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This article presents a model-based control approach for optimal operation of a
seeded fed-batch evaporative crystallizer. Various direct optimization strategies,
namely, single shooting, multiple shooting, and simultaneous strategies, are used to
examine real-time implementation of the control approach on a semi-industrial crystal-
lizer. The dynamic optimizer utilizes a nonlinear moment model for on-line computa-
tion of the optimal operating policy. An extended Luenberger-type observer is designed
to enable closed-loop implementation of the dynamic optimizer. In addition, the ob-
server estimates the unmeasured process variable, namely, the solute concentration,
which is essential for the intended control application. The model-based control
approach aims to maximize the batch productivity, as satisfying the product quality
requirements. Optimal control of crystal growth rate is the key to fulfill this objective.
This is due to the close relation of the crystal growth rate to product attributes and
batch productivity. The experimental results suggest that real-time application of the
control approach leads to a substantial increase, i.e., up to 30%, in the batch produc-
tivity. The reproducibility of batch runs with respect to the product crystal size distri-
bution is achieved by thorough seeding. The simulation and experimental results indi-
cate that the direct optimization strategies perform similarly in terms of optimal pro-
cess operation. However, the single shooting strategy is computationally more
expensive. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 1557–1569, 2011
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Introduction

Batch crystallization is widely used in the pharmaceutical,
food, and fine chemical industries to produce high-value-
added specialty chemicals with high purity as well as desired
crystal size distribution (CSD) and shape. Despite the exten-
sive application of batch crystallizers, their model-based con-
trol poses a significant number of challenges. The difficulties
mainly arise from the nonlinear process dynamics described
by distributed models, kinetic uncertainties, nonideal mixing,
sensor limitations in accurately measuring the process varia-
bles, inherent process uncertainties and lack of process
actuation.1,2 Nonetheless, model-based control of batch crys-
tallizers allows for fulfilling the stringent requirements of the
consumer-driven market as well as enhancing the process
productivity in the increasingly competitive pharmaceutical
and chemical industries.

The operation of batch crystallizers is conventionally per-
formed by manipulating the supersaturation trajectory. Imple-
mentation of programmed temperature profiles on batch cool-
ing crystallizers dates back to early 1970s. The pioneering
work of Mullin and Nyvlt3 as well as Jones and Mullin4

established that a programmed cooling profile leads to a better
CSD characteristics in comparison with uncontrolled or linear
cooling policies. Mayrhofer and Nyvlt5 analyzed programmed
cooling of batch crystallizers on the basis of a moment model.
They devised a theoretical cooling profile with an arbitrary ra-
tio of seeding to spontaneous nucleation that could be simpli-
fied to the previously reported expressions. Early on, optimal
control theory was also used to determine cooling policies.
Jones6 used the maximum principle to compute a cooling pro-
file that maximized final size of the seed crystals. Chang and
Epstein7 applied a gradient method to determine the optimal
temperature profiles for various objective functions expressed
in terms of average size, volume, or variance of the final
CSD.

Over the past decade, dynamic optimization of batch crys-
tallizers has received particular attention. Dynamic optimiza-
tion exploits a process model to systematically push the batch
process to its most optimal operating regime, whereas honor-
ing various operational and product quality requirements. The
explicit formulation of constraints in a dynamic optimization
problem facilitates optimal process operation realized at the
constraints. In addition, inclusion of constraints into the con-
trol problem offers flexibility in the process operation.

Producing a crystalline material with a large mean crystal
size and a narrow size distribution is traditionally the prime
objective in the control of batch crystallizers.8 Matthews and
Rawlings9 identified a model for batch cooling crystallization
of an organic photochemical-heptane system. Model parame-
ter uncertainties were minimized by applying different opti-
mal experimental design techniques. Open-loop optimization
of the temperature profile was performed to improve filtration
properties of the crystallization slurry. Lang et al.10 computed
the optimal programmed cooling curve of an industrial batch
cooling crystallizer by solving a dynamic optimization prob-
lem, which maximized the final crystal size. The optimal tem-

perature profile led to a drastic increase in the mean crystal
size as compared to the operating policy obtained by the max-
imum principle optimization and the original operating condi-
tions determined by trial and error. Chung et al.11 performed
a comprehensive study on dynamic optimization of the seed
distribution in a batch cooling crystallizer. Certain properties
of the product crystals were optimized over the supersatura-
tion profile and the seed characteristics. It was shown that
optimizing over the seed distribution could have a larger
effect on the product than optimizing over the supersaturation
profile. The latter study was extended by Ma et al.12 to quan-
tify the impact of parameter and control implementation inac-
curacies on the performance of open-loop control policies. In
addition, Ma et al.13 investigated the optimal control of batch
formation of multidimensional crystals. They showed that a
subtle change in the optimal control objective could have a
significant impact on crystal size and shape distributions of
the product crystals. Later on, Nagy and Braatz14 underlined
the high sensitivity of optimal control trajectories to model
uncertainties. They presented a new approach for incorporat-
ing robustness in the model-based control of batch crystalliza-
tion processes. Optimal control of batch cooling crystallizers
was also studied by Hu et al.15 They proposed a new method
for numerical solution of the population balance equation.
The system-specific kinetic parameters of the crystallizing
system were estimated on the basis of the maximum likeli-
hood method. The identified model was used to determine an
optimal cooling policy by minimizing the ratio of the mass of
the newly nucleated crystals to the seed crystals. Experimen-
tal results indicated that the optimal temperature profile led to
improved operation of the crystallizer in comparison with
uncontrolled and linear cooling policies. Nowee et al.16 pre-
sented a model for a seeded cooling crystallization process, in
which crystal dissolution took place. The nonlinear process
model was used to optimize the temperature profile and the
initial seed size distribution. Experimental implementation of
the off-line optimized profiles resulted in the desired crystal
mean size.

