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System order and structure indices of linear systems in
polynomial form

PAUL VAN DEN HOF#%

Linear time-invariant, finite-dimensional discrete time systems are very often
specified in a polynomial form representation in either a forward or backward
shift operator (sometimes called MFD and ARMA form). In this paper it is
shown that there exists a unifying theory for the determination of McMillan
degree and Kronecker observability indices of systems represented by polynomial
matrices in the two shift operators, considering the MFD and ARMA forms as
special cases. Treating dynamical systems in terms of their behaviour, i.e. the set
of admissible signal trajectories, the notions of McMillan degree and observabil-
ity indices can be generalized to non-controllable as well as to non-causal
systemsg

1. Introduction

Linear, time-invariant, finite-dimensional, discrete time systems can be repre-
sented in many different ways. Descriptions in terms of difference equations are
quite common, formulating direct relations between the input and output vari-
ables of the system and their time shifts. For a multivariable system with input
u(t) and output y(f), two different types of polynomial representations are fre-
quently used:

MFD-form:

Plo)y(t) = Q(oju(t) Viel (D

with p(f) € R*, w(r) € R™, and P, Q polynomial matrices of size (p x p), (p x m) in
one indeterminate, and ¢ the (forward) shift operator: ow(r) = w(t + 1).
ARMA-form:

PXo W) = Q¥ () VieZ (2)

with P* (* polynomial matrices of similar size as P, @, and ¢ ~' the (backward)
shift operator: ¢ ~'w(r) = w(r — 1).

The notions of matrix fraction description (MFD) and autoregressive moving
average (ARMA) would actually be more consistently denoted by forward/back-
ward difference equation forms. However, in order to keep up with most of the
literature on this subject the notions of MFD- and ARMA-forms will be used
throughout this paper. Both forms are frequently applied in problems of systems
and control theory, while the choice between the two is more or less dependent on
the type of problem that is discussed. In identification, and especially in prediction
error identification, ARMA forms are popular because of their natural way of
treating output predictions: the output signal y(¢) is written as a linear combination
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of previous output and input signals y(t — i), u(t —j), i >0, j = 0; see e.g. Ljung
(1987). In this respect the so-called monic ARMA forms are very suitable, having
PYo Y=I+Pae '+ +Pag7, with P, e B?*?, i'=1,..,r. In the area of
control and in parametrization problems the MFD forms are applied more fre-
quently. In parametrization issues, and especially in the construction of canonical
forms, this is due to the fact that in MFD forms the McMillan degree and the
(Kronecker) observability indices of systems can be simply related to determinantal
degrees and row degrees of specific MFD forms (Guidorzi 1975, 1981), whereas for
ARMA forms this is much more complex. These simple expressions for McMillan
degree and observability indices create the possibility for construction of identifiable
continuous parametrizations of model sets containing all models with a prespecified
set of observability indices.

In terms of ARMA-forms, identifiable continuous parametrizations can be
constructed showing the general property that neither McMillan degree nor observ-
ability indices are prescribed and consequently these structural properties will vary
over the parametrized model set; see for example Deistler et al. (1978), Deistler
(1983), Hannan and Kavalieris (1984). An alternative parameirization in which the
McMillan degree is prescribed but the transfer function P~!Q of the models is
restricted to have no poles in the origin (z = 0), is discussed by Bokor and Keviczky
(1987). It has been shown by Gevers (1986) that monic ARMA models will
generically represent systems whose McMillan degree is a multiple of the output
dimension p.

Obviously there exist straightforward relations between system representations
in either MFD or ARMA form, which can be specified by considering the transfer
functions H(z) = P(z) 'Q(z) and H*(z) = P*(z"")Q*(z "} as the basic system
characteristics. Using the equality of transfer functions as a notion of system
equivalence, transformations between MFD and ARMA forms have been shown,
see, for example Wolovich and Elliot (1983). Gevers (1986) studied the McMillan
degree and observability indices of ARMA models, showing that also for ARMA
models expressions for these phenomena can be given, although resulting in more
complex expressions than for MFD models. These results have been extended and
generalized by Janssen (1988 «, ), where parallels between the situations of MFD
and ARMA forms have been clearly indicated.

In this contribution it will be shown that there exists a unifying theory for
the determination of McMillan degree and (Kronecker) observability indices of
models in polynomial form, using polynomial representations that contain both
o and ¢~' as indeterminates. In these generalized forms, MFD and ARMA
forms will reduce to special cases. This generalization is actually due to Willems
(1986, 1988). In this paper the theory of model behaviour, as initiated by Willems
(1986, 1988), will be applied and interpreted for dynamical systems having a
prespecified set of input and output signals. Applying in this situation, the basic
system characteristic of system behaviour as a more general notion for system
equivalence than the transfer function, the concepts of McMillan degree and
Kronecker observability indices will be generalized also to non-controllable as
well as to non-causal systems. The generalized concepts will be denoted by the
system order and observability indices of dynamical systems. For a detailed
discussion on the concept of system behaviour the reader is referred to the papers
of Willems. The use of the behavioural description of dynamical input—output
systems in view of the system identification problem has also been discussed
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by Van den Hof (1989 4, 5). This paper is an extended version of Van den Hof
(1990).

We first introduce the notion of system behaviour as advocated by Willems
(1986). In §3 some additional definitions and notation related to polynomial
matrices will be summarized. Subsequently the concepts of system order and
structural indices will be discussed and related explicit expressions will be presented
on the basis of a polynomial representation.

Some notational conventions: R?*™(z) is the field of (p x m) rational matrices;
R[z] is the ring of polynomials in the indeterminate z; R[z~'] is the ring of
polynomials in the indeterminate z~'; RP*™[z,z-'] is the ring of (p xm)
(bi)polynomial matrices in the indeterminates z and z~'; detg, ( - ) is the determi-
nant over the field of rational functions; rank¢ ( ¢ ) is the {ordinary) rank over the
field of complex numbers; I, is the p x p identity matrix; Z the set of (positive and
negative) integers; R\{0} denotes the set of real numbers excluding 0; [P, |P2]
denotes the composite matrix, composed of P, and P, having the same number of
rows.

