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Summary
The thesis aims to contribute to the development of a solid theoretical and practical frame-
work for the total controller design procedure spanning the entire scope from data to per-
formance. The topic of this thesis is the identification of model uncertainty sets from data
and on the choice of the structure in which the uncertainty is represented in the context of
robust performance analysis and synthesis.

A new approach to prediction error model uncertainty bounding
In this thesis the construction of a model uncertainty set is based on bounding the error in a
nominal model estimated within the prediction error framework is re-evaluated. In classical
prediction error identification the effect of measurement noise is bounded by considering an
estimated parameter covariance matrix, in conjunction with an asymptotic Gaussian distrib-
ution of the parameters. Besides being based on asymptotic results, the standard derivation
of the asymptotic distribution and the asymptotic covariance matrix is based on a number
of approximations. Moreover, methods for bounding undermodelled dynamics were only
available for generalized FIR models [80],[50].
To overcome these limitations new results for parameter uncertainty bounding of the ARX,
OE and BJ model class are derived. The results are based on a new conceptual approach for
uncertainty bounding. The classical approach to uncertainty bounding is based on evaluat-
ing the statistics of the parameter estimator. In the new approach an efficient use is made of
the information that is available from the measurement data by evaluating the statistics of a
data-dependent mapping of the parameter estimator.
By following the new conceptual approach many of the standard results can be derived
anew but requiring much less approximations and asymptotic assumptions. On the other
hand, different results are obtained for the OE and BJ model structures and for the situa-
tion in which regressors are correlated with the measurement noise (e.g. closed-loop data).
Most importantly, the new derivation allows the application of the undermodelling bounding
techniques as in [80],[50] to the ARX, OE and BJ model class as well. The new theoretical
results and extensive Monte Carlo simulations suggest strongly that the derived results hold
true even for finite data sets.

User-choices in prediction error uncertainty bounding
In the context of system identification for robust control, the model uncertainty set is used
to analyze the performance of a designed controller or the model uncertainty set is used
directly to design a robustly performing controller. The optimal model uncertainty set is
such that it induces the smallest possible worst-case performance, while containing the true
system (at a prescribed level of probability). The size of the model uncertainty set depends
on the noise model, the estimated (or assumed) bounds on the undermodelling and on the
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model order.
A standard approach to estimating a noise model uses the residuals of the estimated plant
model under consideration. The residuals, however, are often not a good representative of
the actual measurement noise as they contain the effect of unmodelled dynamics and the
effect of fitting part of the noise in the plant model estimate. Two alternative approaches to
estimating a noise model are presented based on a repeated input and on the use of a high
order auxiliary model, respectively.
The methods for estimating bounds on undermodelling as presented in Hakvoort and Van
den Hof (1997), Ljung (1999) and Goodwin, Gevers and Ninness (1992) [50][69][49] are
compared to one another. This analysis leads to the formulation of a new approach, basically
combining a model order selection procedure with estimating the undermodelling bound
from data following the approach of Hakvoort and Van den Hof (1997) [50].
The model order of the nominal model determines the trade-off between bias and variance
and as such determines the size of the model uncertainty set. The model order selection
criterion of Akaike yields the required optimal trade-off. Following the novel uncertainty
bounding approach presented in this thesis, Akaike’s order selection criterion is derived
anew, valid for any model order and requiring less approximations for nonlinear model
structures.
An alternative conceptual approach to model uncertainty bounding and model order selec-
tion is to use a model validation test to justify the assumption that the system is in the model
class. It turns out that the existing model validation test based on a cross-correlation test is
valid only under the assumptions it intends to validate. The test utilizes estimated bounds
that are too large when unmodelled dynamics are present, thereby allowing many models
with severe undermodelling to pass the test incorrectly. A new improved test is suggested
in which the key point lies with a proper estimation of the noise properties.

Model uncertainty structures and their effect on worst-case performance
The model uncertainty set essentially depends on the uncertainty structure in which the
uncertainty around the nominal model is described. In this thesis the ν-gap uncertainty
structure and general linear fractional transformation based uncertainty structures (in partic-
ular the additive and dual Youla uncertainty structure) are analyzed for unstructured (SISO)
amplitude-bounded uncertainty. Important is the fact that the properties of the linear frac-
tional transformation not only influence the distribution and the size of the uncertainty set
over frequency, but also determine the location of the uncertainty set.
While the ν-gap, dual Youla and additive uncertainty structures appear very distinct, in
the frequency domain each of the three sets can be transformed into one another if the
nominal model and the uncertainty weighting functions are allowed to be free to achieve
this. Analytical results are presented which describe the transformation of one uncertainty
structure into another. When the nominal model is fixed each uncertainty structure yields
different uncertainty sets. The size and the location of the set at each frequency point is
characteristically determined by the uncertainty structure.
From a robust stability point of view the different uncertainty structures cannot be com-
pared to one another when the nominal model is fixed as the robust stability conditions
induce intersecting sets of mutually stabilizing plants and controllers. When allowing the
nominal model and the uncertainty weighting function to be free during identification, the
frequency response set of stabilizing controllers can be described identically in each of the
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structures. Even under additional constraints on the unstable poles and zeros the boundary
of the frequency response set of controllers will be reached, at each frequency, by at least
one element of the set. When restricting attention to controller sets that can be described
as a metric-bounded perturbation of a nominal/present controller, the use of a double Youla
parametrization for representing plant and controller uncertainty is shown to be less conser-
vative than when using gap-metric type of uncertainties.
The choice for particular uncertainty structures in identification for robust control is ana-
lyzed for general frequency dependent performance functions. Closed-loop performance
functions based on the uncertainty sets are again bounded by circles in the frequency do-
main, allowing for analytical expressions for worst-case performance evaluation, and for
the evaluation of the consequences of uncertainty for robust control design. The uncertainty
structure not only determines the distribution over frequency of the amplitude of the model
uncertainty set, but also determines the location of the uncertainty set in the frequency do-
main. Both the size and the location are crucial for the worst-case performance of the set
with a controller.
For the analysis of the performance of a present controller the performance itself should
be identified from data. While this can be done easily for one-block performance cost
functions, a new result is presented showing how a multi-block performance cost can be
identified from data directly.
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Chapter 1

Introduction

This chapter introduces the research presented in this thesis. The field of research in which
the topic of this thesis has its place is described and the recent developments within this field
are discussed. This discussion leads to the formulation of the relevant issues which are to
be addressed within this field of research. Then the stage of the thesis is set by formulating
the aim of this thesis together with the particular objectives which are sought to be reached.
After detailing the specific issues addressed to reach the objectives, an overview of the thesis
is provided.

1.1 Field of research
The subject of this thesis is part of the field of research known as System Identification for
Control. Research in this field is directed to the interplay between system identification
and control design. System Identification aims at providing mathematical models based on
measurement data from the process under investigation. Control Design aims for providing
controllers in connection with which (a model of) the process under investigation achieves
a desired performance. The total scope from data to performance is the domain of System
Identification for Control.

The name System Identification for Control is modern as it became common only from the
early 1990’s. However, the concept expressed by the name was present right from the start
of the science of mathematics based control design just before the middle of the twentieth
century [4][112]. In the classical design of PID controllers the procedure of identification,
modelling, control design and validation was still coherent. Somewhat simplified, it can be
put that the whole procedure was based on the characteristics of the step response. Step re-
sponse identification experiments yielded a small number of control-relevant characteristics
of the process such as time-constants, damping and steady-state behaviour. Performance
measure and control design were formulated in terms of the same characteristics. And a
controller was evaluated in terms of again the same properties by employing step response
experiments on the controlled process. The overall procedure was simple, yet consistent,
directly linked to the real process under investigation and coherent amongst its components.
With the demand for solutions to increasingly complex practical problems and with the

1
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growing interest in more complex theoretical problems the field of control design evolved
rapidly. Inherent to the deepening of the research, the design problem was studied in sepa-
rate parts and soon the field bifurcated into System Identification and Control Design. Both
fields separately developed sophisticated theories, methodologies and computational meth-
ods in their respective area.
Notable markers in System Identification are the frequency domain approaches, ranging
from the early parameter estimation from step response experiments [112] to identification
experiments based on sine-sweeps and periodic input signals [81]. Secondly, with the in-
troduction of the state space models in the 1960’s the step response identification evolved
into model estimation based on realization theory [62] culminating in the subspace identi-
fication methods [102][105][103]. The third and most important marker is the introduction
of stochastics into the field [83][82][14]. The stochastic approach to system identification
led to a well established standard of identification known as the prediction error method
[68][92][71].
Important developments in Control Design are the frequency domain approaches, ranging
from the early design rules formulated by Bode [4], Nichols [112] and Nyquist [98] to
their sophisticated MIMO extensions [74]. Secondly, with the introduction of the state
space models important control design techniques were formulated such as pole-placement
and QR and LQR design, notable for the computational techniques based on the Riccati
equation [2]. The third and for this thesis most important development was the explicit
introduction of the concept of uncertainty. The resultingH∞ approaches based on the small-
gain theorem and computational techniques as the Riccati-based D-K-iteration and the LMI-
based methods are now well-established [111][106] [3][85][87]. In a more classical manner
the uncertainty is also taken into account explicitly in the practical approach of Quantitative
Feedback Theory [64][65]. Both System Identification and Control Design consider the
modelling and control of non-linear systems as well. In this category, parameter estimation
techniques can be included in combination with physical modelling and the use of models
with nonlinear basis functions such as in neural networks. Most nonlinear control design
techniques are still ad-hoc with the important exception of the Model Predictive Control
approach which is well-established in both theory and practice.
In spite of the high level of sophistication in both fields, it was noted around the 1990’s that
some crucial problems in the overall procedure of identification, modelling, control design
and validation were still lacking proper answers. Crucial theoretical and practical questions
were not answered by System Identification such as how to choose the identification crite-
rion and its weighting functions, how to choose the model structure and model order and
how to choose the input signal in the experiment, for the specific situation in which the mod-
els are to be used for robust control design. These choices determine the character of the
model error. The model error has to be tuned to the subsequent control design but the exact
link between the model error and the resulting control performance was not clear. Similarly,
Control Design basically starts from the assumption of a given model (and uncertainty) and
a given performance measure. The actual link between the model and the underlying true
process and the link between a designed and actually achieved control loop is not an in-
tegral part of the standard theory of Control Design. Further, guidelines for the choice of
performance criterion and its weighting functions are scarcely provided. Moreover, the two
research fields were not connected, for example in the standard choice of identification and
performance criterion or in the way in which uncertainty is described. To put it short, the
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overall procedure was highly sophisticated, yet not consistent, not directly linked to the real
process under investigation and not coherent amongst its components. Therefore, the scien-
tific field by the name System Identification for Control arose to reinforce the original aim
of providing theory and methodology for the total design procedure from data to perfor-
mance.

The research history of System Identification for Control started with a focus on the nominal
model. Around the 1990’s, the nominal model appeared to be the only link between System
Identification and Control Design. The two research fields had developed separately and
had become isolated both from each other and from the overall design procedure. The silent
justification for this development was the so-called certainty equivalence principle. This
principle assumes the nominal model to be exact allowing for a control design based on the
nominal model. In other words, system identification was supposed to be able to provide
the best model from data, which would automatically be the best model for control design.
It was this assumption which was first questioned [89][45].
From within the field of System Identification research had started to acknowledge the im-
portance of the fact that every model is only an approximation to the process it intents to de-
scribe. Therefore, a control design based on the model will be an approximation only of the
achieved control loop. The characteristics of the approximation depend on the experimen-
tal conditions and modelling choices such as the identification criterion and its weighting
functions, the model structure and model order. Research in the early nineties was there-
fore seen to be focused on identifying control-relevant nominal models [46][101]. That is,
the model error in the nominal model was sought to be tuned in such a way that the error
between the designed and achieved control loop was minimized.
The next step in the research history followed the introduction of the notion of robustness
in the field of Control Design. Control designs were explicitly verified to be robust against
uncertainties in the nominal model. The uncertainty in a nominal model now needed to be
described and methods of deriving such uncertainty descriptions from measurement data
were developed. Some of these methods were based on a worst-case deterministic assump-
tion on the noise [75][53][20], others followed a stochastic approach [49][25] and some
combined both assumptions [50] [26]. The overall design procedure was focused on de-
signing a controller based on an approximate nominal model and subsequently performing
a robustness analysis.
The following phase in the research in System Identification for Control consisted of shift-
ing the focus on control-relevant nominal models to a focus on control-relevant model un-
certainty sets. The properties of the model uncertainty stood at the centre of research. On
the one hand, procedures were developed in which the identification uncertainty was de-
scribed in a format suitable for standard robust stability and performance analysis tech-
niques [8][23][21]. On the other hand, research focused on the connection between the
properties of the uncertainty and the resulting robust performance [95][23][108]. The shift
in focus from nominal model to model uncertainty is complete in the robust synthesis pro-
cedure of [23] which directly uses the model uncertainty to obtain a worst-case optimal
controller rather than going through the steps of a nominal design and subsequent robust-
ness analysis.
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The present-day research continues the trend of rising above the boundaries of the two
fields System Identification and Control Design. In the last fifteen years the two fields are
brought closer to each other and, more importantly, results of the fields have come closer
to describing the true process under investigation by focusing on model uncertainty instead
of focusing on a nominal model. An alternative step away from the focus on a nominal
model was taken by the methods of Iterative Feedback Design [65] and of Virtual Reference
Feedback Design [18]. In these approaches the controller is optimized or designed directly
from data without using a nominal model.
Present research in System Identification for Control considers more and more the overall
design procedure by investigating the problem of experiment design and its interplay with
performance, by studying the choice of uncertainty structures and, explicitly, by reviewing
the total design procedure. For an extensive discussion of the research of System Identifica-
tion for Control and its historical development the overview paper [58] is suggested. More
technical details are also presented in Chapter 2.

1.2 Problem formulation
The research results of System Identification for Control have brought the fields System
Identification and Control Design closer to each other. The total design procedure has for
example become more consistent by employing similar methods of describing the uncer-
tainty, more linked to the process under investigation by incorporating model uncertainty
in the design and more coherent amongst its components by considering control-relevant
identification criteria. Still, the research in System Identification for Control has not yet
crystallized into a solid theoretical and practical framework for the total design procedure
spanning the entire scope from data to performance.

A solid theoretical and practical framework for the total design procedure spanning the
entire scope from data to performance is to be established. It is clear that much work has
already been done towards this end. When studying the field of System Identification for
Control it becomes apparent that many, many roads have been explored. In other words,
most of the ingredients for a total design procedure are available. In fact, the field is already
moving towards unification. Very recently, a plenary paper was presented with the title
"From experiment to closed-loop control" [59]. This is an indication that indeed the time
has come in which the focus is shifting from partial problems to the total design procedure.
The fact that this is the first paper discussing the entire scope, however, indicates that much
work still has to be done.
It could be said that it is a matter of waiting for a book with accompanying toolbox present-
ing an overview of all theoretical results and suggested methodologies. Although collecting
the various results is a necessary step it will not be sufficient. What is mainly lacking in the
field is an understanding of the relationship between the various results and methodologies.
Formulating a theoretical result or methodology is one thing, but indicating the exact im-
port of the result is another. The usefulness of a result or methodology follows from a clear
exposition of the underlying assumptions, of the goals, of the crucial steps involved and of
the choices left to the user. All these elements can only be interpreted within a properly de-
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fined framework.

Within the common "language" provided by the framework, existing results and method-
ologies have to be evaluated and compared to one another. Are various methodologies
intrinsically different and if so, in what respect exactly? What assumptions are (implicitly)
made and are these assumptions realistic when viewed from the overall procedure? What
user-guidelines can be provided in the choices involved within and between methods? If a
particular method is chosen what are the effects on the total outcome? What problems re-
main open and what problems require answers first in order to establish a total procedure?
In other words, what is not required first is yet another method or another partial solution,
but a proper insight in the choices and conditions involved in the existing results in order
to obtain a solid overall design procedure. This thesis hopes hopes to bring this aim some
(small) steps closer within reach by focusing on a number of particular objectives which
will be presented in detail in the next section.

1.3 Aim and objectives of the thesis
This section sets the stage for this thesis by presenting the aim and objectives. Along with
an idealistic not yet reachable aim, come a limited number of concrete objectives, which
in turn are preceded by smaller steps in terms of particular problems to be solved. All
these will be defined and motivated in this section. The objectives and concrete problem
formulations depend, by their very nature, on technical details. To allow this section to be
clear and concise the technical background will be assumed to be known to the reader and
discussed in detail only in the course of the thesis. In particular, Chapter 2 can be seen as
the technical version of the specific problem formulations.

Idealistic aim of the thesis
A solid theoretical and practical framework for the total controller design procedure
spanning the entire scope from data to performance. In particular, a framework is
sought to be developed in which a practically implementable procedure, supported
by strong theoretical results, is provided for designing high-performance robust con-
trollers on the basis of measurement data of the process under investigation. The
framework is to be solid in the sense that it provides a clear exposition of the inter-
play between the various components, of the underlying assumptions, of the crucial
steps involved in each component, of the choices left to the user within and between
possible methods and of guidelines aiding the user to optimal choices under various
circumstances.

Such a framework is motivated from both practical and theoretical reasons. From a theo-
retical point of view the purpose of research should be the development of knowledge and
insight. The emphasis should be on providing clarity rather than on formulating methodolo-
gies and mathematical solutions solely. In-depth research inherently has to focus on partial
problems in general. On the problem boundary, preceding steps are replaced by assump-
tions and proceeding steps by self-formulated requirements. Without a framework the risk is
present of basing assumptions and criteria on the basis of convenience, mathematical solv-
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ability or personal preference. The import of a result can only be judged by its place in a
larger framework. In other words, research into the underlying assumptions, the choices
made and the effects of these choice is important.
From a practical point of view the need for a total design procedure with proper guidelines
to choices is evident. It is unfortunate that, in spite of high level of sophistication in Sys-
tem Identification, Control Design and System Identification for Control, practical problem
solving still has to resort to an ad-hoc combining of theoretical solutions and available soft-
ware. In practice, the validity of assumptions with respect to the process under investigation
is crucial as well as the relevance of requirements and criteria. And most importantly, a
thorough insight is essential in the effect of choices to be made within and between meth-
ods.
Some total design procedures have been presented in the literature [23] [10] and have con-
tributed greatly to the above aim. These works consist mainly of a translation between and
matching of standard methods of System Identification and of Control Design and in that
sense differ from providing a framework as meant here. Instead of providing for one partic-
ular combination of methods, clarification is sought of the underlying assumptions, of the
choices made within and between methods and of the effect of these choices on the overall
procedure.

