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Abstract

A new approach is proposed for reducing and influen-
cing the variance distribution of finite order frequency-
function estimates. The relation between the Hessian of
the identification criterion and the variance of the estim-
ates if § € M and N — o is exploited for input design.
Maximizing functions of the Hessian yields the optimal
input signal. Input design procedures are developed for
both open-loop and closed-loop identification. An ana-
lytic and a numerical example illustrate the developed
method.

1 Introduction

In system identification, not only the estimated model,
but also the accuracy is of importance to evaluate the
quality of a model. In Prediction Error identification
[6, 11], the accuracy is measured in terms of the bias
and the variance.
[t is well-known that both bias and variance depend on,
among other things, the input signal, and this fact has
been used over the years as a basis for input design.
Existing results on optimal input design can be divided
into three categories.
“Classical” methods are based on the evaluation of the
parameter variance. The input signal is designed such
that the estimated parameters have a minimum variance,
measured in some sense. Scalar functions of the inverse
of the Fisher Information Matrix, such as the trace, the
determinant or the largest eigenvalue, are minimized with
respect to the input signal [3, 4, 7, 17].
This approach implicitly assumes that the system can be
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modeled exactly (8§ € M, with § the system and M
the model set), and hence the parameters are estimated
consistently (no bias error).

The second class of input design methods aims at ob-
taining suitable approximate models, in terms of influ-
encing the bias distribution over the frequency domain.
These methods have been analyzed in, e.g., [6, 15]. The
bias of the parameter estimates is converted into a cor-
responding effect on the estimated frequency function.

Optimal input design based on the variance of estim-
ated models, evaluated in terms of the frequency function,
has only received minor attention. One of the rare contri-
butions in this area is [1], where an optimal experiment is
designed for application of the model in minium variance
control. Again, the situation § € M is considered, and
consistent estimation is assumed (no bias). This is also
the case in [16], where variance aspects have been studied
in the situation that the model order tends to infinity.

In this paper we introduce an input design methodo-
logy, that is based on a criterion that considers the vari-
ance of a finite order estimated model, in the situation
§ € M. However, in contrast with the classical approach,
in which the parameter variance is considered, we repara-
metrize the model parameters to a set of points of the
frequency response. This enables us to optimize the in-
put signal to specifically desired variance effects on the
frequency function of the estimated model.

The motivation for this approach is given by the fact
that for many model applications the frequency function
is a “design” variable that is better suited than the para-
meters of a difference equation. Especially for model-
based control design, the variance of the estimated fre-
quency function in the control-relevant frequency band
(e.g., near the closed-loop bandwidth) determines the
achievable performance of the closed-loop system.

The proposed input design methodology can be in-
corporated in the iterative schemes of identification and
controller design, that have been developed recently
[2, 10, 13]. These schemes attempt to exploit the con-
nection between identification and controller design, to
arrive at a controller with higher performance. The ana-



lyses of the iterative schemes have focused mainly on the
bias effects, whereas the variance effects play an import-
ant role as well.

In Section 2 the problem setting is provided. A brief on

system identification is followed by the statement of the
input design problem considered. In Section 3 we present
the solution to the posed problem. In Section 4 the results
are shown to be extendible to closed-loop identification
as well,
An analytic example in Section 5 shows how to apply the
proposed input design procedure. The numerical example
in Section 6 illustrates the effect of different user’s choices
in the procedure, such as the input design criterion and
the weighting matrix. Some conclusions are drawn in
Section 7.

2 Problem setting

We consider the prediction error identification framework
according to [6], for SISO systems.
Consider a data generating process

(1)

with u; and g the scalar-valued input and output of the
system, Go(z) a rational transfer function, analytic in
z| > 1, Ho(z) a monic stable and stably invertible trans-
fer function, and {e;} a zero mean white noise process.
The collection (Gq(z), Ho(z)) is denoted as the system §.

A parametrized set of models is considered, denoted
as M : {(G(z,0),H(z,0)),0 € ©}, where © C R® is an
appropriate parameter space. In this paper we assume
that & € M, implying that there exists a fy € © such
that (G(z,00), H(z,60)) = (Go(2), Ho(z)) for almost all

Given input and output data of the process (1), a para-
meter estimate 0y is obtained according to

ye = Golq)ue + Ho(q)e:

e re— r 1 Jrr F
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with e, () the filtered prediction error of the corres-
ponding model, defined as

L(q)
H(q,0) {."Jr

= G(q 9}1"3}
(3)

er,e(0) = L(g) {ye — 9:(0)} =

where L(z) is a stable filter.
Under weak conditions [6] the parameter estimate Oy
satisfies

> N o) . =
On =3 arg}grélglf'(f}} w.p. 1 (4)
with 7 (0) = Ee} ,(0) (E is the generalized expectation

operator) and w.p. 1 meaning with probability one.

