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|dentification of Diffusively Coupled Linear
Networks Through Structured
Polynomial Models

E. M. M. Kivits

Abstract—Physical dynamic networks most commonly
consist of interconnections of physical components that
can be described by diffusive couplings. These diffusive
couplings imply that the cause-effect relationships in the
interconnections are symmetric, and therefore, physical dy-
namic networks can be represented by undirected graphs.
This article shows how prediction error identification meth-
ods developed for linear time-invariant systems in polyno-
mial form can be configured to consistently identify the
parameters and the interconnection structure of diffusively
coupled networks. Furthermore, a multistep least squares
convex optimization algorithm is developed to solve the
nonconvex optimization problem that results from the iden-
tification method.

Index Terms—Data-driven modeling, diffusive couplings,
linear dynamic networks, parameter estimation, physical
networks, system identification.

[. INTRODUCTION
A. Dynamic Networks

Physical networks can describe many physical processes from
different domains, such as mechanical, magnetic, electrical,
hydraulic, acoustic, thermal, and chemical processes. Their dy-
namic behavior is typically described by undirected dynamic
interconnections between nodes, where the interconnections
represent diffusive couplings [1]-[3]. A corresponding repre-
sentation can be considered to consist of L interconnected node
signals w;(t), j = 1,..., L, of which the behavior is described
according to a second order vector differential equation

Mot (£) + Dot (t) + > Djxltir; () — g (t)]
kEN;;

+ Kyow; (1) + Y Ki[ws (1) — we ()] = r;(t) + 0;(t) (D
RENS u; ()
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Fig. 1. Network of masses (M), dampers (D), and springs (K;).

with real-valued coefficients Mjo >0, Dj; >0, Kj; >0,
D,; =0; K;; =0; A is the set of indices of node signals
wg(t), k # j, with connections to node signals w,(t); u;(t)
is the external signals composed of measured excitation signals
r;j(t) and unmeasured disturbances v;(t); and w;(t) and @;(¢)
are the first- and second-order derivative of the node signals
wj(t), respectively. The diffusive type of coupling induces the
symmetry constraints D5 = Dy; and K, = K5 V5, k.

An obvious physical example of such a network is the mass-
spring-damper system shown in Fig. 1, in which masses My
are interconnected through dampers D, and springs K;;, with
k # 0 and are connected to the ground with dampers D ;o and
springs Kjo. The positions w;(t) of the masses M; are the
signals that are considered to be the node signals.! The couplings
between the masses are diffusive, because springs and dampers
are symmetric components.

The considered type of networks occur in many other appli-
cations, such as RLC circuits, power grids, and climate control
systems.

B. Network Identification

In this article, we address the problem of identifying the
physical components in the network on the basis of measured
node signals w(t) and possibly external excitation signals r(t).
We develop a general framework for identifying such networks.
Currently available methods for solving this problem can be
classified in different categories. Black-box prediction error
identification methods [4] can be used to model the transfer

'Note that a system as the one shown in Fig. 1 would require at least a two-
dimensional position vector w; (¢), but for notational convenience and without
loss of generality, we will restrict our attention to scalar-valued node signals

wj (t).
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functions from measured r;(¢) signals to node signals w;(t),
leading to a nontrivial second step in which the estimated
models need to be converted to the structure representation
of the physical network for arriving at estimated component
values. Moreover, this modeling procedure and the required
conversion would become essentially dependent on the par-
ticular location of the external signals 7;(¢). In a second cat-
egory, black-box state-space models can be estimated from
which the model parameters can be derived by applying matrix
transformations [5]-[7] or eigenvalue decompositions [8], [9].
However, these methods typically do not have any guarantees on
the statistical accuracy of the estimates and lack a consistency
analysis. In another approach, state-space models with tailor-
made physical parametrizations can be employed in a predic-
tion error/maximum likelihood setting, typically leading to the
situation that the network parameters appear nonlinearly in the
state-space model, resulting in highly nonconvex optimization
problems to solve [10].

In this article, we follow an approach that starts from
the network representation of the model, while we maintain
and exploit the network structure during the identification
procedure.

Dynamic networks are currently topic of research in different
areas, while exploiting different network representations. Of-
ten, state-space models are used, possibly involving diffusive
couplings, e.g., in model reduction [11], estimating network
connectivity [12], multiagent consensus-type algorithms [13],
and subspace identification [14]. A different model setting
is used by [15], where transfer functions are being used to
represent the dynamic interactions between node signals, ex-
ploited further in [16] and [17] for topology identification and
in [18] for prediction error identification of the network dy-
namics (modules). In the realistic situation that not all states
of a network can be measured, the transfer function approach
appears attractive for identifying the network, but at the same
time it is less fit for representing the physical diffusive type
of couplings that would need to be included. As a result,
an identification framework that can effectively exploit the
physical structure of diffusive couplings, while identifying
the dynamics on the basis of selected measurements, is still
missing.

C. Research Objective and Contribution

The overall objective of this research is to develop a compre-
hensive theory for the identification of the physical component
in diffusively coupled linear networks, where the order of the
dynamics is not restricted and possibly correlated disturbances
can be present. The objective includes questions like which
nodes to measure (sense) and which nodes to excite (actuate)
in order to identify particular local dynamics in the network
or to identify the full dynamics and topology of the network.
In addition, consistency and minimum variance properties of
estimates have to be specified. In this article, we focus on
the problem of identifying the full dynamics and topology of
diffusively coupled linear networks.

We will develop a prediction error framework for identify-
ing the components in a diffusively coupled network of lin-
ear time-invariant systems, by fully adhering to the structure
of the underlying constitutive model equations. We develop a
polynomial representation of diffusively coupled networks that
is special due to its nonmonicity and its symmetric structure.
For this representation, the standard (prediction error) iden-
tification algorithms cannot be applied directly. A dedicated
prediction error identification method is developed that exploits
the structured polynomial representation of the network and
allows for handling dynamics of any finite-order representing the
interconnections and, therefore, also allows for identifying the
topology of the network. New conditions for identifiability and
consistent estimation of the network components are derived.
While the developed prediction error method in general relies
on nonconvex optimization, which is poorly scalable to large
dimensions, an alternative multistep algorithm is presented, fol-
lowing the recent developments in so-called weighted null-space
fitting (WNSF) algorithm [19]. This algorithm is adapted to
accommodate the particular structured models that are con-
sidered, by involving constrained optimizations rather than
unconstrained ones.

This article builds further on the preliminary work presented
in [20], in which the first results on the polynomial representa-
tion are presented in the scope of particular linear regression
schemes. These results are extended to the general situation
of rational noise models, including detailed identifiability and
consistency results as well as the implementation into an adapted
WNSEF algorithm.

After specifying the notation of our networks in continuous-
and discrete-time in Section II, the set-up for identification of the
full network dynamics is described in Section III. In order to be
able to consistently identify the network dynamics, data informa-
tivity and network identifiability conditions need to be satisfied.
These conditions are formulated in Section IV as well as the
results for consistent identification of the networks. Section V
contains the multistep algorithm for consistently identifying
the network dynamics and Section VI consists of a simulation
example that illustrates and supports these results. Section VII
contains some extensions. Finally, Section VIII concludes this
article.

We consider the following notation throughout this arti-
cle. A polynomial matrix A(z~!) in complex indeterminate
21, consists of matrices A, and (j, k)th polynomial elements
ajr(z71) such that A(z71) =Y p2  Apz™" and ajp(z71) =
>0 ajk.ez . Hence, the (j, k)th element of the matrix A,
is denoted by aj, ¢. Physical components are indicated in sans
serif font: A or a. A p x m rational function matrix F'(z)
is proper if lim, o, F'(z) = ¢ € RP*™; it is strictly proper if
¢ = 0, and monic if p = m and c is the identity matrix. F'(z)
is stable if all its poles are within the unit circle |z| < 1. As
a signal framework we adopt the prediction error framework
of [4], where quasi-stationary signals are defined as summations
of a stationary stochastic process and a bounded deterministic
signal, and E = limy_ o % Zivzl E, with E the expectation
operator.
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Fig. 2. Physical network as defined in Definition 1, with nodes wj,
inputs u;, and dynamics between the nodes (y;x) and to the ground
node (z;;).

II. PHYSICAL NETWORK
A. Higher Order Network

A physical network as described in the previous section is
typically of second order, where all node signals are collected in
w(t). Network models that explain only a selection of the node
signals can be constructed by removing nodes from the network
through a Gaussian elimination procedure that is referred to as
Kron reduction [2], [3] or immersion [21], which will generally
lead to higher order dynamics between the remaining node
signals. In order to accommodate this, we will include higher
order terms in our model.