2. System representations and system behaviour

There are many ways of representing linear, time-invariant, finite-dimensional
discrete time systems. Apart from the MFD and ARMA forms as mentioned in the
introduction, and apart from the transfer function representation, the state space
form is also a commonly used description. Obviously these different representations
are all representations of the same phenomena: dynamical systems. The transfer
function of a dynamical system is very often referred to as its basic characteristic;
i.e. two dynamical systems (irrespective of their representation) are equal if and only
if they have the same transfer function. However, a basic definition of a dynamical
system in terms of its transfer function shows the disadvantage that non-controllable
modes in the system will simply not be recognized as part of the system, whereas the
effect of non-controllable modes might explicitly appear in the signals that are
extracted from the system. This is illustrated in the following example.

Example 2.1: Consider a dynamical single-input single-output (SISQ) system
described by the following difference equation:

(cg—aoc—cyt)y=(c—b)loc —cult) VielZ (3)

with a, b, ¢ € R\0,

Let {u(t)},. _o . begivenand let {#(1)},- . . satisfy the difference equation
(3); then any {y()},- _.. _ . that can be written as y(¢) = p(f) + j(1), t € Z, with
(0 — a)(g — )p(t) =0 will satisfy the difference equation (3). Thus the signals that
can be extracted from the system can be influenced by the coefficient ¢, whereas the
transfer function of the system is H(z)} = (z — b)/(z — a) which is independent of c.

A generalized and very natural definition of a dynamical system is introduced
by Willems (1986), employing the notion of system behaviour as the basic charac-
teristic of a dynamical system. Consider a dynamical system with input «(f) and
output ¥(?), t € Z; then the behaviour # is defined as the set of all signal tra-
jectories (yT «™)T: Z— RP*™ that are admissible, i.e. that satisfy the restrictions
(equations) of the dynamical system. Note that a signal trajectory {(yT() «T()T,
t=—00,.., 00}
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is actually denoted as a mapping from Z to R°*™, also expressed by the notation
(»T «™)T e (R”*™) % The behaviour is defined on the level of signals and not by
coefficient matrices in specific equations. Therefore, the system behaviour is repre-
sentation independent. It will be illustrated that this behaviour can serve as a
proper tool for describing dynamical systems in more detail than, for example, a
transfer function representation, by proper dealing with the uncontrollable modes
as discussed above.

Let us first consider the formal definition of a dynamical system according to
Willems (1986).

Definition 2.2: A dynamical system S is defined as a triple: S =(T, W, B), with
T < R the time set, W the signal set, i.e. the space in which the (input and output)
variables that are related to the system take on their values, and %4 < W7 the
behaviour of the system, i.e. the space of all signal trajectories w: T — W that are
compatible with the system. g

The behaviour # of a dynamical system S will generally be denoted by
2(S). In this paper we will deal with discrete-time systems having a time set
T = Z. The restriction to linearity, time-invariance and finite dimensionality of the
dynamical systems is established by the additional requirements that W
is a vector space and that # is a linear subspace of W that is closed in the
topology of pointwise convergence, satisfying the shift-invariance property:
w € B(S) <= ow e #(S) <o 'w e #(S). The basic Definition 2.2 does not distin-
guish between input and output components of a dynamical system but only refers
to system variables (signals). When considering these system variables as inputs and
outputs (causes and effects), a special structure is laid upon the dynamical system,
referring to the intuitive appeal that is connected to these notions. The character of
an input signal is that it can be chosen freely, it is not bound by the system; the
character of an output signal is that it is caused by the input, the system dynamics
and possibly a finite number of (initial) conditions. These notions have been
formalized by Wiilems (1986, 1988). In this paper we consider systems with a fixed
number of cutput and input signals, in such a way that the signals related to the
system can be denoted by w =(y,u), with w e (R°*"™)2 and consequently
%(S) = (R+™)2. This class of input—output system will be denoted by Z,,,,.

Since the time set {7 = Z) and the signal set (W = R”*™) are fixed within the class,
two dynamical systems will be equal if and only if they have the same behaviour.
In the following example we will briefly illustrate the corcept of system behaviour.

Example 2.3: Consider a dynamical system S described by a polynomial represen-
tation

(1) + ap(t = 1) + apv(t — 2) = —bou(t) — byu(t — 1) — byu(t — 2) 4)

and a,,d,, by, b,,b,€ R. With p(r) e R, u(t) e R it follows that W =Y x U,
Y=U=R; y,u € R? and w(t) = (p(r), u(r)) € R?, leading to w e (R?)Z,

The behaviour #(S) = (R?)Z contains those trajectories w = ( y, u) that satisfy
(4) for all 1t € Z; this can be written as

B(Sy={w e (R*)?| T(s,0 " "yw =0,
with T(o,6 ) =[l+a07 ' +a,07 2| by+ b0~ " +b,67%} (5
O
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Now let us consider the consequences of this concept of system behaviour for
polynomial representations of systems. The results as presented in this section are
due to Willems (1986, 1988).

Proposition 2.4: For any system S € X,,, there exists a polynomial matrix
T=[P|—0Q] with PeRe>*?z,z7"], deta,, P #0, Q€ RP*"[z,z7"], such that
B(S) ={(y,u) | Pla,a7)y —~ Q(o, 0~ u =0}.

The system S will be said to be induced by the polynomial matrix T, denoted by
S = M,(T). Using polynomial matrices in two indeterminates, a generalization has
been obtained for the MFD and ARMA forms. Note that the condition of P being
invertible as a rational matrix is implied by the fact that y is an output variable,
which means that there exists a rational transfer function between the input v and
the output y. The system behaviour will be used for deciding whether two
dynamical systems are equal or not.

Proposition 2.5: Let S, S, € £, ,, be induced by polynomial matrices T,, T, respec-
tively, as in Proposition 2.4. Then J(S,) = %(S.) if and only if T) = UT, with U a
polynomial matrix that is unimodular over the ring Rz, z™'], i.e. detg,, U = cz¥ with
ceR\{0} and d € Z.

