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Summary
Model-based dynamic optimization of oil production has a sig-
nificant potential to improve economic life-cycle performance, as 
has been shown in various studies. However, within these studies, 
short-term operational objectives are generally neglected. As a 
result, the optimized injection and production rates often result in 
a considerable decrease in short-term production performance. In 
reality, however, it is often these short-term objectives that dictate 
the course of the operational strategy. Incorporating short-term 
goals into the life-cycle optimization problem, therefore, is an 
essential step in model-based life-cycle optimization. We propose 
a hierarchical optimization structure with multiple objectives. 
Within this framework, the life-cycle performance in terms of net 
present value (NPV) serves as the primary objective and short-
term operational performance is the secondary objective, such 
that optimality of the primary objective constrains the secondary 
optimization problem. This requires that optimality of the primary 
objective does not fix all degrees of freedom (DOF) of the decision 
variable space. Fortunately, the life-cycle optimization problem is 
generally ill-posed and contains many more decision variables than 
necessary. We present a method that identifies the redundant DOF 
in the life-cycle optimization problem, which can subsequently 
be used in the secondary optimization problem. In our study, we 
used a 3D reservoir in a fluvial depositional environment with a 
production life of 7 years. The primary objective is undiscounted 
NPV, while the secondary objective is aimed at maximizing short-
term production. The optimal life-cycle waterflooding strategy that 
includes short-term performance is compared to the optimal strat-
egy that disregards short-term performance. The experiment shows 
a very large increase in short-term production, boosting first-year 
production by a factor of 2, without significantly compromising 
optimality of the primary objective, showing a slight drop in NPV 
of only −0.3%. Our method to determine the redundant DOF in the 
primary objective function relies on the computation of the Hessian 
matrix of the objective function with respect to the control vari-
ables. Although theoretically rigorous, this method is computation-
ally infeasible for realistically sized problems. Therefore, we also 
developed a second, more pragmatic, method relying on an alter-
nating sequence of optimizing the primary- and secondary-objec-
tive functions. Subsequently, we demonstrated that both methods 
lead to nearly identical results, which offers scope for application 
of hierarchical long-term and short-term production optimization 
to realistically sized flooding-optimization problems. 

Introduction
In recent years, improvements in dynamic reservoir modeling and 
measurement and control capabilities have lead to an increased 
interest in model-based operation of oil fields. Several studies have 
shown that there may be a significant scope for improving reservoir 
management by using reservoir models to optimize economic life-
cycle performance [see, for example, Asheim (1988), Sudaryanto 
and Yortsos (2000), Brouwer and Jansen (2004), and Sarma et al. 
(2005)]. Especially combined with methods to reduce uncertainty—

referred to as closed-loop reservoir management [see, for example, 
Nævdal et al. (2006), Sarma et al. (2008), Chen et al. (2009), Jansen 
et al. (2009), and Wang et al. (2009)]—these (proactive) life-cycle 
optimization techniques seem to be promising alternatives to more-
reactive approaches, which are current practice.

However, in these studies on improved life-cycle performance, 
the importance of meeting short-term targets (e.g., maximizing rev-
enues over a short time interval) is generally neglected. As a result, 
many of the improvements in life-cycle performance are obtained 
at the expense of short-term objectives. In reality, however, it is 
often these short-term objectives that dictate the course of the 
operational strategy, especially in view of geological and economic 
uncertainties. Incorporating short-term goals into the life-cycle 
optimization problem, therefore, is an essential step in the route 
toward implementation of the closed-loop reservoir-management 
concept. To this end, Saputelli et al. (2005, 2006) proposed a mul-
tilevel hierarchical control structure, where the separation of the 
levels was based on different time scales and objectives. 

Jansen et al. (2009) observed that significantly different opti-
mized waterflooding strategies result in nearly equal values in 
NPV. They concluded that the life-cycle optimization problem is 
ill-posed and contains many more control variables than neces-
sary. As a result, there exist multiple solutions to the optimization 
problem, and different initial guesses of an input u may lead to 
different solution points in an optimal subset S of the decision 
variable space U.