Definition 1 (Physical network): A physical network is a
network consisting of L node signals wy (t), ..., wy(t) inter-
connected through diffusive couplings and with at least one
connection of a node to the ground node. The behavior of the
node signals w;(t), j = 1,..., L, is described by

- ¢ & ¢ ¢
S x50+ 33y [w§ () — w” ()] = uy(t)
=0 keN; £=0

(2)
with n, and n, the order of the dynamics in the network,
with real-valued coefficients X;; o > 0, Y16 > 0, Y56 = Yij s

where wgz) (t)is the (th derivative of w; (t) and where u; (¢) is the
external signal entering the jth node. The network is assumed
to be connected, which means that there is a path between every
pair of nodes.” |

The graphical interpretation of the coefficients is as follows:
X;;n represent the buffer, i.e. the components intrinsically re-
lated to the nodes w; X;;,» with £ # n represent the components
connecting the node w; to the ground node; and Y ;. , represent
the components in the diffusive couplings between the nodes
w; and wy,. The ground node is characterized by wground(t) = 0
and, therefore, can be seen as a node with an infinite buffer, see
also [2].

A graphical representation of a physical network is shown in
Fig. 2. The network dynamics is represented by the blue boxes
containing the polynomials x;; = Y, 7 X; j,gpZ and y;, =
S 02 Yikept, with p the differential operator d/dt, and the
node signals are represented by the blue circles, which sum

2The network is connected if its Laplacian matrix (i.e., the degree matrix
minus the adjacency matrix) has a positive second smallest eigenvalue [2].

the diffusive couplings and the external signals. For example,
ws(t) = Xs5(ws () — 0) + Yas (ws () — wa(t)) + us(t).
Furthermore, every matrix X, composed of elements x; ¢ :=
Xj;e is diagonal and every matrix Y, composed of ele-
ments ;= ZkeNj Yike and yji ¢ == —Y i for k # j is
Laplacian® representing an undirected graph of a specific phys-
ical component, i.e., the diffusive couplings of a specific order.

B. Discretization

In order to fully exploit the results of network identification
that typically have been developed for discrete-time systems,
the continuous-time network is converted into an equivalent
discrete-time form. Out of the group of discretization methods
that commute with series, parallel, and feedback connections of
systems [23], we select the backward difference method. This
method is relatively simple, results in a causal network repre-
sentation, and describes a unique bijective mapping between the
continuous-time and the discrete-time model, by substituting

dw(t) _ w(ty) —w(tg—1) 3)
dt |y, T,
with discrete-time sequence ty = d7s, d =0,1,... and time

interval 7. Using (3), the continuous-time diffusively coupled
network (2) can be approximated in discrete time by

S Kijea wita) + D> Viroa " [wyta) — wi(ta)]
=0 keN; £=0
= w;(ta) @)

with ¢~ the shift operator meaning ¢~ 'w; (t4) = w;(t4-1) and
with

Xjje = (—1)° ; () T5 5.1 o)
Yike = (—1)€ Z:K (E)TEink,i (6)

where (}) is a binomial coefficient. In the sequel, (¢ — 7) is used

for t4_; = tq — 1Ts. The expressions for the node signals (4)
can be combined in a matrix equation describing the network as

X(q Hw(t) + Y (¢ Hw(t) = u(t) ©)

with X (¢~!) and Y (¢~ 1) polynomial matrices in the shift oper-
1

ator ¢~ and composed of elements
Ne < ¢ . .
- _ —0Xjjeq ", if k = ]
X. 1y ZZ 0777, 8
wla) {0, otherwise ®)
B Zme/\/j Z?io yjm7€q7€> ifk = ]
Yin(a™) = = 2020 Vyned " itheN;. O
0, otherwise

3A Laplacian matrix is a symmetric matrix with nonpositive off-diagonal
elements and with nonnegative diagonal elements that are equal to the negative
sum of all other elements in the same row (or column) [22].
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Observe that X (¢ 1) is diagonal and Y (¢ ?!) is Laplacian, im-
plying that the structural properties of (2) are maintained in (7)-
(9). In the sequel, we will use the notation A(g™") = X (¢ ") +

Y(q') while X(¢7!) and Y (g !) can always be uniquely
recovered from A(q~ 1), because of their particular structure.

[ll. IDENTIFICATION SET-UP

As mentioned before, the objective of this article is to iden-
tify the full dynamics and the topology of diffusively coupled
networks. In this section, the identification setting is described,
which includes the network model, the network predictor, the
model set, and the identification criterion.

The node signals in the network might be affected by a user-
applied excitation signal and subject to a disturbance signal.
This needs to be included in the network description, which is
achieved by splitting the external signal as

u(t) := B(q ")r(t) + F(q)e(t) (10)

where the known excitation signals r(¢) enter the network
through dynamics described by polynomial matrix B(g~') and
where the unknown disturbance signals acting on the network
are modeled as a filtered white noise, i.e., F'(¢) is a rational
matrix and e(t) is a vector-valued wide-sense stationary white
noise process, i.e., Ele(t)e? (t — 7)] = 0 for T # 0.

Definition 2 (Network model): The network that will be con-
sidered during identification is assumed to be connected, with
at least one connection to the ground node; it consists of L node
signals w(t) and K excitation signals r(¢); and is defined as

Alg Hw(t) = Blg )r(t) + Flg)e(t) (11

with

D) A(gt) =332, Arg* € REXE[g7Y, with aji,(¢71) =
ar;j(qgt),Vk,jand A~' (¢ 1) stable.

2) B(g~') e RF*F[g71].

3) F(q) € H:={F e Rl*I(q) | F monic, stable, and
stably invertible}.

4) A > 0 the covariance matrix of the noise e(t).

5) r(t) is a deterministic and bounded sequence.

6) e(t) is a zero-mean white noise process with bounded
moments of an order larger than 4 (see[4]). [ |

Lemma 1: In (11), it holds that rank(Ay) = L.

Proof: Ag = Xo + Yy, with diagonal X, =" T,'X;
and Laplacian Y, = E?:‘Ll Ts‘i}/i, following from (5) withn, =
ng and (6) with n, = n,, respectively. Since Yy is Laplacian,
the sum of each row is equal to 0, that is Y51 = 0, with
1= {1 1
nected, Yy has one-dimensional kernel ker(Yy) = span(1) [2].
Since the network has at least one connection to the ground
node, 37, ¢ such that x;; , > 0, implying that z;;, > 0, and
thus, X > 0. The vectors that span the kernel of X will have
at least one zero element, implying that ker(Yy) ¢ ker(Xy).
Because both Y = 0 and X = 0, ker(4g) = ker(Yy + Xo) =
ker(Yp) Nker(Xg) = () and hence, rank(Ag) = L. O

Rank(Ag) = L also implies that A~1(g~!) exists and is
proper, which means that the network is well-posed. The network
is also stable as A~!(¢ 1) is stable.

T
1} € RE [22]. Because the network is con-

Often, B(q’l) is chosen to be binary, diagonal and known,
which represents the assumption that each external excitation
signal directly enters the network at a distinct node.

As a result, the considered networks lead to polynomial
models* with the particular properties that A(¢~!) is symmetric
and nonmonic. Moreover, if F'(q) is polynomial or even stronger
if F(q) =1, the network (11) leads to an ARMAX-like or
ARX-like’ model structure, respectively.

Now the network representation and its properties have been
defined, the next step is to formulate the identification setting.

A. Network Predictor

The objective is to identify the dynamics of the complete
network. This estimation is performed using a prediction er-
ror method, which is the most common system identification
method and it is applicable to networks [18]. In order to identify
the network dynamics, all node signals w(t) are predicted based
on the measured signals that are available in the network. This
leads to the following predictor.

Definition 3 (Network predictor): In line with [25], the net-
work predictor is defined as the conditional expectation

w(tlt —1) =E {w(t)|w" ", r'} (12)
where w!™! represents the past of w(t), that is w(t — 1),
w(t —2),...and r represents r(t),7(t — 1),... [ ]

Proposition I (Network predictor): Foranetwork model (11),
the one-step-ahead network predictor (12) is given by (omitting
arguments q)

(tlt—1) = [I — A" F ' A] w(t) + Ag'F ' Br(t). (13)
Proof: The network (11) can be described by
Aw(t) = Br(t) + Fe(t) = Br(t) + FAg Ay e(t).
Premultiplying with A, Lp=1 gives
AL F Y Aw(t) = AgPF1Br(t) + Agte(t).
Adding w(t) to both sides of the equality and rewriting gives

w(t) = [I-Ay' F ' AJw(t)+ Ay F~' Br(t)+ Ay 'e(t)
(14)
where the factor A ' makes the filter [I — Ay F~1 A] strictly
proper and where A, LF-1B is proper. The one-step-ahead
network predictor (13) follows directly by applying its definition
(12) to (14). ]
Proposition 2 (Innovation): The innovation corresponding to
the network predictor (13) is

et) == w(t) —w(tlt — 1) = Agte(t) (15)

which has covariance matrix A = Ay AAy".
Proof: This follows directly from subsequently substituting
w(t)t — 1) (13) and w(t) (11) into (15). O

4Polynomial models are linear time-invariant dynamic models of the
form A(q ")y(t) = B~ (¢ ) B(g " u(t) + D (g ")C(g ")e(t), where
A(g™), B(¢g71), C(g™"), D(¢7'), and E(q™!) are polynomials in ¢~ ! that
are all monic except for B(g~ 1) [4], [24].