With respect to the unimodularity of U we denote U as unimodular over
R[z, z7'] if its determinant is a unit in R[z, z~"], i.e. the matrix U is invertible in
RP*#[z, z~"], which implies the condition on its determinant as formulated in the
proposition. Note that in the situation of MFD or ARMA forms, where the rings
R[z] or R[z~'] are considered, the determinant of a unimodular matrix has to be a
constant ¢ € R\{0}. As a result of this proposition it follows, for example, that
premultiplication of each polynomial equation with powers of z and z~' does not
change the behaviour of the dynamical system, but only comes down to shifting the
equations. Several well-known system properties can be described in terms of the
system’s polynomial representation.

(a) The system’s transfer function is denoted by
H(z) = P(z,z7)7'Q(z, z7")  with H(z) € RF*"(z)

() This transfer function describes the dynamical system completely if and only
if the system is controllable, i.e. a corresponding polynomial representation
T=[P | — 0] has the property that P and Q are left coprime over Riz, z7']
(all left common factors are unimodular over R[z, z7']), or equivalently
ranke T(4, A™") =p for all 1 e C\{0}.

(¢) The causality of the system is reflected by the properness of the correspond-
ing transfer function.

It has to be stressed that the notions of controllability and causality are defined
as properties of the system behaviour, i.e. on the signal level (Willems 1986). In this
paper we only refer to the consequences of these properties in specific representa-
tions of the behaviour as in the polynomial forms discussed. The notion of
observability will be discussed later.

Structural properties of these polynomial representations will be elaborated in
the rest of this paper. We briefly pay attention to a second representation of system
behaviour in terms of a state space description.
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Proposition 2.6:  For any system S € Z,,, that is causal there exists an integer n and
matrices A, B, C, D with A e R"*", Be R"*™, C e R?*", D € R**™ such that

BS)={(y.u)|Ix e (R, ox=Ax+ Bu,y = Cx + Du}

In this representation x is called the state, and n the state space dimension. Similar
to the situation of polynomial representations, the dynamical systems S will be said
to be induced by the realization (4, B, C, D), denoted by S =M_(A4, B, C, D). A
realization of § which has a minimal state space dimension » is called a minimal
realization. This situation seems to be very similar to the ‘classical’ way of dealing
with state space models. However, there is a difference with respect to the minimality
of the realization. In ‘classical’ terms a realization is minimal if it is observable and
reachable, i.e. (C, 4) is an observable pair and (A4, B) is a reachable pair. In the
context discussed here, the state space parametrization acts as a representation of a
model behaviour and a model behaviour can essentially contain non-controllable
parts, represented in a state space form by the non-reachability of the pair (4, B).
Consequently, the minimality of a state space representation is now mainly due to
observability of the pair (C, 4) as reflected in the following proposition.

Proposition 2.7: Let S € X, , with S = M (4, B, C, D), and (A, B, C, D) a realiza-
tion of dimension n. Then (A, B, C, D) is a minimal realization of S if and only if

(a)y (C, A) is an observable pair, i.e.

A=A

c )=n Joralll eC

ranke (

and
(b) rank [4 | Bl =n.

Condition (b) of Proposition 2.7 can be given the interpretation that (A4, B)
should not have any unreachable poles in 0. Unreachable poles in 0 lead to
non-minimality of the realization because a corresponding state component cannot
contribute to the behaviour #(S). This can be visualized by considering that any
value of this state component x,(¢) for some ¢ = t, would become 0 for ¢t =1¢, + 1.
Since this mode is not affected by any input signal and the considered time set is Z,
this x;(¢,) could never have become #0.

Note that in the presented framework a non-symmetrical treatment is created of
the ‘classical’ concepts of reachability/controllability and observability. Non-reach-
able parts in a state space realization are expressed in the model behaviour, whereas
non-observable parts are not; from a behavioural point of view non-observability is
actually just a matter of redundant representation. Additional system properties in
terms of state space representations are:

(a) The system’s transfer function equals H(z) = C(zI — A)~'B + D,
(6) A system S is controllable if and only if a realization (4, B, C, D) of § with
dimension n satisfies
ranke [Af — 4 | Bl=n for all 2 e C\{0} (6

The minimal state space dimension of a dynamical system will be used in the sequel
of this paper when discussing the McMillan degree and the order of dynamical
systems.
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3. Definitions and notation on polynomial matrices

Before we can come to the main goal of this paper—a discussion on the system
order and observability indices of dynamical systems in terms of their polynomial
representation—we have to introduce some additional notation and definitions on
polynomial matrices.

Definition 3.1: Consider a polynomial matrix T € R?*9[z, z~']. Denote the follow-
ing:

5T :=the maximum power of z in T(z,z™")
(T :=the minimum power of z in T(z, z™})

5(T)s=8“(T) — 6(T) 20

T,,.=the ith row of T(z,z7")

v(T):=the maximum power of z in T, (z,z7")
v{(T):=the minimum power of z in T, (z,z~")

vi(T)=v(T) —vi(T) 20
nYT):=the maximum power of z in any i x i-minor of T(z,z~")
n{(T)=the minimum power of z in any i x i-minor of T(z,z~") a

Note that for MFD polynomial representations 7 & R®*»*+"[z] the integer
indices 6, 6, v, v 1 7 will all be =0, whereas for ARMA representa-
tions T e RP*(P+m[z 1] they will all be <0.