The aim as formulated above spans a scope of such proportion that it cannot be realized
by far within one thesis. That is, while the formulation of a framework for the total design
procedure in terms of important components such as experiment design, identification, con-
trol design and validation is readily done, providing the required insight in various choices
within and between possible solutions demands much investigation. Indeed, this thesis does
not reach the aim. It is essential, therefore, to demarcate the research in terms of its focus
and its objectives leading a few steps towards the aim.

Objectives of the thesis
The first objective is to provide insight in the mechanisms behind various steps in the
total control design procedure and insight in the effect of assumptions and choices
made within existing methodologies. The second objective is to compare available
methodologies with the clear intention of providing motivated choices between the
methods. The third objective is to improve upon the existing methods and to motivate
the optimality of certain choices within the total control design procedure using both
available and new improved methods.

The objectives are natural steps toward the aim. The ordering of the objectives emphasizes
the respective priority received within this thesis. Only on the basis of a proper insight as
expressed in the first objective can various methodologies be compared or improved upon
and can motivated choices be made within and between methods. Moreover, the first objec-
tive implies an analysis within a common framework and a common manner of presentation,
which is essential when aiming for a consensus between schools of thought. The formula-
tion of the objective also indicates the importance given to existing work. That is, this thesis
does not intend primarily to present yet another method, yet another solution to a partial
problem or yet another combination of techniques. Instead, the emphasis is on insight and
unification and on providing crucial extensions and improvements where necessary.
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Focus of the thesis
The focus of the thesis is on model uncertainty sets and the structure in which the
uncertainty is represented. The purpose of the model uncertainty set in the control
design procedure is to replace the unattainable description of the true process under
investigation. The model uncertainty set is determined by measurement data, as-
sumptions and user-choices. The effect of the user-choices on the resulting control
performance is the topic of this thesis.

The quality of a control design procedure is determined by the performance of the designed
controller with the process under investigation. An a priori evaluation of the design pro-
cedure can be based on measurement data and assumptions on the process only. In model
based control design the information contained in the data and the assumptions is mapped
into a set of models. This model uncertainty set is the crucial link between a control design
procedure and the process under investigation.

The particular topics dealt with in this thesis result from having the objectives pertain to this
focus on the consequences of choices made in the identification of a model uncertainty set
when used in a control design procedure.
System Identification has developed a number of methods for providing a model uncertainty
set from measurement data [68][69] [26][51][49]. Literature providing an overview usually
discusses the various methods in their technical detail. What is required with respect to the
above aim is a comparison of the methods based on a clear understanding of the underlying
mechanisms, assumptions and choices.
Control Design has formulated a number of model uncertainty structures based on a linear
fractional transformation of a nominal model and a norm-bounded model uncertainty block
[111]. Examples of these structures are those with an additive, multiplicative, coprime and
dual Youla uncertainty [95]. An alternative formulation of a model set is provided in terms
of metrics such as the gap metric and the ν-gap metric with respect to a nominal model
[109][40][43]. Computational techniques have been developed for all these uncertainty
structures regarding robust stability and robust performance analysis and synthesis. What is
required is a clear insight in the differences between the various uncertainty structures and in
the exact relationship between a model set and its uncertainty structure and the performance
of a controller for the model set.
System Identification for Control has emphasized that the properties of the model uncer-
tainty determine the resulting control design. The model uncertainty in turn is determined
by the measurement data, by the assumptions, by the model structure, by the identification
criterion and by the weighting functions in the criterion. The effect of choices herein needs
to be studied from the point of view of the total control design. First of all, this involves the
investigation of model order selection and model validation methods and a research into the
connection between the identification criterion and model uncertainty structures.
The required studies mentioned here lead to a number of issues addressed in this thesis. The
choice for addressing these particular issues will be motivated in Chapter 2 along with a
more detailed discussion of the total control design procedure.
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Issues addressed in the thesis regarding the first objective
What is the effect of assuming that the system is in the model class? What are the
assumptions and choices underlying existing model order selection and model val-
idation methods? What is the nature of the mapping of a model uncertainty set to
a control performance cost function? What is the connection between a particu-
lar model structure and specific performance cost functions? What is the effect of
model uncertainty on robust stability and robust performance? What is the connec-
tion between the identification criterion and model uncertainty structures?

Issues addressed in the thesis regarding the second objective
How do the Stochastic Embedding method of Goodwin, Gevers and Ninness [49],
the Model Error Modelling method of Ljung [69] and the model uncertainty identifi-
cation method of Hakvoort [50] compare to one another? How do hard-bounded and
soft-bounded model uncertainty identification methods compare to each other? How
do the additive, dual-Youla parameter and ν-gap uncertainty structures compare to
each other in general, from an identification point of view and with respect to robust
stability and performance?

Issues addressed in the thesis regarding the third objective
What is the best model structure and model order for identification for robust con-
trol? How should the model order be selected? How should the model structure
be validated? How should the identification criterion and its weighting functions
be selected? By which method should the model uncertainty be identified and in
what format (parametrically bounded, additive norm-bounded or non-parametrically
frequency-wise bounded) should it be represented? How should the model uncer-
tainty be used in robust performance analysis and robust performance synthesis?

The discussion of these issues is divided in three groups:
1. Uncertainty bounding for models estimated in the prediction error framework. The

classical results of the prediction error framework for parameter uncertainty bounding,
in case the system is in the model class, are re-evaluated. A new alternative approach
to model uncertainty bounding is introduced which is shown to have a number of ad-
vantages over the classical approach. An important advantage lies with the fact that
the new approach allows methods for bounding unmodelled dynamics, in case the sys-
tem is not in the model class, to be extended from (generalized) FIR models to the
ARX model structure and the nonlinear OE and BJ model structure. Additionally, the
new approach reveals that classical uncertainty bounds can be provided with a much
stronger theoretical support even for finite-time problems.

2. Implementational issues for model uncertainty bounding. Four topics are dealt with:
the estimation of a noise model from measurement data, the selection of the model
order, the estimation of bounds on unmodelled dynamics from measurement data and
model structure validation testing. The standard practice of estimating a noise model
from the residuals of the plant model under consideration is questioned and new ap-
proaches are presented. The model order selection criterion of Akaike is derived anew
following the new alternative approach to uncertainty bounding, mentioned above, and
without utilizing a Taylor approximation for nonlinear model structures. Then three
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methods for estimating bounds on unmodelled dynamics, [80],[50] and [69] are com-
pared to one another showing their respective advantages and differences. Finally, the
standard cross-correlation test for model structure validation is re-evaluated and shown
to be valid exactly under the assumption it intends to verify. Adequate improvements
of the test are presented.

3. The properties of model uncertainty structures and their relation to robust control per-
formance. Three model uncertainty structures (the additive, dual Youla and ν-gap un-
certainty structure) are analyzed and compared to one another in the context of robust
stability and robust performance analysis and synthesis. The required insight provides
motivated choices in model uncertainty structures in system identification for robust
control.

The aim and objectives not only determine the topic of the thesis but the method of research
as well. The key ingredient in the objectives is the need for an analysis of the total design
procedure. The required insight can be obtained by means of three research methodologies:
analytical, approximative and simulation-based. All three methodologies are useful in their
own way and the more so when combined with each other.
In this thesis, though, the emphasis will be on the analytical method. Exact analytical
expressions provide the most detail in understanding. Moreover, to perform a simulation-
based study properly quite some prior understanding is required to formulate the problem
and simulation setup. Similarly, to interpret results based on approximate expressions an
understanding about the nature of the approximation with respect to the exact expression
is required. Finally, the fact that analytical expressions regarding many issues in the total
control design procedure are not available for even the simplest of problem formulations
justifies the exploration of the exact analytical methodology first.
The obvious disadvantage of trying to formulate exact analytical expressions is the mathe-
matical complexity. This complexity often limits the application of the approach to simple
problem formulations. Therefore, this thesis will deal with linear time invariant systems
only. Moreover, often only single-input-single-output systems are considered. Again, this
is motivated from the fact that even for these systems many questions remain unanswered.
The insight gained from studying these systems is required before expanding the scope to
more complex situations. All other choices in demarcation will be presented and motivated
when discussing the problem field in technical detail in Chapter 2.

1.4 Structure of the thesis
The second chapter lays the foundation for the thesis by formulating the relevant compo-
nents of a total control design framework. In this chapter existing theory and methodology
will be presented from the field of System Identification, Control Design and System Iden-
tification for Control. The various results will simply be recalled and, more importantly,
summarized by their main idea. An important section is formed by a structured overview of
assumptions used throughout the thesis. Beside the formulation of the framework and tech-
nical discussion of present theory, this chapter provides the motivation for choices made
with respect to demarcating the scope of the thesis.
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The third chapter deals with probabilistic parameter uncertainty bounding in Prediction
Error Identification [70][92]. The standard results of the prediction error framework are
re-evaluated and an alternative approach to parameter uncertainty bounding is presented. It
will be shown that utilizing the statistical properties of the estimator is not necessarily the
only way to arrive at uncertainty bounds for estimated parameters. Whereas the statisti-
cal properties of the parameter estimator reflect the variability in the estimated results upon
experiment repetition, the quantification of parameter uncertainty on the basis of only one
experiment can be done without the full analysis of the parameter estimator. This alternative
approach will be shown to facilitate uncertainty bounding in several ways. After present-
ing the principal concepts of the new angle to uncertainty bounding, parameter uncertainty
regions are derived for ARX, OE and BJ models for the situation that the system is in the
model class.

The fourth chapter deals with probabilistic parameter uncertainty bounding in case the sys-
tem is not in the model class (S /∈M). The new results on model uncertainty bounding
of Chapter 3 are extended by incorporating bounds on the effects of undermodelling. It is
shown that the undermodelling bounding methods of [80] and [50], which were originally
derived for (generalized) FIR models only, can be applied to nonlinear model structures as
well. This important extension of these methods follows from the application of the new
approach to model uncertainty bounding presented in Chapter 3.

The fifth chapter deals with four issues arising in the practical application of the model
uncertainty bounding results of Chapter 4. It is standard practice to estimate the noise prop-
erties from the residuals of the plant model under consideration. In this chapter it is shown
that this can lead to poor estimates and two new approaches to noise model estimation are
presented. The model order selection criterion of Akaike is derived anew following the con-
ceptual approach to uncertainty bounding of Chapter 3. Then three methods for estimating
bounds on unmodelled dynamics, [80],[50] and [69] are compared to one another showing
their respective advantages and differences. Finally, the standard cross-correlation test for
model structure validation is re-evaluated and shown to be valid exactly under the assump-
tion it intends to verify.

The sixth chapter compares model uncertainty structures. The effect of a linear fractional
transformation on an uncertainty block is made explicit for SISO systems and one-block un-
certainties. Uncertainty structures based on such a linear fractional transformation are the
additive uncertainty structure and the dual-Youla parameter uncertainty structure. Uncer-
tainty structures based on the gap and ν-gap metric follow a different paradigm. However,
all three structure can still be compared to one another and their differences are made ex-
plicit by exact analytical expressions. The structures derive their characteristics mainly from
their frequency domain characteristics. However, with respect to robust stability and robust
performance issues, the connection between the set of transfer functions and the set of fre-
quency responses is made explicit for each of the three uncertainty structures.

The seventh chapter connects model uncertainty with robust stability. First of all, the vari-
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ous robust stability conditions for different uncertainty structures are briefly discussed and
the main idea is highlighted. Robust stability conditions induce sets of mutually stabilizing
plants and controllers. Such sets are compared to one another for robust stability conditions
based on the dual-Youla parameter uncertainty structure and the gap and ν-gap uncertainty
structure. The last section of this chapter discusses the connection between identification
and robust stability by investigating the consequences of choices made within the identifi-
cation of the model uncertainty for robust stability with a controller.

The eighth chapter connects model uncertainty with robust performance analysis and syn-
thesis. The mapping of a model uncertainty set to a performance function is made explicit.
Using these exact expressions the worst-case performance of a model uncertainty set with a
controller is analyzed and interpreted in a graphical manner. The obtained insights are sub-
sequently used to compare the additive, dual-Youla and ν-gap uncertainty structures with
respect to worst-case performance. The last section of this chapter discusses the connection
between identification and robust performance by investigating the consequences of choices
made within the identification of the model uncertainty for robust performance with a con-
troller.

The thesis is concluded by an evaluation of the research with respect to its objectives. Im-
portant for the purpose of the thesis with respect to future research is a discussion of recom-
mendations and suggestions. Appendices are included to present additional detailed infor-
mation.

Most of the material presented in this thesis has been published in journals or conference
proceedings:
1. The result of Chapter 3 and 4 on the novel approach to probabilistic prediction er-

ror uncertainty bounding is presented at the CDC/ECC 2005 [33] and two papers are
accepted for presentation at the SYSID 2006 [35] and ACC 2006 [36].

2. The research of Chapter 5 into the cross-correlation model structure validation test is
presented at the IFACWorld Congress 2005 [30]. A related paper was presented at the
SYSID 2003 [29].

3. The results of Chapter 7 on simultaneous perturbation expressed in the ν-gap and in
the dual Youla uncertainty structure were published in Automatica 2003 [39] and was
presented earlier at a number of conferences [37][38].

4. The result of Chapters 6, 7 and 8 on the choice of model uncertainty structure in the
context of robust control were published in Automatica 2005 [34]. Previous versions
were presented at various conferences [31][32]





Chapter 2

Model uncertainty set

This chapter elaborates on the focus of the thesis: model uncertainty sets. The role of model
uncertainty as considered in this thesis is presented in the context of a total control design
framework. The choice of the issues dealt with in the thesis, as formulated in the Introduction,
is elaborated along with describing and motivating the choices made in the various methodolo-
gies that are considered from the field of System Identification, Control Design and System
Identification for Control. Before formulating the framework and defining the assumptions
considered in the research, a small section is devoted to establishing notation.

2.1 Introduction
The aim of this thesis was formulated as a framework for the total control design proce-
dure that provides a clear exposition of the interplay between the various components, of
the underlying assumptions, of the crucial steps involved in each component, of the choices
left to the user within and between possible methods and of guidelines aiding the user with
these choices. Such a framework is surely at the back of each researcher’s mind. However,
it should be standardized for both theoretical and practical purposes. From a practical point
of view, it is important that the framework does not merely provide an overview of all re-
search that has been done, but instead provides a clear choice between possible solutions
under clearly described conditions. Before that can be achieved much work still has to be
done. This thesis hopes to bring this aim closer by considering a number of important is-
sues regarding the nature of model uncertainty sets in the context of system identification
and control design.

The purpose of a control design is to design a controller together with which the process
under investigation achieves a certain desired performance. A desired performance consti-
tutes properties like bandwidth and time constants relevant for the speed of reference track-
ing and overshoot, steady state error, measurement noise reduction, uncertainty robustness,
etc.. The general setup is schematically depicted in figure 2.1-1.
A process under consideration is described in terms of a closed-loop interconnection struc-
ture P following [111] and [86]. In such a closed-loop interconnection structure let
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C

P

u y

w z

Figure 2.1-1: Closed-loop interconnection.

- w be called generalized disturbance and denote the signals that affect the system but
cannot be influenced by a controller

- z be called controlled variable and denote the signals which properties are used to
characterize the performance of the system

- u be called control input and denote the signals that affect the system and can be influ-
enced by a controller, i.e. the output of a controller

- y be called measurement output and denote the signals which can be used to enter a
controller.

The aim of a control design procedure is to construct a controller which influences the
system via the control input u in such a way that the performance in terms of the properties
of z are satisfactory. The controller can use information of the system via a feedback of the
measurement output y, but this scheme is general enough to contain a feedforward controller
as well. Note that y and z could be identical but need not be. The generalized disturbance w
represents both user-defined signals (e.g. reference signals) as well as influences not under
control of the user (e.g. measurement and process noise).
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Figure 2.1-2: General total control design framework.
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Figure 2.1-2 depicts the total control design framework. The standard blocks are

I. Experiment
II. System Identification
III. Control Design
IV. Performance Validation

The most important part of a robust control design procedures is performance validation,
either for the evaluation of a present controller or for the a priori evaluation of a designed
controller. Clearly, a proper performance analysis requires a representation of the process
under consideration. In other words, performance validation depends on system identifica-
tion.
System identification should deliver a representation of the process under consideration.
Due to measurement noise, finite data length and limitations to model complexity, the true
process is to be represented by a set of models containing the true process at a certain level
of probability. Such a model uncertainty set is the link between reality and a total control
design procedure and as such the pivot around which all components revolve.
The design of a controller can be based on measurement data directly, on a nominal model
only or on a model uncertainty set. Once the performance criterion is chosen the controller
is in fact the result of a fixed mapping from nominal model, model set or data. Important in
a practical total control design procedure is the control performance analysis which should
be such as to predict the performance of the controller with the true process safely but not
conservatively. System identification should therefore deliver a model set which not only
contains the true process at a certain level of probability, but which renders the worst-case
performance over the set as a small as possible.
The model uncertainty set depends first of all on the assumptions on the process under in-
vestigation and the measurement data. The measurement data should be influenced such
that the resulting model uncertainty set minimizes the worst-case performance. The perfor-
mance evaluation provides a yes or no answer to the performance validation question but
could additionally provide information on the worst-performance over the present model set
which can be used in a next step to optimize the input design or system identification.

Each of the blocks is connected with the other blocks. The inputs to a block consist of
two parts: user-choices and outputs of other blocks. The output of a block is completely
determined by its inputs. However, not all inputs and outputs are relevant for all method-
ologies. The particulars of each block are very well analyzed in their respective research
field. In this chapter only the relevant issues regarding the connection between blocks and
the user-choices will be discussed.
But before discussing each of the blocks in relation to model uncertainty sets, a section
is devoted to the definition of assumptions on the process under investigation. And first
of all a small section will establish the basic notations and definitions. Again it is em-
phasized that the reader is assumed to be familiar with the research field. Standard tech-
nical background will therefore not be explained and definitions are provided mainly to
establish the notation used in the thesis. The reader is referred to standard works such as
[83][2][68][74][111][106].
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2.2 Notations and definitions
The notation x, such as w, z, u and y in Figure 2.1-1, denotes signal vectors both in continu-
ous and discrete time depending on the context. If their development in time is of relevance
the signals are represented as x(t), where t ∈ R and t ∈ Z for continuous and discrete
time respectively. A similar convention is adopted in terms of ω for signals represented in
the frequency domain. The notation {y, u}N denotes N measurements of discrete time se-
quences y and u, i.e. y(t) and u(t) for t = [1, N ]. The bold-face x ∈ RN×1 is used to
denote the stacking of a one-dimensional sequence x(t), for t = [1,N ], in a column vector.
The transpose of a vector x is indicated by xT and the conjugate transpose by x∗. The un-
derlined variable, e.g. x, denotes a random variable or estimator.