SThe structure is formally only an ARMAX (autoregressive-moving average
with exogenous variables) or ARX (autoregressive with exogenous variables)
structure if the A(q~!) polynomial is monic [24].
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The innovation is a scaled version of the driving noise process.
As Ay is not necessarily diagonal, the scaling possibly causes
correlations among the noise channels, but the innovation signal
€(t) remains a white noise process.

B. Model Set and Prediction Error

The network models that will be considered during identifi-
cation are gathered in the network model set.

Definition 4 (Network model set): The model set is defined
as a set of parametrized functions as

M:={M(®#), 00O cRY (16)

with d € N, with all particular models
M(0) = (A(g™",0), B(g"',0), F(g,0),A(6)) (17
satisfying the properties in Definition 2. |

In this setting, 6 contains all the unknown coefficients that
appear in the entries of the model matrices A, B, F', and A.

The experimental data that are available for identification are
generated by the true system.

Definition 5 (Data generating system): The data generating
system S is denoted by the model

MO .= (A° BY F° A°). (18)

|
The true system is in the model set (S € M) if 30° € O such
that M (6°) = M°, where 6° indicate the true parameters.
Using the parametrized network model set, the parametrized
one-step-ahead network predictor is defined.
Definition 6 (Parametrized predictor): The parametrized net-
work predictor is defined in accordance with (13) as

(e 150) = W(q,0)2(t) (19)
with data z(t) := lw (:))] , and predictor filter
r
W(g.0)= [1-Wula,0) Woa,0)]  @0)
where
Wa(q,0) = A (O)F " (q,0)A(g ™", 0) @
Wi(q.0) = A (O)F H(q,0)B(a™"0).  (22)
|

The parametrized predictor leads to the prediction error.
Proposition 3 (Prediction error): The prediction error corre-
sponding to the parametrized predictor (19) is defined as

g(t,0) :=w(t) —w(t|t — 1;0) (23)

which is obtained as (omitting argument q)
E(t,0) = A (O)F () [AO)w(t) — BOIr()]  (24)
= Wu(g, O)w(t) = Wr(q, 0)r(t) (25)

which equals the innovation &(t) (15) for 8 = 6°.
Proof: The expression for the parametrized prediction error
(24) directly follows from its definition (23) and the network

predictor (19). Expressing the parametrized prediction error (24)
in terms of 7(¢) and e(t) yields

E(t,0) = Wz (q,0)r(t) + Weelq, 0)e(t) + (AJ) te(t) (26)
with (omitting argument q)
Wer(q,0) = Ag'(0)F 1 (0) [A(0)(A”) ' B® — B(0)]
Wee(q,0) = Ag ' (0)F 1 (0)A(O)(A°) 1 FO — (A) "

The latter two terms in (26) are uncorrelated since e(t) is white
noise and W (q, 0) is strictly proper. If the true system is in the
model set, the prediction error for the true system is equal to the

innovation (15)
£(t,0°) = (Ag)'e(t) = e(t). 27)

O

C. Identification Criterion

In order to estimate the parameters, a weighted least squares
identification criterion is applied

Oy = arg min Vi (6) (28)
1 N
Vv (0) =+ > &' (t,0)Se(t,0) (29)
t=1
. 1 X . X
AOy) = 5 Y _&(t.0n)E" (1,0x) (30)

&
Il
_

with weight S > O that has to be chosen by the user. It is a
standard result in prediction error identification (see [4, Th.
8.2]) that under uniform stability conditions on the parametrized
model set, (28) converges with probability 1 to

0 = argmeinf/(ﬁ) (31)

with V(0) :=E {&'(t,0)S&(t,0)} . (32)

[V. CONSISTENT IDENTIFICATION

In order to consistently identify the network, the experimental
data need to satisfy certain conditions. These conditions are
referred to as data informativity conditions. In addition, the
network itself needs to satisfy certain conditions, such that
it can be uniquely recovered. These conditions are referred
to as network identifiability conditions. This section describes
these conditions, after which the results for consistent network
identification can be formulated.

The network (11) can be represented as

w(t) = Tur (@r(t) + 0(0), 0(t) = Tuel)elt)  (33)
where &(t) is the innovation (15) and

Tur(q) = A7 g B ) (34)

Tuwe(a) = A~ (a7 F(q)Ao. (35)

For estimating a network model, prediction error identification
methods typically use the second-order statistical properties
of the measured data, which are represented by the spectral
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densities of w(t) and r(t). As r(t) is measured, but &(¢) is not,
the second-order properties of w(t) are generated by transfer
function 75, (¢) and spectral density

Oy (w) : = F{E[o(t)o" (t — 7)]}
= Twé(eiw)ATgé(eiw)

(36)
(37

with F is the discrete-time Fourier transform and (-)* is the com-
plex conjugate transpose. Observe that the spectral factorization
in (37) is unique, as T,z(¢) € H and A > 0 [26].

A. Data Informativity

The data are called informative if they contain sufficient
information to uniquely recover the predictor filter W (g, 0) from
second-order statistical properties of the data z(¢). This can be
formalized in line with [4] as follows.

Definition 7 (Data informativity): A quasi-stationary data
sequence {z(t)} is called informative with respect to the model
set M (16) if for any two 01,65 € ©

E {[I[W(q,01) = W(q,02)]=(t)[*} = 0

= {(W(e™, 6,) = W(e™,0)} (38)

for almost all w. |

Applying this definition to physical networks, leads to the
following conditions for data informativity.

Proposition 4 (Data informativity): The quasi-stationary data
sequence z(t) is informative with respect to the model set M
if ®,(w) = 0 for a sufficiently high number of frequencies.®
In the situation K > 1, this is guaranteed by ®,.(w) > 0 for a
sufficiently high number of frequencies.

Proof: The premise of implication (38) is satisfied if and only
if Aw(q,0) := Wi(q,0,) — W(q, 02) = 0. Applying Parseval’s
theorem gives

QL/ Aw (e™,0)D, (W) Ay (e7™, 0)dw = 0.
T™J-xm

This implies Ay (g, 6) = 0 only if @, (w) > 0 for a sufficiently
high number of frequencies. In the situation K > 1, w(t) de-
pends on 7(¢) and substituting the open-loop response (11) for
w(t) gives

with
A"'F A°'B

J(q) = 0 s

As J(q) has always full rank, ®,(w) > 0 if and only if
®,.(w) = 0. As e(t) and r(t) are assumed to be uncorrelated
and E{e(t)} = 0, we have that ®,, = ., = 0 and

:ﬁr ﬂ_

The number of frequencies for which @ (w) > 0 is required, is dependent
on the number of parameters in M.

(I)T' ¢T’€

d, =
Q. P

Then, @, (w) > 0 if and only if A > 0 (which is assumed) and
@, (w) > 0. The condition ¢, (w) > 0 reduces to @, (w) > 0.0

The condition that ®,.(w) > 0 for a sufficiently high number
of frequencies seems to be a general condition. However, observe
that the dimensions of ®,.(w) depend on the number of excitation
signals r(t), denoted by K, which is specified in the model
set. Thus all excitation signals r(t) that are present (according
to the model set), need to be persistently exciting. This is
because each additional excitation signal r;(¢) also introduces
new polynomials by;(¢!) that need to be identified.

Informativity of z(¢) implies that W (q) can uniquely be
recovered from data, which by (21) and (22) and (33)—(35)
implies that the pair (T, (¢), ®5(w)) can uniquely be recovered
from data.

B. Network Identifiability

The concept of network identifiability has been defined for
general linear dynamic networks in [27] as follows.

Definition 8 (Network identifiability): The network model
set M (16) is globally network identifiable from z(t) if the
parametrized model M (6) can uniquely be recovered from
Twr(q,0) and @;(w, #), thatisif for all models M (61 ), M (02) €
M

} = M(0y) = M(6:). (39

|

Whereas the original definition has been applied to network
models with all transfer function elements, here we apply it
to our choice of models (17), where through the particular
parametrization of the polynomials A(q, #) and B(q, 6), equality
of models implies equality of the physical parameters in these
polynomial matrices. Before formulating the conditions for
identifiability of our particular networks, a result on left matrix
fraction descriptions (LMFDs) is presented.

