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Abstract: Classical system identification methods result in an identified parametric plant
and noise model. Due to modelling errors, the estimated variance of the plant model can
fail completely to give a reasonable idea of the amplitude of the model errors while this
is not detected at all in the validation test. A robust method is presented to validate the
parametric variance estimate, and to indicate the reliable frequency bands where the esti-
mated variance can be safely used as an indication of the remaining model errors. Outside
these bands the model is unreliable (neither validated or invalidated).Copyright © 2006
IFAC.
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1.  Introduction

Consider the discrete time system

. (1)

Starting from the observed input and output a paramet-
ric plant and noise model is identi-
fied, and eventually also the standard deviation

 is obtained, using one of the classical identi-
fication schemes (Ljung, 1999; Söderström and Sto-
ica). Once these models have passed the validation
step (e.g. cross-correlation test input-residue; auto-
correlation test residue) it is very tempting to believe
that these models are close to the real underlying sys-
tem characteristics (Douma et al., 2005). Quite a lot of
results are available on the study of the plant model er-
rors , but not much is said about the
reliability of the variance estimate . Simple
examples show that these have to be used with ex-
treme care.  describes very well the variance
of the estimated plant model , but it should not
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sed as a bound on possible bias errors.
 can be much larger than

, even for fully validated models as is shown
 next example (see Fig. 1). 

order system is identified using a 4th order mod-
 Section 4 for more details). Also the estimated
rd deviation   is plotted. From the fig-

 is seen that the 2nd resonance is completely

q θ, )} G0 q( )–
θ)

σ̂G q θ,( )

: Left:  (gray line),  (black line), and 
roken line);
ght: Power spectrum of the input
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missed, and this is not indicated at all by the variance
estimate. This poor model passes the validation tests
because the second resonance was not well excited as
can be seen from the right plot in Fig. 1, and so there
is almost no evidence in the data for its presence. Be-
yond 0.1 Hz, the system is badly excited, so all results
shown above this frequency are mainly extrapolations
of the models (plant- and variance-model) obtained
below 0.1 Hz. It is clear that such extrapolation results
should not be relied on. In a frequency band without
excitation, no conclusions should be made. In a well
excited band, the identification results are reliable.
However, in practice there are many situations where
the problem is not that clear cut. In between both ex-
tremes, there is a grey zone where it is not clear at all
how much the user can rely on the estimates. 

The aim of this paper is to provide a simple and robust
criterion that indicates the reliability of the variance
estimate  as a function of the frequency, and
next to indicate in what frequency bands the model is
unreliable (it might be good, it might be bad).

As such this approach is different from the ‘model er-
ror modelling’ approach (Reinelt et al., 2002) where
an aditional more flexible model is identified between
the input and the residuals. The original plant model is
then considered to be validated in those frequency re-
gions where this second error model equals zero with-
in its own uncertainty bounds. There are two weak
points in this method when considered from the point
of view of this paper. Firstly the construction of the
uncertainty bounds around the error model relies again
on an identified noise model; secondly, such an ap-
proach will still not distinguish between well excited
frequency regions and  frequency bands where the ex-
trapolation effect dominates due to a lack of excita-
tion. The first remark is removed in the nonparametric
model error modelling approach (Stenman and Tjarn-
strom, 2000), where also a nonparametric uncertainty
bound is extracted based on a local polynomial model-
ling of the smoothed empirical transfer function esti-
mate ETFE (Ljung, 1999). The variance is then
directly computed from the residuals. 

Another alternative approach is described in Hakvoort
and Van den Hof (1997). In this case uncertainty
bounds are generated that include the effects of un-
modelled dynamics, but in order to do so an exponen-
tially decreasing bound on the impulse response is
needed. The noise characterization is done using an
analysis of the residuals of a nominal model on a vali-
dation set.

The outline of the paper consist of 3 parts. First the
system setup is described. Next the method to detect
‘local’ extrapolation problems is explained. This leads
to a simple criterium to inform the user about  frequen-
cy regions where the model variance estimate and
hence also the plant model is not reliable. Eventually
the method is illustrated on a simulation.
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2.  Setup

le input, single output system as described in (1)
sidered.  is a sequence of independent ran-
ariables with zero mean values and variances . 

nput and the output are observed:

 , . (2)

on, a non parametric noise model will be esti-
. The method that will be applied restricts the in-
 be random with a dependency length that is
ficantly) shorter than the length of the experi-
 

ption 1. The excitation  is a random exci-
 with a dependency length that is significantly
r than the experiment length.

 calculations will be done in the frequency do-
 The discrete Fourier transform (DFT)

 of the input/output signal (Brigham,
 will be used:

. (3)

 the frequency index  corresponds to the fre-
y . Due to the central limit theorem,
ise on the DFT of the output will be asymptoti-
normal and independently distributed (Pintelon
choukens, 2001).

3.  Method

asic idea to estimate the reliability of  is
sure the ‘local’ information on . To do so four

are needed. 

liding rectangular frequency window is consid-
nly the data in this window (local data) are con-

d; ii) On these local data, a zero order model
 estimated; iii) A non parametric noise analysis
e to estimate the variance  as a function of
quency; iiii) The variance  is calculated.

modelled variance  is below , then
is not enough local information to support the
etric variance. In the reverse situation 
able, and will give a good idea of the errors on

 at that frequency. Each of these steps will be
iscussed in detail, next the choice of the window
 will be considered.

ocal’ information using a sliding window

. 2, a system is measured using an excitation
ower spectrum . The dashed lines define a
ncy window centred around  with width .

local’ information is then the spectral informa-
at is cut out by this window.
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Definition 2. Local spectral window 
The spectral window  is 1 if  and
zero elsewhere.