The 2-norm of signal x is defined by

kxk
2
:=

Ã ∞X
t=−∞

|x(t)|2
! 1

2

, (2.1)

where |x| denotes the absolute value of x, i.e. the standard Euclidean norm (x∗x)
1
2 . For

continuous time signals the summation becomes an integral. The notation kxk2 is defined
by

kxk2 :=
Ã

NX
t=1

|x(t)|2
! 1

2

, (2.2)

for a sequence vector x(t) for t = [1,N ].

Stochastic signals x are characterized by a probability density function px(x). The proba-
bility of x to be within a certain interval of values is given by

Prob[a ≤ x ≤ b] :=

Z b

a

px(x)dx (2.3)

Define the expectation operator E [·] by

E[x] :=
Z ∞
−∞

xpx(x)dx (2.4)

E[xy] :=
Z ∞
−∞

Z ∞
−∞

xypx,y(x, y)dxdy (2.5)

for probability density functions px(x) and joint probability functions px,y(x, y), respec-
tively. The mean µx, the variance σ2x, the (cross) correlation function Ryu(s, t) and (cross)
covariance function Cyu(s, t) are given by

µx := E[x] (2.6)
σ2x := E[x2] (2.7)

Ryu(s, t) := E
£
(y(s))(u(t)

¤
(2.8)

Cyu(s, t) := E
£
(y(s)− E[y(s)])(u(t)− E[u(t)])

¤
. (2.9)

For stationary random processes the statistical properties are independent of absolute time
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and the correlation and covariance depend only on time differences (denoted by τ = t− s).
For these signals the spectral density function or spectrum Φx(ω) is given as the Fourier
Transform of the auto-covariance function. A signal is called a white noise sequence if
Φx(ω) is constant over frequency. Three important probability density functions occurring
in the thesis are the Gaussian distribution N (µ, σ2), the chi-squared distribution χ2(n)
with n degrees of freedom and the F -distribution F (n,m) with n and m degrees of free-
dom.

The mapping between signals is denoted by the system operator G. Where it is important
to denote whether the system G operates in continuous time or discrete time this is indi-
cated by the transfer functions G(s) and G(z) in complex s and z, respectively. Whenever
the shift operation on sequences is most important a discrete system G(z) is represented
by G(q) instead, where q denotes the shift operator, i.e. qkx(t) := x(t + k). The fre-
quency response of a system is indicated by G(eiω) where ω ∈ R is a frequency point.
The notation G(ω) is used to denote a point in the frequency domain, not necessarily re-
lated to the frequency response of a rational transfer function. A controller, a sensitivity
function and a complementary sensitivity function are denoted by C,S = (1 + CG)−1 and
T = CG (1 + CG)

−1
, respectively.

The space Rp×m denotes the space of transfer functions matrices of input-output dimen-
sions p×mwith entries described by the ratio of polynomials in s or z with real coefficients.
A real rational transfer function G(z) is inRL∞ if it is bounded on the imaginary axis, i.e.
the infinity norm

kGk∞ := max
ω∈R∪{∞}

σ̄
¡
G(eiω)

¢
(2.10)

is bounded, where σ̄ (·) denotes the maximum singular value. The space RH∞ consists
of all real rational complex valued functions G which have a bounded infinity norm kGk∞
and additionally do not have poles in the open right half plane or outside the unit circle,
respectively, for continuous and discrete systems: the system is said to be stable. For G ∈
RH∞ it holds that G maps signals with bounded 2-norm into signals with bounded 2-
norm and

kGk∞ = sup
kxk

2
6=0

kGxk
2

kxk
2

.

The two-norm of a real rational system is given by

kGk2 :=
1

2π
trace

Z ∞
−∞

G(eiω)∗G(eiω)dω (2.11)

and all two-norm bounded stable real rational transfer functions inducesRH2.

The parameter vector θ is used to denote all parameters in a function. For example, the nota-
tionG(q, θ) is used when the parameters in a real rational transfer function are of relevance,
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i.e.

G(q, θ0) =
nX

k=0

g0(k)q
−k, (2.12)

θ0 =
£
g0(0) · · · g0(n)

¤T ∈ Rn×1 (2.13)

and

G(q, θ) =
B(q, θb)

F (q, θf )
=

Pnb−1
k=0 b(k)q−k

1 +
Pnf

k=1 f(k)q
−k , (2.14)

θ =
£
θTb θTf

¤T ∈ R(nb+nf )×1, (2.15)

where θb =
£
b(0) · · · b(nb−1)

¤T and θf = £ f(1) · · · f(nf )
¤T .

2.3 Assumptions and measurement data
In this section the various possible assumptions which are used in this thesis are presented
and a motivation for their applicability is presented. In the thesis not all assumptions are
taken at all times, but presented here simultaneously for the sake of clarity. Before that,
a section is devoted to the first block in Figure 2.1-2, Experiment, briefly describing the
influence of measurement data on model uncertainty sets.

2.3.1 Introduction

The combination of assumptions and measurement data provides the link between a total
control design procedure and the actual process under investigation. Experiment design is
very important in a total control design procedure, since the properties of the measurement
data largely determine the nature of the resulting model uncertainty. Given the measurement
data any technique could in principle be applied to arrive at a model or a control design. The
evaluation of the quality of a model or controller, however, depends on information which
cannot possibly be contained in the finite measurement data set. Additional conjectures
about the past, present and future behaviour of the process under investigation in the form
of assumptions are unavoidable.

2.3.2 Measurement data and model uncertainty sets

Measurement data provides direct information on the process under investigation. Sys-
tem identification attempts to map the measurement data into a useful representation of the
underlying process. In the context of robust control design that means that system identifi-
cation attempts to construct a model set which renders the prescribed performance optimal
over the model set (e.g. smallest worst-case performance or optimal average performance).
In other words, the model uncertainty should be small where it affects the performance the
most.
As a general rule of thumb it is often taken in the literature that where the input spectrum is
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large the model uncertainty will be small. However, to use this effect beneficially, it should
be known where the model uncertainty should be small. The notion that this should be small
near the desired cross-over frequency is too general. Instead, the desired properties of the
model uncertainty depend on the total performance cost function including its weighting
functions. In this thesis the mapping of a model uncertainty set to a performance cost
function is investigated in detail in Chapters 6,7, and 8.
Another aspect is the exact mapping between the input and the model uncertainty set. Only
recently thorough research is undertaken in the field of experiment design to optimize model
uncertainty by designing the input. Most results are based on asymptotic variance consider-
ations [60][68][41]. The connection between input design and the total model uncertainty
(including both noise-induced and undermodelling effects) is just been taken as a research
topic in [11]. Important in this respect is the applicability of the asymptotic variance results
for finite-time problems. Similarly, existing results for undermodelling are applicable to
(generalized) FIR models only. Chapters 3 to 5 of this thesis take it as a topic to re-evaluate
the standard results for bounding noise- and undermodelling induced model uncertainty. A
new approach to model uncertainty bounding will show finite time results. The actual design
of an input based on these results, however, is not a topic of this thesis, and the measurement
data is assumed to be given.

2.3.3 General assumptions on the process under consideration

The general assumptions on the process under consideration pertain to the nature of the
mapping between an input and an output signal, to the past behaviour of the input and to
properties of the additional noise influences.

Assumption 2.3-1 Consider measured input and output data {y, u}N . The measured out-
put sequence y(t) is generated according to

y(t) = G0 (u) (t) +G0
¡
u−(t)

¢
+ v(t),

where

i. G0(u)(t) denotes the part of the output y(t) directly related to the measured sequence
u(t) by means of the operator G0.
(u(t) := 0 outside the measurement interval t = 1, . . . , N)

ii. G0(u
−)(t) denotes the effect of initial conditions, i.e. the effect of an unknown sequence

u−(t) preceding the measured u(t)
(u−(t) := 0 for t > 0) and

iii. v(t) denotes an additive unknown noise sequence. ¤

Assumption 2.3-2 The discrete time system G0 is an element of R and causal, which
implies that G0(z) can be represented by

G0(z) =
∞X
k=0

g0(k)z
−k,

where the real-valued sequence g0 denotes the pulse response of G0. ¤
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Note that this assumption states that

G0 (u) (t) = G0(q)u(t) =
∞X
k=0

g0(k)u(t− k),

i.e. the mapping between u and y is causal, linear and time-invariant.

Assumption 2.3-3 The unknown sequence u− (u−(t) := 0 for t > 0) is

1. equal to zero, i.e. u−(t) = 0 for all t ≤ 0

2. an infinite periodical extension of the measured sequence u

3. amplitude bounded, i.e. |u−(t)| < γu for all t ≤ 0,

4. a stochastic sequence given by u−(t) = Hu−(q)e(t) with e(t) a white noise sequence
with Gaussian distribution N (0, σe). ¤

The first assumption reflects the situation in which the process was at rest before the mea-
surements where taken. In a controlled experimental situation this situation can easily occur.
For chemical plants, however, the possibility of starting experiments with the process in rest
is usually absent. In that case, only the situation in which the input u is known to have been
a set-point reference signal justifies the assumption.
The second assumption is relevant mainly for systems which operate under repetitive con-
ditions (e.g. a waferstepper) and for systems which allow periodic test signals. This latter
condition is often said to exclude chemical plants. However, this is not necessarily true since
not only pure sinusoids are periodic signals. Any noise realization can be repeated periodi-
cally, while not exciting the process in a damaging way. When periodic test signals are used,
care should be taken that the period is repeated often enough to justify the assumption of an
infinite periodical extension. On the other hand, exciting the process without taking actual
measurements is inadvisable. In line with Assumption 2.3-10 the explicit choice could be
made to periodically excite the system for the duration of a significant decay of the impulse
response of the system, to be sure to have made the effect of initial conditions small. We
emphasize, however, that this should be limited since the effect of variance reduction with
an increasing data set quickly dominates the effect of initial conditions.
The last two assumptions are much more general but more conservative. An amplitude
bound is reasonable in situations where the past input is a well-controlled signal (e.g. ref-
erence set-point, controlled temperature levels) and when saturation levels are present (e.g.
flow through a valve).
The stochastic assumptions is justified when the system is operating in closed-loop and
the past input cannot be guaranteed to have been controlled well, i.e. the effect of noise
signals onto the input is significant. Further, when (saturation) amplitude bounds become
large with respect to an average behaviour, a stochastic behaviour of the input within the
bounds might be realistic and provide less conservatism. An exact Gaussian distribution
will not be correct, but could easily be a fine approximation, particularly when the Central
Limit Theorem is applicable. Other distributions, such as the uniform distribution could be
considered. However, their use in theoretical derivations is often complex and the better
accuracy in distribution might easily not improve model uncertainty bounds based on this
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assumption significantly., due to the approximations involved in dealing with the added
complexity.
The effect of the past input u− on the output y is determined by the system G0 itself. For
practical purposes, Assumption 2.3-3 has to hold only for the duration of a significant decay
of the impulse response. The assumption that the impulse response decays with time is
therefore formulated next.

Assumption 2.3-4 For the impulse response ofG0(q) it holds that there exist finiteM > 0
and ρ > 1 such that

|g0(t)| < Mρ−t for all t ≥ 0,
i.e. the pulse response tends exponentially to zero with time.

The noise sequence v(t) is a lumped signal reflecting all influences on the output y not
captured in the mapping of the input u by the system G0. The properties of this noise and
the correlation of the noise with the input are not known in practice and need to be estimated
based on measurements and assumptions.

Assumption 2.3-5 The additive noise sequence v is

1. amplitude bounded, i.e. |v(t)| < γv for all t (w.p. 1)

2. a stochastic sequence given by v(t) = H0(q)e(t) with e(t) a white noise sequence with
Gaussian distribution N (0, σv). ¤

Note that the first assumptions is not identical to the assumption found in the parameter-
bounding literature, where the additive noise is considered to contain both measurement
noise and the effects of considering low order models. Here the noise term does not reflect
linear modelling errors. Assumptions regarding modelling should be kept separated from
assumptions on the process itself. In combination with Assumption 2.3-2 the noise term
could, however, represent the nonlinear part of the mapping of the input, if it is made clear
that we only attempt to model the linear part of the true process.
The first argument could be justified in case of saturation of the output y. Also, the assump-
tion could hold if the noise term is coming from a known source (e.g. controlled room
temperature). Still, the second assumption has our preference. With respect to the satu-
ration, the same arguments hold as made against the amplitude bound assumptions on u−
in Assumption 2.3-3. But more importantly, the noise term v represents, in most practi-
cal applications, the combination of a large number of noise influences on the output. This
strongly justifies a stochastic assumption. With the Central Limit Theorem the Gaussian
distribution is realistic.

Assumption 2.3-6 The additive noise sequence v is uncorrelated with the measured input
u and with the unknown sequence u−. ¤

This assumption is very realistic in most open-loop situations. This assumption excludes
measurements in closed-loop and noise corrupted input measurements. Note that the as-
sumption of no measurement noise on the input is valid in an experiment setup where the
input u is designed and applied by the user. Even when the actually applied input differs
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from the designed input, it is the mapping from designed input to output which is of rel-
evance for a control design. Similarly, in many situations the input is the output during
process operation of a digital controller, allowing for noise-free measurements.

2.3.4 Assumptions for model uncertainty bounding and
experiment design

System identification provides for a model of the mapping between the input u and output
y. The evaluation of such an estimated model requires qualitative assumptions regarding the
process under investigation such as formulated in the previous section as well as quantitative
assumptions allowing certain practical approximations and assumptions on the connection
between an estimation procedure and the data. Such assumptions are also required for the
explicit formulation of a model uncertainty set containing the true system G0 (at a certain
probability level) and for experiment design.

Assumption 2.3-7 A time tγ is known after which the impulse response of the system is
below a certain level γg0 , i.e.

|g0(t)| ≤ γg0 ∀t > tγ .

¤

This assumption is reasonable in practice since time-scales of a process are always known,
at least to some extent, to the user. The experience and knowledge of process operators,
process engineers, or process manufacturers and designers will provide the required infor-
mation. Moreover, for large data sets the assumption on tγ is generally allowed to be quite
conservative. A much stronger assumption is formulated next.

Assumption 2.3-8 A point-wise upper bound on the amplitude of the impulse response of
the system given by M̄ and ρ̄ in

|g0(t)| ≤ M̄ρ̄−t for all t ≥ 0
is known. ¤

The experience and knowledge of process operators, process engineers, or process manu-
facturers and designers can provide the required information. However, in many cases the
bounds will be quite conservative to be guaranteed to hold. While this assumption appears
in the literature explicitly, it is often not specified how to obtain (estimate) the values forM
and ρ, which makes such an assumption rather implicit. Exactly the same arguments apply,
mutates mutandis, for the following assumptions.

Assumption 2.3-9

1. Assumption 2.3-3.3 holds and the bound γu on the amplitude of u− is known.

2. Assumption 2.3-5.1 holds and the bound γv on the amplitude of v is known. ¤
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The assumption that Hu−(q),H0(q), σu or σv is known is not formulated, since such an
assumption would almost never hold in practice. These quantities have to estimated from
data almost always.
With the above assumptions a bound on the effect of initial conditions, i.e. the combined
term G0(u

−), can be calculated (cf. Chapter 4). In some case, however, the assumption is
justified that the effect of initial conditions can simply be neglected.

Assumption 2.3-10 The effect of initial conditions on a model estimate can be neglected,
because Assumption 2.3-7 holds and

1. the system was at rest before taking the measurements, i.e. u−(t) = 0 at least for
0 ≥ t > −tγ , with tγ as in Assumption 2.3-7.

2. u−(t) is known or measured for 0 ≥ t > −tγ and this information is used in the
identification procedure.

3. it holds that N − tτ >> tτ , i.e. the number of data point from {y, u}N in which the
influence of u− is small is much larger than the number of data point in which u− is
clearly present. ¤

The second assumption is satisfied, for example, when u− is a periodical extension of u or
when u− is the output of a digital controller and stored in its memory and it holds trivially for
all output data points y(t) for t ≥ tγ . The formulation of the assumption is rather subjective,
but quite realistic from a practical point of view and frequently used. Unfortunately, the
assumption that initial conditions can be neglected is often used also without either of the
three conditions above being satisfied.

2.3.5 Assumptions within a Prediction Error identification framework

The prediction error identification framework will be discussed in a later section, but the
relevant assumptions are provided here already to keep the list of possible assumptions
organized.

Assumption 2.3-11 Given Assumptions 2.3-1, 2.3-2 and 2.3-5.2, such that

y(t) = G0(q)u(t) +G0(q)u
−(t) +H0(q)e(t).

1. It holds thatG0(q) ∈ G, where G :=
½
G(q, θ) | G(q, θ) = B(q,θ)

F (q,θ) =
nb−1
k=1 b(k)q−k−nk

1+
nf
k=1 f(k)q

−k

¾
.

2. It holds thatH0(q) ∈ H, whereH :=
n
H(q, θ) |H(q, θ) = C(q,θ)

D(q,θ) =
nc−1
k=0 c(k)z−k

1+
nd
k=1 d(k)z

−k

o
.

¤

This assumption of the system being in the model class is a standard assumption in the Pre-
diction Error framework. The assumption can serve the purpose of providing for a condition
under which a theoretical result can be derived exactly. However, the assumption can never
be realistic when applied to an actual process unless the order of the models is infinite. This
common assumption together with the associated notion of a FIR, ARX, OE or BJ model
structure is, therefore, in this thesis used when analyzing theoretical results, but not when
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investigating the application of a theory to an actual process. Instead, a more puritan ap-
proach is followed in which assumptions relate to the process under investigation, while
approximations such as finite model orders are considered to be part of the identification
procedure. That is, it is preferred to explicitly mention when terms are neglected and under
which motivation certain approximations are made.