Definition 3.2: Consider a polynomial matrix 7 € RP*9[z, z~'] with row degrees
v and v¢? and let T be written as

T(z,z7") = diag (z"V", ..., 2%, + Ty (2, 27") (7

and

T(z,z7") = Tolz, 2~ ") + diag V', ..., 29T, (8)
with T, [, e RP*? and T,, T, € RP*9[z, z7"] satisfying v#(T)) <v®(T) and
vW(Ty) >vX(T) for i =1, ..., p, then

I, (T) :=the leading row coefficient matrix of T, i.c. the coefficient matrix related
to the highest row degree terms in T

I, (T) :=the trailing row coefficient matrix of T, i.e. the coeflicient matrix related
to the lowest row degree terms in T O

The well-known property of row properness of polynomial matrices { Wolovich
1974) has to be extended to the situation of polynomial matrices in two indetermi-
nates,

Definition 3.3: A polynomial matrix 7 € R? *4[z, z 7] is called row proper over R[z]
if rank [, (T) = p; it is called row proper over R[z "] if rank I",(T) = p. T is called
bilaterally row proper if it is row proper over Rlz, z 7'}, i.e.

rank I, (T) =rank [, (T) =p O
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The notion of bilateral row properness was first presented by Willems (1986).
Parametrizations in polynomial matrix form are generally not used in a representa-
tion with both shift operators ¢ and ¢ ~!. Tt is common to apply either one of the
shift operators. In accordance with the nomenclature often used in the literature,
we refer to an MFD-model in the case of a polynomial representation
T, e RP*+m[z] and to an ARMA-model for a representation T, € RP* (P +m)[z ~1],
Note that for any system S € ZX,, a representation in either MFD or ARMA
form always exists. Both representations can be transformed into one another by
premultiplication of the rows in the polynomial matrices by (positive or negative)
powers of z. This shift operation will not change the system behaviour.

However, the two representations do make a difference when we consider model
sets that are defined by specific restrictions on the degrees of polynomial entries in
the matrices 7}, or Ty.

4. McMillan degree, system order and minimal state space dimension

We start this section by considering the McMillan degree of a rational matrix
which is interpreted as the transfer function of a dynamical input—output system
SeX

‘Pt

Definition 4.1: The McMiilan degree of a rational matrix H(z) e R”*"(z) is defined
as

Onm (H) =the sum of polar degrees at all poles of H{z) O

For finite poles this sum of polar degrees can be determined by the sum of
degrees of the denominator polynomials in the Smith—McMillan form of H(z). The
polar degree at infinity has to be added to arrive at the McMillan degree (see c.g.
Kailath 1980). For systems that are controllable and causal there exists a close
connection between the McMillan degree of the transfer function and the minimal
stale space dimension that is required for representing the corresponding input-
output system. This is formulated in the following proposition.

Proposition 4.2: Let S be a dynamical system S € I, ,, that is controllable and
causal, and let H(z) € RF~"(2) be the corresponding proper transfer function of S.
Then oy (H) equals the state space dimension of any minimal realization (A, B, C, D)

of S.

The proposition is a classical result from the theory of dynamical systems, see
e.g. Rosenbrock (1970) and Kailath (1980). However note that the classical
minimal realization of a transfer function also requires controllability in order to
match the McMillan degree. The McMillan degree is considered to be a measure of
complexity that is related to the transfer function of an input-output dynamical
system. Therefore it takes account only of the controllable part of a dynamical
system and it neglects any non-controllability. The dimension of a minimal state
space realization is only defined for causal systems, related to proper transfer
functions H(z). For this reason it is appropriate to consider a closely related
measure of complexity that takes account of both non-controllable as well as
non-causal parts in a system. To this end we will use a notion of system’s order,
formulated in terms of the model behaviour (Willems 1986), which will be shown
to be a generalization of the McMillan degree of a dynamical input/output system
as discussed above.
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Definition 4.3 (Willems 1986): Let S=(Z, W,%) be a dynamical system
S € Z,,,. Then define the order of S as:

n(S):= Y {(dim (#") —dim (Z"~") — m) &)

N=1
with #Y:=%B|, o n_1» i€ the set of finite time trajectories {(y(¢) u(r)),
r=0,.., N —1} that are admissible by the system, and dim (£°:=0. ad

For a detailed interpretation of (9) we refer to Willems (1986). A brief
illustration of the concept is given in the following example.

Example 4.4: Consider a dynamical system S € X,, described by the difference
equation

() =ay(t — 1) +bu(t — 1) (10)
with a, b € R\{0}. When we evaluate #' it follows that
B = {3(0), u(0) | y(t) —ap(t = 1) —bu(t — 1) =0 V¢ e Z} (11

Note that the set of equations (10) for t+ € Z does not put any restriction on the set
of admissible values {y(0), u(0}}; {»(0), u(0)} can be given arbitrary values without
conflicting with the difference equations; hence dim %' = 2.

For 4° it follows:

B = (1), u(1), 9(0), u(0) | W) —ap(t = 1) =bu(t —1) =0, VieZ} (12)

Having four signal values to be chosen, there is one equation from (10) (r = 1) that
is restricting the admissible space of these four signal values. Consequently,
dim %% =4 —1=3. Analysing #", N > 2, shows that every additional step in N
adds two signals and one restricting equation, so the corresponding dimension
increases by one, i.e. the dimension of the input space.

Applying (9) shows that n(S) =dim %' -0—-1= 1. O

The relation of »(S) with the McMillan degree and the minimal state space
dimension is presented in the following theorem, which also gives an expression for
the determination of #(S) based on a polynomial representation of the system.

Theorem 4.5:  Let S be a dynamical system S € X, ,, being induced by a polynomial

matrix T € RP* ™z 271, with T =[P | —Q]. Then

(@) n(S) =niXT) — =(T);

(b) there exists a permutation matrix X € Re+™*(r+m syuch that TX induces a
system S* € L, that is a causal dynamical system with m inputs and p
outputs; any such system S* has a minimal realization with dimension n(58).

(¢) n(S) =S (P1Q) with equality if and only if ranke T(A, A~ =p for ali
0 # A € C, or equivalently S is controllable.