Despite the significant efforts to develop model-based con-
trol approaches for seeded batch crystallizers, a great deal of
the work is limited to open-loop control as discussed above.
The main shortcomings of the latter control approach are its
insensitivity to batch-to-batch variations arisen from uncer-
tain initial seeding as well as its inability to cope with pro-
cess uncertainties. In addition, the models used to devise
optimal operating policies often provide an incomplete
description of the process. This is mainly due to the uncer-
tainties associated with the kinetic expressions.

An effective approach that alleviates the shortcomings of
open-loop control is on-line computation of the optimal
operating policy during a batch run. In the so-called closed-
loop control approach, a feedback mechanism is exploited to
update the optimal operating policy by using information
from the process, i.e., measurements. The feedback mecha-
nism is essential to reject process disturbances and to
account for model imperfections.
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Among the numerous attempts to perform closed-loop
control of batch crystallizers, the work of Chang and
Epstein17 can be recognized as a pioneering study. They pro-
posed a strategy for incorporating feedback into the optimal
control scheme presented in their earlier work.7 The applica-
tion of the feedback control strategy for batch crystallizers
was demonstrated by simulation studies. Eaton and Raw-
lings18 investigated feedback control of several constrained
nonlinear multivariable chemical processes, including a
batch cooling crystallizer, using nonlinear estimation and
optimal control strategies. Zhang and Rohani19 developed an
on-line control strategy for optimal quality control of a
seeded batch cooling crystallizer. An extended Kalman filter
was used to estimate the unmeasured state variables and to
account for plant-model mismatch as well as process uncer-
tainties. The simulation results showed notable improve-
ments in the product CSD in comparison with that obtained
by open-loop implementation of the optimal cooling policy.

In recent years, the advent of process analytical technol-
ogy (PAT) and the ever growing computing power have sig-
nificantly facilitated real-time implementation of closed-loop
control approaches. Abbas and Romagnoli20 presented a
model-based control approach consisting of advanced model-
ing software, a linear model predictive controller, and a soft-
sensor. At the top layer of the control hierarchy, dynamic
optimization was used to determine the off-line optimal
mean crystal size, which became the set point for the lower
layer real-time optimizer. The feedback mechanism was
introduced at the latter layer through a soft sensor that
inferred the mean crystal size on the basis of temperature
and conductivity measurements. The control approach was
tested on a 75-l batch cooling crystallizer. The experimental
results showed a rather successful set point tracking toward
the batch end. Sheikhzadeh et al.21 used an in-situ FBRM
probe in combination with ATR-FTIR spectroscopy to pro-
vide on-line measurements of crystallization kinetics and sol-
ute concentration. The measurements were used in a feed-
back fashion to update the optimal operating policy at each
optimization time interval. They investigated the effect of
single- and multi-objective optimal control on the properties
of crystals produced in a bench scale semi-batch anti-solvent
crystallizer. The experimental results demonstrated that the
multi-objective optimization led to better size distribution
properties of the product crystals. Landlust et al.22 presented
an industrial model predictive control approach for batch
crystallization processes. The control approach consisted of a
model predictive controller, an observer, and a nonlinear
moment model. To use the nonlinear model in the model
predictive controller, the moment model was locally linear-
ized along the operating trajectory. Real-time implementa-
tion of the control approach on a semi-industrial fed-batch
evaporative crystallizer resulted in a notable increase in the
process productivity, as the desired properties of the product
crystals were obtained. Recently, Nagy23 proposed a robust
control methodology to achieve the desired shape of CSD.
The approach combined the concepts of model-free direct
design24 and model-based control in a hierarchical frame-
work. The optimizer used concentration, temperature, and
chord length distribution measurements to repeatedly com-
pute the optimal supersaturation profile. The latter profile
was then applied as the set point for the supersaturation con-

troller. The concentration and chord length distribution
measurements were performed by using an ATR-UV spec-
trometer and an FBRM probe, respectively. Real-time imple-
mentation of the control approach on a bench scale cooling
crystallizer showed that the target CSD could be achieved
even in the case of a sudden change in the nucleation rate.

In almost all of the aforementioned studies, the dynamic
optimization problem was solved using the direct single
shooting optimization strategy. However, the single shooting
strategy is expected to render real-time optimization of
industrial batch crystallizers computationally infeasible. This
is due to the large number of state variables of the popula-
tion balance models that may result in excessive computa-
tional burden of the dynamic optimizer. This article primar-
ily intends to investigate how the choice of the direct optimi-
zation strategy influences closed-loop control of
crystallization processes. Various direct optimization strat-
egies, namely, single shooting, multiple shooting, and simul-
taneous strategies, are used to examine real-time viability of
optimal operation of a semi-industrial batch crystallizer. The
performance, computational requirements, and implementa-
tion-related issues of the direct optimization strategies are
thoroughly investigated by several simulation and experi-
mental studies.