In the Prediction Error framework instead of estimating a model G (q, θ) from the mapping
u→ y, often a 2× 1 model

£
F (q, θ) B (q, θ)

¤T is estimated from the mapping (y, u)
→ y (cf. Section 5.3.3.5). This corresponds to a representation of G0(q) in terms of the
ratio of a filter B0(q) and F0(q) with infinite orders. The effect of undermodelling and of
initial conditions is then expressed in terms of the coefficients ofB0(q) and/or F0(q) instead
of the impulse response coefficients of G0(q).
That is, Assumption 2.3-4 can be applied to bothB0(q) andF0(q). In fact, the motivation for
modelling in terms ofB0(q) and/or F0(q) is that their coefficients will generally decay faster
than the coefficients of the associated impulse response of G0(q), which reduces the effect
of undermodelling and initial conditions in a model estimate. To bound the undermodelling
effect Assumptions 2.3-7 and/or 2.3-8 can be used for bothB0(q) and F0(q).However, such
assumptions are much more difficult to make on the basis of engineering experience for the
separate terms B0(q) and F0(q) than for the system G0(q) itself. Unless the bounds are
very conservative they will have to be estimated from data. The common practice of using a
validation test to fully neglect the effect of higher model orders, i.e. to set γf0 = γb0 = 0 for
a particular model tγf0 = nf,max and tγb0 = nb,max, should indeed be viewed as estimating
the bounds γf0 , γb0 and corresponding orders nf,max, nb,max from measurement data.
Concerning the effect of initial conditions Assumptions 2.3-9.1 and 2.3-10 can be applied
directly to both past input and output values u− and y−, respectively. Assumption 2.3-3 can
be applied to y− with the exception of Assumption 2.3-3.2 due to the presence of noise v.

2.3.6 Assumptions within a controller design and validation
framework

The design itself of a controller does not require additional assumptions and is a fixed math-
ematical mapping from either nominal model, model uncertainty set and/or measurement
data to a controller based on a particular control design criterion. Control performance
validation, however, is related to the actual process under investigation and depends on as-
sumptions complementing the information available in the measurement data.

Assumption 2.3-12 Given an identified model uncertainty set G and Assumptions 2.3-1
and 2.3-2. The system G0(q) ∈ G at a prescribed level of probability. ¤

In a practical situation the implemented controller is not necessarily exactly equal to the
designed controller. Controller fragility should be taken into account. The same holds
true if the control design was based on presumed, but uncertain, knowledge of the present
controller.
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Assumption 2.3-13 Given a controller set C and Assumption 2.3-2 holding for its mem-
bers. The implemented controller Cimplemented(q) ∈ C at a prescribed level of probability.

2.4 Model uncertainty set identification
This section discusses model uncertainty in relation to System Identification, the second
block of the general framework depicted in Figure 2.1-2. The user-choices in system iden-
tification pertain to the model structure, the identification technique and the identification
criterion. The choices made in this thesis and the problems that are studied in Chapter 3 and
4 are motivated in this section.

2.4.1 Objective of System Identification

The objective of system identification is generally defined in terms of "building mathemati-
cal models of dynamical systems based on observed data from the systems" and "determin-
ing the "best" model ...guided by the data" [68, p. 233]. In this thesis, however, the objective
of system identification is formulated as follows:

System identification should provide a set of models on the basis of measurement
data {y, u} and a priori assumptions on the underlying data generating system. This
set of models should be as small as possible but such that it contains the data gener-
ating system under investigation at an a priori determined level of probability. The
influence of user-choices on the properties of the model set should be used to tune
those properties in consideration to the use of the model set (e.g. in control design
or validation).

This demand on system identification is motivated from the point of view of both modelling
and robust control design. In any proper estimation procedure the estimate has to be accom-
panied by a characterization of its quality. While an arbitrary estimate can be formulated
on the basis of a given set of experimental data, it is the characterization of its quality that
links the estimate to the process under investigation. It is the characterization of quality, or
in other words the properties of a corresponding set of models, that determines the useful-
ness of the nominal estimate. From a robustness point of view the need for a set of models
containing the underlying true system is evident from the definition of robustness itself. A
control design is to be robust against the uncertainty of the model, i.e. the controller has to
perform adequately for the true system. At least for the performance analysis of a control
design the uncertainty of a nominal model has to be made explicit.

As pointed out in [73], "traditional, statistical methods for model construction and parame-
ter estimation have always recognized this need" for delivering a set of models. "Along
with the models, parameter variance and confidence intervals have been computed exactly
for this purpose". Both theoretical and practical studies are dominated, however, by an em-
phasis on the nominal model only. The formulation of explicit uncertainty bounds around
a nominal model accounting for both undermodelling and noise-induced errors is still not a
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standardized practice. Moreover, the model uncertainty set should be of prime importance.
In the derivation of a suitable model set, the nominal model should be one of the design pa-
rameters as carrier of the set instead of the model uncertainty set being an attribute of the
nominal model.

2.4.2 Model structure

The class of linear time-invariant discrete time models is considered in this thesis, follow-
ing Assumption 2.3-2, for a number of reasons. The practical usefulness of such models is
amply proven by their extensive actual application so far. Linear models are often justified
from a theoretical point of view when derived from differential equations. Much theoretical
research is available on these models. But most importantly, these models lend themselves
to be evaluated with respect to the aim of this thesis in terms of gaining insight, as op-
posed to nonlinear models which properties are much more complex and depend more on
the particular situation at hand. And finally, even for linear time-invariant models many
open problems have remained. Solving these before extending to more general models is
justifiable.

The model structure of this class of linear time-invariant discrete time models can be para-
metrized, as defined in (2.14), by

G(q, θ) =
B(q, θb)

F (q, θf )
with B(q, θb) =

nb−1X
k=0

b(k)q−k−nk and F (q, θf ) = 1+

nfX
k=1

f(k)q−k,

(2.16)
In case Assumption 2.3-5.2 is used, the noise modelH(q, θ) is given by

H(q, θ) =
C(q, θc)

D(q, θd)
with C(q, θc) =

nc−1X
k=0

c(k)q−k and D(q, θd) = 1 +

ndX
k=1

d(k)q−k,

(2.17)
Note that all the orders may be infinite, allowing G(q, θ) and H(q, θ) to span the com-
plete class of real rational systems even when the models F (q) and D(q) are one or fixed
otherwise (cf. [69] for conditions on convergence).

2.4.3 Identification method

2.4.3.1 Choice of identification framework

The Prediction Error framework is chosen here as identification method for delivering a
nominal model around which an uncertainty set is constructed. The Prediction Error frame-
work is solid and well-established both in its practical application and in its theory. The
theory starts from very realistic and general stochastic assumptions. Real rational finite
order transfer functions are delivered, which are required for obtaining an implementable
controller designed on the basis of the system model. Further, the extensive body of theo-
retical results allows for much of the required insight in terms of model properties and its
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dependence on user-choices. Finally, most of the research in the field of System Identifica-
tion for Control is based on the Prediction Error framework.
A similarly well-established method for system identification is the Subspace Method. This
method is not investigated here, mainly for reasons of demarcation. Additionally, the Sub-
space Theory has not yet formulated explicit model uncertainty bounds including both un-
dermodelling and noise-induced errors. In this respect it can already be remarked that the
model uncertainty bounds derived in Chapters 3 and 4 can also be applied to models derived
in the subspace framework, by using these models as initial models in a one-step iteration
of a least-squares prediction error minimization.

2.4.3.2 Estimation of a model uncertainty set

In the literature two approaches can be discerned to forming a set of models based on mea-
surement data.
1. Analysis based approaches formulate a set of models on the basis of an analysis of the

properties of a nominal model. For example, in Ljung (1987) [68], Hakvoort and Van
den Hof (1997) [50], De Vries and Van den Hof (1995 ) [26] and Goodwin, Gevers,
Ninness (1992) [49], a nominal model is estimated from data, after which the uncer-
tainty in the nominal estimate is bounded by analyzing its (statistical) properties. The
nominal model together with its uncertainty bound forms the model set.

2. Validation test based approaches directly construct a model set by evaluating a vali-
dation test. For example, in Milanese and Vicino 1996 [78], Veres and Norton (1990)
[104], Hakvoort and Van de Hof (1995) [51] a validation test is formulated and a model
set is formed by all models that pass the test for the given measurement data.

The two approaches are usually considered to be distinctly different. However, both ap-
proaches depend on information derived from the observed data and on prior assumptions
on the process under investigation. The first approach uses the assumptions on the under-
lying system together with additional estimations of unknown terms in its analysis a pos-
teriori. The second approach uses the assumptions on the underlying system together with
additional estimations of unknown terms a priori to formulate the validation test. With the
same data and the same assumptions, the difference is not so much conceptual but of a com-
putational nature.

The difference between the two approaches is then said to be one of difference in assump-
tions, in particular, a difference in using soft versus hard bounds. The term soft bounds then
refers to a probabilistic model set corresponding to a stochastic noise assumption, while
hard bounds refers to a deterministic norm bound associated with an unknown-but-bounded
noise assumption. However, the issue of soft versus hard bounds with respect to modelling
approaches is entirely immaterial. First of all, the issue of soft versus hard bounds is an
issue of purpose of the model set. In the field of control design a probabilistic characteri-
zation of model uncertainty cannot (or hardly) be dealt with and hard norm-bounded model
sets are used exclusively. Secondly, the distinction between a hard and soft bound is a dis-
tinction between assumed or estimated bounds and not a distinction between assumptions
on the noise. A stochastic noise assumption leads to a hard bound given by a confidence
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region. An assumption on the probability density function of the noise and a user-chosen
level of confidence deterministically determines the shape and size of the uncertainty re-
gion. Similarly, for an unknown-but-bounded noise assumption to lead to a hard bounded
model set an assumption on the noise bound is required. On the other hand, in case the noise
bound is to be estimated from data, the resulting bound on the model set will in fact be soft.

Of course, different assumptions lead to different model sets and many discussions on this
topic are provided in the literature [73][80]. At the very least, a Gaussian noise assumption
will lead to ellipsoidal uncertainty regions, while an amplitude bounded assumption leads
to a polytopic uncertainty region. More essential, for example, is the difference between
standard set membership techniques, following the validation test based approach, which
place a time domain amplitude bound on the additive noise and the procedure of Hakvoort
en Van den Hof (1995) in which a bound is proposed on the cross-correlation between the
noise and some instrumental signal. The former methods are known to lead to conservative
results, or even to no consistency, as the noise is allowed to take a worst-case realization
within the noise bounds. Bounds on the cross-correlation of the noise with an instrumental
signal give rise to a consistent parameter bounding method leading to less conservative re-
sults.

In this thesis the validation test based methods are not considered. Nearly all available liter-
ature deals with an amplitude bound on the noise and formulates the validation test in terms
of all models (of fixed model order) for which the prediction error is bounded in ampli-
tude. First of all, the amplitude bounded noise assumptions is, in general, not justified for
the process under investigation. Secondly and more importantly, from standard identifica-
tion theory it is well-known that the evaluation of only the prediction error does not allow
one to separate modelling errors from noise influences. In other words, many a poor model
can pass the validation test in combination with a particular noise realization, which is the
conservatism spoken of above. Thirdly, the validation test based methods provide paramet-
ric uncertainty regions and not model uncertainty regions. That is, a polytopic region for
parameter vectors of fixed order is provided, which are such that the effect of undermod-
elling on these parameters is incorporated. However, the model uncertainty set requires not
only a proper bound on the parameters of its nominal model but on the neglected dynamics
as well. Fourthly, it is rarely mentioned how the bounds used in the validation are obtained.
In reality, they will have to be estimated from data and based on an analysis of the data-
generating system. And finally, the (complex) linear programming procedures required to
compute the uncertainty region lend themselves poorly for the insight required within the
aim of this thesis. For further arguments the reader is referred to discussion in e.g. [49][25].
Only the cross-correlation procedure of Hakvoort en Van den Hof (1995) will be discussed
briefly, since this method is strongly related to the standard validation test used in System
Identification to a posteriori (in)validation of a model. This method however does not differ
principally from the analysis based approaches since it is based on the same data and same
assumptions.

Among the analysis based approaches should also be mentioned the H∞ identification
methods [52][53][76]. These methods are not considered here as candidates for model
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uncertainty bounding procedures. A clear discussion providing relevant arguments against
this methods is given in [25]. Amongst the points of criticism it can be mentioned that in
these methods the nominal model is based on non-parametric estimation techniques which
are well-known to have very poor statistical properties. But more importantly, these meth-
ods provide uncertainty regions which are much more conservative than those based on the
traditional analysis based methods. For example, it is clear that aH∞ criterion for fitting a
model to noise-corrupted data points will be sensitive to outliers.

2.4.4 Open problems

In this thesis the focus will lie on the analysis based modelling approaches taken in [69][49][50].
These approaches are based on realistic prior assumptions on the process under investiga-
tion, correspond to the well-established and successful Prediction Error framework and they
allow for the thorough analysis of model sets required in the context of this thesis.
The main issues with model uncertainty bounding in the prediction error framework are
the asymptotic nature of the noise-induced model uncertainty and the applicability of the
undermodelling bounding techniques of [49][50] to generalized FIR models only. These
issues are the topic Chapters 3 and 4.

2.5 Practical model uncertainty bounding
This section describes the practical issues studied in the thesis regarding constructing a
model uncertainty set to be used for control design and control performance. These issues
are the estimation of the noise properties, the estimation of bounds on the undermodelling,
the choice of model order and model structure validation and are dealt with Chapter 5.

2.5.1 The link with reality and intended use

The usefulness of the theory of model uncertainty bounding in a practical situation essen-
tially depends on the role of the model uncertainty set within the total control design scheme.
On the one side the model uncertainty bounding techniques should utitilize assumptions and
estimations that properly represent relevant properties of the true process under investiga-
tion, while on the other side the user-choices within the techniques should be used to tune
the model uncertainty set to its use in robust control design and performance analysis.
The link between a model uncertainty set and the true process under investigation is made by
what we know of the process in terms of the measurement data and an estimation of (a bound
on) all the relevant properties of the process we do not know. In other words, all uncertainty
about the system is to be bounded on the basis of assumptions and or estimations. In the
theoretical framework of the prediction error identification the uncertainty about the system
is differentiated in terms of undermodelling, noise and the effects of having only finite time
measurements. All these sources of uncertainty are to be bounded correctly but with the
least conservatism.
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The link between the model uncertainty set and the intended use in control design and
validation pertains to user choices such as the model order and the structure of the model
uncertainty set. The issues regarding the structure of the model uncertainty set are discussed
in Section 2.6 where we view the issue from the side of control design. From an system
identification point of view the choice of model order of the identified nominal model and
the model structure validation with respect to the data are important issues to be dealt with
as the model order strongly determines the properties of the model uncertainty set.

2.5.2 Estimation of noise properties

In the framework of the prediction error identification part of the uncertainty about the
process under investigation is represented in terms of a stochastic noise term. The properties
of the noise term can be estimated from the measurement data. It is standard practice to
assume that the noise, denoted here by v(t), is additive to the output of the process and that
it can be represented in terms of a noise model H0(q) and a white noise signal e(t) with
zero mean and variance σ2e, i.e.

v(t) = H0(q)e(t)

=
∞X
k=1

h0(k)e(t− k).

Under the additional assumption that e(t) has a zero mean and variance denoted by σ2e, it
holds that the covariance function Rv(τ) = E [v(t)v(t+ τ)] of the noise is given by

Rv(τ) = σ2e

∞X
t=−∞

h0(t)h0(t+ τ) (2.18)

where h0(t) is the pulse response of the (monic, i.e. h0(1) = 1) noise modelH0(q). where
the assumption is made that the noise term is additive to the output of the process. Impor-
tant user-choices are the choice of estimation technique and the choice of data to be used.

Broadly two technique within the field of prediction error identification are available to es-
timating noise properties. The parametric techniques estimate the parameters of a model of
H0(q) on the basis of measurement data. The so-called nonparametric techniques estimate
the covariance function (2.18) by means of the sample covariance estimator

R̂v(τ) =
1

N

(N−1)X
t=−(N−1)

v̂(t)v̂(t+ τ),

where v̂(t) a signal considered to be representative of v(t). A standard choice of v̂(t) is the
residual signal ε(t, θ̂) of a plant model estimate.
The non-parametric estimation methods derive their name from the fact that they estimate
a noise model R̂v (τ) with as many degrees of freedom as the length of the measurement
data. This results in these estimators having a very large variance. While variance reduction
techniques such as windowing are developed for these estimators, parametric models limit
the variance of the noise model estimate directly by limiting the number of parameters to be
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estimated. A thorough study to the quality of non-parametric versus prediction error para-
metric noise model estimators is presented in [15] in which the parametric estimators are
shown to have far superior statistical properties than the sample covariance estimator. Cru-
cial to the quality of the parametric noise models is the choice of model order. In this thesis
noise models are estimated using the prediction error identification method in combination
with a model order selection criterion as presented in [15][16].

The noise model and the plant model can be identified simultaneously from the input and
output data (e.g. a so-called Box-Jenkins model structure). Alternatively, the noise model
can be estimated separately from the plant model, that is, the noise model is estimated from
the residuals ε(t, θ̂) of a plant model G(q, θ̂). When considering the latter method it is an
important choice what data is used to represent the noise v(t). The residuals ε(t, θ̂) can be
based on the same data that served to identify the model G(q, θ̂) or new (validation) data
can be used. Besides that, the modelG(q, θ̂) can be the nominal plant model or an auxiliary
model can be used instead.
In this thesis the difference between a separate and simultaneous estimation of noise and
plant model is not investigated. Further, the effect of incorporating model uncertainty in the
noise model itself when using the noise model for bounding the plant model uncertainty is
not a topic here. The choice of signal to be used to represent the noise v(t), however, is
studied in Section 5.2.

2.5.3 Model order selection or model structure validation

Every finite order model will be an approximation to the process under investigation. The
optimal order depends on the actual process, the measurement data, the model structure, the
model uncertainty identification method and the intended use of the model set.
Control design sometimes requires low order nominal models and/or weighting functions.
This is sometimes motivated from computational reasons and sometimes from practical
considerations. Particularly, the first reason is fading with time as a result of ever increasing
computational power. Still, in system identification the approach is often taken to identify a
model with a (fixed) low order model.
In this thesis, however, it is argued that the prime purpose of system identification is to rep-
resent the process under consideration. That is, a model uncertainty set should be given
which is as small as possible with respect to a performance cost criterion, while still con-
taining the process at a certain level of probability. Starting from a fixed low order model
will generally imply a more conservative model set. At least for control performance analy-
sis the best model uncertainty set for given measurement data should be used even if this
implies the use of high orders. If for control design a low order nominal model is required,
a model reduction method based on the best (high order) model set is preferred instead of
only identifying a low order model directly from data.

The model order can almost never be properly chosen based on a priori assumptions but has
to be estimated from data. There are at least three possible approaches:
1. The model uncertainty set can be computed for a number of possible model orders. That
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model order is selected which renders the model uncertainty set optimal with respect to
the worst-case performance over the set. The advantage of this approach is the direct
link with the intended use of the model uncertainty set.

2. The criterion in which the nominal model is identified can be optimized over the model
order. This leads to the Akaike type of model order selection criteria with a penalty
factor on the cost function based on the present data to approximate the cost function
for future data [1]. The advantage of this approach is that it depends only on (an estimate
of) the noise properties and not on knowledge of undermodelling effects.