Lemma 2 (LMFD): Consider a network as defined in Defi-
nition 2. The LMFD A(q~!)"'B(q!) is unique up to a scalar
factor if the following conditions are satisfied.

1) The polynomials A(g~') and B(g~') are left coprime.
2) At least one of the matrices in the set {Ag, k=
0,...,nq;Be, £ =0,...np} is diagonal and full rank.

Proof: According to [28], the LMFD of any two polynomial
and left coprime matrices is unique up to a premultiplication
with a unimodular matrix. To preserve diagonality of Ay or By,
the unimodular matrix is restricted to be diagonal. To preserve
symmetry of A(q!), this diagonal matrix is further restricted
to have equal elements. U

In general polynomial models, like ARMAX [29], A(q 1)
is monic, and therefore, Aq = I is diagonal. Then, the LMFD
A(q 1Y)"1B(q7!) is unique, as the conditions of Lemma 2 are
satisfied and scaling with a scalar factor is not possible anymore,
since the diagonal elements of Ay are equal to 1. Hence, both
Condition 2 in Lemma 2 and the scaling factor freedom are a
result of the fact that A(g~!) is not necessarily monic.

Now the conditions for global network identifiability can be
formulated.
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Proposition 5 (Network identifiability): A network model
set M (16) is globally network identifiable from z(¢) if the
following conditions are satisfied.

1) The polynomials A(g~*) and B(g ') are left coprime.
2) At least one of the matrices in the set {Ay, k=
0,...,mnq;Be, £ =0,...,np} is diagonal and full rank.
3) At least one excitation signal 7;(t) is present: KX > 1.
4) There is at least one constraint on the parameters of
A(q™',60,)and B(q~',8,) of the form ' =  # 0, with
< T
0:= [91 Gﬂ .

Proof: Condition 3 implies that T,.(g,0) is nonzero. Ac-
cording to Lemma 2, Condition 1 and 2 imply that A(q !, 6)
and B(q !, ) are found up to a scalar factor ov. Tys(q, 0) and
A(6) are uniquely recovered from ®;(w, 0) as T,ye(q) € H and
A > 0 [26]. Together with the fact that A(g~*,6) is found up
to a scalar factor o, T)z(q, ) gives a unique F(q, ), and A(6)
gives A(6) up to a scalar factor o. Finally, Condition 4 implies
that the parameters cannot be scaled anymore, and therefore, o
is fixed. U

The coprimeness of A(q~') and B(g~ ') ensures that A(q~ )
and B(q~!) have no common factors. This condition is also
necessary for global identifiability of typical polynomial model
structures (see [4, Th. 4.1]). The parameter « is a scaling factor
that is introduced by the nonmonicity of A(g~'). The scaling
factor needs to be fixed by additional constraints induced by
Conditions 2 and 4 in Proposition 5. The parameter constraint
in Condition 4 of Proposition 5 can, for example, be defined as
follows.

1) One nonzero element in B(q!,6) is known, i.e., one
excitation signal enters a node through known dynamics.

2) One nonzero parameter is known.

3) The fraction of two nonzero parameters is known.

4) The sum of some nonzero parameters is known.

Remark 1: In general dynamic networks conditions for global
network identifiability typically include algebraic conditions
verifying the rank of particular transfer functions from external
signals to internal node signals [27]. For the generic version of
network identifiability, this entails a related graph-based check
on vertex disjoint paths in the network model [30], [31]. In
contrast to these conditions, the current conditions in Proposition
5 are very simple and require only a single excitation signal r(¢)
to be present in the network. This is induced by the structural
properties of the diffusive couplings between the nodes, reflected
by the fact that the polynomial matrix A(g~!) is restricted to be
symmetric. |

C. Consistency

Now, we can formulate the consistency result as follows.
Theorem 1 (Consistency): Consider a data generating system
S as defined in Definition 5 and a model set M in which
the predictor filter (20) is uniformly stable. Then, M (é N) is
a consistent estimate of MY if the following conditions hold.
1) The true system is in the model set (S € M).
2) The data are informative with respect to the model set.
3) The model set is globally network identifiable.

Proof: The proof consists of the following three steps. First,
convergence of Vy(0) to V(6) for N — oo follows directly
from applying [4, Th. 2B.1] and the fact that .S > 0 as the
conditions for convergence are satisfied by the network model
set. Second, by Condition 1, §° is a minimum of V'(6), which
can be seen as follows. As r(¢) and e(t) are uncorrelated and
Wee(g, 0) is strictly proper, the power of any cross term between
the three terms in the prediction error (26) is zero, so the
power of each term can be minimized individually. As a result,
We(q,0°) = 0 and W (q,0°) = 0, and thus, the cost function
reaches its minimum value when the prediction error is equal to
the innovation as in (27). Third, following the result of [4, Th.
8.3], under Condition 2, this minimum of 1_/(9) at 69 provides
a unique predictor filter W (g, #) and, therefore, also a unique
pair (T (q), P5(w)). With Condition 3, this implies that the
resulting model M (#) = M (6°) is unique. Therefore, M (0y)
converges to M (0°) with probability 1. O

Observe that any weight S' > 0 leads to consistent estimates,
but that minimum variance is only achieved for S = A~!.

Now it has been proved that diffusively coupled networks can
be identified consistently, the next step is to formulate algorithms
for obtaining these estimates.

V. MULTISTEP ALGORITHM

The parametrized prediction error (24) is not affine in the pa-
rameters 6. Only in the very special situation where F'(¢,0) = I
and Ag(0) = I, the structure of (24) is affine. This situation
causes the optimization problem (28) to be nonconvex. Es-
pecially for networks with many nodes, this results in high
computational complexity and occurrences of local optima. One
approach to reduce the problem is to solve multiple multi-input
single-output (MISO) problems instead of one large multi-input
multi-output (MIMO) problem [18], [21], [32]. However, since
the dynamics are coupled (that is, A(q~!) is symmetric, and
therefore, its elements are not independently parametrized), a
decomposition into MISO problems cannot be made without
loss of accuracy.

In this section, as an alternative, a multistep algorithm is
developed, where in each step a quadratic problem is solved
using a linear regression scheme. With that, the developed
method contains steps that are similar to sequential least squares
(SLS) [33], WNSF [19], and the multistep least squares method
in [34], but particularly tuned to the network model structure of
this article.

In Step 1, an unstructured nonparametric ARX model is
estimated from data. This ARX model is reduced to a struc-
tured parametric ARMAX network model in Step 2, which is
improved in Step 3. Once the network dynamics have been esti-
mated, the noise model is found in Step 4 and the discrete-time
components are extracted in Step 5. Finally, the components
are mapped back to the continuous-time domain in Step 6. The
particular difference of our method with the aforementioned
methods is that the structure in the parametrized objects in Steps
2 and 3 is different and that the optimization problem in Step 2
is a constrained optimization problem. Furthermore, Steps 4—6
have been added.
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As only quadratic problems are solved, the optimizations are
convex and have unique solutions. In this way, the formulated
algorithm achieves a consistent parameter estimation with mini-
mum variance and limited computation complexity. This makes
the algorithm also applicable to networks with many nodes.

For the development of the algorithm, we will restrict attention
to the situation of an ARMAX-like model structure, where we
consider a data generating system S = (A%, B%, F° A%) with
F%q) := C%gq ') being a monic polynomial, leading to the
network equation

A%g Nw(t) = Bq M)r(t) + C%(g Me(t)  (40)

which would have an ARMAX structure if A°(g~1) would be
monic. Multiplying both sides of (40) with [C?(g~1) AS] ! leads
to

Ag Hw(t) = B (¢ )r(t) +e(t) (1)
where A°(¢") is monic, &(t) is the innovation (15), and
Ag) =1C% AN (42)
B¢ ") =[C% "' B¢ ) (43)
Coq) =C"(g ) Aj. (44)

Now consider the model structure A(g~",6,), B(¢~",05), and
C(q "1, 04), as models of A%(q~"), B(¢~*), and C°(q ),
respectively, with C (¢, 1., 0,) = C(q 71, 0.) Ao(0,), and with

L
9= [9; 0, 772] .As C(g~1) is monic and Ay is constant,

Cy = Ay and, therefore, parametrized as such. All other matri-
ces Cy are independently parametrized with parameters 7). The
exact parametrization is given in Appendix A.