A model-based control approach is presented for optimal
operation of a semi-industrial seeded fed-batch evaporative
crystallizer. The underlying optimal control problem is
solved by using single shooting, multiple shooting, and si-
multaneous optimization strategies. The control approach
aims to optimally operate the batch crystallizer within the
metastable zone by manipulating the supersaturation. This
allows us to maximize the production capacity, as fulfilling
the product quality requirements. An extended Luenberger
observer is designed to facilitate closed-loop implementation
of the control approach. The observer also enables estima-
tion of the unmeasured process variable, namely, the solute
concentration, that is essential for the intended control appli-
cation. The real-time viability of the control approach is
demonstrated by several closed-loop implementations on a
semi-industrial crystallizer.

Process Description

The real-time feasibility of the model-based control
approach is experimentally investigated for fed-batch evapo-
rative crystallization of an ammonium sulfate-water system.
As shown in Figure 1, crystallization takes place in a 75-l
draft tube crystallizer equipped with a distributed control
system (DCS CENTUM CS3000, Yokogawa, Japan). The
crystallizer is considered as a single well-mixed compart-
ment with one inlet and two outlet streams. The evaporative
crystallization is carried out isothermally at 50�C. The fed-
batch operation is exercised to compensate for losses in the
crystallization volume due to the evaporation of solvent, i.e.,
water, and slurry sampling. Thus, the crystallizer is continu-
ously fed throughout a batch run with a crystal-free feed
stream containing saturated ammonium sulphate solution.
The outlet flows from the crystallizer include an unclassified
product removal stream as well as a vapor stream that is
free from crystal and solute. The small product flow is
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withdrawn from the crystallizer at regular time intervals ev-
ery 100 s. The product flow is diluted with the saturated
feed solution for 20 s to facilitate on-line measurement of
CSD with a laser diffraction instrument (HELOS-Vario,
Sympatec, Germany).

To ensure the reproducibility of batch runs and the
achievement of desired product specifications, seeding is car-
ried out. Ground seeds are prepared by milling and sieving
of the commercial product crystals of ammonium sulphate
(DSM, The Netherlands) to collect 0.6 kg of the 90–125 lm
sieve fraction. Before insertion into the crystallizer, the seed
crystals are aged for one hour in a saturated solution of am-
monium sulphate at 50�C.25 An in-line concentration mea-
suring probe (LiquiSonic, SensoTech, Germany) is used to
detect the predetermined supersaturation, at which the seeds
are introduced to the vessel.

Crystallization Model

The cornerstone of any model-based control approach is
its dynamic process model, describing the dynamic relation
between the relevant inputs and outputs of the system to be

controlled. These control approaches use the model to con-

tinuously explore the degrees of freedom in the process to

achieve the desired performance in accordance with an opti-

mization criterion.
The dynamic behavior of a solution crystallization process

can be described by the population balance equation, along
with the conservation balance equations and kinetic rela-
tions. The population balance equation accounts for the evo-
lution of number of crystals along temporal and size
domains. Under the assumptions of well-mixed suspension,
constant crystallizer volume, size-independent growth of
crystals, nucleation of crystals of infinitesimal size, and neg-
ligible breakage and agglomeration, the dynamic population
balance equation for the fed-batch crystallizer is expressed
as26

@nðL; tÞ
@t

¼ �GðtÞ @nðL; tÞ
@L

� Qp

V
nðL; tÞ (1)

with the left boundary condition

nðL0; tÞ ¼ B0ðtÞ
GðtÞjL0

: (2)

In Eq. 1 n is the number density function (#m�3 m�1), G is the
crystal growth rate (m s�1), B0 is the total nucleation rate
(#m�3 s�1), t is the time (s), L is the characteristic crystal size
(m), V is the crystallizer volume (m3), and Qp is the
unclassified product removal flow rate (m3 s�1).

The population balance equation is a hyperbolic partial
differential equation, whose solution is typically obtained by
approximating the original equation with a finite number of
ordinary differential equations. This is done by discretizing
the crystal size distribution. Accurate numerical solution of
the population balance equation often requires a large num-
ber of discretization points, which may render dynamic opti-
mization computationally too expensive for real-time imple-
mentations. Thus, the method of moments27 is applied to Eq.
1 to recast the population balance equation into a set of
computationally affordable ordinary differential equations.
The method of moments essentially calculates properties of
the total crystal population that are required for the intended
control application. Upon multiplying both sides of Eq. 1 by
LidL and integrating over the entire crystal size domain, the
following set of ordinary differential equations is obtained

dmi

dt
¼ 0iB0 þ iGmi�1 � miQp

V
miðt0Þ ¼ mi;0 i ¼ 0;…; 4:

(3)

Eq. 3 describes the evolution of the moments of CSD in time.
The particle formation is attributed to secondary nucleation

from crystal surfaces because it is often the most dominant
nucleation mechanism occurring in seeded batch crystallizers.
The empirical expressions realized for the total nucleation rate
and the size-independent crystal growth rate are28

B0 ¼ kbm3G (4)

G ¼ kgðC� C�Þg: (5)

The nucleation rate constant kb, the growth rate constant kg,
and the growth rate exponent g are the kinetic parameters that
should be estimated. Furthermore, C and C* are the solute
concentration and the saturation concentration, respectively,
whose difference determines the driving force, namely the
supersaturation, of the crystallization process.