3. The model order can be determined by performing a model validation test on estimated
models of increasing order. The first model order for which a model estimate passes
the test is selected under the argument that the data provides no evidence that a higher
model order is required. The standard validation test is based on a cross-correlation
between the model residuals and the input. The advantage of this approach is that it can
be applied to any model structure since it depends only on the input and residuals.

The quality of the approaches is determined by the underlying methods, i.e. the model un-
certainty identification method, the model order selection criterion and the validation test,
respectively. None of these three approaches have been properly investigated with respect
to the resulting model uncertainty set. This will be a topic in Chapter 5.

2.5.4 Estimating a bound on the undermodelling

As indicated before the choice is made in this thesis to consider the analysis based under-
modelling bounding techniques of [69][49][50]. Each of these three methods start from a
different assumption on the undermodelling. A thorough investigation based on extensive
Monte Carlo simulations, aimed for initially, was not achieved within the timespan of the
research project. Chapter 4, however, does provide with a theoretical unification of the three
results.
The link between the model uncertainty set derived from these theoretical results with the
true process depends on the way in which the bounds used in the techniques are estimated
from data. In Section 5.4 of Chapter 5, the practical advantages and disadvantages of the
three methods are brought to the foreground.

2.6 Model uncertainty and robust control performance
This section discusses model uncertainty in relation to Performance Validation and Control
Design, the fourth and third block of the general framework depicted in Figure 2.1-2. The
user-choices in these blocks pertain to the structure in which the model uncertainty set is
represented, the control design technique and the performance cost criterion. The choices
made in this thesis and the problems that are studied concerning the link between a model
uncertainty set and robust stability and robust performance are described and motivated in
this section. The topics dealt with here correspond with Chapters 6, 7 and 8.
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2.6.1 Model uncertainty structure

The intended use of the model uncertainty structure in the context of the total control design
framework is robust control synthesis and performance analysis. This requires the model
uncertainty set to be represented in a format suitable to existing control design and valida-
tion techniques. The analysis based uncertainty modelling techniques in conjunction with
the prediction error identification framework can deliver a number of different model uncer-
tainty structures, such as a real parameter uncertainty structure, norm bounded unstructured
uncertainty structure and a mixed uncertainty structure. In the literature the connection be-
tween model set identification and control performance analysis is made explicit in Bombois
[10] for a real parametric uncertainty and in Callafon [23] for an unstructured norm-bounded
dual-Youla uncertainty both in anH∞ robust control synthesis framework.

Besides the choice of parametric or unstructured uncertainty, the nominal object which is
identified determines largely the properties of the model uncertainty set. When the input and
output data {y, u}N is taken in a closed-loop situation (see Figure 2.6-3) a number of op-
tions are available, if additional knowledge is available of either the controller C(q) and/or
an external reference signal r(t):

1. Identify a model G (q, θ) of the mapping u(t) −→ y(t).

2. Identify a model T (q, θ) =
CG (q, θ)

1 + CG (q, θ)
of the mapping r(t) −→ y(t).

3. Identify a coprime factor model G (q, θ) =
N(q, θ)

D(q, θ)
by estimating

∙
N(q, θ)
D(q, θ)

¸
of the

mapping x(t) −→
∙
y(t)
u(t)

¸
, where

x(t) = F [u(t) + Cy(t)]

F = Dx + CNx

with (Nx,Dx) the coprime factors of an auxiliary model Gx which is stabilized by the
controller C(q).

4. Identify a model of the dual Youla parameter
R(q, θ) = D−1c (1 +G (q, θ)C)

−1
(G(q, θ)−Gx)Dx of the mapping x(t) −→ z(t),

where

z(t) = (Dc +GxNc)
−1 (y(t)−Gxu(t))

x(t) = (Dx + CNx) (u(t) + Cy(t))

with (Nc,Dc) and (Nx,Dx) the coprime factors of the controller C and an auxiliary
model Gx stabilized by C, respectively.

Also the measure in which the uncertainty is bounded is a user choice. In the next section
it is motivated why in this thesis the H∞ robust control synthesis framework is considered
for expressing the performance cost criterion. Bounding the uncertainty accordingly results
in bounds in the uncertainty in terms of the H∞-norm. In correspondence with the list of
identified objects as presented above this leads to four sets of model uncertainty structures
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Figure 2.6-3: Closed-loop system with plant G0, controller C, external reference signals r1 and r2
and plant input u and output y.
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which are considered in this thesis: a LFT (linear fractional transformation) based model
uncertainty structure (related to 2), with an additive uncertainty structure (related to 1) and
the dual-Youla uncertainty structure (related to 4) as specific members, and the ν-gap met-
ric based uncertainty structures (related to 3). These structures are defined in Section 6.2 on
page 179.

The additive, dual-Youla and ν-gap uncertainty structures appear quite distinct at first sight.
Before being able to choose the structure within a total control design framework, a thor-
ough insight in the properties of these structures is required. Important questions are what
are the characteristics of each structure, how are the different structures related and how can
the structures be identified from data? The evaluation of the properties of these different
uncertainty structures on the basis of analytical expressions is the topic of Chapter 6.

2.6.2 Model uncertainty and robust stability

In System Identification for Control the research into the link between a model and a control
design started out with a focus on the behaviour of the nominal model near the cross-over
frequency of the closed-loop. This relates to the robust stability of a closed-loop system.
The connection between stability and a model uncertainty set is made explicit in the field of
Control Design by analytical conditions in terms of norm bounds on the designed closed-
loop and the model uncertainty. For the various uncertainty structures different robust sta-
bility conditions are formulated.
In the context of this thesis, the exact nature of the different robust stability conditions
is to be known to understand the connection between the model uncertainty structure and
stability. Additionally, in a total design framework it is important to known whether the
robust stability conditions can be verified on the basis of the properties of identified model
uncertainty set. Also, the model uncertainty structures do not only relate to the plant model
sets but to the controller as well. The freedom in a controller to change without violating the
stability constraint, i.e. controller tuning freedom or controller fragility, can be analysed in
terms of a controller uncertainty set. Insight in the properties of these uncertainty set with
different uncertainty structures in connection with robust stability is the topic of Chapter 7.

2.6.3 Model uncertainty and robust control analysis and design

As stated before robust performance validation is the most important part of a total control
design framework as it assesses the quality of a designed controller with respect to the true
process. The model uncertainty set is the pivot as it represents the true process under inves-
tigation. Extensive research exists on the topic of (robust) performance analysis, providing
with a large body of robust performance techniques, some analytical and some computa-
tional. However, an analytical analysis of the actual mapping between an uncertainty region
and the worst-case performance is largely unexplored.
In the context of System Identification for Control and a total control design framework, it
is important how the model uncertainty relates exactly to the worst-case performance. Im-
portant questions are what is the nature of the mapping of a model uncertainty set and the
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worst-case performance, what are the properties of this mapping for the various uncertainty
structures, what are the crucial properties of model uncertainty for control performance
analysis, how relates control performance analysis exactly with identification techniques di-
rectly based on measurement data and how can worst-case performance information be used
to re-design an experiment? These questions will be the topic of Chapter 8.

An important aspect of the aim of this thesis was providing insight. This forms the driving
motivation in choosing for the H∞ control design framework to evaluate the connection
between model uncertainty and robust performance. Besides the fact that this framework
has a strong theoretical basis and is used extensively, this framework allows for intuitive
frequency domain interpretations and for the derivation of analytical expressions providing
the required insight. For the same reason the emphasis is on simpleH∞ cost criteria applied
mainly to SISO systems.
The particular control design method considered is not made explicit in the thesis. While
for control performance evaluation the way in which the controller is derived is basically
immaterial, the problem of controller synthesis is not taken up in any technical detail. The
insights obtained from evaluating the connection between model uncertainty sets and struc-
tures and control performance analysis are used, however, to derive qualitative conclusions
and links are made with other control design techniques such as Virtual Reference Feedback
Design [18] and Quantitative Feedback Design [64][65].

2.7 Conclusions
This focus of the thesis is on model uncertainty structures in the context of a total control
design framework. The link between a model uncertainty set and the true process on the
one hand and the intended use of control performance validation on the other is taken as the
primary interest.
The prediction error identification framework is chosen for the derivation of a model un-
certainty set. The method of Hakvoort and Van den Hof (1997) [50], the method known
as Stochastic Embedding [49] and the method known as Model Error Modelling [69] are
considered for bounding undermodelling. The control performance validation is embed-
ded in theH∞ framework. The emphasize, however, is on simple H∞ cost criteria applied
mainly to SISO systems. This is motivated from the fact that insight is sought on the basis
of analytical expressions.
Three groups of research topics are described. The topic if Chapters 3 and 4 is the deriva-
tion of a model uncertainty set from measurement data in the prediction error framework.
Chapter 5 deals with implementational issues for model uncertainty bounding. Chapters 6,
7 and 8 deal with the properties of model uncertainty structures and their relation to robust
control performance.





Chapter 3

Prediction Error parameter
uncertainty bounding revisited

This chapter deals with probabilistic parameter uncertainty bounding in Prediction Error Iden-
tification. The standard results of the prediction error framework are re-evaluated and an alter-
native approach to parameter uncertainty bounding is presented. It will be shown that utilizing
the statistical properties of the estimator is not necessarily the only way to arrive at uncertainty
bounds for estimated parameters. Whereas the statistical properties of the parameter estimator
reflect the variability in the estimated results upon experiment repetition, the quantification of
parameter uncertainty on the basis of only one experiment can be done without the full analy-
sis of the parameter estimator. This alternative approach will be shown to facilitate uncertainty
bounding in several ways. After presenting the principal concepts of the new paradigm, pa-
rameter uncertainty regions are derived for ARX, OE and BJ models for the situation that the
system is in the model class.

3.1 Introduction
The prime purpose of system identification is to represent the process under investigation.
The representation has to be in terms of a set of models, due to the fact that modelling will
always be approximate as a result of noise-corruption of the measurement data, finite data
length and limited model complexity. As motivated in Chapter 2 the probabilistic model
uncertainty bounding approach of the Prediction Error framework [70][92] and the related
methods of [80][50][25] are advocated here. In this framework the model uncertainty set is
constructed by evaluating the statistical properties of the parameters of a nominal model.
One of the main points of criticism on the Prediction Error framework is the fact that most
of its theoretical results are valid only asymptotically in the data length and under the as-
sumption that the system is in the model class (S ∈M). Indeed, only for models that are
linear in the parameters and for which the regressors are uncorrelated with the measurement
noise (such as FIR and generalized FIR [55]) the statistical properties of the parameters can
be derived exactly also for a finite data length. And results for model uncertainty bound-
ing in the situation that the model structure is not correct (S /∈ M) are available only for
these regression models with deterministic regressors [80][50][25]. For other model struc-
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tures such as ARX, OE and BJ the prediction error model uncertainty regions are based
on an asymptotic parameter distribution and asymptotic parameter covariance. Even these
asymptotic results are valid only under the assumption that S ∈M. Moreover, in the evalu-
ation of OE and BJ model structures a number of Taylor-approximations are made to derive
the results.
In this chapter the standard results of the Prediction Error Framework are re-evaluated. It
will be shown that the need for formulating approximations and asymptotics to derive the
theoretical results can largely be avoided when a different paradigm is followed. Whereas
the statistical properties of the parameter estimator reflect the variability in the estimated
results upon experiment repetition, the quantification of parameter uncertainty on the ba-
sis of only one experiment can be done without the full analysis of the parameter estimator.
Instead of relying solely on the explicit expression defining the estimator, often other (im-
plicit) expressions can be derived in which the error between a parameter estimate and the
true parameter is expressed. Such expressions lead to bounds on the error between the es-
timate and the true parameter which, in their structure, are data-dependent. This alternative
approach will be shown to facilitate uncertainty bounding in several ways.
By following the new conceptual approach many of the standard results can be derived
anew but requiring much less approximations and asymptotic assumptions. In other words,
it follows that many of the standard results are less approximative and asymptotic than
suggested by the standard way of deriving the results. For example, for the ARX model
structure the standard practical bound on the parameter estimate of the prediction error
framework reappears again as the end result. However, the bound is now derived along a
line of reasoning based on less assumptions and less approximations. On the other hand,
the model uncertainty regions suggested in this thesis are different from the standard results
for the OE and BJ model structures and for the situation in which regressors are correlated
with the measurement noise (e.g. ARX or closed-loop data). Moreover, the new derivation
allows for the application of the undermodelling bounding techniques as in [80], [50] also
to the ARX, OE and BJ model class. This is further explored in Chapter 4. In this chapter
uncertainty regions are derived for ARX, OE and BJ model structures for the situation that
S ∈M.

3.2 Alternative approach to model uncertainty bounding
In this section the classical approach of equating model estimate uncertainty bounding with
deriving the statistical properties of the model estimator is questioned and an alternative
approach is introduced. After illustrating the different approaches by two examples, the
classical and alternative paradigm are analyzed in depth and related to one another.

3.2.1 Estimator statistics and model uncertainty bounding

It is standard practice to base the characterization of the quality of a parameter estimate θ̂
on the (statistical) properties of the estimator, where the estimator is defined as a mapping:

θ = g(z)
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where z indicates the measurements. The underscored symbols are used to distinguish ran-
dom variables from realizations thereof. Knowledge of the random variable z, reflected,
amongst others, in assumptions on the underlying true system θ0, undermodelled dynamics
and noise disturbances, can lead to a specification of the (statistical) properties of the esti-
mator, e.g. its probability density function pθ(θ).

The classical way of arriving at a model uncertainty bound, i.e. a bound on the error between
an estimate θ̂ and the true parameter θ0, comprises of the following steps:
• Assume knowledge of pθ(θ), given by prior information and/or by application of the
Central Limit Theorem;

• Then knowing that every estimate θ̂ is a realization of the random variable with p.d.f.
pθ(θ), this pdf can be used to statistically bound the difference |θ̂ − θ0|.

Having in mind this classical way of determining uncertainty bounds let’s consider the fol-
lowing example.

Example 3.2-1 Consider the data generating system y = θ0x1 + x2 and one available
measurement {y, x1} of y and x1. It is given that x1, x2 are random variables of which it
is only known that they satisfy |x2| ≤ 2 and |x1 − 3| ≤ 1. The following estimator for the
parameter θ0 is considered

θ =
y

x1
(3.1)

Substituting the expression for y in the estimator expression, shows that

θ0 +min

½
x2
x1

¾
< θ < θ0 +max

½
x2
x1

¾
.

In other words, the statistical properties of the estimator with respect to the random vari-
ables x1 and x2 lead to the expression

θ ∈ θ0 + [−1, 1] , (3.2)

which is valid not only for the random variable θ, but also for every realization θ̂ of θ.
Now, given one particular estimate θ̂ a relevant question is ’how far is θ0 removed from
θ̂?’ or in practice ’what bound on the difference

¯̄̄
θ0 − θ̂

¯̄̄
can be established based on

assumptions and data?’. In standard practice this question of model uncertainty is answered
by using the estimator properties (3.2). That is, the answer would be³

θ0 − θ̂
´
∈ [−1, 1] . (3.3)

However, a much more accurate answer is readily available using the fact that x1 is mea-
sured as well. Suppose the particular estimate θ̂ was obtained from a measurement y and
x1 = 4. Then θ̂ = y

x1
= θ0 +

x2
x1
= θ0 +

x2
4 . The exact realization x2 is unknown but the

properties of the random variable x2 can be used to specify the model uncertainty as

(θ̂ − θ0) ∈
∙
−2
4
,
2

4

¸
. (3.4)

The example is mainly intended to illustrate the difference between the notions of estimator
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confidence and model uncertainty. It shows that for the construction of parameter uncer-
tainty bounds it is not strictly necessary to employ the full statistical properties of the esti-
mator. However, the suggestion is also raised that the alternative model uncertainty bound
(3.4) is smaller than the one derived from the estimator confidence in expression (3.3). But
this is not true in general. In this example only hard bounds are used leading necessarily to
a worst-case description in the estimator confidence. When another distribution of the ran-
dom terms is assumed, either of the approaches can lead to the smallest region, since the
size of the bound (3.4) depends on the particular realization.
Note that the uncertainty region (3.4) would have followed as the result of the estimator sta-
tistics if the assumption would have been adopted that the input x1 is deterministic. This
difference in assumptions is apparently essential for the estimator statistics, but is not nec-
essarily crucial for the construction of parameter uncertainty regions on the basis of one
single experiment. In other words, for model uncertainty bounding, assumptions are only
required for the unknown terms.

More importantly, however, besides the conceptual difference in approach, is the fact that
the alternative approach could avoid complex problems arising when deriving the estimator
confidence. This is illustrated in the following example.

Example 3.2-2 Consider the situation of Example 3.2-1 but now assume that the random
numbers are Gaussian distributed and correlated, i.e. x2 ∈ N (0, 2) and x1 = a1 + a2x2
with a1 and a2 unknown real constants (exact values are a1 = 3 and a2 = 1

2). Under these
assumptions the estimator (3.1) is analyzed as

θ =
y

x1
= θ0 +

x2
3 + 1

2x2
for x2 ∈ N (0, 2). (3.5)

The probability density function of this estimator is rather complex and is definitely not
Gaussian. Evaluation of the estimator statistics is, therefore, quite complex and notions
as mean, variance and probability region are difficult to compute and would have to be
carefully interpreted. The evaluation of the model uncertainty, however, is in this case
rather straightforward. Substitution of the expression for y in the estimator expression (3.1)
shows that an estimate θ̂ = y

x1
= θ0 +

x2
x1
based on measurements {y, x1} satisfies

x1

³
θ̂ − θ0

´
= x2 (3.6)

where the term x2 on the right hand side is unknown. Using the prior information that x2
is a realization of the random variable x2 ∈ N (0, σθ) it simply follows that

(θ̂ − θ0)x
2
1(θ̂ − θ0) ≤ σ2θcχ(α, 1) w.p. α, (3.7)

where cχ(α, 1) corresponds to a probability level α in the chi-squared distribution with one
degree of freedom, i.e. the central symmetric α probability region under a one-dimensional
Gaussian distribution. Expression (3.7) is easily derived and, more importantly, the proba-
bility level associated with the bound is exact.
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Figure 3.2-1: Probability density function of θ (example 3.2-2) and three uncertainty regions each
corresponding to a probability of α = .9. The symmetric and smallest 90% regions are tied to the pdf
of θ. The computed 90% region Df−1(x2)(α, 0) corresponds to all θ̂ for which θ0 ∈ D(α, θ̂). This
region is based on a 90% probability region of random variable x2.
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3.2.2 Conceptual difference between estimator statistics and
uncertainty bounding

The correctness of expression (3.7) in Example 3.2-2 might seem questionable at first sight.
The statistical properties of the estimate θ of expression (3.5) itself are difficult to assess,
since its probability density function is rather complex (see Figure 3.2-1): how is it possible
that expression (3.7) provides an exact yet simple uncertainty region based on a Gaussian
distribution? Can a solid probabilistic expression of parameter uncertainty bounds be deter-
mined without knowing the probability density function of the parameter estimator? What
is the exact statement made by expression (3.7)? Apart from the heuristic, straightforward
approach to bound only the unknown terms in the estimate, the general idea and implica-
tions of this approach to model uncertainty bounding are easily explained within a formal
statistical framework.