Assuming that § € M, n will also satisfy

VN (6x — bo) € AsN(0, Pp) (5)
with P the asymptotic covariance matrix of the estim-
ated parameter, given by

Py = 02V 34 (60) (6)
where o2 is the variance of the white noise process {e,},
and V() is the Hessian (second derivative) of the
asymptotic criterion V(f) with respect to the parameter
vector #.

To determine an input signal u;, the dependence of Py
and Vgs(fp) on u, is exploited. These define an uncer-
tainty ellipsoid around fy. The size and shape of this
ellipsoid can be characterized by the determinant, the
largest eigenvalue and the trace of the inverse of the Hes-
sian, and the smaller these scalar functions, the smaller
is the uncertainty ellipsoid. A smaller largest eigenvalue
also implies that the uncertainty ellipsoid becomes more
spherical, which results in a Hessian with a smaller con-
dition number.

Input constraints, such as a limited input power, are al-
ways present, and the input design problem can be writ-
ten as a constrained optimization problem. To make
this problem solvable, in general the input signal is para-
metrized by the input protocol £, such that u, = u(£).
The input protocol contains all parameters that uniquely
define an input signal, such as the amplitudes and fre-
quencies if u; is a multisine, or the filter parameters if
i, is generated as filtered white noise. The input con-
straints can in general be expressed by a vector function
h as h(€) < 0, and the optimal input protocol is obtained

‘ )

J (Vsel(go;ﬁ))

min

S
h(€) <0

where J is the determinant, the largest eigenvalue or the
trace.

To avoid the inversion of the Hessian, it can be decided
to maximize the determinant or the smallest eigenvalue
of ?39(00.5) instead.

The classical input design methodology (7) is directed
toward the parameter variance. As stated before, we are
interested in the effect of the variance on the frequency
function G(¢'“) of the model. To this end we define a
bijective mapping (parametrization) from the parameter
vector # to a vector ~, which uniquely defines the fre-
quency function of the model. Calculating the Hessian
V- (09,€) then provides us with a basis for input design.
This is discussed in the next section.

" =arg

3 Input design methodology

Let v(0) represent, in some way, the frequency function
G(e*,0). The gradient and Hessian of V/(#,€) with re-



spect to = are, respectively,

— a V(0.6 a 9*V(0.€)
V+(0,€) = —37(9) Vary(0,6) = 8v2(0)

It can be shown [8, 14] that V. (o, £) can be calculated
as

(8)

Vi (80,€) = [777 (60)] Voo (o) (B0)  (9)

irrespective of v(#), as long as v,(f) is invertible (which
is the case if the mapping from @ to = is bijective).
Hence the Hessian with respect to v(€) is obtained from
the Hessian with respect to @ by pre- and postmultiplic-
ation with the inverse Jacobian of v with respect to .
To derive a specific input design method, we proceed
as follows.
The vector v(8) should represent the frequency function
G(e',0). A possible choice is

!

[(w,0) = ( Re{G(e™,0)} Im{G(e'“,0)} ) (10a)
3(0) = (T(w1,0) T'(ws,0)---I"(wp,0) )" (10b)

To have a bijective relationship between # and «. the di-
mension of v is d and the m frequencies w; are all different
with 0 € w; < 7, and m = ent(d/2), which is the largest
integer such that m < d/2.

If d is even, w; is nonzero for all j. If d is odd, the zero
frequency is added, and G(e'°,8) = G(1,8) (which is real)
is added.

Remark: In general it is very dangerous to restrict
the design to the minimum number of frequencies [9].
However, we explicitly assume that § € M and therefore
it is not a problem in our approach.

We assume that the process model and the noise model
are independently parametrized as (G(z,0), H(z,7)).
The asymptotic criterion V(6,€) can then be written as

R = "23-"/ |L(e*)H (¢, B -
[IGo(e™) = G(e™,0)[*®y (w, €) + By (w)] dw
= L [T ILH B)P [ITo - TR (E) + 9] d

An expression for Vg can be derived by twice differenti-
ating V(0,&) with respect to @ to obtain

o 1 (" .| 2
Va0, = = [ |LHT @) L(OTs(0)
— (o = (0))'Tes(0)] @ (€) d
Evaluating Vg (6, €) in 8 = 0y, and noting that, since it is

assumed that S € M, G(e'“,fp) = Go(e') and therefore
I'o(w) = T(w, ), (11) becomes

T

Ves(60,6) = = |ILH™(8)°T5(00)T4(00) Py (§) dw
‘ (11)

Note that for linear parametrizations I'gy = 0, and (11)
holds even if § & M.