Step 1: Estimating the Nonparametric ARX Model

As afirst step, we are going to estimate a nonparametric ARX
model for (41), by parametrizing the infinite series expansions
A%~ 1) and B°(¢~ 1) by high-order polynomial (finite) expan-
sions fl(q’l, ¢™) and B(q’l, ¢™), according to

Ealt,C") = A(g,¢Mw(t) — Blg ', ¢")r(t)
=w(t) — [¢"(t)]"¢"

with n the finite order of the polynomials, which is typically
chosen to be high. The parameter vector (" and the matrix
[¢"(t)]" are given in Appendix B. The nonparametric ARX
model (41) is then estimated through estimating its parameters
(™. As this step serves to make an initial estimate of the network,
the network structure is not taken into account. Furthermore,
consistency of this step is only achieved if the order n tends
to infinity as function of the data length N at an appropriate
rate, according to [35]. However, the bias will be negligibly
small if the order n is chosen sufficiently large. The least-squares
estimate of " is found by

o 1 Y n n T B 1 Y n
W=y t:;i—l " (t)[" (t)] i t;ﬂ " (Hw(t)]| .
(47)

Under conditions of consistent estimation, and so if n and NV
approach infinity, £ 4 (¢, (%) will be an accurate estimate of the

(45)
(46)

innovation &(t). The covariance of the innovation is estimated
as the covariance of the residual as

. 1 Y . .
AR =5 D ealtCeat ) @8)
t=n-+1

with residual (45) evaluated at é ~- The covariance of the param-
eter estimation error €(t, (%) := (% — ¢"° with ("° the actual
coefficients of the expansions in (41), is estimated by

N -1
o 1 I )
P = |5 2 ¢" AR 0] (49)
t=n-+1
Remark 2: As each row in (46) is independently

parametrized, the parameters (™ can be estimated for each
row independently, resulting in L MISO problems instead of
one MIMO problem. This is attractive for networks with many
nodes. ]

Step 2: Reducing to the Structured Network Model

The high-order ARX model is used to identify the structured
network model through the relations (42) and (43). In this step,
the structural properties of A°(g~1) are incorporated and the
parameter constraint is taken into account to fix the scaling
parameter and obtain a unique solution.

The relations (42) and (43) are equivalently written as

A(g) = CO%gHA% (g =0 (50)
B¢ ")~ C%g ")B(¢") =0. (51)

Then, from (50) and (51), we can extract
—Q(C")° =0 (52)

where 90 represents the coefficients of the actual underlying
system described by A%(g1), B%(¢!), and C°(g~!) (40)
and where the nonparametric ARX representation flo(q’l) and
BO(q 1) of the system is incorporated in Q(¢"°). The specific
structure of Q(¢™) is provided in Appendix C. The polynomial
terms in (50) and (51) are considered up to time lag n, and the
row dimension of Q(¢™) is equal to dim(¢™Y).

On the basis of the estimated nonparametric ARX model pa-
rameters (', an initial least-squares’ estimate of 1° is obtained
by the linear constrained optimization problem

I =min 9TQ"((RIQCR)Y (53)
subject to T =~ (54)

where the constraint (54) results from Condition 4 in Proposition
5. The optimization problem can be solved using the Lagrangian
and the Karush—Kuhn—Tucker conditions [37], giving

IO [Ty T o

7Weighted least-squares can be used as well (see Step 3) with weighting
matrix W (¢%) = P~1(¢W) [36].
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where 5»53) are the estimated Lagrange multipliers. The covari-

ance of the residuals is updated according to (initially for £ = 0)

A(0Y) = % iv: e (6 00) e (100)) 6
with residual o
g (t,%@) =Gt (q—1,1§§5>) .
[A (q’l, 19%“)) w(t) — B (q*, 1955)) r(t)} . (57

Step 3: Improving the Structured Network Model

This step aims to correct for the residuals in (52) that are
not accounted for in (55), due to the fact that only a high-order
approximation of the nonparametric ARX model is used.

Substituting A(q~", (%) and B(g~', (%) for A%(g~') and
BO(q~1), respectively, into (50) and (51) gives

A% = C%g HA%g )

=C%™) {fl(q*ﬂ () — AO(Q*)} (58)
B¢ ") —C%q B¢ )
=C%q ) [B(q*, ) — BO(Q’I)} (59)
which are equivalently written as [by using (52)]
—Q((F)° = T(°) (R - ¢™) (60)

where the matrix 7'(9°) is given in Appendix C. The estimate
of 90 with minimum variance is obtained by solving a weighted
least-squares problem, where the weighting matrix is given by
the inverse covariance matrix of the right-hand side expression
in (60). As this term depends on J, this problem is solved
iteratively by

9y = min 9TQT(CRHWIR QY (6D
subjectto I') =~ (62)

where the weighting matrix W(ﬁg\]f*l)) is iteratively updated
for k =1,2,...according to

W (1%5*”) .y (1955*1)) p! (195\’;*1)) 7! (ﬁ%*”)

(63)
where P(ﬁg\lfl)) is updated according to
ey _ 1y (k=1)
S (e-n) b nyA-1 (GEDY [on (T
P (0% )—Nt_nzﬂso OA (057 e
(64)

Similar to Step 2, this optimization problem can be solved
through

3(k) T( n G(k—1) ~n T -t
[39%]:[@ Cow (9% 7) Q) F] H 5
AN r 0 Y

(k)

where A N are the estimated Lagrange multipliers. Finally, the
covariance of the residuals is updated according to (56).

Remark 3: Although this step is asymptotically efficient,
iterating may improve the estimate for finite data length V. The
cost

e () = o (100) € (1) oo

is evaluated at each iteration to decide whether the parameter
estimation has improved. However, as (66) is not affine in the
parameters, an improved cost may still result in deteriorated
parameter estimates. The cost (66) is used as it is independent of
A(0) and under Gaussian assumptions, minimizing (66) results
in minimum variance of the estimates if A(#) is independently
parametrized from A(q',0), B(q™,0),and C(¢~', ). In this
situation, the asymptotic (minimum) variance resulting from
(32) is equal to the asymptotic variance of the maximum likeli-
hood estimator [4]. [ |

Step 4: Obtaining the Noise Model

Having estimated A°(q 1), B%(¢ 1), and C°(q 1), the noise
model represented by C°(g~1) and A° can be recovered. On the
basis of (44), the estimate of CY(¢™!) is constructed as

C (q_lﬁg\]f)) =C (q_l,ﬁlﬁ,) Aal (19’]“\,) .
Furthermore, as A° = A8]\OA8, the estimate of A° is given by
A (B9 = 40 (30) 3 (91) 40 (92).

Step 5: Estimating the Discrete-Time Components

(67)

(68)

With the estimate of A°(g~1) from Step 3, the dynamics of the
discrete-time network have been estimated. The components,
represented by X (¢~!) and Y (¢ '), are obtained through the
inverse mapping of A(q~!) = X (¢ 1) + Y (¢ '), with X (¢ 1)
diagonal and Y (¢~ !) Laplacian, given by

Tk = 0 ik (69)
. gy + iy ige, fj =k

_ ajk /2 lf] # k

Yik,e = ' o . (70)
’ {— Doz Gijes ifj=k

Step 6: Estimating the Continuous-Time Components

The continuous-time representation X (p), Y (p), B(p) canbe
obtained from the estimated discrete-time model from Steps 5
and 3 through the inverse mapping of (5) and (6), given by

Tjpe = (—Ts)" Zai PEY

i={

(71)

Na

Yire = (=T > () Ujn.i

=0

(72)

— ny

bije = (=T)" 3 (})bjj.i-

1=

(73)

A. Complete Algorithm

The abovementioned steps describe the procedure for iden-
tifying the physical components of a diffusively coupled linear
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network with an ARMAX-like model structure. This procedure
leads to the following algorithm.

Algorithm 1 (ARMAX-Like Model Structure): Consider adata
generating system S with F°(q) := C°(¢™!), a monic polyno-
mial and a network model set M (16) with F'(¢,0) := C(q 1, 0)
amonic polynomial. Then, M (é ~ ), aconsistent estimate of M 0,
is obtained through the following steps.

1) Estimate the nonparametric ARX model (41) by least
squares (47) to obtain éxf

2) Reduce the nonparametric ARX model to a parametric
model (11) by weighted least-squares (55) to obtain 1953).

3) Improve the parametric model (11) by weighted least-
squares (55) to obtain 1955) fork=1,2,....

4) Obtain the noise model by calculating (67) and (68) to
obtain C(q !, ég\];)) and A(ég\l;))

5) Obtain the discrete-time component values through (69)
and (70) to estimate X (¢~ ') and Y (¢ 1).

6) Obtain the continuous-time parametric model through
(71)—~(73) to estimate X (p), Y (p), and B(p). [ |

Consistency and minimum variance of the estimates obtained
with Algorithm 1 follows from the similarity with WNSF and its
proof, under technical conditions on the rates with which n and
N tend to infinity [19]. The main difference is that A(q !, )
is nonmonic and symmetrically parametrized, resulting in a dif-
ferent structure in (52). In particular, the structure in (¢™) and
T(9) is different and the optimization problem (53) and (54) is
constrained. For consistency, Q(CAR,) needs to have full column
rank, which can be shown to be satisfied if the identifiability
conditions in Proposition 5 are satisfied. Consistency of Step 4-6
follows naturally.