In the classical approach first an α-probability regionD(α, θ0)would be constructed for the
estimator θ by upper-bounding the distance from θ0, leading to, e.g.,

D(α, θ0) :=
©
θ | |θ − θ0|2 ≤ cpθ(α)

ª
(3.8)

with cpθ(α) such that θ ∈ D(α, θ0) w.p. α.1 Subsequently, an uncertainty region D(α, θ̂)
for a given estimate θ̂ is constructed using the same upper-bound cpθ(α) to describe the
distance from θ0, i.e.

D(α, θ̂) :=
n
θ | |θ − θ̂|2 ≤ cpθ(α)

o
. (3.9)

By definition, however, the upper-bound cpθ(α) on the distance between θ0 and θ̂ was only
correct for those estimates θ̂ ∈ D(α, θ0). In other words, the statement holds that

θ0 ∈ D(α, θ̂) w.p. α, (3.10)

which means that when we construct the uncertainty region D(α, θ̂) for n experiments, i.e.
n realizations of x1 and x2, the constructed region will contain the true parameter only a
number of αn times if n→∞.

Instead of considering the properties of the estimator θ to evaluate the estimate θ̂, the alter-
native form considers the properties of x2 ∈ N (0, 2). For any realization x2 of this random
variable it holds that

x22 ≤ σ2x2cχ(α, 1) w.p. α,
which states that the inequality x22 ≤ σ2x2cχ(α, 1) is true only αn times out of n experiments
for n → ∞. Now, since for each realization x2 expression (3.6) holds true, it follows that
the inequality

|x1(θ̂ − θ0)|2 ≤ σ2x2cχ(α, 1) (3.11)
will be true w.p. α as well. And again,with

Dnew(α, θ̂) :=
n
θ | |x1(θ̂ − θ)|2 ≤ σ2x2cχ(α, 1)

o
(3.12)

1For Gaussian distributions such a symmetric (ellipsoidal) norm-bounded α-probability region corresponds to
the smallest possible region satisfying a probability of α. For other distributions the smallest region corresponds
to the contours of level sets of the probability density function.
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Figure 3.2-2: The distribution of the new bound dnew of expression (3.14) for α = .9. The solid blue
line depicts that part of the distribution which corresponds to a new bound which is actually correct,
i.e. θ0 ∈ Dnew(α, θ̂), while the red dashed line depicts the part for which θ0 /∈ Dnew(α, θ̂). In this
case the new bound dnew is smaller than the standard symmetric bound d = cpθ (α) of expression
(3.8) in 79% of all cases and in 73% of the cases in which the new bound is correct.

the statement
θ0 ∈ Dnew(α, θ̂) w.p. α (3.13)

means that when we construct the uncertainty region Dnew(α, θ̂) for n experiments, i.e. n
realizations of x2, the constructed region will contain the true parameter only a number of
αn times if n→∞.

It might still seem odd that for the same estimate θ̂ the uncertainty setsD(α, θ̂) andDnew(α, θ̂)
are different, while each set still corresponds exactly to a probability level of α. It is empha-
sized that expressions (3.10) and (3.13) are not statements regarding the estimator θ itself,
but statements regarding the connection between a given estimate θ̂ and the proposed bound.
While the bound in D(α, θ̂) is the same for all estimates θ̂, the bound in Dnew(α, θ̂) is dif-
ferent for each estimate θ̂ due to the presence of x1. In other words, whereas the classical
approach considers the statistical properties of the estimator θ under experiment repetition
for the analysis of the variation in the estimated parameter θ̂, the new paradigm considers
the statistical properties of a data-dependent mapping of the parameter, i.e. x1(θ − θ0).

3.2.3 Size of the uncertainty bound

The new uncertainty bounding approach delivers data-dependent uncertainty regions which
will differ in size for each estimate θ̂. The classical approach, on the other hand, delivers
uncertainty regions which have a fixed size (cpθ(α)) for every estimate θ̂. In general, the
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new bound can sometimes be larger and sometimes be smaller than the classical bound.

In Example 3.2-2 the classical uncertainty set D(α, θ̂) defines an uncertainty region around
θ̂ with fixed size d,

d :=
q
cpθ(α).

The new uncertainty bound depends on the random variable x1. Expression (3.11) shows
that the new uncertainty set Dnew(α, θ̂) defines an uncertainty region around θ̂ with a dif-
ferent size dnew for each estimate θ̂,

dnew :=
σx2
p
cχ(α, 1)

|x1|
.

The size dnew of the new uncertainty region has a probability density function pdnew(d)
according to the distribution of x1 = a1 + a2x2 with x2 ∈ N (0, 2) :

dnew =
σx2
p
cχ(α, 1)

a1 + a2x2
with x2 = N (0, 2). (3.14)

Figure 3.2-2 shows the distribution of this new bound dnew and indicates how it relates to
the classical symmetric bound d =

q
cpθ(α) of expression (3.8) for α = .9. The solid

blue line depicts that part of the distribution which corresponds to a new bound which is
actually correct, i.e. θ0 ∈ Dnew(α, θ̂), while the red dashed line depicts the part for which
θ0 /∈ Dnew(α, θ̂). In this case the new bound dnew is smaller than the standard symmetric
bound d = 1.49 in 79% of all cases (and in 73% of the cases in which the new bound is
correct). To be precise, when we construct the uncertainty regions D(α, θ̂) of expression
(3.9) and Dnew(α, θ̂) of expression (3.12) for n experiments, i.e. n realizations of x2,
the constructed region Dnew(α, θ̂) will be smaller than D(α, θ̂) a number of .79n times if
n→∞.

3.2.4 Connection between estimator statistics and new uncertainty
bound

The previous sections showed that for an estimate θ̂ different uncertainty regions can be
constructed, which all contain the true parameter θ0 with a certain probability α. It is em-
phasized that the new uncertainty region Dnew(α, θ̂) cannot be related to the probability
density function of θ. While the classical region D(α, θ̂) corresponds to the probability
region D(α, θ0) in expression (3.8), the new uncertainty region Dnew(α, θ̂) does not corre-
spond to a probability region of the probability density function of the estimator θ.

The standard expression θ0 ∈ D(α, θ̂) is correct for all estimates θ̂ ∈ D(α, θ0). The
new expression θ0 ∈ Dnew(α, θ̂) is correct for all estimates θ̂ corresponding to a x2 ∈
Dx2

(α, 0), with

Dx2
(α, 0) :=

n
x | |x|2 ≤ σ2x2cχ(α, 1)

o
.

In other words, the α-probability region Dx2
(α, 0) of x2 is mapped into a region of esti-
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Figure 3.2-3: Scheme depiction various path to the derivation of a model uncertainty region. For an
explanation see text on page 47.

mates θ̂ of θ for which a correct bound is given by Dnew(α, θ̂). Note that this does not
mean that Dnew(α, θ̂) is a mapping of the α-probability region Dx2

(α, 0) of x2 to the do-
main of θ. Whereas the mapping of Dx2

(α, 0) does define the set of all estimates θ̂ for
which it holds that θ0 ∈ Dnew(α, θ̂), the set Dnew(α, θ̂) is different for each estimate θ̂.

The scheme in Figure 3.2-3 illustrates the different path that can be taken to derive an
uncertainty region.
1. In the classical approach the probability density function pθ(θ) of the estimator θ is

used to construct an α-probability region Dθ(α, θ0) for the estimator, which is then
used to define an uncertainty region Dθ̂(α, θ̂) for an estimate θ̂. This is depicted in
Figure 3.2-3 by the flow 1-2-3. The uncertainty region is of a fixed description for all
estimates θ̂ and valid only for those θ̂ contained in the α-probability region Dθ(α, θ0)
for the estimator.

2. Alternatively, the estimator θ is mapped with a bijective functional x2 = f (θ) to
another random variable x2. The mapping becomes interesting when the probability
density function px2(x2) of x2 is less complex or easier to derive that the p.d.f. of
θ. Then an α-probability region Dx2

(α, 0) is constructed for the variable x2. This
α-probability regionDx2

(α, 0) is mapped with the inverse operator of f (·) to result in
an α-probability region Df−1(x2)(α, θ0) of θ, after which this region is again used to
define an (fixed) uncertainty region for estimates θ̂. This is depicted in Figure 3.2-3 by
the flow 4-8-9-6-3.
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3. The third approach is the one advocated in this thesis. After mapping the estimator θ
to the variable x2 and after constructing the α-probability region for the variable x2,
we do not yet return to the domain of the estimator θ. Instead, we construct an un-
certainty region Dx2(α, 0) for a realization x2 in the standard way. The uncertainty
region Dx2

(α, 0) for the estimate x2 is then mapped with the inverse of f (·) into an
uncertainty region Dθ̂(α, θ̂) of the particular estimate θ̂ = f−1 (x2). This is depicted
in Figure 3.2-3 by the flow 4-8-9-10-7.

The second approach above makes use of the fact that α-probability regions are not unique.
The approach should balance the ease of computation versus the increase of size of the
α-probability region as compared to the smallest possible one for the distribution of θ.
The third approach additionally looks for an easier description of the uncertainty region us-
ing as much information as possible available from the measurement data. The difference
between mapping a probability region Dx2

(α, 0) of the variable x2 and mapping an uncer-
tainty region Dx2(α, 0) of a realization x2 is that in the latter case additional information
available in the form of measurement x1 can be used to reduce the uncertainty in deriving
θ̂ from the realization x2. This results in an uncertainty region for θ̂ which is not fixed for
all estimates θ̂ but is data-dependent. This approach is linked to the second approach in the
sense that a correct bound (fixed for the second approach and data-dependent for the third
approach) is given for the same set of estimates θ̂.
It cannot be said in general whether the region resulting from the third approach is larger
or smaller than the one resulting from the classical approach. Not only depends the bound
on the particular realization at hand, the distribution of the new bound depends on the data-
generating system.

3.3 Prediction Error parameter uncertainty bounding
In this section the classical Prediction Error approach to deriving a parameter uncertainty
region is recalled under the assumption that the system is in the model class. The emphasis
lies on showing the number of steps comprised in this approach and the nature of the indi-
vidual steps. For proofs and further elaboration the reader is referred to standard works on
this approach such as [70][92].

3.3.1 Least squares prediction error estimators

From the standard prediction error framework [70][92] we consider the least-squares cost
criterion in which a model is identified from measurement data ZN := {y, u}N of data
length N according to

θ̂N = argmin
θ

VN
¡
θ, ZN

¢
with (3.15)

VN
¡
θ, ZN

¢
=

1

N

NX
t=1

ε2(t, θ), (3.16)
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where the so-called residuals ε (t, θ) are constructed as

ε (t, θ) = H−1(q, θ) (y(t)−G (q, θ)u(t)) . (3.17)

3.3.2 Asymptotic distribution

To derive the asymptotic distribution of the least squares estimator θ̂N the following steps
are taken:
1. A parameter θ∗ is introduced defined as

θ∗ = argmin
θ

V (θ),

with
V (θ) = E

£
ε2(t, θ)

¤
with E [·] = limN→∞ E [·] and it is shown that

θ̂N → θ∗, w.p. 1 as N →∞.

2. Noting that the minimizing argument of (3.16) satisfies V 0
N (θ̂N , Z

N ) :=
V 0
N (θ, Z

N )
¯̄
θ=θ̂N

= 0, with the prime denoting differentiation with respect to θ, the
term V 0

N(θ̂N , Z
N ) is expanded into a Taylor series around θ∗ as

0 ≈ V 0
N (θ

∗, ZN ) + V 00
N(ξN , Z

N )
³
θ̂N − θ∗

´
, (3.18)

with ξN a value ”between” θ̂N and θ
∗ and where the higher order terms are neglected.

3. It is shown that

V 00
N (ξN , Z

N )→ V̄ 00(θ∗) as N →∞ w.p.1.

4. It is shown that the term

−
√
NV 0

N (θ
∗, ZN ) =

1√
N

NX
t=1

ψ(t, θ∗)ε(t, θ∗) ∈ AsN (0, Q)

with Q = lim
N→∞

N · E
£
V 0
N (θ

∗, ZN )V 0
N (θ

∗, ZN )T
¤

(3.19)

under the condition that the terms ε(t, θ∗) andψ(t, θ∗) are independent, withψ(t, θ∗) :=
dε(t,θ)
dθ

¯̄̄
θ=θ∗

.

5. It is shown that, with the above, it holds that
√
N
³
θ̂N − θ∗

´
∈ AsN (0, Pθ)

Pθ =
£
V̄ 00(θ∗)

¤−1 ·Q · £V̄ 00(θ∗)
¤−1

. (3.20)

3.3.3 Construction of a parameter uncertainty region

The asymptotic distribution of the preceding section is subsequently used to construct a
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parameter uncertainty region for an estimate θ̂N ∈ Rn. The following steps have to be
taken:
6 An α-probability region is constructed

D(α, θ∗) :=
½
θ | (θ∗ − θ)

T
P−1θ (θ∗ − θ) ≤ cχ(α, n)

N

¾
,

with cχ(α, n) corresponding to the chi-squared distribution with n degrees of freedom,
and it is concluded that the statement³

θ̂N − θ∗
´T

P−1θ

³
θ̂N − θ∗

´
≤ cχ(α, n)

N
(3.21)

holds true with probability α (asymptotically in N ).

7 It is noted that expression (3.21) implies that the statement

θ∗ ∈ D(α, θ̂N), with

D(α, θ̂N ) : =

½
θ |

³
θ̂N − θ

´T
P−1θ

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
holds true with probability α (asymptotically in N ).

8 The termQ of expression (3.19) is approximated by using the ψ(t, θ̂N ) and ε(t, θ̂N ) in-
stead of ψ(t, θ∗) and ε(t, θ∗), by neglecting the expectation operator and by neglecting
the asymptotic-in-N requirement.

9 The term V̄ 00(θ∗) is approximated by using theψ(t, θ̂N ) and ε(t, θ̂N ) instead ofψ(t, θ∗)
and ε(t, θ∗), by neglecting the expectation operator and by neglecting the asymptotic-
in-N requirement.

10 With the above it is concluded that asymptotically and approximately it holds that

θ∗ ∈ D̂(α, θ̂N ), w.p. α,

with D̂(α, θ̂N ) : =

½
θ |

³
θ̂N − θ

´T
P̂−1θ

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
,

where P̂θ follows from using the approximations ofQ and V̄ 00(θ∗) in expression (3.20)
(actually the chi-distribution is replaced by an F -distribution).

3.4 ARX model structure
In this section the classical approach of parameter uncertainty bounding for a model esti-
mated in the ARX-model structure is re-evaluated and compared with an uncertainty bound
derived by following the new approach of Section 3.2. The new derivation of a parameter
bound for the ARX model structure follows as a direct generalization of Example 3.2-2.

3.4.1 Least squares ARX-model estimate

Consider the ARX-model structure given by a plant modelG(q, θ) and noise modelH (q, θ)
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structured according to

G(q, θ) =
B(q, θ)

A(q, θ)
=

q−nk
Pnb−1

k=0 b(k)q−k

1 +
Pna

k=1 a(k)q
−k and (3.22)

H (q, θ) =
B(q, θ)

A(q, θ)
=

1

1 +
Pna

k=1 a(k)q
−k (3.23)

with the parameter vector θ ∈ Rn defined as

θ =
£
a(1) · · · a(na) b(0) · · · b(nb − 1)

¤T
, (3.24)

with n = na + nb. With measurement data ZN = {y, u}N the least squares cost function
VN (θ, Z

N ) of expression (3.16) becomes

VN (θ, Z
N ) =

1

N

NX
t=1

(A (q, θ) y(t)−B(q, θ)u(t))2 . (3.25)

For ease of notation we define the matrix Φx,n,nk ∈ Rn×N associated with the time se-
quence x(t), t = [1, N ], by

Φx,n,nk =
£
On×nk Φ̄x,n,nk

¤
with (3.26)

Φ̄x,n,nk =

⎡⎢⎢⎢⎢⎣
x(1) x(2) x(3) · · · · · · x(N − nk)

0 x(1) x(2)
...

...
. . . . . . . . .

...
0 0 · · · x(1) · · · x(N − nk − n+ 1)

⎤⎥⎥⎥⎥⎦ ,
and with On×nk a zero matrix of dimensions (n× nk).

Now construct the matrix Φ ∈ R(na+nb)×N as
Φ =

£
ΦTy,na,1 ΦTu,nb,nk

¤T . (3.27)

The residual vector corresponding to expression (3.17) then becomes

ε(θ) = y − ΦT θ, (3.28)

where the boldface denotes the stacking of a time sequence in a vector, i.e.
ε(θ) =

£
ε(t, 1) · · · ε(t,N)

¤T . And the least squares estimate θ̂N of expression (3.15)
is written in vector matrix notation as

θ̂N =
¡
ΦΦT

¢−1
Φy. (3.29)

3.4.2 Analysis for system in the model class

Under the assumption that the data generating system is in the model class (S ∈ M), the
measurement data is generated according to an ARX model structure, i.e.

y(t) =
B0(q)

A0(q)
u(t) +

1

A0(q)
e(t), (3.30)
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with e(t) a white noise sequence with variance σ2e and the class of models of expressions
(3.22) and (3.23) is such that there exists a θ0 ∈ Rn for which it holds that

B (q, θ0) = B0(q) and A (q, θ0) = A0(q).

For the measurement data {y, u}N it then holds that
y = ΦT θ0 + e, (3.31)

with the data matrix Φ of expression (3.27) and the least squares estimate θ̂N of expression
(3.29) satisfies

θ̂N = θ0 +
¡
ΦΦT

¢−1
Φe. (3.32)

3.4.3 Classical approach to parameter uncertainty bounding

For the application of the classical approach of Section 3.3 to derive an uncertainty region
for the ARX-estimate it is noted that in this case
1. θ∗ = θ0

2. V 0
N (θ0, Z

N ) = − 1
N

PN
t=1 ψ(t)e(t) = − 1

NΦe

3. V̄ 00(θ0) = E
£
1
NΦΦ

T
¤

4. The Taylor expansion (3.18) is exact and equals expression (3.32)

When analyzing the statistical properties of the estimator θ̂N , it is then derived2 that,
for N →∞, √

N(θ̂N − θ0)→ N (0, Parx) (3.33)
with

Parx = (E[
1

N
ΦΦT ])−1 ·Q · (E[ 1

N
ΦΦT ])−1 (3.34)

with
Q = E[

1

N
ΦΦT ] · σ2e.