Because of the isothermal operation of the evaporative
crystallizer at hand, the mass and energy balance equations
simplify to a single expression for the solute concentration

dC

dt
¼

QpðC��CÞ
V þ 3KvGm2ðk1 þ CÞ

1� Kvm3

þ k2Hin

1� Kvm3

Cðt0Þ ¼ C0

(6)

with the constant coefficients

Figure 1. The 75-l draft tube crystallizer.
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k1 ¼ HvC
�

Hv � HL

�
qc
qL

� 1þ qLHL � qcHc

qLHv

�
� qc
qL

(7)

k2 ¼ C�

VqLðHv � HLÞ ; (8)

where Kv is the crystal volumetric shape factor, Hin is the heat
input to the crystallizer (kW), qL is the density of saturated
solution (kg m�3), and qc is the density of crystals (kg m�3).
HL, Hc, and Hv are the solution, crystal, and vapor specific
enthalpies (kJ kg�1), respectively.

From the aforementioned analysis, it follows that the dy-
namics of the seeded batch crystallizer are described by a
set of nonlinear differential algebraic equations of the gen-
eral form

_x ¼ f ðt; x; z; y; u; hÞ xðt0Þ ¼ x0

0 ¼ gðt; x; z; y; u; hÞ
y ¼ hðt; x; z; y; u; hÞ;

(9)

where f, g, and h are the set of explicit model state, algebraic,
and output equations, respectively, x is the state vector
containing the five leading moments of CSD and the solute
concentration, z is the vector of algebraic variables, i.e., B0 and
G, y is the vector of process outputs consisting of the five leading
moments of CSD, u is the process input, namely the heat input to
the crystallizer, and h is the model parameter set. Note that x0
represents the initial states of the system determined by the seed
characteristics and the initial solute concentration. The model
parameters and physical properties of the ammonium sulfate-
water crystallizing system are listed in Table 1.

Mesbah et al.29 demonstrated that the moment model pro-
vides an adequate description of the process. This is due to the
optimal seeding procedure used in batch runs to minimize the
secondary nucleation and as a result narrow the operational en-
velop. Owing to the large seed loads, the dynamic evolution of
crystal size distribution is mainly governed by the crystal
growth rate.30 Hence, the CSD is expected to be unimodal and
therefore can be well represented by the mean crystal size and
the CSD width obtained from the moment model.

On-Line Model-Based Control Approach

Dynamic optimization

The approach to be used for optimal operation of a crys-
tallization process is largely dependent on the required prod-

uct specifications and the properties of the crystallizing sys-
tem. In batch crystallizers, growth dominant operation is of-
ten preferred since the crystal growth rate is a key process
variable closely related to product characteristics and batch
productivity. Excessive crystal growth rates may, however,
adversely affect the product quality due to increased impu-
rity uptake, increased liquid inclusions as well as undesirable
attrition and/or agglomeration. High-crystal growth rates can
be suppressed by restraining supersaturation within the meta-
stable zone. Hence, accurate determination of the metastable
zone is essential for effective control of crystal growth rate.
Experimental identification of the metastable zone can be
performed by the state-of-the-art PAT tools, e.g., vibrational
spectroscopy,31 bulk video imaging,32,33 etc.

To seek a trade off between the achievement of the
desired product attributes and the maximization of batch pro-
ductivity, the control objective is posed as an optimal control
problem. Dynamic optimization allows us to trade off vari-
ous operational and product quality requirements by impos-
ing constraints on process inputs and outputs. The hierarchi-
cal control approach depicted in Figure 2 is used to facilitate
real-time dynamic optimization of the semi-industrial batch
crystallizer. The core component of the on-line control
approach is an optimal control problem formulated as

min
HinðtÞ

R tf
0
ð100 GðtÞ�Gmax

Gmax
Þ2 dtR tf

0
dt

s:t: Eq: 9

Hmin � HinðtÞ � Hmax;

(10)

where Hin is the parameterized heat input profile, tf is the
batch time, and Gmax is the maximum admissible crystal
growth rate that circumvents detrimental effects of high
supersaturation on the product quality. In Eq. 10, the heat
input is the manipulated variable used to optimize the crystal
growth rate profile and consequently control the super-
saturation. A preceding study34 on the controllability analysis
of the crystallizer revealed that the product CSD could be
hardly controlled by the available process actuators, namely,
the heat input and the impeller frequency. Therefore, seeding
is exercised to attain the desired product CSD attributes as
well as a crystal growth dominant operational envelop, in
which the crystallization phenomena are most sensitive to the
heat input. The lower heat input bound Hmin is to ensure the
survival of seeds at the beginning of a batch run, whereas the
upper heat input bound Hmax is due to heat transfer limitations
of the process. Clearly, Eq. 10 maximizes the batch
productivity by attaining a maximum admissible crystal
growth rate throughout the batch run. The desired product
CSD attributes are achieved by the optimal seeding.