The goal of this paper is to present a hierarchical optimization 
framework that is able to address both short-term and long-term 
objectives in a consistent manner. Although this framework is 
generic in nature, the presented approach is aimed at maximizing an 
economic life-cycle objective, in terms of NPV, without disregarding 
short-term performance. The existence and nature of multiple solu-
tions in the life-cycle optimization problem are investigated because 
they provide the possibility to improve short-term operational goals 
while aiming for economic life-cycle optimality.

Life-Cycle Optimization Problem
The life-cycle (i.e., long-term) optimization problem does not 
impose any particular choice of depletion or modeling technique. 
It only requires the existence of at least one decision variable and 
the model being capable of providing relatively reliable long-term 
predictions. However, in many case studies, waterflooding is 
selected as the depletion method for a number of reasons:

• It is a common recovery mechanism.
• A waterflooding strategy involves many decision variables. 
• The flooding process can be modeled reasonably accurately 

over long distances and periods of time. 
• There is generally a significant scope for improvement. 
For these reasons, waterflooding is also adopted as the produc-

tion process within this work. However, the mathematical formula-
tion is kept generic as far as possible. Because of the transient nature 
of the saturation distribution in an oil-producing reservoir, dynamic 
optimization must be performed over the entire life of the reservoir to 
improve economic life-cycle performance. This optimization prob-
lem can be expressed by the following mathematical formulation:

max
:
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where u is the control vector (input vector), x is the state vector 
(gridblock pressures and saturations), g is a vector-valued function 
that represents the system equations, x0 is a vector of the initial 
conditions of the reservoir with prescribed value x0, the subscript 
k indicates discrete time, and K is the total number of timesteps. 
A colon in a subscript indicates a range [e.g., u u u u1 1 2: , , ,K K= ( )… . 
The vector of inequality constraints c relates to the capacity limi-
tations of the wells. The objective function J is of an economic 
type, generally NPV: 
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where uwi,i is the control input representing the water-injection 
rate of Well i, ywp,j is the water-production rate of Well j, yo,j is the 
oil-production rate of Well j, rwi is the water-injection costs (in 
USD/m3), rwp is the water-production costs (in USD/m3), and ro is 
the oil revenue (in USD/m3), of which the latter three are assumed 
to be constant. �tk is the time interval of Timestep k in days. The 
term b represents the discount rate for a certain reference time �t. 
The terms Ninj and Nprod relate to the number of injection wells and 
production wells, respectively. In Eq. 4, the output variables ywp,j 
and yo,,j relate to the water-production rate and oil-production rate 
of Well j, respectively, which form part of the output vector

y h u xk k k k K+ + += ( ) = −1 1 1 0 1, , , ,… ,   . . . . . . . . . . . . . . . . . (5)

with h a vector-valued output function that relates y to the control 
vector (input vector) u and the state x. The term uwi,i represents 
those elements of u that involve the water-injection flow rates of 
Well i. An economic objective function such as Eq. 4 does not 
necessarily provide a unique solution to the optimization problem. 
Although it relates to realistic business conditions, it may well 
cause ill-posedness of the problem.

Several methods exist to attack the dynamic optimization 
problem of batch-like processes [see, for example, Srinivasan et al. 
(2003)]. However, the size of the waterflooding-optimization 
problem (Eqs. 1 through 3) limits the possibilities. Simultaneous 
methods or dynamic programming are impractical because of 
the usually very large number of states of reservoir models. The 
resulting long simulation times and large number of input variables 
also rule out search methods that require many function evalua-
tions (e.g., genetic algorithms). A viable optimization technique 
is a gradient-based method using a set of adjoint equations to 
determine the gradients [see, for example, Brouwer and Jansen 
(2004), Sarma et al. (2005), and Kraaijevanger et al. (2007)]. This 
approach to life-cycle waterflooding optimization is encountered 
most often in literature and is also the method implemented in the 
proprietary reservoir simulator used in this study.

