et al. 1994) structure, the system and noise models are inde-
pendently parameterized as G q�1; hð Þ ¼ B q�1; hð Þ=F q�1; hð Þ and
H q�1; hð Þ ¼ C q�1; hð Þ=D q�1; hð Þ, where B, C, D, and F are poly-
nomials in the shift operator q�1:

G q; hð Þ ¼ b0 þ b1q�1 þ � � � þ bnb
q�nb

1þ f1q�1 þ � � � þ fnf
q�nf

and

H q; hð Þ ¼ 1þ c1q�1 þ � � � þ cnc
q�nc

1þ d1q�1 þ � � � þ dnd
q�nd

; � � � � � � � � � � ðA-5Þ

where the parameter vector h ¼ ½b0 � � � bnb
f1 � � � fna

c1 � � � cnc
d1 � � �

dnd
�T is the vector of unknown parameters that need to be deter-

mined. Note that the noise model H(q) is monic; i.e., if hypotheti-
cally q�1 is substituted with zero, H¼ 1. For the simpler auto-
regressive-external-input-model structure, C¼ I and D¼F, and for
the output-error-model structure, H¼ I. Typically h is restricted to
any vector that results in stable G(q,h) and stable, minimum phase
H(q,h). These model sets do not have physical meaning and just rep-
resent the correlation in the data.

In the prediction-error framework, it can be shown that such a
predictor model has the form (Appendix B)

ŷ kjk � 1; hð Þ ¼ H�1 q; hð ÞG q; hð Þu kð Þ þ ½1� H�1 q; hð Þ�y kð Þ;
� � � � � � � � � � � � � � � � � � � ðA-6Þ

where ŷ kjk � 1; hð Þ denotes the prediction of y at time k given the
input u for all time up to time k and the output y for all time up to
time k–1. The last step in SI is to define a selection rule that is
used to select the best model out of the set of candidate models.
As the name suggests, prediction-error methods are dependent on
selecting models that make the best predictions (i.e., have the
smallest prediction errors):

ĥN ¼ argmin
h

1

N

XN

k¼1

e2 k; hð Þ; ðA-7Þ

in which e is the prediction error:

e k; hð Þ ¼ y kð Þ � ŷ tjt� 1; hð Þ ¼ H�1 q; hð Þ½y kð Þ � G q; hð Þu kð Þ� :
� � � � � � � � � � � � � � � � � � � ðA-8Þ

The parameter vector ĥ is usually obtained by performing a
nonlinear optimization. The noise in the measurements causes
the estimated parameter vector to be a random variable with
normal distribution:

ĥ 2 N h0;Pĥ

� �
; ðA-9Þ

where Pĥ is the estimated covariance matrix and h0 is the true pa-
rameter vector. An important property of the covariance matrix is
that it asymptotically approaches zero as the number of measure-
ments approaches infinity; i.e., for experiments with an infinite
number of measurements, ĥ approaches h0 and SI leads to an
unbiased estimate of the system. To validate the identified model,
different statistics-based tests such as residual tests can be carried
out. For example, by use of Pĥ , the cross-correlation test that will
be used in this study is such that one can conclude with 99% con-
fidence that there is no evidence in the data that the estimated
model is wrong.

The benefits of using PEM for modeling complex systems
include rigorous handling of the process and sensor noise, whether
white or colored; effectively working on the recorded digital sig-
nal without requiring a piecewise-constant approximation of the
signals; providing the statistical properties of the identified model;
and leading to a parametric model that can be used for prediction,
simulation, or control purposes.

Appendix B—Prediction-Error Framework for
System Identification (SI)

A powerful SI method is the prediction-error method (Ljung
1999). Consider the following informal presentation of a predictor
model that forms the basis of the prediction-error framework
(Ljung 1999). Suppose that we want to predict y in Eq. A-4 at
time k given u(k) and y(k), k¼ 0, 1, 2, …, n�1 (i.e., all past values
of the input and output are known). In addition, suppose that both
G0 and H0 are known; recall that v(k)¼H0(q)e(k), where e is
white noise. Because H0 is monic, the output can be expressed as

. . . . . . .