In the model-based control approach, the optimal control
problem is continuously solved on-line in a receding horizon
mode.35 The principal idea of the receding horizon control
algorithm is illustrated in Figure 3. At each time instant t,
Eq. 10 is solved over the control horizon [t t þ TC] such
that the deviations of the predicted process output y(�) from
its reference trajectory are minimized over the prediction ho-
rizon [t t þ TP]. The first element of the parameterized opti-
mal input profile u(�) is then implemented on the process
using a conventional proportional integral derivative (PID)

Table 1. Model Parameters and Physical Properties of the
Ammonium Sulphate-Water Crystallizing System

Parameter Value

C*, (kgsolute/kgsolution) 0.46
Hc, (kJ/kg) 60.75
HL, (kJ/kg) 69.86
Hv, (kJ/kg) 2.59 � 103

Kv 0.43
kb, (#/m

4) 7.82 � 1014

kg, (m/s) 4.91 � 10�5

Qp, (m
3/s) 1.73 � 10�6

V, (m3) 7.50 � 10�2

qc, (kg/m
3) 1767.35

qL, (kg/m
3) 1248.93
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controller. The latter controller is embedded in the DCS,
which forms the lowest control layer. When new on-line
measurements become available, the prediction horizon shifts
one sample ahead and the procedure is repeated at time
instant t þ d.

To recursively initialize the dynamic optimizer at each
sampling time instant, an observer is required to estimate the
state variables. The observer utilizes the process model and
the available on-line measurements to construct the state
profiles. The state estimation in combination with the feed-
back structure of the control approach accounts for model
imperfections and process uncertainties to a large extent. In
addition, the observer enables estimation of process varia-
bles, e.g., solute concentration, that may not be measured
on-line due to various technological and economical limita-
tions. The timed signal exchange among different compo-
nents of the control approach is facilitated by an OPC
(OLE—object linking and embedding�for process control)
communication interface (IPCOS, The Netherlands).

The viability of the model-based control approach for
real-time applications largely relies on efficient solution of

Figure 2. The model-based control approach.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 3. Receding horizon principle.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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the optimal control problem. Different direct optimization
strategies, namely, single shooting, multiple shooting, and si-
multaneous strategies, are used to solve the dynamic optimi-
zation problem. These strategies essentially convert the origi-
nal infinite dimensional optimal control problem given in
Eq. 10 into a finite dimensional nonlinear programming
problem (NLP). The direct optimization strategies mainly
differ in whether the simulation and optimization of the
resulting NLP problem are performed sequentially or simul-
taneously.

In the single shooting strategy,36 the infinitely many
degrees of freedom of the control vector are reduced by its
parameterization. An initial value problem encompassing the
model equations is numerically solved in each iteration step
of the optimization procedure. The solution is obtained with
high accuracy for the current values of the parameterized
control vector. Thus, the model simulation and optimization
are carried out sequentially, guaranteeing the solution feasi-
bility even in the case of premature optimization termina-
tions. On the other hand, the model equations are discretized
along with the control vector in the simultaneous strategy.37

The discretized model equations are included in the optimi-
zation problem as nonlinear constraints, typically leading to
very large NLP problems. Simultaneous model simulation
and optimization potentially results in faster computations in
comparison with the single shooting strategy. However, fea-
sible state trajectories are obtained merely after successful
termination of the optimization as the discretized model
equations are violated during the optimization procedure.

Contrary to the above discussed optimization strategies,
the model simulation and optimization are not performed
entirely sequentially nor simultaneously in the multiple
shooting strategy.38,39 In this strategy, the state trajectories
and the control vector are parameterized over a predeter-
mined number of intervals. The initial value problems are
separately solved with a prespecified numerical accuracy on
each multiple shooting interval, rendering the technique well
suited for parallel computations. The relatively large number
of variables necessitates the use of tailored NLP algorithms,
which exploit the special structure of the problem, e.g., spar-
sity, to yield faster convergence than for the single shooting
strategy. However, the continuity of state trajectories is only
fulfilled after successful termination of the optimization pro-
cedure as with the simultaneous technique. Note that in the
direct optimization strategies, the state and end point con-
straints are violated at premature optimization terminations.

The single shooting optimizer is implemented in Matlab,
where the set of model equations and the NLP problem are
sequentially solved by using the ODE15s and fmincon func-
tions, respectively. The ODE15s solver is chosen due to its
ability to efficiently integrate the set of highly stiff differen-
tial algebraic equations given in Eq. 9. The fmincon uses
a sequential quadratic programming algorithm to solve
medium-scale optimization problems subject to inequality
constraints. The GAMS algebraic programming environment,
in conjunction with the CONOPT3 solver, is used to devise
the simultaneous dynamic optimizer. CONOPT3 uses a com-
bination of various NLP algorithms, namely, sequential lin-
ear programming, generalized reduced gradient, and sequen-
tial quadratic programming algorithms. This makes CON-
OPT3 well suited for solving constrained optimization

problems. Because of its unconditional numerical stability,
the implicit Euler discretization scheme is used in the simul-
taneous optimizer to transform the differential equations into
algebraic equations.40 The multiple shooting optimizer is
implemented in the Matlab toolbox OptCon,41–43 which uses
the large-scale nonlinear optimization solver HQP.44 The
sets of differential algebraic equations on different multiple
shooting intervals are solved in parallel by using the well-
known DASPK solver.45

State estimation

An observer is devised to facilitate closed-loop implemen-
tation of the dynamic optimizer. Various state estimation
techniques, e.g., extended Kalman filtering,19 unscented Kal-
man filtering,46 and moving horizon estimation23 have been
applied for output feedback control of crystallization proc-
esses. In this work, the extended Luenberger state estimation
technique is used to develop a high gain nonlinear ob-
server.47 The merits of this estimation technique lie in its
ease of implementation and low-computational burden. For
the system at hand, Kalbasenka et al.48 demonstrated that the
extended Luenberger observer outperforms an extended Kal-
man filter with fixed process noise covariance matrix. It was
shown that the deterministic estimation framework of the
extended Luenberger observer could adequately cope with
the disturbances acting on the process.