(d) n(S) <XF_, v,(T) with equality if and only if T is bilaterally row proper.

i=1
Proof: Parts (b) and (d) are proved in Willems {1986); the proofs of parts (¢) and
(c) are given in the Appendix. O

Part (a) shows a general expression for n(S) in terms of a polynomial represen-
tation. It requires the evaluation of the degrees of all p x p minors of 7. Since the
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order n(S) is defined on the level of system behaviour, it is invariant for any
unimodular premultiplication of T, as, for example, for premultiplication of T
with any power of z or z~!. Tt follows from this theorem that n(S) is a generaliza-
tion of both the McMillan degree of a transfer function (as in ¢) and the minimal
state space dimension of a state space realization (b). The permutation matrix X in
(b) should be interpreted as an operation of reordering the signals (y, ), and thus
possibly interchanging input and output signals. If S is causal then the permuta-
tion matrix X can be chosen to be the identity matrix and n(S) equals the
corresponding minimal state space dimension. If S is non-causal, the signal vari-
ables w =(y, 4) can be reordered in such a way that the reordered system S* is
causal and again allows a state space representation with minimal dimension #»(S).
Note that #(S*) is constructed according to w € Z(S*) <= Xw € #(S). It can
simply be verified that any postmultiplication of T with a non-singular constant
matrix R € R»P+mx(r+m legyves the system order as expressed in Theorem 4.5(a)
invariant,

Part (¢) of the theorem shows that #(S) takes account of the non-controllable
modes in the system. If S is controllable then n(S) is equal to the McMillan
degree of the corresponding transfer function.

Bilateral row properness of a polynomial representation appears to be an
important property since it allows the system order to be simply determined from
the sum of row degrees in the polynomial matrix, as formulated in part (d). In the
next section an algorithm will be described for bringing any polynomial represen-
tation into a bilaterally row proper form.

The results of the theorem are illustrated in the following example, which is
taken from Janssen (1988 b).

Example 4.6: Consider a dynamical system § € Z,,, induced by the polynomial
matrix T(z,z~") =[P | — @], with

P(Z, Z_I) — |:Z j_zl_z zl—l] , Q(Z, z-l) = |:(l)]

It can ecasily be verified that rank 7(4, 27") =2 for all 2 e C\{0}, which implies
-1
that § is controllable. Its transfer function H(z) = __3 |- The row degrees of 7

satisfy: v@ =1, v{?= =2, v#? =0, v{’= —1 leading to v, + v, =4. In order to
check the bilaterally row properness of T we verify that

1 0 0 1 00
rhr(T)=|:0 ] O:I and rlr(T)=|:l 0 0:,

Since I, {T) does not have full row rank, T is not bilaterally row proper
and consequently (by Theorem 4.5(d)) n(S) < 4. Evaluating the system order by
Theorem 4.5(a) shows n{AT) =1, n{(T)=—1 leading to n(S) =2 which is
equal to the McMillan degree of H{z). Matrix T can be transformed to a
bilaterally row proper form by unimodular premultiplication. Construct 7* = UT

with
. 1 -z
Uz, z )=|:0 I :l
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z 0 -1
T* =
|:z‘l 1 O:I

T* is bilaterally row proper with row degrees satisfying v, + v, =141 =2 = n(S).
O

it follows that

For some specific situations the expression z¥(T) — n/X(T) for the system order
can be further simplified, as formulated in the following proposition.

Proposition 4.7: Let S be a dynamical system S € X,,, being induced by a
polynomial matrix T € R?*P+m{z, 2=, with T =[P | — Q). Then

(@) n(T) = 6“Y(det (P)) if and only if P='Q has no poles in z = co;

(B) nYT) = 6Y)(det (P)) if and only if P~'Q has no poles in z =0.

Proof: See the Appendix for the proof. O

Note that the absence of poles in z = oc refers to the situation of a proper transfer
function, and correspondingly to a causal system. The results of Theorem 4.5 and
Proposition 4.7 include a generalization of the results on the McMillan degree of
MFD and ARMA models as reported in Janssen (1988 a, b), where separate results
were derived for models represented in one of the shift operators ¢ or 6='. A
generalized model representation in both shift operators leads to an overall theory
that covers both situations of MFD and ARMA representations. The connections
with the results of Janssen (1988 a4, b) are shown in the following corollary.

Corollary 4.8 Let S be a dynamical system S € X,,,, represented in MFD or
ARMA form by

S=M,(T), T,=Tdz)=[P| —Q] € R[]
and
S=M(T,), T,= To(z™!) = [Pb| — Q] € REx Pz
Then the following statements hold true
(@) If ranke T(A) =p for A =0 then n)X(T;) =0;
(b) If ranke T (4) = p for A =0 then 2iXT,) =0,
(¢) If Py, QO are left coprime over Rlz], and P;'Q; has no poles in z = oo then
I(P'Qr) = n(S) = 8“)(det (Py));
(d) If P,, Q, are left coprime over Rz ~"] and P ', has no poles in z =0 then
Im(Py ' Q) =n(S) = —3)det (Py)).
Proof:
(@) If n{X(T) #0 then nX(T}) > 0 and consequently T¢(4) has a zero in 1 =0,
which conflicts with the condition that rank. T¢(1) =p for 4 =0.
(b If =8%(T,) #0 then n'(T,) <0 and consequently T,,(4) has a zero in A =0,
which conflicts with the condition that rank; 7,{1) =p for 1 =0.
(¢) The statement follows directly from Theorem 4.5(c), Proposition 4.7, and

part (a) of this corollary, taking into account that left coprimeness over R[z]
is equivalent with the condition rankg T(1) =p for all 4 € C.
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(d) The proof is similar to the proof of (¢), applying Theorem 4.5(c), Proposi-
tion 4.7 and part (b) of this corollary. ]

There is a certain symmetry in the expressions for MFD and ARMA represen-
tations of systems. However, there are still some important differences. Note that in
situations (c) and (d) as formulated in the corollary, the order of the system can be
extracted from the matrices Py, respectively P; only, irrespective of the matrices Q,,,
Q. However this situation requires different restrictions on the dynamical systems
dependent on the question whether MFD or ARMA representations are involved.
In the case of an MFD representation (situation (c)}, this restriction is the quite
natural condition of causality of the system (the system should not contain
anticipations). In the case of ARMA representations (situation (£)) the condition
H(z) having no poles in z = 0 (the system should not contain any delays) is much
more restrictive. This is exactly the reason why model sets of causal models with
specified model order n are much easier to parametrize in MFD form than in
ARMA form. Absence of poles in the origin, is exactly the restriction that is made
by Bokor and Keviczky (1987) in order to come up with a canonical ARMA
parametrization for causal systems having a fixed McMillan degree.