Hierarchical Optimization
Multiple Objectives. In the life-cycle waterfl ooding problem as 
expressed by Eqs. 1 through 3, the desire to aim for maximal short-
term (daily) production is discarded. A balanced objective provides 
a possibility to address both objectives in a single function; see 
Marler and Arora (2004):

J J Jbal = ⋅ + ⋅� �1 1 2 2.   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6)

Here Jbal is the balanced objective function constructed from the 
weighted long-term and short-term objective functions J1 and 
J2. The terms �1 and �2 are weighting factors of the short- and 
long-term objective, respectively. In the economic objective func-
tion (Eq. 4) the discount rate b, apart from representing the time 

value of money, may also be used to weigh the importance of 
short-term against long-term performance. In that respect, the 
discount factor may also be seen as a weighting factor to balance 
the importance of multiple objectives. However, the difficulty in 
a balanced objective function lies in finding suitable weighting 
factors between the objectives. This is especially the case if the 
values of the multiple objective functions have different physical 
interpretations. Because the weighting factors strongly determine 
the characteristics of the optimal solution, a large number of trial-
and-error runs with different weighting factors may be required to 
obtain a satisfactory one.

As an alternative, we propose a hierarchical optimization struc-
ture—sometimes referred to as the lexicographic method—that 
requires a prioritization of the multiple objectives, as described in 
Haimes and Li (1988). In this structure, optimization of a second-
ary objective function J2 is constrained by the requirement that the 
primary objective function J1 must remain close to its optimal value 
J1

*. This structure can be expressed mathematically as

max
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where � is an arbitrary small value compared to J1
*. Solving Eqs. 7 

through 10 requires the knowledge of J1
*, which is obtained through 

solving the optimization-problem equations (Eqs. 1 through 3). 
In the hierarchical optimization structure (Eqs. 7 through 10), the 
optimum value of the life-cycle objective function J1 constrains 
optimization of the short-term objective. It should be noted that 
this ordering of long and short term by no means is unique. Alter-
natively, one may want to optimize life-cycle performance under 
the condition that certain short-term production targets are met. In 
that case, the short-term goals act as constraints on the life-cycle 
optimization problem.

Redundant DOFs. Jansen et al. (2009) described that different 
solutions exist for the optimal control problem of maximizing an 
economic objective function over the life of the reservoir. The 
existence of multiple solutions was attributed to the ill-posedness 
of the optimal control problem. The ill-posedness also suggests 
that, even when optimality of an economic life-cycle objective 
is reached, not all DOFs of the decision variable space U are 
fi xed and not all solution points in the optimal subset S are con-
nected. This means that there may exist redundant DOFs in the 
optimization problem. Huesman et al. (2007, 2008) found similar 
results for economic dynamic optimization of plantwide operation. 
A consequence of these redundant DOFs is that, even if � in Eq. 
10 is chosen equal to 0, DOFs are left to improve the secondary 
objective function J2. A straightforward way of investigating this is 
to imbed Eq. 10 as an equality constraint in the adjoint formulation 
by means of an additional Lagrange multiplier. Unfortunately, the 
adjoint functionality in the simulator used in our study was not yet 
capable of dealing with (additional) state constraints. Alternatively, 
unconstrained gradient information can be used to investigate the 
redundant DOFs, as described in the next section.

Quadratic Approximation of the Objective Function. In the 
following, we will use the short-cut notation u to indicate the 
input sequence u u u u1 1 2: , , ,K K= ( )… . A solution u for which no 
constraints are active is an optimal solution u* if and only if the 
gradients of J with respect to u are zero [i.e., (�J/�u)T = 0]. As 
a result, at u*, the gradients do not provide any information on 
possible redundant DOFs under the optimality condition on J. 
Second-order derivatives of J with respect to u are collected in the 
Hessian matrix H = � 2J/�u2. If H is negative defi nite, the consid-
ered solution u is an optimal solution, but no DOFs are left when 
the optimality condition on J holds. If H is negative semidefi nite, 
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the Hessian does not have full rank. An orthonormal basis B for the 
undetermined directions of H can then obtained through a singular 
value decomposition: 

H U V= � T .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (11)

The orthonormal basis B consists of those columns of V that relate 
to singular values of zero; i.e.