In particular, the required steps in Section 3.3 reduce to the following.
1. It is shown that √

N
1

N
Φe ∈ AsN (0, Q) , (3.35)

with
Q = E[

1

N
ΦΦT ] · σ2e (3.36)

as a result of the Central Limit Theorem under the condition that Φ and e are uncorre-
lated.

2. It is shown that

lim
N→∞

√
N

µ
1

N
ΦΦT

¶−1
1

N
Φe ∈ AsN (0, Parx)

2For this derivation it is required that both the terms ( 1
N
ΦTΦ)−1 and 1

N
ΦT e as well as their product converge

almost surely.



3.4 ARX model structure 53

and that the asymptotic covariance matrix Parx is given by expression (3.34). With the
(exact) Taylor expansion (3.32) expression (3.33) is derived and it holds that

lim
N→∞

Pr
n
θ̂N ∈ Darx(α, θ0)

o
= α, with

Darx(α, θ0) : =

½
θ | (θ − θ0)

T
P−1arx (θ − θ0) ≤

cχ(α, n)

N

¾
3. It is concluded that for each estimate θ̂N the statement

lim
N→∞

Pr

µ³
θ̂N − θ0

´T
P−1arx

³
θ̂N − θ0

´
≤ cχ(α, n)

N

¶
tends to probability α and therefore that

lim
N→∞

Pr
n
θ0 ∈ Darx(α, θ̂N )

o
= α, with (3.37)

Darx(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P−1arx

³
θ − θ̂N

´
≤ cχ(α, n)

N
)

¾
with Parx =

µ
E
∙
1

N
ΦΦT

¸¶−1
·Q ·

µ
E
∙
1

N
ΦΦT

¸¶−1
4. Then the covariance matrix Parx is approximated by omitting the expectation opera-

tions and by using an estimate σ̂2e in expression (3.36) forQ, after which it is concluded
that approximately

lim
N→∞

Pr
n
θ0 ∈ D̂arx(α, θ̂N )

o
= α, with (3.38)

D̂arx(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P̂−1arx

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
and P̂arx =

µ
1

N
ΦΦT

¶−1
σ̂2e,

in which cχ(α, n) is actually replaced by cF (α, n,N) using the fact that (asymptoti-
cally) the estimates σ̂2v and θ̂N are uncorrelated.

3.4.4 New approach to parameter uncertainty bounding

Instead of using expression (3.32) to derive a bound on the error
³
θ̂N − θ0

´
a number of

alternatives could be derived from the assumptions. For example, the following expression
holds true as well

β
1
:=

1√
N
ΦΦT

³
θ̂N − θ0

´
=

1√
N
Φe (3.39)

following from expression (3.32) itself.

An uncertainty region based on expression (3.39) requires the following steps:
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1. The unknown term on the right hand side of expression (3.39) is known from expres-
sion (3.35) to satisfy

β
1
=

1√
N
Φe ∈ AsN (0, Q)

with Q = E[ 1NΦΦ
T ] · σ2e and it can be concluded that the estimator β1 satisfies

lim
N→∞

Pr
n
β
1
∈ Dβ(α, 0)

o
= α, with

Dβ(α, 0) : =
n
β | βTQ−1β ≤ cχ(α, n)

o
2. For each estimate β1 it therefore holds that

lim
N→∞

Pr
n
βT1Q

−1β1 ≤ cχ(α, n)
o
= α

and this probabilistic expression is also valid for the particular estimate
β1 =

1√
N
ΦΦT

³
θ̂N − θ0

´
, i.e. it holds that

lim
N→∞

Pr

½³
θ̂N − θ0

´T 1

N
ΦTΦQ−1

1

N
ΦΦT

³
θ̂N − θ0

´
≤ cχ(α, n)

N

¾
= α

and therefore that

lim
N→∞

Pr
n
θ0 ∈ Darx,new(α, θ̂N )

o
= α, with (3.40)

Darx,new(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P−1arx,new

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
with Parx,new =

µ∙
1

N
ΦΦT

¸¶−1
·Q ·

µ∙
1

N
ΦΦT

¸¶−1
Whereas in the classical approach Parx has the interpretation of covariance matrix of
the parameter estimator, this interpretation is not applicable to the matrix Parx,new.
The latter only serves as a basis for the parameter uncertainty regionDarx,new(α, θ̂N ).

3. Approximate the matrix Parx,new with an approximation of Q obtained from omitting
the expectation operation and from using an estimate σ̂2e in expression (3.36), after
which it is concluded that approximately

lim
N→∞

Pr
n
θ0 ∈ D̂arx,new(α, θ̂N )

o
= α, with (3.41)

D̂arx,new(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P̂−1arx,new

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
with P̂arx,new =

µ
1

N
ΦΦT

¶−1
σ̂2e,

in which cχ(α, n) is actually replaced by cF (α, n,N) using the fact that (asymptoti-
cally) the estimates σ̂2v and θ̂N are uncorrelated.



3.4 ARX model structure 55

3.4.5 Comparison of the new and classical approach

In its implementable form the alternative approach is seen to result in exactly the same
uncertainty region as is practically used in the classical approach, i.e.

D̂arx(α, θ̂N ) = D̂arx,new(α, θ̂N )

as seen from expressions (3.41) and (3.38). However, when comparing the two theoretical
expressions (3.37) and (3.40) it shows that

Darx(α, θ̂N ) 6= Darx,new(α, θ̂N ).

It appears that the new approach requires only the replacement of Q by a computable esti-
mate, while the classical approach requires three substitutions to be made.
Moreover, the Gaussian distribution in the standard approach requires the distribution of the
test statistic (ΦTΦ)−1Φe to be Gaussian, whereas the alternative approach only requires
1√
N
Φe to be Gaussian distributed. Monte Carlo simulations show that the term (ΦTΦ)−1Φe

generally requires a longer data length to approximate the Gaussian distribution.
Summarizing, through the new paradigm the commonly used uncertainty region (3.38) has
a stronger theoretical support than is generally acknowledged.

3.4.6 An illustrative second alternative

A second alternative test statistic to using expression (3.32) for deriving a bound on the
error

³
θ̂N − θ0

´
could be

β
2
= ε(θ̂N )− ΦT

³
θ0 − θ̂N

´
= e (3.42)

following from expressions (3.31) and (3.28).
An uncertainty region based on expression (3.42) is even more straightforward than using
the first alternative (3.39) in case the measurement noise e(t) is Gaussian distributed. How-
ever, it turns out that this second alternative results in very large uncertainty regions. Still,
the derivation is elucidating and therefore presented. If e(t) is Gaussian distributed, expres-
sion (3.42) leads to the following steps.
1. It holds that

β
2
= e ∈ N

¡
0, IN · σ2e

¢
from which it can be concluded thatn

β
2
∈ D(α, 0)

o
w.p.α, with

D(α, 0) : =
n
β | βTσ−2e β ≤ cχ(α,N)

o
2. Therefore, since for each estimate β2n

βT2 σ
−2
e β2 ≤ cχ(α,N)

o
w.p.α,

and this also holds for the particular estimate β2 = ε(θ̂N ) − ΦT
³
θ0 − θ̂N

´
and it
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follows that½°°°ε(θ̂N )− ΦT ³θ0 − θ̂N

´°°°2
2
σ−2e ≤ cχ(α,N)

¾
w.p.α (3.43)

with kxk22 := xTx. Expression (3.43) implies½°°°ΦT ³θ0 − θ̂N

´°°°2
2
σ−2e ≤ cχ(α,N)−

°°°ε(θ̂N )°°°2
2
σ−2e

¾
w.p.α,

since Φε(θ̂N ) = 0 which follows from

ε(θ̂N ) = y− ΦT θ̂N = y− ΦT
¡
ΦΦT

¢−1
Φy and

Φε(θ̂N ) = Φy− ΦΦT
¡
ΦΦT

¢−1
Φy = 0.

And it holds that

lim
N→∞

Pr
n
θ0 ∈ D2(α, θ̂N )

o
= α, with (3.44)

D2(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P−12

³
θ − θ̂N

´
≤ c2

N

¾
with P2 =

µ
1

N
ΦΦT

¶−1
σ2e

and c2 = cχ(α,N)−
°°°ε(θ̂N )°°°2

2
σ−2e (3.45)

3. When approximating the noise variance by an estimate σ̂2e it is concluded thatn
θ0 ∈ D̂2(α, θ̂N )

o
w.p.α, with (3.46)

D̂2(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P̂−12

³
θ − θ̂N

´
≤ c2

N

¾
and P̂2 =

µ
1

N
ΦΦT

¶−1
σ̂2e

and c2 = cχ(α,N)−
°°°ε(θ̂N )°°°2

2
σ−2e

Clearly this result is theoretically very elegant as expression (3.44) is exact for any value
of N . The practical value is seemingly great as the implementable uncertainty region
D̂2(α, θ̂N ) differs from the theoretical region D2(α, θ̂N ) only by replacing σ2e with its es-
timate. However, when tested on a few simple examples the resulting uncertainty regions
turned out to be very large. The practical uncertainty regionsDarx,new(α, θ̂N ) of the previ-
ous section are generally much smaller. These regions are therefore recommended for prac-
tical use, since the asymptotic nature of their corresponding probabilistic statement (3.40)
is very mild, in the sense that for even small values of N the error in the probability level α
becomes very small.
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3.4.7 A third alternative with strong finite-time perspectives

The new approach based on the first alternative test statistic (3.39) reduced the asymptotic
assumptions in the derivation of the ARX uncertainty bound (3.40) significantly. Still, an
asymptotic assumption was required to derive the classical result on the statistical properties
of β := 1√

N
ΦTe in terms of the covariance matrix Q. In order to further isolate the role of

the noise distribution, a third alternative test statistic is investigated based on the singular
value decomposition of the regressor matrix Φ. Let Φ = UΣV T , with U ∈ Rn×n, Σ ∈
Rn×n, V ∈ RN×n and UTU = V TV = I3 then it holds that

β
3
:=

1√
N
Σ−1UTΦΦT

³
θ̂N − θ0

´
=

1√
N
V Te (3.47)

following from expression (3.32) itself.

The following lemma will appear to be instrumental when evaluating this third alternative
test statistic.

Lemma 3.4-1 Given random vectors e, z ∈ RNx1 and random matrix V ∈ RNxN related
through

z = V Te. (3.48)
If the following properties are satisfied:

1. e has independent identical Gaussian distributed entries,N (0, σ2), and
2. e and V are independent, and

3. V is unitary, i.e. V V T = I
then the vector elements of z are independent identically distributed with Gaussian dis-
tributionN (0, σ2). ¤

Proof : A proof is provided in Appendix 3D. ¤

The result of this lemma is quite remarkable. Irrespective of the probability density function
of the elements of the matrix V , the resulting random variable z has a Gaussian distribu-
tion. If any one of the conditions does not hold, the result is still valid asymptotically in the
data length N which follows from the Central Limit Theorem.

Using Lemma 3.4-1 the following result can be formulated.

Proposition 3.4-2 Given a random matrix A ∈ Rn×N and a random vector e ∈ RN×1.
The vector e contains independent identically distributed Gaussian random variables with
distributionN (0, σ2).
If A and e are statistically independent, then for every realization z of the random variable
z defined as

z := Ae

3The singular value decomposition can be made unique by imposing strict inequalities in the ordering of the
singular values inΣ and a sign condition on the columns ofU . See [96] for more details on the probability density
functions of U ,Σ and V of the singular value decomposition of a random matrix.
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it holds for each realization z and A that

zT (AAT )−1z ≤ σ2cχ(α, n) w.p. α.

This result is exact for all values of N . ¤

Proof : Utilizing the singular value decomposition of A: A = UΣV T , with U ∈ Rn×n,
Σ ∈ Rn×n, V ∈ RN×n and UTU = V TV = I , denote

β := Σ−1UT z = V Te. (3.49)

If V and e are independent (upon assumption) then according to Lemma 3.4-1 β ∈
N (0, σ2In) and consequently for every realization β corresponding to (z, A) withA =
UΣV T it follows that

βTβ ≤ σ2cχ(α, n) w.p. α.
Substituting β in the left hand side then delivers

zTUΣ−1Σ−1UT z

which by usingAAT = UΣ2UT , simplifies to zT (AAT )−1zwhich proves the result.¤

The proof of Proposition 3.4-2 shows how the third alternative test statistic (3.47) can be
evaluated to lead to an ARXmodel uncertainty bound. In fact, in applying Proposition 3.4-2
to expression (3.32) of estimated ARX models (with A =

¡
ΦΦT

¢−1
Φ and z = θ̂N − θ0),

the suggested consequence is that for all N it holds that

(θ̂N − θ0)
T 1

N
ΦTΦ(θ̂N − θ0) ≤

cχ(α, n)

N
w.p. α

and consequently

θ0 ∈ Darx,3(α, θ̂N ) w.p. α, with (3.50)

Darx,3(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P−1arx,3

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
with Parx,3 =

µ
1

N
ΦΦT

¶−1
σ2e,

This - very strong looking - result however is not exactly true, due to the fact that Proposition
3.4-2 requires statistical independence of A and e, a condition that is not satisfied for ARX
models. However, based on many Monte Carlo simulations it appears that failure to meet
this condition hardly affects the Gaussian character of the test statistic β

3
= 1√

N
V Te. This

is illustrated in the following example.

Example 3.4-3 A first-order data generating system is modelled with an ARX model of
the form

ε(t, θ) = (1 + θfq
−1)y(t) + θbu(t),

such that S ∈ M. Experimental data is simulated driving the data-generating system
with an input u(t) and noise disturbance e(t) that are independent Gaussian distributed
white noise sequences with variance σ2u = σ2e = 1. The system coefficients are θb = 0.5,
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Figure 3.4-4: Distribution of parameters in ARX structure. Top: second element of (ΦΦT )−1Φe
corresponding to θ̂b for data length N = 2, 4, 10, 25. Bottom: the distribution of the second element
of V Te corresponding to θ̂b.

θf = 0.9. The parameters θb and θf are estimated with a least-squares identification crite-
rion.
The top of Figure 3.4-4 depicts the histogram of the second element of (ΦTΦ)−1ΦTe cor-
responding with θ̂b as a function of data length N and for 10000 Monte Carlo simulations.
It is the empirical distribution of the test statistic, related to the classical ARX estimate
(3.32). The bottom depicts the distribution of the second element of V Te, being the empiri-
cal distribution related to the test statistic β

3
of expression (3.47). Clearly, the bottom row

is indistinguishable from the Gaussian distribution, while the top approaches the Gaussian
slowly. Similar results are presented in Figure 3.4-5 for the first elements of the parame-
ter vector, corresponding with θ̂f . Clearly, the bottom row is indistinguishable from the
Gaussian distribution already for N = 2, while the top approaches the Gaussian distribu-
tion very slowly, becoming close to Gaussian only from N = 2000 onwards.

The results of the example suggest that the existing correlation between V and e hardly
affects the normality of the test statistic. This would allow to apply the Gaussian distribution
to finite time signals.

3.4.8 Evaluation

The new approach to model uncertainty bounding based on the test statistics (3.39) and
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Figure 3.4-5: Similar simulation results as in Figure 3.4-4 but then for the test statistic related to the
denominator parameter θ̂f forN = 2, 4, 25 and 2000.

(3.47), i.e.

β
1
=

1√
N
Φe and

β
3

: =
1√
N
V Te,

as alternatives to the ARX estimator error

θ̂N − θ0 :=
¡
ΦΦT

¢−1
Φe,

yield different theoretical model uncertainty setsDarx,new(α, θ̂N ) andDarx,3(α, θ̂N ) ((3.40)
and (3.50)) corresponding respectively to

Parx,new =

µ∙
1

N
ΦΦT

¸¶−1
·Q ·

µ∙
1

N
ΦΦT

¸¶−1
and

Parx,3 =

µ∙
1

N
ΦΦT

¸¶−1
· σ2e

as alternatives for the classical Darx(α, θ̂N) ((3.37)) corresponding to

Parx =

µ
E
∙
1

N
ΦΦT

¸¶−1
·Q ·

µ
E
∙
1

N
ΦΦT

¸¶−1
.
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It turns out that all three theoretical uncertainty sets lead to the same implementable set
D̂arx(α, θ̂N ) ((3.38)) with P̂arx =

¡£
1
NΦΦ

T
¤¢−1

σ̂2e. However, to arrive at that classical
result the new approach withDarx,new(α, θ̂N ) requires only the approximation ofQ, while
the derivation which lead to Darx,3(α, θ̂N ) requires even less approximations, i.e. the ap-
proximation of σ2e only.
Moreover, the Gaussian distribution in the standard approach requires the distribution of the
test statistic (ΦTΦ)−1Φe to be Gaussian, whereas the alternative approaches only require
1√
N
Φe, respectively, 1√

N
V Te to be Gaussian distributed. Monte Carlo simulations show

that the term 1√
N
V Te seems indistinguishable from the Gaussian distribution even forN =

2 in the examples tested so far. The estimator θ̂N = θ0 + (Φ
TΦ)−1Φe itself, on the other

hand, generally requires a much longer data length to approximate the Gaussian distribution.
Finite-time analysis of estimated parameters is an important problem, however with few re-
sults in the literature so far. For some results see e.g. [17] and [110]. The particular ARX
result (3.50) suggests the applicability of the new parameter bounding approach to finite-
time data. This suggestion, supported by simulation results, will need to be substantiated in
future work. To summarize, however, through the new paradigm the commonly used uncer-
tainty region (3.38) has a stronger theoretical support than is generally acknowledged.

The results presented here are applicable both to open-loop and closed-loop data. In the
latter situation the input signal will also be correlated to the noise. This will influence the
convergence properties of the test terms 1

NΦ
TΦ and 1√

N
ΦTe and their combination. Also

in this situation the new approaches have to deal with the second term, respectively 1√
N
V Te,

only. This is elaborated in Section 3B. In the situation of unmodelled dynamics the new
approach has similar advantages which is shown in Chapter 4.
Finally in this context it can be noted that it is easily verified from expression (3.42) that³

θ0 − θ̂N

´T
ΦΦT

³
θ0 − θ̂N

´
= VN (θ0)− VN (θ̂),

since Φε = 0. Therefore, the set (3.40) is a parameter uncertainty set that can equivalently
be described by those values of θ that satisfy

VN (θ0)− VN (θ̂) ≤ cχ(α, n)/N.