To design the observer, the nonlinear moment model
described by Eq. 9 in its most general form is recast into

dxðtÞ
dt

¼ FðxðtÞÞ þ GðxðtÞÞuðtÞ xðt0Þ ¼ x0

yðtÞ ¼ HðxðtÞÞ;
(11)

where the state vector x(t) [ Rnx, the output vector y(t) [ Rny

and the input vector u(t) [ Rnu are defined as

xðtÞ ¼ ½m0 m1 m2 m3 m4 C�T

yðtÞ ¼ ½m0 m1 m2 m3 m4�T
uðtÞ ¼ Hin:

(12)

F (x(t)) and G(x(t)) are real-valued vector fields, whereas
H(x(t)) is a real-valued function.

The high-gain extended Luenberger-type observer is for-
mulated as47

dx̂ðtÞ
dt

¼ Fðx̂ðtÞÞ þ Gðx̂ðtÞÞuðtÞ þ ½Oðx̂ðtÞÞ��1KEðtÞ x̂ðt0Þ ¼ x̂0;

(13)

where x̂(t) is the estimated state vector, O(x̂(t)) is the

observability matrix, K is the finite gain vector of the observer

determined by tuning, and E(t) is the difference between the

measured and the estimated outputs, i.e., error signal,

EðtÞ ¼ yðtÞ � Hðx̂ðtÞÞ: (14)

The structure of the gain vector is identified from a physical
insight into the process. Hence, the observer tuning is
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performed on the basis of a slightly different formulation of
Eq. 13

dx̂ðtÞ
dt

¼ Fðx̂ðtÞÞ þ Gðx̂ðtÞÞuðtÞ þ K̂EðtÞ x̂ðt0Þ ¼ x̂0; (15)

where K̂ [ Rnx � ny is a constant matrix

K̂ ¼

0 0 0 K1 0

0 0 0 0 K2

0 0 K3 0 0

0 0 0 K4 0

0 0 0 0 K5

0 0 0 0 0

2
6666664

3
7777775
: (16)

The entries of the last row in the above matrix are zero as the
solute concentration cannot be measured in batch runs and,
therefore, its corresponding error signal is not available. To
circumvent initialization failure of the dynamic optimizer due
to unreliable measurements for the first two moments of
CSD,29 moments m0 and m1 are updated by error signals of
moments m3 and m4, respectively.

The evolution of the estimated state variables is examined
by running the observer in an open-loop fashion. The entries
in matrix K̂ are determined as a solution of the following
optimization problem

min
Ki

Xny
i¼1

ai

R tf
0
jxiðtÞ � x̂iðtÞj dtR tf

0
dt

s:t: Eq: 15

(17)

that was formulated in gPROMS (PSE, UK). Numerical values
of the scaling constants ai, which account for the greatly
differing orders of magnitude of the state variables, and the
entries of matrix K̂ are given in Table 2. Kalbasenka et al.48

showed that the high-gain observer has low-estimation errors
and fast convergence properties.

Results and Discussion

Simulation results

The model-based control approach is applied to a plant
simulator, which simulates the process by using exactly the
same moment model as the one incorporated in the control-
ler. The initial conditions, namely, the five leading moments
of the initial CSD and the initial solute concentration, of the
plant model and the controller’s model are identical.

Figure 4 demonstrates the simulation results of the control
approach when applied to the plant simulator. As can be
seen, the optimizers manipulate the heat input to the crystal-
lizer such that the crystal growth rate is kept at its maximum
admissible value, i.e., Gmax ¼ 2.5 � 10�8 m/s; see Figure

4b. Gmax is a conservatively chosen maximum crystal growth
rate to avoid the formation of irregularly shaped crystals and
to limit the undesirable effects of high supersaturation. It is
observed that the maximum crystal growth rate cannot be
followed at all times during a batch run as the heat input is
constrained.

As expected, the three dynamic optimizers perform simi-
larly in terms of optimal operation of the crystallizer. How-
ever, the optimization strategies have different computational
burdens under approximately the same optimization settings
listed in Table 3. The settings of the simultaneous strategy
cannot be defined entirely identical to those of the other

Table 2. Values of the Scaling Factors and the Optimization Parameters in Eq. 17

Parameter

Index

1 2 3 4 5

ai 1 � 10�10 1 � 10�6 1 � 10�2 1 � 102 1 � 105

Ki 2.72 � 10�3 8.45 � 101 1.17 � 10�1 4.41 � 10�1 4.64 � 10�1

Figure 4. Simulation results of the model-based control
approach.