B v u� …i i i N� = =( )0 1, , , ,   . . . . . . . . . . . . . . . . . . . . . . (12)

where vi is the ith column of V, �i is the ith singular value, and Nu 
is the number of DOFs in the input. Note that, because of the sym-
metrical nature of the Hessian matrix H, the singular value decom-
position may be replaced by a computationally more efficient 
eigenvalue decomposition, in which case the eigenvectors relating 
to eigenvalues equal to zero span the orthonormal basis B.

Not all orthogonal directions spanned by the columns of B will 
be redundant DOFs. These directions are redundant DOFs if they 
are linear and if all higher-order derivatives are zero also, which, 
at this point in time, is impossible to prove for reservoir models. B, 
however, is a basis for redundant DOFs for a quadratic approxima-
tion Ĵ  of objective function J. Because Ĵ  can be considered to be 
an acceptable approximation for small deviations from u*, B can 
be regarded as an acceptable basis for the redundant DOFs for 
small deviations from u*. 

Approximate Hessian Matrix. Unfortunately, no reservoir-simu-
lation package is currently capable of calculating second-order 
derivatives. However, using the gradient information, second-order 
derivatives can be approximated. In our study, we used a forward-
difference scheme: 
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where ∇Ji is the ith element of the gradient ∇ = ∂ ∂( )J J
Tu , ei is 

a canonical unit vector (i.e., a vector with a 1 at element i and 0 
elsewhere), and hi is the perturbation step size that relates to param-
eter ui of u. In total, Nu+1 simulations (function evaluations) are 
required to obtain the approximate Hessian matrix Ĥ at a particular 
optimal solution u*.

Alternatively, a reduced Hessian method could be used that 
approximates only that portion of the Hessian relevant for the 
subspace in which the Hessian is negative (or positive) definite; see 
Byrd and Nocedal (1990). If the Hessian is negative (or positive) 
semidefinite, the tangent space of this subspace will be equal to 

the null space of the complete Hessian matrix. This could lead to 
a significant reduction in computational burden, especially when 
the dimensions of the null space are large.

Hierarchical Optimization Method. Adopting the approximation 
of H as described in the preceding subsection, the following itera-
tive procedure is proposed to attack the hierarchical optimization 
problem (Eqs. 7 through 10) with � = 0:

(1) Find a (single) optimal strategy u* that maximizes the 
primary objective function J1 and use un = u*, with n = 0, as a 
starting point in the secondary optimization problem, where n is 
the iteration index.

(2) Approximate the Hessian matrix H of J1 with respect to the 
input variables at (initial input) un, and determine an orthonormal 
basis B for the null space of Ĥ. 

(3) Find the improving direction s for the secondary objective 
function J2 (e.g., the gradients �J2/�un).

(4) Project s onto the orthonormal basis B to obtain projected 
direction d, such that d is an improving direction for J2 but does 
not affect J1. The projection is performed using projection matrix 
P according to

d P s= ⋅ T,   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14)

P BB= T .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15)

(5) Update un using projected direction d in a steepest-ascent 
method,

u u dn n+ = + ⋅1 � ,   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (16)

where � is an appropriately small step size such that the quadratic 
approximation of J1 is justified.

(6) Perform Steps 2 through 5 until convergence of J2. 
Note that, for the improving direction s for secondary objective 
function J2, alternatives exist besides the steepest-ascent direction 
�J2 /�u (e.g., using a quasi-Newton or conjugate gradient method). 
This does not change the steps of the hierarchical optimization 
method but may speed up convergence of the procedure. In the 
next section, a numerical example will be presented in which 
the iterative hierarchical optimization structure is tested on a 3D 
heterogeneous reservoir model.