Given V. (0o, €), the input design problem can be for-
mulated as (7). To emphasize certain points of the fre-
quency function in the optimization, a weighting matrix
W can be added, that is given by

W = diag (w(w1), w(w1), -, w(wm), w(wm)) (12)
where w(w;) is the weight for frequency wj.
The input design problem then becomes
- . =1
& =arg min J (V.ﬁ.(ﬁg,‘f), W) (13)
§
h(§) <0

where the input design criteria J are either of

J (V77(60,6), W) = = det {W'V (60, €)W} (14a)

=1

J (vﬁ. (60, ), w) = —Amin {W'V5+ (60, €)W }(14b)
T (V2 (60,), W) = trace { W'V (60,6)W } (140)

Note that the minus-signs are used in (14a) and (14b) to
avoid the inversion of the Hessian and still have a min-
imization problem (13). Generally this problem will not
be convex, and therefore global convergence cannot be
guaranteed.

The optimal protocol £* that is obtained by minimiz-
ing the determinant criterion (14a) is independent of the
weighting matrix W and the Jacobian 5. Minimizing
(14a) is therefore equivalent to maximizing the determ-
inant of Vgg(0p, &), and results in the same protocol £*.

In practice, #y is of course not known. In (13) 4y is
therefore replaced by @i, which is an initial estimate
of @, obtained by applying an (arbitrary) initial protocol

E'mir .

4 Extension to closed loop

In many situations an identification experiment must be
carried out under closed-loop conditions. For example,
to guarantee the safety of operators and environment,
the controllers of chemical plants must stay active dur-
ing the experiment. This implies that the feedback must
be taken into account in the identification procedure. In
this section it is shown that the proposed input design
method is easily extendible toward closed-loop identific-
ation problems.

A typical closed-loop configuration is depicted in Fig-
ure 1, where (Cj, Cy) is a two-degree of freedom control-
ler, and Gy is again the process. The signals u; and y; are
assumed to be measurable, and either one of the external
excitation signals r;; or ra; is assumed to be present,
such that r; is measurable and persistently exciting of
sufficient order.
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Figure 1: Closed-loop configuration

The closed-loop identification problem is to estimate a
model G of Gy from the data set {ye, ue, re}n. In [14]
an overview is given of different closed-loop identification
methods, and their cost functions are unified in the Gen-
eralized Identification (GI) criterion

1\.'
l . 9 9 A 9
% 3 (Ll = 3O + N (Luluc - @ ()}
t=1
(15)
where L, and L, are monic stable and inversely stable
filters, and A is a constant weighting parameter.
The parametrizations of @, and y; are

ur(6) = S(q, 0)r
5(0) = Glg, 8)S(g, 0)re = G(0) i

For N — oo, V() (15) tends to V() under weak con-
ditions

Vn(8) =

(16a)
(16b)

T

V(0,6) = 51; /_, (1L, 11GoSo — G(6)S(0)]? +

+|Lul*1S0 = S(0)1*) @ (€)
H(Ly* + |LuPICo)|So* @y dw  (17)
where the dependence on ¢ has been omitted for read-
ability.

Different choices of Ly, L,, A and the parametrizations
of y:(6) and u,(0) result in different closed-loop identific-
ation methods. For example, choosing @, (3) = S(8)r
and g = G(0)S(3)r, and minimizing Vy (15) in two
steps, results in the Two-Step method (TS) [12].
Choosing u; = u; and g, (0) = G(#)u, results in the Direct
Identification method (DI).

The relation (9) between Vgg and V5 is valid for any
identification criterion, both open- and closed-loop. For
closed-loop identification, however, a different Vo res-
ults.

In view of (17), we define I'(w, §) as in (10a), and

¥(w,0) = ( Re{S(e“,0)} Im{S(c™,0)} ) (18)
Z(w,0) = ( Re{GS(c“,0)} Tm{GS(e™, 0)} )'(19)
The vector v(f) is now defined as

~(0) = ( T'(w1,6) - T (wm,0) ¥(wy, )V (wm,b) Y
(20)

and we derive [14]

-

- [1Z4[*=5(00) 6 (80)+
| Lu "W} (00) Wo (60)] @1 (€) duw

where Z4(0) = Zg (0)¥4(0) + Zr(6)Ta (0).

The Hessian Vg4 (09,€) in (21) can be used in (9) to cal-
culate V- (fo,&), which in turn can be used in the input
design criteria (14).