Remark 4: In order to perform Algorithm 1, the measured
data {z(t)} is needed; the order n of the ARX model needs to
be chosen; and the true orders n,, ny, and n. of A(q~1), B(qg™1),
and C(q~ 1), respectively, need to be known. [ |

Remark 5 (Simplification to an ARX-like model structure):
If the noise is not filtered, that is F(q) := C(¢~!) = I, the
network has an ARX-like model structure and the ARX model
(41) can exactly describe the diffusively coupled network, where
A(g')and B(q~ ") are of the same orderas A(q ') and B(q~ 1),
respectively. Algorithm 1 improves in the sense that Step 1 is
consistent for sufficiently large data length /V and therefore, no
additional estimation error is made in Step 2, which makes Step
3 superfluous. [ |

Remark 6 (Simplification to an ARX model structure): If
Ao =1 in addition to unfiltered noise (F(q):=C(q ') =
I), the network has an ARX model structure. In this
case, the network can consistently be identified in a sin-
gle step, by incorporating the symmetric structure in Step 1
of Algorithm 1 and by choosing the order of A(¢~!) and
B(q™') equivalent to the order of A(g™') and B(q™'), re-
spectively. The resulting identification procedure has been
described in [20]. [ |

VI. SIMULATION EXAMPLE

This section contains a simulation example that serves to
illustrate the theory and to show that indeed the topology and

Fig. 3. Continuous-time network model with interconnection dynamics
described by the polynomials y; (p), dynamics to the ground described
by the polynomial z;; (p), and static excitation filter by;.

the physical components of a network can be identified using
a single excitation signal only. The identification is performed
with the algorithm presented earlier.

A. Experimental Set-Up

Consider the continuous-time diffusively coupled network (2)
consisting of four one-dimensional nodes, with external signal
u(t) = Bor(t) + v(t), described by

d d?
(Xo+ Yo)w(t) + (X1 + Y1)aw(t) + Xo ﬁw(ﬂ

= Bor(t) + v(t) (74)

where r(t) is one-dimensional and known, and By has dimension
4 x 1 and has only the first element nonzero. Fig. 3 shows the
structure of this network, where it can be seen that the excitation
signal r(t) = r1(t) enters the network only at node w;. One
can think of this network as a mechanical mass-spring-damper
network as explained in Section II, where X and Yj contain
the spring constants, X; and Y; contain the damper coefficients,
X contains the masses, the node signals w(t) represent the
positions of the masses, and the excitation signal r(t) is a force.
One can also think of this network as an electrical circuit with
nodes that are interconnected through capacitors, resistors, and
inductors (in parallel). The matrices Xy and Y, contain the
capacitances, X7 and Y; contain the conductance values of the
resistors, X contain the inverses of the inductances, the node
signals w(t) represent the electric potentials of the interconnec-
tion points, and the excitation signal 7(t) is the derivative of a
current flow.

The discrete-time representation is obtained by applying the
discretization method described in Section II-B with sampling
frequency fs = 100 Hz. In addition, the disturbance v(¢) acting
on the network is modeled in discrete time as a white noise
filtered by a first-order filter. This results in the discrete-time
network model (11)

[Ao + Arg™" + Azq *Jw(t) = Bor(t) + [ + Ciq 'e(t)
(75)
with A; = X; + Y; and A;,Y; symmetric and X; diagonal for
t = 0,1, 2. The network topology is assumed to be unknown
reflected by the situation that in the model there are parametrized
second-order connections between all pairs of nodes. As Ay =
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TABLE |
ORDER n OF THE ARX FIT, THE DATA LENGTH N, AND THE RATE n4/N
FOR EACH SET OF EXPERIMENT 1

S [T [ 234516 7 89 10
n 314567 8] 09 [10] 1112
N 96 | 320 | 834 | 1852|3694 | 6827 11930 | 20000 | 32536 | 51841
n"/N [[0.85]0.800.75] 0.70 | 0.65 | 0.60 | 0.55 | 0.50 | 0.45 | 0.40

X, is diagonal, identifiability Condition 2 in Proposition 5 is
satisfied. The location where r(t) enters and the first nonzero
parameter of By is assumed to be known, which induces that By
is fixed and not parametrized. This guarantees that identifiability
Condition 4 in Proposition 5 is satisfied.

The symmetric structure of Y (p) is taken into account in the
parametrization of the continuous-time model. The continuous-
time model matrices (74) are parametrized as

s 0 0 0] 65 0 0 0
0 65 O 0 0 6 0 0
Xo = . L Xi = Do
0 0 6 0 0 0 65 O
L0 0 0 6] 0 0 0 #6f
(76)
S 0 0 0]
0 65 0 0
X, = N (77)
0 0 65 O
L0 0 0 6%
* i3 075 07 *x 05, 0fg 0fg
Y, = is ’; 0 9%1 Y, = 9?4 ’: 050 9%2
s 0fg * 05 0 05 * 054
7 05 055 x Ois 05, 054 *
(78)

where the elements x follow from the Laplacian structure.
Observe that 6 >0 for ¢ =1,...,12 and 6 <0 for ¢ =
13,...,24 as all components have positive values (see Sec-
tion II-A). The exact true parameter values, represented by 00
are given in Table II.

The external excitation signal 71 (t) is an independent white
noise process with mean 0 and variance o2 = 1. All nodes are
subject to disturbances e; (t), which are independent white noise
processes (uncorrelated with r;(¢)) with mean 0 and variance
02 =107%. In Step 2 of the algorithm, the possibility to apply
the weighting W (C%) = P~(C%) is exploited. In Step 3 of the
algorithm, at most 50 iterations are allowed us to improve the
result of Step 2.

Experiment 1 serves to show that the parameters can con-
sistently be identified with a single excitation signal only. In
order to do so, the identification is performed for different
orders n of the ARX model in Step 1 and different data lengths
N, such that they increase at an appropriate rate, guaranteeing
that n* /N decreases for increasing n and N [19]. The chosen
values n, N and the rate n* /N are given in Table 1. For
each experimental set, 20 Monte Carlo simulations are per-
formed, where in each run new excitation and noise signals are
generated.

The RMSE of the parameters for each experimental set

T ‘
i
100’9 BE + 3
oy
\
1 *
w oL + 4
%102 S
S [
o €
*
|
i
10 ¢ L HEHEE i
L T £5 ua
‘ =l
L7 i ‘
108 ‘ ; : i ‘ ‘ e R S
1 2 3 4 5 6 7 8 9 10

Experimenal set

Fig. 4. Boxplot of the relative mean squared error (RMSE) (79) of the
parameters of X (p) and Y (p) for each experimental set.

Experiment 2 serves to identify the parameters and topology
with a single excitation signal only and to show that using more
excitation signals at different nodes improves the results. In
order to show this, two sets of experiments are performed, one
set with a single excitation signal (X = 1) entering at node w;
and one set with three excitation signals (K = 3) entering the
network at node wi, ws, and ws. In the former case, By is a
4 x 1 unit vector that is fully known and in the latter case, By
is a 4 x 3 selection matrix with by1 o = 1; with parametrized
elements b22_’0 = 954 and b33’() = 955 with true values 952 =1
and 052 = 1; and with all other elements equal to 0. The order
of the ARX model in Step 1 of the algorithm is n = 5 and the
number of samples generated for each dataset is N = 10 000.
Both experimental sets consists of 100 Monte Carlo simula-
tions, where in each run new excitation and noise signals are
generated.

B. Simulation Results

The simulation results of Experiment 1 are shown in Fig. 4.
This figure shows a Boxplot of the relative mean squared error
(RMSE) of the continuous-time model parameters, where the
RMSE is determined as

100 — 65,113

RMSE =
16<°113

(719)
where 6 contains the parameters of X (p) and Y (p). From Fig. 4,
it can be seen that the RMSE decreases if both n and N increase
such that the rate n* /N decreases. This observation supports the
statement that consistent identification is achieved if the order of
the ARX model n tends to infinity as function of the data length
N at an appropriate rate [19].

The simulation results of Experiment 2 are shown in Figs. 5-8,
and Table II.