(a) Heat input profiles and (b) crystal growth rate profiles.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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strategies. This is due to elimination of the integration solver
through discretization of the model equations. The numerical
efficiency of the direct optimization strategies appeared to be
largely dependent on the complexity of the control vector
parameterization and the scaling of the state variables. The
CPU-time profiles of the dynamic optimizers over a batch run
of 10,800 s are depicted in Figure 5. The single shooting strat-
egy is the most computationally expensive optimization strat-
egy, whereas the multiple shooting and the simultaneous strat-
egies exhibit a much higher computational efficiency. The
elimination of the model integration step in the simultaneous
strategy drastically improves its numerical efficiency. How-
ever, this is achieved at the expense of handling a much larger
NLP problem in comparison with the other strategies. The
multiple shooting strategy has the highest efficiency owing to
parallel integration of the model equations as well as exploit-
ing the sparse structure of the NLP problem. In addition, the
use of the compiled Cþþ model and solver libraries in the
OptCon toolbox significantly improves the computational effi-
ciency of the multiple shooting optimizer. Table 4 lists the
CPU-times of the optimization strategies. It is evident that
real-time implementation of the control approach is computa-
tionally viable as the maximum CPU-time during a complete
optimization cycle along a batch run is considerably less than
the measurement sampling time, i.e., 100 s.

Experimental results

The real-time performance of the model-based control
approach is evaluated by several implementations on the

semi-industrial crystallizer. Variations of the crystal growth
rate are examined in relation to different heat input profiles.
The crystal growth rate largely affects the product quality of
the seeded batch runs, whereas the heat input serves as the
only driving force for supersaturation generation in the evap-
orative crystallizer.

Figure 6 depicts the heat input and the crystal growth rate
profiles of various seeded batch runs, whose settings are
given in Table 5. In experiment DTc31, the heat input to the
crystallizer is kept constant at 9 kW. As a result, the crystal
growth rate gradually decays, being unable to follow its
maximum admissible value; see Figure 6b. The inability to
realize the maximum crystal growth rate necessitates the use
of the model-based control approach. The controller should
systematically push the process to its optimal operating re-
gime, as the operational limitations are honored. In experi-
ment DTc55, open-loop implementation of the control
approach is attempted. In this batch run, the optimal heat
input profile is computed off-line and manually applied to
the crystallizer as a time-varying set point of a PI controller.
Figure 6b indicates that the crystal growth rate yet again
fails to track its reference trajectory.

In experiments DTc63 and DTc80, the control approach is
implemented in a closed-loop fashion in order to more effec-
tively fulfill the control objective. Once the crystal growth
rate crosses the reference trajectory, i.e., Gmax, the heat input
is raised to facilitate tighter tracking of the maximum crystal
growth rate; see Figure 6. However, the reference trajectory
can no longer be closely followed when the heat input
reaches its upper bound. Thereafter, the crystal growth rate
steadily decreases, while the heat input remains at 13 kW.

As expected, closed-loop implementation of the control
approach outperforms open-loop control. The improved per-
formance is due to the feedback of the system states. The
receding horizon implementation of the dynamic optimizer
not only accounts for model imperfections, but also enables
effective disturbance handling through state estimation. Fig-
ure 6b suggests that the simultaneous dynamic optimizer is
able to more closely follow the reference trajectory as com-
pared to the single shooting dynamic optimizer. The

Table 3. Settings of the Dynamic Optimizers Applied to the Plant Simulator

Optimization Strategy

Multiple Shooting Single Shooting Simultaneous

Control horizon 1050 s 1000 s 1000 s
Control vector parameterization* 15 elements 15 elements 15 elements
Maximum number of QP iterations 20 20 Not applicable
Integration tolerance 1 � 10�6 1 � 10�6 Not applicable

*Piecewise constant parameterization.

Figure 5. CPU-time profiles.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 4. Computation Times of the Dynamic Optimizers

Corresponding to Simulation of a Batch Run of 10800 s

Total CPU-Time*
over the Batch (s)

Maximum CPU-Time
per Iteration (s)

Multiple shooting 58.97 1.66
Single shooting 424.03 11.97
Simultaneous 194.03 2.39

*The reported CPU-times correspond to the Microsoft Windows XP (Profes-
sional) operating system running on a Genuine Intel(R) T2050 @1.60 GHz
processor with 1 GB RAM.
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differences in initial crystal growth rates of various batch
runs are due to the different initial supersaturation levels at
the seeding point; see Table 5.

Figure 6 indicates that optimal process operation cannot
be achieved at all times during a batch run. The reference
trajectory is violated at the beginning and toward the end of
a batch run due to actuation limitations. The heat input is

not lowered below 9.0 kW to avoid possible dissolution of
seeds,25 whereas the heat transfer constraints limit the heat
input to an upper bound of 13 kW. The effect of the lower
heat input bound on seed dissolution is investigated in
experiment DTc81, where the seeds are inserted into the
crystallizer at the heat input of 4.5 kW. As shown in Figure

Figure 6. Results of the open-loop and closed-loop
control experiments.

(a) Heat input profiles and (b) crystal growth rate profiles.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 5. Description of the Seeded Fed-Batch Evaporative Crystallization Experiments

Experiment

Operating Conditions Seeding Conditions

Temperature
(�C)

Pressure
(mbar)

Impeller
Frequency (rpm)

Heat input
(kW)

Seed aging
time (min)

Initial
Supersaturation

DTc31 50 100 450 9.0 57 0.01627
DTc55 50 100 450 Figure 6a 60 0.00567
DTc63 50 100 450 Figure 6a 59 0.00718
DTc80 50 100 450 Figure 6a 53 0.01103
DTc81 50 100 450 4.5 55 0.00705
DTc82 50 100 450 Figure 7a 62 0.00683

Figure 7. Results of the closed-loop control experiment
in the case of unconstrained optimization.