Ve(00,€) = %/

w

5 Analytic example

To illustrate the proposed input design procedure we
present an analytic open-loop example, in which a second
order FIR model G(z,0) = bjz~! + by2™2 with § =

( by by ) isestimated by applying a filtered white noise

input u; ()

ue(€) = K(14d1g™ +dag™?)e; E=(K dy dy)
(21)

with e; Zero Mean White Noise with unit variance.
There is a constraint on the input power, formulated as
1 T

Py (w, &) dw < Py

27 fon

(22)

and hence the optimal A is obtained when the input
power is meximal:

PN!

F=\1Tra+ag

(23)

The input design criterion is (14a), the maximization of
the determinant, and hence there is no influence from W
or g on &,

It can be shown [14] that in the case of an FIR para-
metrization, Vgg(p,€) is in fact the covariance matrix
of u¢(§), and hence we maximize the determinant of the
input signal covariance matrix. It is then to be expected
that a white noise signal u,(&) is optimal.

This is confirmed by calculating the criterion J (14a):

(14 d3 + d3)* — d3(1 + 4d»)*
(1+d3 +d3)?

7 (V3 (00, ).W) = ~4Kc*

(24)
The function —.J (17;:(9[;,5)‘ W) is plotted in Figure 2
for several combinations of d; and ds. As expected, it is
maximal for d; = d» = 0, for which u; is a white noise

signal. This is confirmed by analytically calculating the
minimizing argument of (24) as

E=(vVPn 0 0)

Although this example is rather trivial, it shows that the
proposed input design procedure easily results in the ex-
pected optimal input protocol.

In the next section we present an example with an OE
parametrization, that cannot be solved analytically.

(25)



Figure 2: Input design criterion (24) as a function of d;
and d»

6 Numerical example

The proposed input design procedure has been implemen-
ted in Matlab. In this example we show how the different
choices of input design criterion J (14), weighting matrix
W (12) and points of the frequency function w; influence
the optimal protocol £*. The optimization is done using
a constrained Gauss-Newton method.

A second order OE model G(z, #) is identified

byz=t 4 bpz—?

0=1(5b bo ] !
1+ fiz=1 + foz—2 LB b 3. 05

(26)
—1.5 0.7 ) and a multisine input

G(z,ﬁ) =

with 8y = ( 1
signal u;(€):

0.5

u(€) = Aj sinwy 1t + Aa sinwy, ot
£=( .-"11 AQ Wy 2 )Jr

The input power is limited as in (22), with P, = 1.

A data set is generated with the initial protocol &inir =
(04 0.5 1.3565 2.5 )", which is chosen arbitrarily.
With this data set an initial model 6, is estimated,
with which we can design an input protocol.

Table 1 shows the results of the different experiments.
In the first column the input design criterion is given.
The second column shows the set of w;’s, selected in ¥(6),
and the third column gives the corresponding weights. In
the fourth column the values of the different criteria are
calculated for the initial protocol &pnir. The fifth column
gives the values for the optimal protocol £*, and the sixth
column gives £.

The first three experiments have equal w;’s and W,
and different criteria J. The second, fourth and fifth ex-
periment have equal criterion Ay, but differ in w;’s and
. For each experiment, different protocols £* result.

Wyt

Two specific observations are made. First, the determ-
inant criterion (first row) results in a protocol for which
the amplitude is equally distributed over each frequency
in £&*. This is explained by the assumption that § €
M, which implies white output noise. The variance of
G(e™, 0) is reduced by choosing the amplitude spectrum
of the input signal proportional to ®,, which in this case
is achieved by choosing equal amplitude fo r each fre-
quency.

Second, the frequencies for the optimal protocols of the
fourth and fifth experiment are equal. The same effect
can thus be achieved by varying w;’s or W. The amp-
litudes, however, are different.

Altough we have considered the frequency function
variance at only two frequencies, in this example these
frequencies are representative for the behavior over the
complete frequnecy range [8]. This implies that the vari-
ance at lower frequencies is significantly reduced at the
cost of a slight increase in variance for higher frequencies.
All three criteria, (determinant, smallest eigenvalue,
trace) minimize the volume of the uncertainty region,
which is defined by the weighted Hessian W'V, W. The
smallest-eigenvalue criterion also takes effort in making
the uncertainty region spherical. The trace criterion tries
to obtain a decoupling with respect to the parameters.

7 Conclusions

In this paper a new input design methodology has been
developed for reducing and influencing the variance of fi-
nite order frequency-function estimates. It is based on
the relation between the Hessian V. of the identifica-
tion criterion with respect to v, which represents the fre-
quency function, and the variance of the frequency func-
tion, under the assumption that § € M and N — oc.
The Hessian V., is derived for open-loop identification
and the results are extended toward closed-loop identi-
fication. The input design problem is then posed as a
constrained optimization problem (13).