Fig. 5 and 6 show a Boxplot of the relative parameter estima-
tion errors for K =1 and K = 3, respectively, for parameters
for which their underlying true value is unequal to 0. For the
other parameters, the mean values are provided in Figs. 7 and
8. From Figs. 5 and 6, it can be seen that the median of the
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TABLE Il
TRUE PARAMETER VALUES OF X (p) AND Y (p) AND THE MEAN AND STANDARD DEVIATION (SD) OF THEIR ESTIMATES FOR BOTH SETS (K = 1 AND
K = 3) OF EXPERIMENT 2

Parameter [ 05 05 09 5 0¢ 0g 08

True value 1 0 1x10°2 0 2 x 1072 1 0

K =1 Mean 1.0136 -5.6440 x 10-719.9999 x 103 1.0171 -7.3562 x 10~ %[ 2.0054 x 102 1.0221 -1.6503 x 10— 2
K =1SD |[3.6467 x 102 2.0287 x 103 | 2.3009 x 10~ | 9.5878 x 10~ 2 | 6.1179 x 105 | 1.3032 x 10~ * | 1.4998 x 10~ 1 | 8.2037 x 10>
K = 3 Mean 1.0012 -7.7029 x 102 [ 1.0000 x 102 1.0032 -2.0946 x 10~17] 2.0001 x 102 -1.0085 -5.6775 x 10~ 4
K =3SD |[4.7774 x 103 | 2.8210 x 10 % | 1.2971 x 100 | 8.2831 x 10~ > | 4.9076 x 10~ % | 1.3605 x 10~ ° |1.5390 x 10~ 2 | 1.1072 x 103
Parameter || 05 ‘ 050 ‘ 074 ‘ 075 ‘ 073 ‘ 074 ‘ 075 ‘ 076

True value H 5x 1072 ‘ 10 ‘ 0 ‘ 7x 1072 ‘ -4 ‘ 3x 101 ‘ 0 ‘ 0

K =1 Mean |[4.9848 x 102 9.9676 1.4936 x 10~ 2 | 6.9868 x 10~ 2 —4.0061 -3.0078 x 10~ 1[6.2954 x 10~ 3 [ 2.1455 x 10~ %
K =1SD 85376 x 10~%| 1.5783 x 10~ T | 8.0059 x 10~3 | 6.6951 x 10~% | 5.4752 x 10— 2 | 1.8156 x 10~ 2 [ 6.6368 x 10— 2 | 6.6894 x 10— %
K = 3 Mean [[4.9992 x 10~ 2] 1.003 x 10T [-1.8345 x 10~ %[ 7.008 x 102 -3.9998 -3.0003 x 10~ 1[4.2531 x 10~ %[-2.4708 x 10~ P
K =3SD [[4.8096 x 10~° | 3.0088 x 10~2 | 1.8316 x 10~3 | 7.9796 x 10~° | 2.8000 x 10~3 | 1.9475 x 10~% [3.0851 x 10~ | 1.1680 x 10~ %
Parameter || b7+ \ b7s \ 79 \ 950 \ 5, \ [ \ 033 \ 934

True value || 0 | 0 | 0 | Aax107T ] -8 | 0 | -9 | 6x107T
K =1 Mean [[8.9935 x 103 [-1.0261 x 10~ 4] 1.3912 x 10~ 2 [-4.0102 x 10~ T -8.0188 -3.3463 x 1014 -8.9442 -5.9889 x 10~ T
K =1SD |[3.8590 x 10-2 6.2002 x 10~ % | 1.6645 x 10~ L | 9.1170 x 10~ > | 1.1026 x 10~ T | 3.9220 x 10~ > | 1.5367 x 10~ 1| 1.2576 x 102
K =3 Mean [[ 5.2077 x 10~%[-2.0221 x 102 [ 2.1762 x 10~3 [-4.0005 x 10— T -8.0012 -5.8232 x 10~ ° -8.9958 -6.0024 x 10~ T
K =3SD |[[3.4376 x 10~ 3| 1.6190 x 10~ % [ 6.1368 x 103 | 3.9797 x 10~ % | 7.6248 x 10~ | 2.8442 x 10~ % [1.3217 x 10~ 2| 9.3302 x 10~ *

The relative parameter estimation errors for K=1
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Fig. 5. Boxplot of the relative estimation errors of the parameters of

X (p) and Y (p) for the experimental set with a single excitation signal
(K = 1), for parameters with a nonzero true value.

relative errors is around O for all parameters, which means that
the median of the estimated parameters values are close to the
true values. This supports the statement that the parameters can
be identified with a single excitation signal only. However, Fig. 5
also shows that for the experiment with a single excitation signal
(K = 1), 50% of the relative parameter errors are within a range
of 10% deviation. This is quite a large deviation. From Fig. 6, it
can be seen that this range reduces to 2% deviation if the number
of excitation signals is increased to three (K = 3). Increasing
the number of excitation signals improves the signal-to-noise
ratio, which has a clear effect on the variance of the estimated
parameters.

Table II contains the mean and standard deviation of the
estimated model parameters. The experiment with three external
excitation signals has two additional parameters 055 and 05,
which have true values 1 and which are estimated with mean
1.000 and 9.9983 x 1071, respectively, and standard deviation
6.6505 x 10~* and 9.2690 x 10~%, respectively. Although the

The relative parameter estimation errors for K=

0.1

0.08 nl
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0.02

(él\ o 6(:0)/@{:0

4

-0.02 -

oo4l— 0
or 05 65 6 05 On 05 O O Of 05 b 05

Parameters

5

Fig. 6. Boxplot of the relative estimation errors of the parameters of
X(p), Y(p), and B(p) for the experimental set with three excitation
signals (K = 3), for parameters with a nonzero true value.

estimates are quite accurate, small biases can still occur because
of the finite values of n and N. For all parameters, this bias is
within a bound of 1 standard deviation.

Figs. 7 and 8 show the true values and the mean estimated
values of the parameters, focusing on those parameters whose
true value are equal to 0. For K =1, it would be hard to
identify the correct topology of the network, i.e., estimate which
parameters are unequal to 0, on the basis of the estimated mean
values only. Note that for example, the zero parameter 6{q has
a mean value that is higher than the nonzero parameter ¢5. For
K = 3, this situation improves drastically.

VII. DiSCcUSSION

In this section, three extensions of the presented theory are
discussed. First, the connection with dynamic networks is made.
Second, networks with unmeasured nodes are considered. Third,
parameter constraints are discussed.
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Fig. 7. True parameter values (blue) and the mean of the estimated

parameter values (red) of X (p) and Y (p) for the experimental set with
a single excitation signal (K = 1), focusing on parameters with a true
value of 0.
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Fig. 8. True parameter values (blue) and the mean of the estimated

parameter values (red) of X (p), Y(p), and B(p) for the experimental
set with three excitation signals (K = 3), focusing on parameters with a
true value of 0.

A. Dynamic Networks

A commonly used description of dynamic networks is the
module representation [18], in which a network is considered to
be the interconnection of directed transfer functions (modules)
through measured node signals as

w(t) = G(q)w(t) + R(q)r(t) + H(q)e(t)

with white noise process €(t) and with proper rational transfer
function matrices G(q), R(q), and H(q) € H, where the matrix
entries G,1(q), R;k(q), and H;j(q) describe the dynamics in
the paths from wy,(t), 74 (¢), and €x(t) to w, (t), respectively. A
diffusively coupled network (11) can be described as a module
representation with the following particular symmetrical prop-
erties [20].

(80)

r;

-1
az by

Fig. 9. Module representation of a diffusively coupled network with
three nodes.

1) The transfer functions G5 (¢) and Gy (¢) have the same
numerator for all j, k.

2) The transfer functions G (¢) and R, (¢) have the same
denominator for all k&, m.

3) The transfer functions G ;1 (q) and H},, (¢) have the same
denominator for all k, m if F(q) is polynomial.

Moreover, conditions for a unique mapping between a module
representation and a diffusively coupled network are formulated
in [20].

The structure of G(¢) and R(q) corresponding to a diffusively
coupled network with three nodes is illustrated by Fig. 9. It shows
that the modules G (q) = —a;' (¢ )azi(q™") and Gy (q) =
—at (g )ajk(q ') have the same numerator (a;, (¢~ !)) and all
transfer functions in the paths toward a specific node w; have the
same denominator (a;j;(¢~')). Since Gjx(q) and Gy;(q) have
the same numerator, they will either be both present or both
absent, which is in accordance with the fact that they represent
a single diffusively coupled interconnection. In addition, the
connections to the ground node are only present in the denom-
inators, because they are only present in a;; (¢~ *). This means
that they do not have an effect on the topology in the module
representation, although they are part of the topology in the
diffusively coupled network.

B. Partial Measurements

Throughout this article, we assumed that all node signals are
measured, which is a situation to which the identification method
that we presented is particularly tuned. From the literature, it is
known [5], [6] that network identifiability can be achieved if
all nodes are measured and one node is excited, or all nodes
are excited and one node is measured. The former situation is
covered in this article, see Proposition 5, as the latter situation
seems less common and leading to higher experimental costs.
In this latter situation, a different identification method would
be required, further exploiting the role of the different excitation
signals, leading to a so-called indirect method of identification.