5. Algorithm for obtaining bilaterally row proper polynomial matrices

As shown in the previous section, and as will be further specified in the next,
bilaterally row properness is an important property of a polynomial representation
of dynamical systems. In this section we will sketch an algorithm that brings a
general polynomial representation to a bilaterally row proper form, through
unimodular premultiplication.
Algorithm 5.1

Consider T e Rz, z7"], g = p, with

Ty,
: and Tl* = ti.v.‘")zvsu) +--- + ti.vf’)zvsn
T,y
Step 1. Reorder the rows of T such that v, v, <> <v,.
Step 2. Set k=1
Step 3. Evaluate the rank of the matrix
tl_v(lu)
L, =
* tk - I.l"?‘i )

lk,v,f"’

(a) If k =p and L, has full row rank, go to Step 4;
(») If k < p and L, has full row rank, set k =k + 1 and return to Step 3.
(c) If rank (L) <k then # ,w is linearly dependent on the previous rows in L,
and there exist real numbers «;, i =1, ..., k — 1, such that
k-1

beppo = Z Ot,vl,v‘,i(u) - (13)

i=1
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Replace T, by

k-1

Tew=Tiy— X, wz'v 1T, (14)

i=1
When, after replacement of the kth row, v,(T) < v, _(T), then reorder the
rows of T again such that vy < v, <...<v,.
After reordering, the kth row of T becomes the jth row of T, (j <k); set
k =j and return to Step 3.

Step 4. Set k =1.

Step 5. Evaluate the rank of the matrix

U
tl‘v(])

Mkz

4 7
k150

t,c‘,,y)
(a) If k =p and M, has full row rank, the algorithm stops;

(b) If k € p and M, has full row rank, set k =k + | and return to Step 5.

(¢) If rank (M) <k then 1, is linearly dependent on the previous rows in M,
and there exist real numbers f3;, i =1, ...,k — 1, such that

k-1
Ly = Z Bitivo (15)

Replace T, by
k—1
Tew=Tew— Y, Biz® 0T, (16)
i=]

When, after replacement of the kth row, v.(T) < v, _,(T), then reorder the
rows of T again such that v < v, <...<v,.

After reordering, the kth row of T becomes the jth row of T, (j <k); set
k =j and return to Step 5. |

The correctness of the algorithm can be verified by considering the following
remarks.

(i) All operations performed on the polynomial matrix 7 are unimodular
premultiplications, and consequently the dynamical system that is repre-
sented by T is not changed;

(i) It can be verified that the essential operations on T in Step 3 and Step 3,
formulated in (14), (16) force the sum of row degrees of T to be decreased
by at least 1 in every step. Consequently the algorithm has to stop in a
finite number of steps.

(iii) In Step 3 the leading row coefficient matrix of T is constructed to be of full
row rank, while in Step 5 this operation is performed directed towards the
trailing coefficient matrix. It can be verified that the operations of Step 5 do
not affect the full row rank of T, (T).

The verification of items (ii) and (iii), essentially relies on the fact that at every
step in the algorithm, the matrix has an ordered set of row degrees, as formulated
in Step 1 of the algorithm.
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6. Structure indices

In the same line of thought as exhibited in § 4, results can be formulated for the
structural indices of dynamical systems, represented in the generalized polynomial
forms as discussed. Structural indices constitute a further specification of the order
of dynamical systems and are often used for the construction of sets of dynamical
systems that allow an identifiable and differentiable parametrization. Let us first
consider the different structure indices that will be considered.

Definition 6.1: Let (4, B, C, D) be a state space realization with dimension n of a
dynamical system S € Z,,,,, with C=[c{ «¢; ... ¢J]". Consider the observability
matrix 0 =[CT ATCT ... (AT)"~'C"]T and evaluate the linearly independent rows
in O from top to bottom. Order these independent rows as

-1 1
{ey, o4, 04N L0y, €A% T

then the integers (y,);.,, . , are defined to be the observability indices of the
realization (A, B, C, D). (|

The observability indices of a realization are often called the (left) Kronecker
indices of the realization, and actually are equal to the left Kronecker indices of the
matrix pencil [(z/ — A)T CT]" (Kailath, 1980). The notation (y,),.,. .., refers to a
mapping Zn[1, p] - Z ., which means that the ordering of the observability indices
is of importance, (e.g. (2, 1) # (1, 2)). When writing {y, },., _, we will refer to a set
with p elements, where consequently any ordering of the elements is not relevant. In
the case of a minimal realization (4, B, C, D) it follows directly that 37_, y; = n(S).
The observability indices are presented as being related to state space realizations
and consequently their interpretation is restricted to causal systems.

Related structure indices can also be defined on the basis of transfer functions.
The definition of these left Kronecker indices will be adopted from Forney (1975),
Kailath {1980) and Janssen (1988 «), and will not be further elaborated here. For
more details the reader is referred to these references.

Definition 6.2: Let H(z) be a rational matrix, H(z) € R?*™(z), satisfying

ranky., i = p. The ser of left Kroneckert indices {k;};,-\ _, of H(z), is defined as

the set of row degrees of any minimal polynomial basis in R[z] for the rational
vector space, generated by the rows of the matrix [{, | H(z)].

Minimality of this basis is considered with respect to the sum of the row degrees.

O

In Janssen (1988 ) it is proven that these left Kronecker indices of H(z) sum up
to its McMillan degree:

i K; = o (H)

i=1
Note that these left Kronecker indices are defined on rational matrices, i.e. on the

level of transfer functions. This means that these structure indices do not contain
information on any non-controllable part of a dynamical system. Again, as in the

t The use of the term Kronecker indices may be confusing in this definition, since
Kronecker indices formally are defined on matrix pencils and not on general rational
matrices. For this reason Janssen {1988 b) has introduced the term left dynamical indices for
the structure indices defined. In this paper we will follow the terms used by Kailath (1980).
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case of the system order #(S), both sets of structure indices as defined in definitions
6.1, 6.2 can be related to each other in terms of a polynomial matrix representation,
in order to deal with both non-controllable and non-causal dynamical systems. To
this end the following definition is given.