Example
We applied the hierarchical optimization procedure to a 3D oil-
reservoir model, introduced in Van Essen et al. (2009). The life 
cycle of the reservoir covers a period of 3,600 days. The reservoir 
model consists of 18,553 gridblocks, as depicted in Fig. 1, and has 
dimensions of 480×480×28 m. Its geological structure involves a 
network of fossilized meandering channels. The average reservoir 
pressure is 400 bar. All remaining geological and fluid properties 
used in this example are presented in Table 1.

The reservoir model contains eight injection wells and four pro-
duction wells. The production wells are modeled using a standard 
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Fig. 1—3D oil-reservoir model (Van Essen et al. 2009).

TABLE 1—GEOLOGICAL AND FLUID PROPERTIES  
FOR EXAMPLE 

Property Value Units 

0.20 – 

o (at1 bar) 900 kg/m3 

w (at 1 bar) 1000 kg/m3 

co 1 10 5 1/bar 

cw 1 10 5 1/bar 

μ

μ
o 5 10 3 Pa s 

w 1 10 3 Pa s 

pcow 0 bar 

⋅

⋅

φ

ρ
ρ
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Peaceman well model, which relates the source (output) term y to 
the difference between the well pressure and gridblock pressure:

y w p pk
j

j wf k
j

k
j= ⋅ −( ), ,   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (17)

where pwf is the flowing wellbore pressure (bottomhole pressure), 
j is the index of the gridblock containing the well, and pk

j is the 
pressure of the gridblock in which the well is located. The well 
index wj is a constant, which contains the well’s geometric factors 
and the rock and fluid properties of the reservoir directly around 
the well. The wells operate at a constant bottomhole pressure pwf 
of 395 bar. The flow rates of the injection wells can be manipu-
lated directly (i.e., the control input u involves injection flow-rate 
trajectories for each of the eight injection wells). The minimum 
rate for each injection well is 0.0 m3/d; the maximum rate is set 
at 79.5 m3/d. The control input u is reparameterized in time using 

a zero-order-hold scheme with input parameter vector �. For each 
of the eight injection wells, the control input u is reparameterized 
into four time periods t� of 900 days during which the injection 
rate is held constant at value �i. Thus, the input parameter vector 
� consists of 8×4 = 32 elements. 

Life-Cycle Optimization. The objective function for the life-cycle 
optimization was defi ned in terms of NPV, as defi ned in Eq. 4, 
with ro = 126 USD/m3, rwp = 19 USD/m3, and rwi = 6 USD/m3. The 
discount rate b was set to 0. Thus, the life-cycle objective relates 
to undiscounted cumulative cash fl ow. The optimal input—denoted 
by u�

*—was obtained using a steepest-ascent scheme together 
with a line-search algorithm. It was terminated after 17 iterations 
(excluding the iterations of the line search) when the line-search 
algorithm was not able to fi nd a signifi cant improvement in NPV. 
Convergence to the optimal solution of the life-cycle optimization 
problem may be speeded up using a quasi-Newton or conjugate 
gradient method. However, as effi ciency of the optimization algo-
rithm was not the objective of this study, the more simplistic 
steepest-ascent scheme was used. The value of NPV against the 
iteration number can be observed in Fig. 2. The fi nal optimal 
input u�

* of the life-cycle optimization problem is shown in Fig. 3. 
Note that none of the input constraints (Eq. 9) is active for u�

*. 
The value of the objective function corresponding to input u�

* is 
USD 47.6×106. 

Hierarchical Optimization. In a realistic setting, short-term pro-
duction optimization will be aimed at maximizing the oil produc-
tion over the short time horizon of interest, while repeating this 
exercise as time goes by (i.e., using a moving-horizon approach). 
In view of the simplicity of the presented example, this short-term 
production objective, which involves successive reoptimization, 
is replaced by an objective that does not require reoptimization 
over the production life, while still emphasizing the importance of 
short-term production. Therefore, we chose the secondary objec-
tive J2 to be identical to the primary objective function but with 
the addition of a very high annual discount rate b of 0.25. As a 
result, short-term production is weighed much more heavily than 
future production. However, as stated before, the particular choice 
of primary and secondary objective has no effect on the hierarchi-
cal procedure itself. Note that, because of the very high discount 
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Fig. 2—Plot of the value of the objective function (NPV) against 
the iteration number of the life-cycle optimization problem. 
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rate, the actual value of J2 no longer has a realistic meaning in an 
economic sense. 