For the situation that only a subset of nodes is measured and/or
excited, general identifiability conditions are not yet known, but
some particular situations are considered in [38] for the case of
directed networks.

For estimating only a particular component or a particular
connection in the network, the identifiability conditions will
be less severe. In the partial measurement situation, unmea-
sured node signals can be removed from the representation by
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Gaussian elimination, which is equivalent to Kron reduction [2]
and immersion [21], which has been effectively applied in the
local module identification problem of directed networks, see,
e.g., [21]. Related results for the situation of undirected networks
will be reported in a follow-up paper.

C. Parameter Constraints

Physical networks that consist of interconnected physical
components, such as mass-spring-damper systems and RLC cir-
cuits, are known to have positive real-valued component values
in the continuous-time representation (2). This also leads to
coefficients with known signs in the corresponding discrete-time
representation. In both the consistency proof and the presented
algorithm, these sign constraints are not taken into account. They
can be taken into account in the algorithm by adding inequality
constraints of the form I',,¥) < 0 to the optimization problems
(53), (54) and (61), (62). A priori known parameter values can
easily be taken into account by the equality constraint ['Y = ~
in the optimization problems (53), (54) and (61), (62). Known
(continuous-time) component values can be taken into account
as well, by splitting ¢ as ¥ = ¥, + J, where 9,, and J}, repre-
sent the unknown and known part of 1J, respectively. Then, the
linear form —Q(¢™)¥ = 0 leads to —Q (™), + Vi (¢, V) =
0, where 75 (¢", ¥g) := —Q(¢™) I}, is known.

VIIl. CONCLUSION

Undirected networks of diffusively coupled systems can be
represented by polynomial representations with particular struc-
tural properties. This has enabled the development of an effective
prediction error identification method for identifying the phys-
ical components and the topology of the network. Conditions
for consistent parameter estimates have been formulated for
the situation that all network nodes are measured, showing that
only a single excitation signal is needed for consistency. The
identification is performed through a multistep algorithm that
relies on convex optimizations, being a reworked version of the
recently introduced WNSF method, adapted to the situation of
the structured network models. The results of identifying the
topology and parameters of a network are illustrated in a Monte
Carlo simulation example. It shows that, while consistency is
guaranteed for a single excitation signal, the variance of pa-
rameter estimates improves considerably when increasing the
number of excitations.

APPENDIX
A. Parameters of the Structured Network

Remember that a polynomial matrix A(q~!) as its (4,j)th
element has a;;(q~") = Y%, ajr.eq ‘. The model structure
A(qg1,6,), B(g 1, 6,), C(q 1, 6.) of the network model (40)
is parametrized in terms of the parameters 6,, 0y, and 7., where
C(q Y, me,00) = C(q1,6.)Ao(0,), having its constant term
parametrized by 6, and its dynamic terms by parameters 6.
A(q™') is parametrized symmetrically. The parameter vectors

04, Oy, 0., and 7, are given by

Oy

Ne =

) eb

aan‘
0

Qj(i41)

)

aj

ij

Cij

Neij

B. ARX Parametrization and Regressor

The model structure A(g*, (") and B(q~!,¢}*) of the non-
parametric ARX model (41) is parametrized in terms of the

parameters (". The parameter vector (" := [[Cg]T (4

is given by
o
ax
n
az
G =
n
L>ar,
Sy
n
n __ Cb?
b — .
67, ]

n

n o__

) b;

ren
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n
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L>a;r J
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[Ghixc
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_bijmb_
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.

The regressor [0"(t)]" in (46) is given by [p"(t)]" =
[ (1)) with

—len @l
o ()] =
e, ()] =

[er )] =

:wi(t — 1)

[EROERG

w,»(t — 2)

e @ len, o)
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n O = 1) n(t=1) rit=2) - ri(t-n)]-

(90)

C. Matrices Q(¢™°) and T'(9°)

In order to construct Q(¢"°) and T'(¥°), we first define some
other matrices.

1) Zero and Identity: Let 0; ; denote a matrix of dimension

1 x j with all its elements equal to 0. Let /; ; denote an identity

matrix of dimension i x j, where I; ; = {Ii,i Oi,j_,} fori <j

T
and [; ; = {Ij,j Oj,i—y} fori > j. Let I (; ;) denote a block
diagonal matrix of k blocks of I; ; and let Iy (; j)) denote a
block diagonal matrix of £ blocks of I, (; ;.

2) T11: Define the matrices

[ Ca;ﬁ On,na,

C ' ' Cb?l On+1,na

04?(7:71) n;Ma wa On
i +1.n
g = Caﬁ —Inm, | Hlij = -2 ’ oD

Ca;‘(i+1) On,na

Cb?;( O7L+1,na

L CafL On,na i

and observe that IT¢ has dimensions Ln x (n, + 1) and that IT?
has dimensions K (n + 1) X (n, + 1).
For = € {a, b}, define the block matrix

) Z5 0 Z¥ 27 11
7 = | R(IIT,117)  R(I13,11%) R(IIZ,117) | (92)
Sp1(I1f)  Sp_o(IIF) Sp-p(II3)

with Z7; an 4 x j block matrix with blocks 01, (n, +1) and with
Zgj an ¢ X j block matrix with blocks Og(n41),(n,+1) (that is
Z{5 = 0itm j(na+1) ad Z{ 5 7= 0ik (n41) j(n,+1))» With

R(IIZ, T1%) o= [Hf I

z Hﬂ . fori<j (93)

and with

Si(117) = |22, Dy(1L3)] ©4)
with D;(I1}) a block diagonal matrix consisting of i blocks of
II7. Observe that 119 has dimensions L?n x $L(L + 1)(n, +
1) and I1% has dimensions LK (n + 1) x $L(L + 1)(nq + 1).

3) Toeplitz: Let 7; ;(«) denote a Toeplitz matrix of dimen-
sion ¢ x j (with ¢ > j) given by

o 0
7;,1'(95) = 7;71‘ ([ﬂfo Ty - xi—l}) = |%j-1 Zo
LLi—1 Li—j—1]

95)

Define the following Toeplitz matrices of dimension k x ¢:

Te(@ij) == Tre ([éij,o dij dij,k]) (96)
E,Z(Eij) = The ([0 5ij,o Eij,l El]k:|) o7
Tre,e(Ciz) == Thoe ([aijﬁ[) Cij1 Eij,kD (98)

Note that for @;; itisknown thatd;; o = 1fori = jand d;jo = 0
for ¢ # j; and note that for ¢;; it is known that ¢;; 0 = a;5,0 =
ajio and ;5 = 0 for k& > n..

Define the following block matrices:

-77@@(&11) Tr,e(ary)

Tee(A):=| : (99)
| Tke(arr) Trelars)
_7},@(511) Tro(br)

Tee(B)=| : (100)
_7%,@(511() Tro(brk)

where 7_76,5(;1) has dimensions Lk x L{ and 7_7€7g(f3) has dimen-
sions Kk x L/.

Forx € {a,b},let Tm(’c, 0 (X ) denote a block diagonal matrix
consisting of m blocks of Ty ¢(X). Observe that 7, (A)
has dimension Ln x Ln. and that 7_;“’”6(3) has dimension
K(n+1) x Ln,.

Let Ty (x,0) (Cij) denote a block diagonal matrix consisting of
m blocks of T ¢(¢;;). Observe that T7(,, ) (Ci;) is an Ln x Ln
block diagonal matrix consisting of L blocks of 7, ,(¢;;) and
that Tx (n+1,n41)(Cij) is an K (n + 1) x K(n + 1) block diag-
onal matrix consisting of K blocks of 7,11 5,+1(¢;;). Finally,
define

Ton(k,0)(C11) Ton(k,0)(C1L)

Tty (C) = . (101)

Ton(k,0) (CL1) Ton(i,0)(CLL)

4) Matrix Q(¢™°): With the matrices defined earlier, we can
now describe the matrix Q(¢"°) in (52) by

7iL(n,nc)(AO)
BY)
which has row dimension L?n + LK (n + 1) and column di-
mension $L(L + 1)(nq + 1) + LK (ny + 1) 4+ L?n..

5) Matrix T'(9°): With the matrices defined above, we can
now describe the matrix 7'(9°) in (60) by

i 0

Q¢ =1,
L

1 (102)

—In(Knt1,m0)  Thint1,n0)(

—Trnm (C° 0
() = L(n,n) (CY)

_ 1 (103)
)

0 7TK(7L+1,71+1)(C
which has dimensions [L?n-+LK (n+1)]x[L?n+LK (n+1)].
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