Definition 6.3: Let S be a dynamical system S € £, ,,,, and let T be a polynomial
matrix 7 € RF*+™fz 2=, The set of observability indices of S, denoted by

proper matrix T that induces S. O

[t can be verified that this set of observability indices is an invariant of the
system S, i.¢. it is not dependent on the specific bilaterally row proper matrix T that
it is induced by. Its relation with the structure indices previously defined, is given in
the following proposition.

Proposition 6.4: Let S be a dynamical system S € Z,,, being induced by a polyno-
mial matrix T e R7*P+") [z 2] then the following statements hold true.

(@) The set of observability indices of S is equal to the set of left Kronecker indices
{Ki}iar, .. p Of its transfer function if and only if S is controllable.

(b) The set of observability indices of S is equal 10 the set of observability indices
{vi}iz1,..., of any minimal space realization (A, B, C, D) that satisfies
M. (4, B, C, D) =M,(TX) and X € RP*™>P*+™ g non-singular matrix.

Proof: Part (g) of this theorem is an extension of results of Forney (1975) and
Kailath {1980); for the situation that T e R *»*™)z], it has been shown that the
set of row degrees of T is equal to the set of left Kronecker indices of P~'Q if and
only if P and Q are left coprime and T is row proper over R[z]. Extension of this
result to polynomials in Rz, z '] follows from the consideration that {left coprime-
ness and row properness over R[z]} <> {left coprimeness and bilaterally row proper-
ness over R[z,z~']}. Part (b) follows from results of Willems (1986), and the
consideration that the set of row degrees of T is invariant for postmultiplication of
T with a constant non-singular matrix. 0

The set of observability indices of S coincides with the set of left Kronecker indices
in case of controllability, and it coincides with the set of observability indices of a
state space realization in case of causality. Note that equality, as meant in the
proposition, refers to the sets of indices, i.e. equality of the indices up to ordering.
The observability indices as defined, act as a further structural specification of
dynamical systems with order

n(Sy= 3 p,(S) (7

i=1
They have been defined on the basis of a bilaterally row proper polynomial
representiation of the system. It has to be stressed that this set of indices can also
be formulated purely on the basis of system behaviour as is the case with the system
order n(S). We will briefly state this result but for further details we refer to
Willems (1986).

Proposition 6.5: Let S =(Z, W, #) be a dynamical system S € Z,,,. Then the set of

observability indices {p;},_, ., of S can be determined as follows. Let
BY:=dim B —dim BV~ with #°=0 (18)
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and
V= BN — BN+ with fY=p 4+ m (19)

If Y=k >0 then j appears k-times as element of {p,};.\. . ,-

In the case of non-causal systems, reflected by non-proper transfer functions, the
set of observability indices can also be shown to be related to the left Kronecker
indices of the matrix pencil [(zE — A)T CT]T generated by a generalized state space
representation; this representation is analysed by Kuijper and Schumacher (1990}

Similar results as formulated in Proposition 4.7 and Corollary 4.8 with respect
to the system order, can now be given for the evaluation of the set of observability
indices of a system in some specific situations. We will briefly pay attention to the
situation when the set of observability indices can be determined on the basis of
polynomial matrix P only, as a submatrix of the matrix T that induces S. Moreover
the specific situation of MFD and ARMA forms will be taken into account. These
results will be presented in the following two corollaries.

Corollary 6.6: Let S be a dynamical system S € £, ,, induced by a bilaterally row
proper polynomial matrix T € RP*(P*™[z 271 with T =[P | —Q], then

@ ATYiar, .o =OP)icr, .., if and only if P7'Q has no poles in z = co;
(B) GO Niar, .y =P, if and only if PQ has no poles in z = 0.
Proof: If 7 is bilaterally row proper it follows that z{NT)=3/_, v{AT) and

i=1
rI(T) = X8, vP(T). Applying this property to Proposition 4.7 shows that the
expression n8(T) =46“(det (P)) can be replaced by X7_, v (T} =X7_, v(P).
Since it is impossible that v“(T) < v%(P) it follows that the latter expression is
equivalent to v¢(T) =v®(P) for i =1, ..., p. Applying a similar reasoning for the
lower row degrees (part (b)) shows that the corollary follows directly from

Proposition 4.7. O

Corollary 6.7: Let S be a dynamical system S € X represented in MFD or

ARMA form by e
S=My(Ty), T;=Tdz) =[P¢| — Q] € RP*#+7g]
and
S=MAT), To=Tyz™") =[Py| — Q] € RF*r*™z 7]
Then the following statements hold true

(@) If ranke T(3) = p for A =0 and T; is row proper over R[z], and P{'Q; has no
poles in z = o0 then {p;()}icr, _, ={V(P}icr. s
(b) If ranke T, (4) = p for A =0 and T, is row proper over R[z '), and Pg'Qy, has

no poles in z =0 then {p;(S)}io1,..p = {=V'Po)}ich...p- .
Proof: The corollary follows immediately from combining Corollaries 4.8 and 6.6.
O

As mentioned before, the expressions for the determination of the set of
observability indices shows a clear resemblance to similar expressions for the system
order n(S). In order to be able to extract these indices of S only from the submatrix
P within T, additional conditions of causality (for MFD forms) and absence of
delays (for ARMA forms) have to be satisfied. These two symmetrical conditions
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clearly show the symmetrical treatment of the two different forms. Finally, we will
illustrate the results presented in this section, in the following example.

Example 6.8: Consider again the dynamical system S € Z,, as introduced in
example 4.6, induced by polynomial matrix T* =[P* | —Q*],

e =[5 )| (20

Since T* is bilaterally row proper the set of observability indices {p,, p,} is
determined by the set of row degrees of T*, which equals {1, 1}.