Definition 3. Local information
Consider the system (1) with data (2). The information

 and  that is available in the local
spectral window is called the local information.

3.2 ‘Local’ transfer function model

We are looking for the smallest uncertainty that can be
obtained from the local information for the system 
at frequency . This is given by the uncertainty of a
zero order model estimate . The least squares
estimate of the latter one is:

, (4)

where the sum is taken over all frequencies  belong-
ing to the window .

The variance on this estimate is

, (5)

where  is the variance on the Fourier spectra
. 

Remarks: 

i) It is clear that   will be a biased estimate of
 if the window width  is large compared to the

variations of  around . However, this does not
disturb us because we are not interested in , we
only want to use the variance . Increasing the
model order will also increase the variance. As such
(5) is a lower bound for it.

ii) If  is small enough, the variance  will be al-
most constant. At that moment the estimate (5) be-
comes the maximum Likelihood estimate.

3.3 Nonparametric noise analysis

In order to calculate (5), the variance  should be
known. The variance estimate obtained from the iden-
tified noise model  can not be used here, be-
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 Fig. 2: The concept of ‘local’ information
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Ĝw fc( )

σ
Ĝw
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 it can be strongly influenced by model errors.
at reason a non parametric method is needed that
ot critically depend on the identified plant mod-
Schoukens et. al. (2004) it is shown that a non
etric noise variance estimate can be obtained di-
 from the discrete Fourier transforms 
 Assumption 1. It is given by:

, with (6)

(7)

, (8)

 all the sums run over the frequencies in the win-
. The error on this estimate drops as an

.

lidation of 

the local minimum uncertainty bound (5) is
ble, it becomes quite easy to validate the para-
 uncertainty estimate . If this value is

icantly smaller than (5), it is unreliable because
vily relates on the ‘extrapolated’ plant model.
 is not enough local information available to in-
te the model during the validation step at the lev-
the estimated uncertainty. Model errors will be
lt to detect in that frequency band with the

ble data. Only if  is in the same order of
itude or larger than (5), it can be reliably used.
llowing normalized reliability indicator for the
ce is defined (alternative definitions are possi-

, (9)

  indicates the modelled variance eval-
at frequency . It is clear from the definition

 is always between 0 and 1. If ,
odelled variance is reliable. Remark that there is
arbitrary decision to be made here.

ning the bandwidth of the ‘local’ information

nly user choice to be made when calculating
 is the bandwidth  of the spectral window.
ing  large will decrease  so that small-

certainty levels can be used. However, at the
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same time the risk of missing the impact of sharp res-
onances is growing. Making  small increases the
spectral resolution at a cost of decreasing the reliabili-
ty of the variance estimate. 

The choice of  sets also the spectral resolution of the
model errors that can be traced. Local model errors
(for example: missing a sharp resonance peak) should
have a large amplitude (larger than the local uncertain-
ty ) in order to be detected. Small model errors
should  be present in a wide frequency band in order to
be detectable.  is a natural measure to tune the
conflicting choice between resolution and sensitivity.

4.  Example

The method is illustrated on the example of the intro-
duction. A fourth order system

(10)

with , (11)

 is measured in  points. 

The system is excited by filtered white noise (cut-off
frequency at 0.1 ), the filter coefficients are

 , (12)

The output is disturbed with white noise. A typical re-
alization of the input and output spectrum is shown in
figure 3. A fourth order parametric plant model

 is identified together with its uncertainty
  using an output error identification scheme.

During the identification two typical situations ap-
peared. Depending upon the actual realizations of the
input and the noise, either both resonances were cap-
tured, or only one resonance is found. Both results are
shown in Figure 4. The estimated transfer function

, and the estimated model uncertainties
 are shown on this plot. Observe that the esti-

mated uncertainty varies strongly from the first fit to
the second one. In figure 5 the results of the whiteness
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 the residuals, and the crosscorrelation test of the
als with the input are shown. It can be seen that
odels pass these validation tests. There is no in-

on at all that something is going wrong. In figure
stimated uncertainty  is shown, togeth-

h   for three different resolutions as indicat-
the bars. On the left figure it can be clearly seen
 the low frequency band a reliable estimate of

 is obtained that also gives a good indication
 the magnitude of the errors . At the high-
quencies, where the excitation level sharply
 as shown in figure 1, it can be seen that 
letely fails to indicate the level of the estimation
This corresponds to a low value of  so that
er gets a warning that the results are not reliable
t frequency region. In the right figure, the situa-
 different. The variance gives in this case a good
ption of the remaining errors, also at the second
nce, as is indicated by the high value of ,

ng to a high reliability.

5.  Conclusions

 paper a method is presented that allows a simple
tion of the estimated uncertainty bounds and this
 minimum of user interaction. Those frequency
s where not enough local information is availa-

 justify the calculated uncertainty bound are au-
ically detected. In these bands the model is
able (neither validated or invalidated). This pro-
he user against over optimistic conclusions.
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 Fig. 4: Estimated plant model
(full line) and  (broken
line). Gray line: 

σ̂G
G0

σ̂G
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 Fig. 5: Validation test for the
estimated models. Top:
cross-correlation of the
residuals, bottom: cross-
correlation between input
and residuals.
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