(a) Heat input profiles and (b) crystal growth rate profiles.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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7, the heat input is kept constant throughout the batch run,
resulting in a continuous violation of the maximum crystal
growth rate. The on-line CSD measurements suggest that the
CSD attributes of the first measurement taken immediately
after seeding remain to a large extent similar to those
obtained in experiment DTc31; see Figure 8. Therefore, it is
unlikely that the seeds dissolve when they are exposed to
lower heat inputs than 9 kW.

The lower heat input bound of the optimal control prob-
lem is decreased to 2 kW in experiment DTc82. In this batch
run, the seeds are inserted into the crystallizer at the heat
input of 4.5 kW. The controller is switched on after obtain-
ing 8 reliable CSD measurements in order to properly initial-
ize the simultaneous dynamic optimizer. It is observed in
Figure 7a that the heat input is readily reduced to 3.9 kW to
bring the crystal growth rate to the reference trajectory, i.e.,
Gmax. Subsequently, a good reference trajectory tracking is
achieved till the heat input reaches its upper bound of 13
kW. Figure 7b indicates that the control approach enables
effective crystal growth rate control until the lack of process
actuation hinders the optimal operation toward the batch
end.

The evolution of crystal volume content of various batch
runs is depicted in Figure 9. The spikes in the crystal content
measurements are due to regular rinsing of the product line
of the crystallizer to prevent blockage. It is evident that the
application of the control approach leads to a substantial
increase, i.e., up to 30%, in productivity in comparison with
batch runs with constant heat input; see Table 6. The larger
crystal content at the end of the controlled batch runs is due
to the higher crystal growth rates. It is observed that the
dynamic optimizers yield almost the same productivity,
though the simultaneous dynamic optimizer results in a
slightly higher crystal content at the batch end. Figure 9 sug-
gests that the optimal crystal growth rate profile in experi-
ment DTc82 is obtained at the expense of reduced batch

Figure 8. The evolution of median and width of the
crystal size distribution throughout the batch
experiments.

(a) Median crystal size and (b) width of the crystal size dis-
tribution. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

Figure 9. The evolution of batch crystal content
throughout the experiments.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 6. Results of the Batch Runs in the 75-l Draft Tube Crystallizer

Experiment
Control
Approach

Optimization
Strategy

Results at the Batch End (10800 s)

Crystal Content (vol. %) Median Crystal Size (l m) CSD Width

DTc31 – – 24.2 544 2.45
DTc55 Open-loop Single shooting 27.3 573 2.62
DTc63 Closed-loop Single shooting 28.3 565 2.56
DTc80 Closed-loop Simultaneous 30.8 546 2.82
DTc81 – – 12.9 512 2.80
DTc82 Closed-loop Simultaneous 20.0 521 3.02
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productivity. This results from the lower crystal growth rates
at the beginning of experiment DTc82. Clearly, achieving
the desired product quality requirements attained by effective
crystal growth rate control is of greater significance than
maximizing the batch productivity.

The results of on-line CSD measurements shown in Figure
8 suggest that the start-up phase of the batch runs is to a
large extent reproducible. This is due to the optimal seeding
procedure that largely circumvents uncertain initial condi-
tions. Figure 8 indicates that the CSD attributes of the prod-
uct crystals remain almost similar. However, reducing the
lower heat input bound results in somewhat smaller crystals
due to the lower crystal growth rates at the beginning of the
batch run; see Table 6. The broader CSD width in experi-
ments DTc81 and DTc82 is attributed to the lower initial
supersaturation levels as listed in Table 5. Low-initial super-
saturation may cause partial dissolution of seeds, leading to
product quality degradation.

Conclusions

This paper demonstrates real-time implementation of a
model-based control approach on a semi-industrial batch
crystallizer. The on-line computation of the underlying opti-
mal control problem by means of different direct optimiza-
tion strategies is thoroughly examined. The optimal control
problem aims to maximize the batch productivity by attain-
ing a maximum admissible crystal growth rate at all times
during a batch run. The maximum crystal growth rate cir-
cumvents product quality degradation arisen from exces-
sively high supersaturation. An extended Luenberger-type
observer is developed to facilitate closed-loop application of
the control approach. In addition, the observer provides esti-
mations for the unmeasured process variable, namely, the
solute concentration, by using the nonlinear moment model
and on-line CSD measurements. Real-time implementations
of the control approach indicate that on-line computation of
the optimal operating policy outperforms open-loop imple-
mentation of the off-line optimized profiles. This is due to
the state estimation in the feedback control system, which
largely accounts for model imperfections and process uncer-
tainties. The experimental results suggest that the control
approach leads to a substantial increase in the batch produc-
tivity, as sustaining the product quality.

The optimal control problem is solved by various direct
optimization strategies, namely, single shooting, multiple
shooting, and simultaneous strategies. The simulation and
experimental results indicate that the optimization strategies
hardly differ in terms of optimal operation of the crystallizer
at hand. However, the single shooting strategy has a much
higher computational burden. The multiple shooting and si-
multaneous strategies are expected to better suit on-line opti-
mization of industrial batch crystallizers represented by full
population balance models. The thorough analysis of the
direct optimization strategies provided in this paper will
pave the way for real-time control of a wide range of indus-
trial batch crystallization processes.
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