An equivalent MFD form for T* that induces the same system, can be obtained
by premultiplying the second row of 7* by z. This is a unimodular operation on T*.
The resulting matrix is

1

—1
21
1 o
With this matrix 7, the conditions of Corollary 6.7(a) are satisfied and consequently
the set of upper row degrees of P, is equal to the set of observability indices of S.
An equivalent ARMA form for T* that induces the same system, can be obtained

by premultiplying the first row of T* by z~!. This is a unimodular operation on T*.
The resulting matrix is

1 0|-z7
B=Wﬂ—Qﬂ=[ 1|; ] (22)

z—l

0
z

ﬂ=Wd—Qd=ﬁ

This matrix T, satisfies the first two conditions of Corollary 6.7(h); however since
the transfer function of §, H{(z) =[(z™") —(z~?)]", contains poles in z = 0, the third
condition is not satisfied. It follows that the set of observability indices of S cannot
be determined from the row degrees of P,. O

7. Conclusions

In this paper system order and structure indices have been presented as
generalizations of, respectively, the McMillan degree and the (Kronecker) observ-
ability indices of linear systems, being applicable to systems that are not necessarily
causal and/or controllable. To this end the concept of dynamical system in terms of
its behaviour is adopted. General expressions for the evaluation of system order and
observability indices are derived in terms of system representations in polynomial
matrix form. The polynomial forms discussed exhibit two shift operators, being a
generalization of both MFD and ARMA forms. Consequently a unifying theory
results for the evaluation of system order and observability indices of linear systems
in polynomial forms, in which MFD and ARMA forms are special cases that are
completely symmetrical.

Appendix
Proof of Theorem 4.5: In order to prove parts (@) and (c¢), first it will be shown that
"om(P'Q) < mYAT) —=d(T) (A1)

with equality if and only if rank; T(4, A=') = p for all 0 # A € C. Secondly, part (a)
will be proven.
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The following additional notation will be required; let G(z) € R?*™(z), then
denote

47(G):=the degree of a pole in z = a; (A2)

5:2(G):=the degree of a zero in z = q; (A3)

exc, (G)=3d5(G) — 63(G); (A 4)

exCio (G)i= Y. 0%(G) — 62(G), with C* =Cu {0 }; (A5)
aeC*

¢(G):=1he maximum of exc, (g¥(z)) over all i x i-minors g@'%z) of G. (A 6)
By definition
(@)= Y 9(G)= Y max[ciXG)] forallaeC* (A7)
iz 0

aecC* aeC* /
with ¢(G):=0 (Verghese and Kailath 1981).

For T =[P | — Q] being polynomial in z only, and G = P~'Q, it has been shown
by Janssen (1988 a) that d\,(G) = exc,,, (T). It can easily be verified that this result
remains valid for 7 e R?**™)[z z~1], Since T has only poles in z =0 and z = og,
it follows that

Im(G) = exc (T) €excy (T) + exc, (T) (A8B)

with equality if and only if 7 has no finite zeros #0, or equivalently
ranke 7(4, A~") =p for all 1 € C\{0}.

Using a result of Verghese and Kailath (1981), showing that exc, (H) = ¢{(H)
for any rational matrix H with rankg,, H =r, it follows from (A 8) that

Sm(G) < c{(T) + c2N(T) (A9)

with equality if and only if rankg 7(4, 1~") = p for all 4 € C\{0}.
Let any p x p-minor of 7 be equal to #(z) =a;z" ++- - +a, _,,, 2" with
n,,n, € Z and n, = n,, then exc,, (1(z)) = n, and exc, (#(z)) = —n,; consequently

Sm(G) € nWY(T) — niX(T) (A 10)

with equality if and only if ranke T(2, A-") = p for all 0 # A € C. This proves the
equivalence between the statements (a) and (c) of the theorem.

Secondly, part (a} of the theorem will be proven.

If the polynomial matrix T is bilaterally row proper, it can be written as:

T(z,z7") =diag (z, ..., z“")T,, + Ty (z,z ") (A1D
or
T(z,z27"Y) = Ty(z, z7") + diag (z", ..., 22T, (A12)
with u, = v"(T), [, = viT); T,(z, z ") satisfying v(T,) < u; and T,(z, z~") satis-
fying v{(T,) > 1, i=1, .., p.
Since I, and [, have full row rank, n$XT) = X%, and n{X(T) = T/, leading
to 2pX(T) —a{(T) = X, — §;) = Xfo 1 vi(T) = n(S).
If T is not bilaterally row proper, it can always be brought to a bilaterally row

proper form by unimodular premultiplication. Let T'(z,z~") = U(z, 27 )T (z,z7")
with U unimodular over R[z, z '], then any p x p-minor of T’ equals det (U) * (the
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corresponding p x p-minor of T). Since det (U) =cz?, 0# ¢ € R,d € Z, it follows
that nl(T") — (T} = alX(T) — n¥XT), showing that n5% +) —n(+) is repre-
sentation independent, which proves statement @ of the theorem. O

Proof of Proposition 4.7: Let G(z) = P(z,27")~'Q(z,z7") and T=[P| -Q]. In
this proof we use lemma P4A-4 from Janssen (1988 &), stating that, using the
notation of (A 5), §2(G) =exc, (T) —exc, (P) for a € C*.

(a) G proper < 82(G) = 0. Using the lemma mentioned above it follows that
this is equivalent with exc,, (T') = exc,, (P). Since polynomial matrices 7 and
P satisfy rankg, T =rankg, (P) =p the previously mentioned result of
Verghese and Kailath (1981) ensures that exc,, (T) = exc,, (P) <> ci?(T) =

c D (P) <> nlX(T) = nl(P) = 6“{det (P)}.
(b) Using reasoning similar to that in part (@), it follows that 64(G) =0 <«
exco (T) = excq (P) = c{P(T) = ¢{P(P) < n(T) = /(L) =6"{det (P)}.
O
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