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .
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y kð Þ ¼ G0 qð Þu kð Þ þ H0 qð Þe kð Þ
¼ G0 qð Þu kð Þ þ ½H0 qð Þ � 1�e kð Þ þ e kð Þ
¼ G0 qð Þu kð Þ þ ½H0 qð Þ � 1�H0�1

qð Þv kð Þ þ e kð Þ
¼ G0 qð Þu kð Þ þ ½1� H0�1

qð Þ�v kð Þ þ e kð Þ

: ðB-1Þ

The first term is known because it consists of the known trans-
fer function G0 and the known input. The second term of Eq. B-1
consists of only past values of the noise, and thus is also known.
To see why, consider expressing v(k) as

v kð Þ ¼ y kð Þ � G0 qð Þu kð Þ: ðB-2Þ

Because y(k) and u(k) are known for k¼ 0, 1, …, n�1, it fol-
lows from Eq. B-2 that v(k) is also known for k¼ 0, 1, …, n�1.
Last, the third term in Eq. B-1 is not knowable, because e(k) is an
independent random variable. We do know, however, that the
expected value of e(k) is zero. Thus, the expected value of the out-
put y, given the input and past output, is

ŷ kjk � 1ð Þ ¼ G0 qð Þu kð Þ þ ½1� H0�1

qð Þ�v kð Þ: ðB-3Þ

Substituting the expression for v in terms of u and y (Eq. B-2),
into Eq. B-3 results in

ŷ kjk � 1ð Þ ¼ G0 qð Þu kð Þ þ ½1� H0�1

qð Þ�½y kð Þ � G0 qð Þu kð Þ�
¼ H0�1

qð ÞG0 qð Þu kð Þ þ ½1� H0�1

qð Þ�y kð Þ;
� � � � � � � � � � � � � � � � � � � ðB-4Þ

which is the expression for the one-step-ahead prediction of the
current value of y given the input and past values of y. Because
we do not know G0 and H0, we replace these terms with parame-
terized transfer functions, as represented in Eq. A-5. In addition,
note that G(q,h) and H(q,h) are completely defined by na, nb, nc,
and nd. Finally, replacing the parameterized transfer functions
into Eq. B-4 results in the so-called predictor model:

ŷ kjk � 1; hð Þ ¼ H�1 q; hð ÞG q; hð Þu kð Þ þ ½1� H�1 q; hð Þ�y kð Þ:
� � � � � � � � � � � � � � � � � � � ðB-5Þ

The prediction error for a model is

e k;hð Þ ¼ y kð Þ � ŷ kjk� 1;hð Þ ¼ H�1 q;hð Þ½y kð Þ �G q;hð Þu kð Þ� ;
� � � � � � � � � � � � � � � � � � � ðB-6Þ

where the last equality follows by substituting the expression for
the predictor (Eq. B-5).

Appendix C—Spectral Analysis of Errors in
Variables (EIVs) in Closed-Loop System
Identification (SI)

The identification of Rd
21 from just the bottomhole measurements

is known as an EIV identification problem in a closed-loop config-
uration. To such a problem, neither a typical closed-loop SI
method nor a typical EIV SI method is applicable. Söderström
et al. (2013) have investigated the identifiability in such a configu-
ration with the aid of a spectral analysis. In a spectral analysis, the
auto-correlation signals of qm

bh; pm
bh, and their cross-correlation sig-

nals, on the basis of Eqs. 39 through 42, are calculated and then
Fourier-transformed to form a set of algebraic equations:

/̂pbh
xð Þ ¼ jR21W11Sj2/qwh

xð Þ þ jSj2/vpwh
xð Þ

þ jR21Sj2/vqwh
xð Þ þ /~vpbh

xð Þ; ðC-1Þ

/̂pbhqbh
xð Þ ¼ R21jW11Sj2/qwh

xð Þ þW	12jSj
2/vpwh

xð Þ

þ R21jSj2/vqwh
xð Þ; ðC-2Þ

/̂qbh
xð Þ ¼ jW11Sj2/qwh

xð Þ þ jW12Sj2/vpwh
xð Þ

þ jSj2/vqwh
xð Þ þ /~vqbh

xð Þ; � � � � � � � � � � � ðC-3Þ

where the variables / xð Þ and /̂ xð Þ represent known and esti-
mated spectral densities, respectively (as a function of frequency
x). Rd

21 is then identifiable if the numbers of equations and
unknowns at each frequency are identical. Note that the right-
hand-side terms in Eqs. C-1 through C-3 can be estimated by use
of the measurements, but that the left-hand-side terms are
unknown, which illustrates that the noise terms make it impossi-
ble to obtain an estimate of R21 xð Þ.

One way to solve this identifiability issue is to make use of
qwh(t). Because this auxiliary signal is uncorrelated with the bot-
tomhole sensor noise and disturbances, the reservoir model may
be estimated as

R̂21 ¼
/̂pbhqwh

/̂qbhqwh

; ðC-4Þ

where

/̂pbhqwh
¼ R21W11S/̂qwh

ðC-5Þ

and

/̂qbhqwh
¼ W11S/̂qwh

: ðC-6Þ

This analysis concerns the formal identifiability requirements. To
actually find the model, suitable closed-loop SI techniques should
be used that can handle the noise and are more effective than
spectral methods.