Next, we applied the hierarchical approach as presented in the 
preceding subsection. The total number of simulation runs needed 
to approximate the Hessian (Ĥ) was 33, but the overall simulation 
time was kept within acceptable limits by parallel processing the 
simulations. Because this example involves a numerical model 
and an approximation of the second-order derivatives, we relaxed 
the selection criterion for B. Those columns vi of V were selected 
that correspond to singular values for which �i /�1 < 0.02 instead 
of �i = 0. The projected gradients d were again used in a steepest-
ascent scheme. In order to ensure that u�,n+1 remains close to u�,n, 
d was normalized by dividing d by its largest absolute element. A 
step size � of 1 was used in the steepest-ascent scheme, such that 
the largest update in the water-injection rates remained equal to 1. 
Through trial-and-error, this step size was considered appropriately 
small such that the quadratic approximation of J1 was justified. The 
step size was kept constant during execution of the hierarchical 
optimization procedure because no downscaling was required to 
find an improving control input for J2. Because of computing time 
restrictions, the hierarchical optimization of J2 was terminated after 
210 iterations, with final control input �u�

*. The relatively slow con-
vergence was because of the small step size required to allow for 
the quadratic approximation of J1, but convergence may improve 
when a better improving direction for J2 is used. At the start of 
the hierarchical optimization, the number of redundant DOFs was 

equal to 19, out of a total of 32 DOFs. During the 210 iterations, 
this number remained more or less constant.

To evaluate the results of the hierarchical optimization, the 
optimization of J2 was also performed without projection on B. 
As a result, the obtained control input—denoted by �u�—in that 
case does not ensure optimality of J1. Fig. 4 displays the values of 
J1 and J2 plotted against the iteration number for the hierarchical 
optimization problem. It shows a considerable increase of J2 of 
28.2% and a slight drop of J1 of −0.3%. In Fig. 3, the input strategy 
after the final iteration step is presented. It can be observed that the 
injection strategy shows a substantial increase in injection rates at 
the beginning of the production life and a decrease at the end. 

As a comparison, we repeated the optimization of J2 starting 
from u�

* with the difference that it was no longer constrained by the 
requirement that J1 remain close to J1

* (i.e., Eq. 10 was omitted). The 
optimization procedure was terminated after 107 iterations when the 
improvement of J2 was equal to 28.2% (i.e., the final value of J2 in 
the constrained optimization case). The values of J1 and J2 plotted 
against the iteration number for the unconstrained optimization of 
J2 are shown in Fig. 5. Again an increase in J2 of 28.2% is realized, 
but now at a cost of a decrease in J1 of −5.0%. Finally, Fig. 6 shows 
the value of the primary objective function J1 over time until the end 
of the producing reservoir life for u�

*, �u�
*, and �u�. Input �u�

* shows a 
steeper ascent of J1 than u�

*, while their final values are nearly equal. 
Input �u� shows initially the same steep ascent, but J1 drops toward 
the end of the life of the reservoir.
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Fig. 4—Values of the secondary objective function J2 and the primary objective function J1 plotted against the iteration number 
for the constrained secondary optimization problem.
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Fig. 5—Values of the secondary objective function J2 and the primary objective function J1 plotted against the iteration number 
for the secondary optimization problem, no longer constrained by the orthonormal basis B.
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Alternative Methods
The presented hierarchical optimization approach is computation-
ally very demanding and becomes infeasible for more-realistic res-
ervoir models with an increased number of input parameters, even 
when reduced-Hessian techniques are used. It should be noted, 
however, that execution of the hierarchical optimization procedure 
does not require knowledge of all redundant DOFs explicitly. In 
theory, the inequality constraint (Eq. 10) could be incorporated in 
the adjoint formulation through the use of an additional Lagrange 
multiplier, by which the calculation of second-order derivatives 
is avoided altogether. However, this would require modifications 
to the reservoir simulator, and, therefore, we did not pursue this 
route. An alternative method to solve the hierarchical optimiza-
tion problem without explicitly calculating the redundant DOFs is 
through the use of a balanced objective function as described by 
Eq. 6, with the variation of using weighting functions 	1 and 	2 
instead of weighting factors �1 and �2:

J J Jbal = ⋅ + ⋅	 	1 1 2 2,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (18)

where 	1 and 	2 are switching functions of J1 and J1
* that take on 

values of 1 and 0 or vice versa:
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Here, � is the threshold value as defined in the inequality constraint 
(Eq. 10). The gradient of Jbal with respect to the input parameters 
u for iteration n+1 is then simply
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∂
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Execution of the optimization problem using balanced objective 
function (Eq. 18) sequentially gives improving directions for either 
J1 or J2. With each iteration, the value of J2 either increases while 
the value of J1 decreases or vice versa, as the solution moves to and 
from the feasible region with respect to the inequality constraint 

(Eq. 10). When no redundant DOFs are available, the control input 
would jump between two fixed solutions, of which only one would 
be feasible. However, in the case where redundant DOFs do exist, 
improvement of J2 is possible without compromising Eq. 10 and 
convergence of the hierarchical optimization will occur in a zigzag 
fashion, as schematically represented in Fig. 7. 

This switching method has the advantage that numerous evalu-
ations of the system and adjoint equations are avoided: Only two 
runs (in parallel execution) of the system and adjoint equations 
are necessary per iteration, regardless of the number of input 
parameters. Second, the method is straightforward to implement. 
Finally, it provides the possibility to set a bound explicitly on the 
deviation of J1 from J1

* by choosing an appropriate value for �. 
A disadvantage of the method is the slow convergence because 
of the infeasible solution steps. Also, some tuning of � will be 
required to account for the fact that the Euclidean length of vectors 
�J1 /�u and �J2 /�u is different. As with the null-space approach, 
replacing the gradient vector �J2 /�u with an improving direction s 
for J2 (obtained through, for example, a quasi-Newton or conjugate 
gradient method) may speed up convergence.

Example. The switching method was again applied to the 3D oil-
reservoir model. Although the number of input parameters does not 
pose a problem to the switching method, again the control input 
was parameterized using 32 parameters to allow for a fair compari-
son with previous results. For the choice of threshold value �, the 
maximum deviation of J1 from J1

* from the null-space method was 
used (−0.3%) (i.e., � = 0.997×J1

*). Just as in the null-space example, 
optimization of J2 using the objective function (Eq. 18) was started 
from u�

*. The optimization procedure was again terminated when 
a feasible solution �u� ,

*
sw was found that gave an improvement of 

J2 of 28.2%. The results of the hierarchical optimization problem 
using the switching method are shown in Fig. 8.

Fig. 8 shows that the switching method is able to give results for 
the hierarchical optimization problem similar to those of the null-
space method, while requiring much fewer evaluations of the system 
and adjoint equations per iteration (2 vs. 33). The fact that the 
switching method also needs fewer iterations to reach the same level 
of improvement of J2 is the result of better tuning of the algorithm’s 
parameters and is not inherent to the method. In Fig. 9 the feasible 
input strategy �u� ,

*
sw reached after the final iteration step of the switch-

ing method is presented, together with the initial input strategy u�
* 

and the final input strategy �u�
* of the null-space method.
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Discussion and Conclusions
Discussion. In the hierarchical approach presented in this paper, 
long-term (life-cycle) recovery optimization was selected as the 
primary objective, while short-term production optimization served 
as the secondary objective. However, the concept of using the 
redundant DOFs of the primary objective to improve a secondary 
objective is not limited to this specifi c choice. Alternatively, the 
secondary objective function may be used, for example, to search 
for a smoother production profi le, a bang/bang production profi le 
[see Zandvliet et al. (2007)], or a persistently exciting production 
profi le [see Zandvliet et al. (2008)]. Also, a different primary 
objective function may be chosen (e.g., ultimate recovery or short-
term production), provided that it offers enough redundant DOFs 
to improve a secondary objective function.