The analytic example shows how the input design pro-
cedure calculates an optimal input protocol. The numer-
ical example (Table 1) shows how to use the input design
procedure in practice. It illustrates the effect of the dif-
ferent user’s choices, such as the input design criterion J,
the frequencies w; that determine v, and the weighting
matrix W,

Of course it is necessary to compare the resulting trans-
fer function uncertainties not only at the selected frequen-
cies but over the complete frequency band of interest. If
S € M it is sufficient to examine the transfer function
variance only at a finite number of frequencies, but it is
not clear yet if this is true in the general case. Further
study will be necessary.
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Table 1: Input design results
References [10] Schrama, R.J.P. (1992): “Accurate identification for con-
trol: the necessity of an iterative scheme”, IEEE Trans.
[1] Gevers, M. and L. Ljung (1986): “Optimal experiment Autom. Contr., Vol. 37, No. 7, pp. 991-994.
esigns with respect 1o the Intencec mocel 3PPICation”s  [11] Van den Bosch, P-P.J. and A.C. van der Klauw (1994):
o ‘Gu ¢ (\IGE1993') r’[‘ 5 d‘pp: e . — Modeling, Identification and Simulation of Dynamical
2] Gevers, M. : “Towards a joint design of identifica- Systems, CRC Press, Boca Raton, FL.
tion and control?”, In: Essays on Control: Perspectives ’ ‘ w
in the Theory and its Applications, Eds. H.L. Trentelman [12] Van det Haf, Pv.d. and: R.J.F: Sc:'hrama‘ (]9?3)' A
d 1.C. Will Birkhius 111-152 indirect method for transfer function estimation from
RHG 0 J 1ems,, DIElausety PR 2 ) closed loop data”™, Automatica, Vol. 29, pp. 1523-1527.
[8) ‘Goodwin; G.C.;and RiL: Peyne (1877): Dynantic Syt~ oo s doos BUPBNE T, snd BT B Bebivann (tooaly “Tien:
tem [dentification: Ezrperiment Design and Data Ana- ; ; 5 A ;
lysis, Aendemic Posss, New York. tification and control — closed loop issues™, Preprints
il iy of the 10th IFAC Symposium on System Identification
[4] Goodwin, G.C. (1"?7): ;‘Exﬁerin}egt design fo;‘ E:"Stemz (SYSID), Copenhagen, Denmark, pp. 2.1-2.13.
identification”, in Encyclopedia of Systems and Contro ) .
i 14] Van der Klauw, A.C.(1995): Closed-Loop Identification
(M. Singh, ed.), Pergamon Press, Oxford. [ 5 i i
Iss the Pr Industry, PhDD Thesis, Delft Uni-
(5] Lijung, L. (1985): “Asymptotic variance expressions for  versity of Technology, Delft, The Netherlands, .
identified black box transfer function models”, [EEE R . S o
vans. Autom. Contr.. Vol. AC-30. pp. 834-844. [15] Wahlberg, B. and L. Ljung (1986): “Design variables for
Tf‘ml o on' b . _Ipp bias distribution in transfer function estimation”, IEEE
[6] LjungﬁlL. (.198;}:1159'3#67?1 Identification: Theory for the Trans. Autom. Contr., Vol. AC-32, pp. 134-144.
user, Prentice-Hall. :
~ ; . ) ) . [16] Yuan, Z.D. and L. Ljung (1984): “Black-box identific-
[7] Mehra, R:I“ (.1981?: Ch‘:"lce of input s‘gf]al;‘blfl PT’AEE'}"_gS ation of multivariable transfer functions — asymptotic
and Progress in System dr‘mt:ﬁcahon,e tted by I ByK- properties and optimal input design”, Int. J. Control,
hoff, Pergamon Press, pp. 305-366. Vol. 40, No. 2, pp. 233-256.
[8] Schinkel, S.(1994): Optimal Input Design for Frequency- [1%7] ariop, MB: () “Optimal expesiment - destign for
Function Variance Reduction, MSc. thesis (A94.042), A e = " 5 % = : g
; ‘ ‘ University of Techno. dynamic system identification”, Lect. not. in Contr. and
ﬁ;:tIgilkab'fhgf\;?);{h{;frlff(isndft RLVELSY 9 Inf. Sciences, Vol. 21, Springer Verlag.
[9] Schoukens, J. and R. Pintelon: “Identification of linear

systems. A practical guideline to acuurate modeling. Per-
gamon, 1991.