Appendix D—Modeling Gas Flow in an
Infinite-Acting Reservoir

In a gas reservoir, the diffusivity and Darcy’s equations are writ-
ten as

1

r

@

@r
r
@m r; tð Þ
@r

¼ 1

g
@m r; tð Þ
@t;

ðD-1Þ

qg r; tð Þ ¼ �prkhTSC

PSCT

@m r; tð Þ tð Þ
@r

; ðD-2Þ

where T is the bottomhole temperature and where the pseudo-

pressure is defined as m r; tð Þ ¼ 2

ðp

p0

p

lz
dp with p0 as a reference

pressure. The hydraulic diffusivity is g ¼ k

/ lctð Þi
, where the vis-

cosity/compressibility product is calculated at the initial reservoir
pressure. TSC and PSC are temperature and pressure at standard
conditions, respectively. For an infinite-acting reservoir, the
boundary conditions are

qg r; tð Þ ¼ qsf tð Þ; r ¼ rw; ðD-3Þ

and

m r; tð Þ ¼ 0; r !1: ðD-4Þ

The partial-differential equation with boundary conditions is
solved in a similar way as the partial-differential equation for the
oil reservoir described in the body of the text, which leads to

. . .
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Msf sð Þ ¼ Ginf sð ÞQsf sð Þ; ðD-5Þ

where

Ginf sð Þ ¼ 1

pkhrw
TSC

PSCT

ffiffiffi
s

g

r
K0 rw

ffiffiffi
s

g

r� �

K1 rw

ffiffiffi
s

g

r� � : ðD-6Þ

Adding the skin effect Sr to Eq. D-6 gives

Ginf;Sr
¼ G21 þ

Sr

pkh
TSC

PSCT

: ðD-7Þ

To simplify the notation, we use Ginf instead of G21;Sr
.

Appendix E—Conventional Deconvolution
Applied to the Field Case

As a comparison with our proposed system-identification (SI)
method, we applied a conventional deconvolution with the aid of
commercial well-test-analysis software (Kappa Saphir 2015). To
perform the deconvolution, it is necessary to approximate the
flow-rate signal as a piecewise-constant signal. We tested two
types of approximations: a fine approximation and a coarse

approximation (Fig. E-1). The pressure signal is kept unchanged.
To locate the constant-flow-rate periods, we used the wavelet-
decomposition option in the software. An important and nontrivial
step in the deconvolution method is the choice of the weights in
the total-least-squares cost function:

U ¼ WqRq þWpRp þWcC; ðE-1Þ

where Wq, Wp, and Wc are the flow rate, pressure, and curvature
weights; Rq and Rp are residuals in the pressure and flow-rate esti-
mates; and C is a measure of the curvature in the Bourdet deriva-
tive plot (von Schroeter et al. 2004). Because the accuracy of the
pressure signal is higher, Wp is selected to be larger than Wq. The
value of Wc determines the smoothness of the final solution and is
of major importance in the optimization procedure. Several values
of Wc have been tested with magnitudes between 0.01 and 5. Figs.
E-2 through E-4 depict the results for Wc¼ 0.1, 1, and 5, respec-
tively. For smaller values of Wc, the deconvolved solution is
strongly oscillatory, making it uninterpretable. We note that for
this example, wellbore storage does not play a role, in line with
the SI results, because the pressure and pressure-derivative plots
do not display common values at early times (a characteristic fea-
ture for wellbore storage). For Wc¼ 0.1, the solution is still wavy,
but interpretable.

Numerical type-curve matching, by use of an infinite-acting-
reservoir model, gives the reservoir parameters as k¼ 15 md and
S¼ 0.1 for the fine approximation and k¼ 7.8 md and S¼ –2.9 for
the coarse approximation (Fig. E-2). For Wc¼ 1, k and S are 15.6
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Fig. E-1—Fine (left) and coarse (right) approximation of the flow-rate signal.
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Fig. E-2—Deconvolution of fine (left) and coarse (right) approximations of the flow-rate signal for Wc 5 0.1.
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md and 0.4, and 8.6 md and �2.65 for the fine and coarse approxi-
mations, respectively (Fig. E-3). For Wc¼ 5, k and S are 15.8 md
and 0.45, and 8.9 md and �2.53 for the fine and coarse approxi-
mations, respectively (Fig. E-4). Comparing these results with
those obtained by SI and simple buildup analysis earlier in this
study, the coarse-approximation results appear to be in the same
range, whereas the fine-approximation results are significantly
off. It is clear that the (somewhat-arbitrary) choice of the con-
stant-rate approximation of the flow-rate signal can have a signifi-
cant influence on the estimated parameters. In addition, the choice
of the weight parameters influences the results.
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Fig. E-3—Deconvolution of fine (left) and coarse (right) approximations of the flow-rate signal for Wc 5 1.
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Fig. E-4—Deconvolution of fine (left) and coarse (right) approximations of the flow-rate signal for Wc 5 5.
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