In this paper, gradient information was used to prove the exis-
tence of redundant DOFs with respect to a life-cycle objective 
function. Moreover, gradients were at the heart of the presented 
null-space method to solve the hierarchical optimization problem. 
It should be noted, however, that there is no need to explicitly deter-
mine the null space using the gradients, as was shown using the 

switching method. Consequently, the optimization method used to 
attack the hierarchical optimization problem does not necessarily 
have to be gradient-based, which implies that alternative optimiza-
tion methods (e.g., genetic algorithms) may also be considered.

Conclusions. We addressed the issue of multiple (long-term and 
short-term) objectives in oil-production optimization and investi-
gated a hierarchical approach by means of a numerical experiment. 
On the basis of this experiment, we conclude that
•  There exist redundant DOFs in the input strategy u with respect 

to the optimality of the long-term objective. This implies the 
existence of an optimal subset S of connected optimal solutions 
within the solution space U. 

•  The redundant DOFs create enough freedom to improve a second-
ary, short-term objective function significantly. Moreover, the dif-
ference between the initial and final input strategy to the secondary 
optimization problem is substantial. This suggests that S occupies 
a considerable space within decision variable space U. 

•  The presented hierarchical optimization procedure provides a 
method to incorporate short-term performance objectives into 

Infeasible solutions

Iterative steps

Optimal feasible region
of Objective Function 1

Objective Function 2

Objective Function 1

Parameter 2

Parameter 1

Objective
function value

Fig. 7—Schematic representation of the iterative process of solving a hierarchical optimization problem using an objective func-
tion as described by Eqs. 18 and 19. The process converges toward a final solution in a zigzag fashion, moving into and out of 
the feasible region bounded by the optimal solutions of the primary objective function J1.
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the problem setting of maximizing life-cycle performance of 
oil recovery. Using the hierarchical structure, optimization of 
the secondary objective can be obtained without significantly 
compromising the primary objective.

•  A theoretically rigorous method to select the redundant DOFs in 
the primary objective function requires computation of the Hes-
sian of the objective function with respect to the control variables. 
This makes the theoretically rigorous method computationally too 
demanding for application to realistically sized problems.

•  Nearly identical results can be obtained with the aid of a somewhat 
more pragmatic, but computationally much more efficient, switch-
ing method that, starting from an optimal long-term strategy, alter-
nately optimizes the primary and secondary objective functions.

Nomenclature
 b = discount rate
 B = basis for redundant DOFs
 c = compression
 d = projected search direction on B
 H = Hessian matrix
 Ĥ = approximate Hessian matrix
 J = objective function
 Ĵ  = second-order approximation of J
 k = timestep counter
 n = iteration index
 p = pressure
 P = projection matrix
 r = revenues/costs
 s = improving direction for J2

 S = saturation
 tk = time at Timestep k
 u = input vector
 u�

* = optimal u for J1

 �u�
* = u optimized for J2 constrained by B

 �u� = u optimized for J2 not constrained by B
 w = well constant
 x = state vector
 x0 = prescribed value of the initial condition
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Fig. 9—Input trajectories for each of the eight injection wells for the initial optimal solution u�
* to J1 (solid line), the final solution 

�u*
� of the null-space method (dashed line), and the final solution �u*

� ,SW  of the switching method (dotted line).

 y = output vector
 �tk = time interval of Timestep k
 � = tolerance of optimality constraint
 
 = viscosity
 � = step size of algorithm
 �t = reference time
 � = porosity
 � = weighting factor
 	 = weighting function
 S = optimal subset of U 
 U = decision variable space

Subscripts
 cow = oil/water capillary
 o = oil
 wf = fl owing wellbore
 wi = injected water
 wp = produced water 
 1 = primary
 2 = secondary

Superscripts
 * = optimal
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