This relates to the so-called likelihood method of quantifying parameter uncertainty [27].

3.5 OE model structure
In this section the new approach to parameter uncertainty bounding is applied to OE model
structures. The conceptual differences with the classical approach are similar to those in
parameter uncertainty bounding for ARX models. Additionally, the OE model structure
is not linear in the parameters. For that reason the standard Prediction Error approach to
uncertainty bounding uses a first order Taylor expansion to express the error between the
true and estimated parameter. In this section it is shown that the Taylor approximation can
be avoided and a new and exact expression is presented for the estimated parameter error.
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3.5.1 Least squares OE-model estimate

Consider the OE-model structure given by a plant model G(q, θ) and noise model H(q, θ)
structured according to

G(q, θ) =
B(q, θ)

F (q, θ)
=

q−nk
Pnb−1

k=0 b(k)q−k

1 +
Pnf

k=1 f(k)q
−k and (3.51)

H (q, θ) = 1 (3.52)

with the parameter vector θ ∈ Rn defined as

θ =
£
f(1) · · · f(nf ) b(0) · · · b(nb − 1)

¤T
,

with n = nf + nb. The cost function VN (θ, ZN) is then given by

VN (θ, Z
N ) =

1

N

NX
t=1

µ
y(t)− B(q, θ)

F (q, θ)
u(t)

¶2
. (3.53)

The least squares estimate θ̂N of expression (3.15) is a solution to the equation

V
0
N (θ, Z

N ) =
NX
t=1

µ
y(t)− B(q, θ)

F (q, θ)
u(t)

¶
ψ(t, θ) = 0, (3.54)

with ψ(t, θ) := d
dθ ε(t, θ).

3.5.2 Classical approach to parameter uncertainty bounding

Under the assumption that the data-generating system is in the model class (S ∈M) , the
measurement data is generated according to an OE model structure, i.e.

y(t) =
B0(q)

F0(q)
u(t) + e(t), (3.55)

with e(t) a white noise sequence and the class of models of expressions (3.51) and (3.52) is
such that there exists a θ0 ∈ Rn for which it holds that

B (q, θ0) = B0(q) and F (q, θ0) = F0(q).

Under these assumptions the classical approach shows that
1. θ∗ = θ0

2. V 0
N (θ0, Z

N ) = − 1
N

PN
t=1 ψ(t, θ0)e(t) = − 1

NΨ (θ0) e and ψ(t, θ0) (dependent on u
only) is uncorrelated with e(t)

3. V̄ 00(θ0) = E
h
1
NΨ (θ0)Ψ (θ0)

T
i
.

When analyzing the statistical properties of the estimator θ̂N , it is then derived that, for
N →∞,

√
N(θ̂N − θ0)→ N (0, Poe) (3.56)
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with the asymptotic covariance Poe given by

Poe =

µ
E
∙
1

N
Ψ (θ0)Ψ (θ0)

T

¸¶−1
·Q ·

µ
E
∙
1

N
Ψ (θ0)Ψ (θ0)

T

¸¶−1
(3.57)

and

Q = E
∙
1

N
Ψ (θ0)Ψ (θ0)

T

¸
· σ2e (3.58)

where Ψ (θ) ∈ Rn×N is defined as
Ψ (θ) =

£
ψ(1, θ) ψ(2, θ) · · · ψ(N, θ)

¤
. (3.59)

The classical approach is then summarized as follows:
1. The term V

0
N

³
θ̂N , Z

N
´
is approximated in the first terms of its Taylor expansion and

it is shown that V 00 ¡θ0, ZN
¢
→ V̄

00
(θ0) when N →∞, resulting in³

θ̂N − θ0

´
≈ −

h
V̄

00
(θ0)

i−1 h
V

0
N

¡
θ0, Z

N
¢i

. (3.60)

2. It is shown that

V
0
N

¡
θ0, Z

N
¢
∈ AsN (0, Q),

with Q of expression (3.58).

3. It is shown that
√
N
³
θ̂N − θ0

´
∈ AsN (0, Poe)

with Poe =
h
V̄

00
(θ0)

i−1
·Q ·

h
V̄

00
(θ0)

i−1
given by expression (3.57), from which it

is concluded that

lim
N→∞

Pr
n
θ0 ∈ Doe(α, θ̂N )

o
= α (3.61)

with Doe(α, θ̂N ) : =

½
θ |

³
θ̂N − θ

´T
P−1oe

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
,

and Poe =

µ
E
∙
1

N
Ψ (θ0)Ψ (θ0)

T

¸¶−1
·Q ·

µ
E
∙
1

N
Ψ (θ0)Ψ (θ0)

T

¸¶−1
.

4. The covariance matrix Poe is approximated using
(a) an estimate of V̄ 00(θ0) = E

h
1
NΨ (θ0)Ψ (θ0)

T
i
given by the term 1

NΨ(θ̂N )Ψ(θ̂N )
T

(b) an estimate of Q = σ2eE
h
1
NΨ (θ0)Ψ (θ0)

T
i
given by the term

σ̂2e
1
NΨ(θ̂N )Ψ(θ̂N )

T with

(c) σ̂2e denoting an estimate of σ2e.
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The resulting standard uncertainty region then corresponds to the statement

lim
N→∞

Pr
n
θ0 ∈ D̂oe(α, θ̂N )

o
= α (3.62)

with D̂oe(α, θ̂N ) : =

½
θ |

³
θ̂N − θ

´T
P̂−1oe

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
,

and P̂oe = σ̂2e

∙
Ψ
³
θ̂N

´
Ψ
³
θ̂N

´T¸−1
, (3.63)

where cχ(α, n) is actually replaced by cF (α, n,N).

3.5.3 Alternative analysis for system in the model class

In the alternative approach we look for other expressions to describe the difference between
θ̂N and θ0 instead of expression (3.60) with the Taylor expansion of V 0

N (θ, Z
N ). A con-

venient expression starts from equation (3.54) of V 0
N (θ, Z

N ) as well, but proceeds along a
different line. Since θ̂N satisfies equation (3.54) it also holds that the estimate θ̂N satisfies

NX
t=1

Ã
F (q, θ)

1

F (q, θ̂N )
y(t)−B(q, θ)

1

F (q, θ̂N )
u(t)

!
ψ(t, θ̂N ) = 0 (3.64)

This expression is linear in the parameter θ and implies that θ̂N can be expressed in a linear
regression-type equation as

θ̂N =
¡
ΨΦT

¢−1
ΨyF , (3.65)

with yF corresponding to the sequence F−1(q, θ̂N )y(t) and where Ψ ∈ R(nf+nb)×N and
Φ ∈ R(nf+nb)×N are defined as

Ψ =
£
ψ(1, θ̂N ) ψ(2, θ̂N) · · · ψ(N, θ̂N )

¤
(3.66)

=
h
−ΦTψf ,nf ,1 ΦTψb,nb,nk

iT
(3.67)

Φ =
£
−ΦTyF ,nf ,1 ΦTuF ,nb,nk

¤T
, (3.68)

according to definition (3.26) with

ψf (t) = F−2(q, θ̂N )B(q, θ̂N )u(t)

ψb(t) = F−1(q, θ̂N )u(t)

yF (t) = F−1(q, θ̂N )y(t)

uF (t) = F−1(q, θ̂N )u(t).

Expression (3.65) could be seen as describing the least-squares OE-estimate θ̂N as the in-
strumental variable estimate of an ARX-model with prefiltered y and u and instrumental
variables given by ψ(t, θ̂N ). Note that expression (3.65) is an equation that characterizes
θ̂N but cannot be used to calculate θ̂N , as the right hand side of the equation is also depen-
dent on θ̂N .

Expression (3.64) is chosen because it conveniently allows us to derive an analytical expres-
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sion for the difference between the true parameter vector θ0 and the OE-estimate θ̂N . First
we note that expression (3.55) can be rewritten as

F0(q)
1

F (q, θ̂N )
y(t) = B0(q)

1

F (q, θ̂N )
u(t) +

F0(q)

F (q, θ̂N )
e(t), (3.69)

which reads in matrix notation
yF = Φ

T θ0 + eF , (3.70)
with Φ as in expression (3.68) and eF the vector corresponding to the filtered measure-
ment noise F0(q)

F (q,θ̂N )
e(t). Therefore, with expression (3.70) inserted in expression (3.65) the

following exact expression for the difference
³
θ̂N − θ0

´
is seen to hold true,

θ̂N − θ0 =
¡
ΨΦT

¢−1
ΨeF . (3.71)

3.5.4 Alternative approach to parameter bounding

The derivation of an uncertainty region now follows the same line of reasoning as the one
followed for the ARX-model estimate. To summarize, we require the following steps.
1. It can be shown that

β
1
=

1√
N
ΨeF ∈ AsN (0, Q)

with Q of expression (3.58) (since F0(q)

F (q,θ̂N )
= 1 when evaluated as θ̂N = θ0) and we

can conclude that

lim
N→∞

Pr
n
β
1
∈ Dβ1(α, 0)

o
= α, with

Dβ1(α, 0) : =
n
β | βTQ−1β ≤ cχ(α, n)

o
2. For each estimate β1 it therefore holds that

lim
N→∞

Pr
n
βT1Q

−1β1 ≤ cχ(α, n)
o
= α

and this probabilistic expression is also valid for the particular estimate
β1 =

1√
N
ΨΦT

³
θ̂N − θ0

´
, i.e. it holds that

lim
N→∞

½³
θ̂N − θ0

´ 1
N
ΦΨTQ−1

1

N
ΨΦT

³
θ̂N − θ0

´
≤ cχ(α, n)

N

¾
w.p.α

and therefore that

lim
N→∞

Pr
n
θ0 ∈ Doe,new(α, θ̂N )

o
= α, with (3.72)

Doe,new(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P−1oe,new

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
with Poe,new =

µ
1

N
ΦΨT

¶−1
·Q ·

µ
1

N
ΨΦT

¶−1
Whereas in the classical approach Poe has the interpretation of covariance matrix of
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the parameter estimator, this interpretation is not applicable to the matrix Poe,new. The
latter only serves as a basis for the parameter uncertainty region Doe,new(α, θ̂N ).

3. The matrix Poe,new can be approximated using
(a) an estimate ofQ = σ2e

1
NE

h
Ψ (θ0)Ψ (θ0)

T
i
given by the term σ̂2e

1
N

£
ΨΨT

¤
with

(b) and σ̂2e denoting an estimate of σ2e.
The resulting uncertainty region then corresponds to the statement

lim
N→∞

Pr
n
θ0 ∈ D̂oe,new(α, θ̂N )

o
= α (3.73)

for

D̂oe,new : =

½
θ |

³
θ̂N − θ

´T
P̂−1oe,new

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
,

with P̂oe,new =

µ
1

N
ΦΨT

¶−1
· 1
N

£
ΨΨT

¤
·
µ
1

N
ΨΦT

¶−1
· σ̂2e, (3.74)

where cχ(α, n) could be replaced by cF (α, n,N).

3.5.5 Evaluation

Unlike in the situation for ARX models, the actual expressions for the classical and the new
approach now are different, i.e. the resulting practical uncertainty regions are different:

D̂oe(α, θ̂N ) 6= D̂oe,new(α, θ̂N ).

In the new approach, the number of approximations and convergence assumptions that have
to be made are considerably less than in the classical approach. The first and third step
of the classical approach, involving the Taylor expansion and the behaviour of the term
1
NΨΦ

T , are not required in the new approach. The approximations made in the fourth step
of the classical approach are limited to approximating Q and σ2e only in the new approach.
And finally, in the new approach the asymptotic normality of the term 1√

N
ΨTe is the only

stochastic convergence issue that is involved.

3.5.6 A new interpretation of the classical results

The classical result for OE parameter bounding as given by expression (3.62) itself can
also be derived following the new paradigm. In that case, the Taylor approximation is still
adopted to describe the difference between the true and estimated parameter, but the deriva-
tion of the uncertainty bound follows the new approach.

Again equation (3.54) of V 0
N (θ, Z

N ) serves as the starting point. Since θ̂N satisfies equation
(3.54) it holds that

V
0
N(θ̂N , Z

N) =
NX
t=1

Ã
y(t)− B(q, θ̂N )

F (q, θ̂N )
u(t)

!
ψ(t, θ̂N ) = 0.
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Subtituting the information on y(t) from expression (3.55) into the above equation yields
NX
t=1

Ã
e(t) +

Ã
B0(q)

F0(q)
− B(q, θ̂N )

F (q, θ̂N )

!
u(t)

!
ψ(t, θ̂N ) = 0. (3.75)

Denote the model error transfer function T (q, θ0, θ̂N ) by

T (q, θ0, θ̂N ) :=
B0(q)

F0(q)
− B(q, θ̂N )

F (q, θ̂N )
.

The first order Taylor expansion of the model error T (q, θ0, θ̂N ) is given by (cf. Appendix
3C)

T (q, θ0, θ̂N ) ≈
"
−B(q, θ̂N )ΩT2 (q)

F 2(q, θ̂N )

ΩT1 (q)

F (q, θ̂N )

#³
θ0 − θ̂N

´
,

with

Ω1(q) =
£
1 q−1 · · · q−nb−1

¤T
q−k (3.76)

Ω2(q) =
£
q−1 · · · q−nf

¤T
. (3.77)

From expression (3.68) it is seen that

ψ(t, θ̂N ) =

"
ΩT1 (q)

F (q, θ̂N )

−B(q, θ̂N )ΩT2 (q)
F 2(q, θ̂N )

#T
u(t)

and it follows that expression (3.75) can be approximated as
NX
t=1

³
e(t) + ψT (t, θ̂N )

³
θ0 − θ̂N

´´
ψ(t, θ̂N ) ≈ 0. (3.78)

Solving this expression for
³
θ0 − θ̂N

´
reveals the expression

θ̂N − θ0 ≈
¡
ΨΨT

¢−1
Ψe (3.79)

While expression (3.71) is exact this error expression (3.79) is approximate. Expression
(3.71) is based on expressing the residual error ε(t, θ̂N ) as

ε(t, θ̂N) =
F (q, θ̂N )

F (q, θ0)
e(t) + φT

³
t, θ̂N

´³
θ0 − θ̂N

´
(3.80)

which follows from inserting expression (3.69) in expression (3.64). The Taylor-based ex-
pression (3.79), on the other hand, is based on expressing the residual error ε(t, θ̂N ) as

ε(t, θ̂N ) = e(t) + ψT
³
t, θ̂N

´³
θ0 − θ̂N

´
+∆(q)u(t), (3.81)

where the term∆(q) represents the approximation error, i.e. ∆(q)u(t) = T (q, θ0, θ̂N )u(t)−
φT
³
t, θ̂N

´³
θ0 − θ̂N

´
. In Appendix 3C the approximation error∆(q) is made explicit.

Starting from the approximate expression (3.79) the classical OE parameter uncertainty
bound can be derived in a straightforward manner following the new paradigm. The deriva-
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tion is identical to the derivation of the parameter bound for ARX models. In particular,
only the asymptotic Gaussian nature of the term β1

β
1
:=

1√
N
Ψe ∈ AsN (0, Q) with Q = E[

1

N
ΨΨT ] · σ2e (3.82)

has to be shown to hold.
For each estimate β1 it therefore holds that

lim
N→∞

Pr
n
βT1Q

−1β1 ≤ cχ(α, n)
o
= α

and this probabilistic expression is also valid for the particular estimate
β1 =

1√
N
ΨΨT

³
θ̂N − θ0

´
, i.e. it holds that

lim
N→∞

Pr

½³
θ̂N − θ0

´T 1

N
ΨTΨQ−1

1

N
ΨΨT

³
θ̂N − θ0

´
≤ cχ(α, n)

N

¾
= α

and therefore that

lim
N→∞

Pr
n
θ0 ∈ Doe,Taylor(α, θ̂N )

o
= α, with (3.83)

Doe,Taylor(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P−1oe,Taylor

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
with Poe,Taylor =

µ∙
1

N
ΨΨT

¸¶−1
·Q ·

µ∙
1

N
ΨΨT

¸¶−1
.

Whereas in the classical approach Poe has the interpretation of covariance matrix of the
parameter estimator, this interpretation is not applicable to the matrix Poe,Taylor . The latter
only serves as a basis for the parameter uncertainty region Darx,new(α, θ̂N ). To obtain
a computable parameter uncertainty region the matrix Poe,Taylor is approximated by an
approximation of Q obtained from omitting the expectation operation and from using an
estimate σ̂2e in expression (3.82), after which it is concluded that approximately

lim
N→∞

Pr
n
θ0 ∈ D̂oe,Taylor(α, θ̂N )

o
= α, with (3.84)

D̂oe,Taylor(α, θ̂N ) : =

½
θ |

³
θ − θ̂N

´T
P̂−1oe,Taylor

³
θ − θ̂N

´
≤ cχ(α, n)

N

¾
with P̂oe,Taylor =

µ∙
1

N
ΨΨT

¸¶−1
σ̂2e.

Clearly the resulting parameter uncertainty set D̂oe,Taylor(α, θ̂N ) is exactly equal to the
classical uncertainty set D̂oe(α, θ̂N ) of expression (3.62). The derivation followed here,
however, is more straightforward and involves the evaluation only of the statistics of 1√

N
Ψe.

Again the classical result is seen to have a stronger theoretical support than generally ac-
knowledged.

3.5.7 Finite-time validity of the new and classical results

The classical result (3.84) finds an even stronger and more straightforward support by the
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application of Proposition 3.4-2 to expression (3.79). The proposition then states that the
result (3.84) is exact even for finite data length (apart from the approximation in expression
(3.79)) ifΨ and e would be independent. While this conditions not satisfied for OE models,
it can be noted, however, that the statistical relation between Ψ and e is only through the
fact that they both depend on θ̂N . Unlike the random matrix Φ of the ARX models, the
randommatrixΨ does not contain signals (as e.g. output signals) that are correlated directly
to the noise signal. Therefore the correlation between Ψ and e is expected to be rather
small. The conjecture that failure to meet the statistical independence condition hardly
affects the Gaussian character of the test statistic is illustrated in the following example,
which is similar to Example 3.4-3. Note that in this case the term V T corresponds to the
singular value decomposition of Ψ instead of Φ.

−50 0 50

(Ψ
Ψ

T
)−

1 Ψ
 e

−2 0 2

N = 2

V
T
e

−2 0 2

−2 0 2

N = 5

−0.5 0 0.5

−2 0 2

N = 25

−0.2 0 0.2

−2 0 2

N = 50

Figure 3.5-6: Distribution of parameters in OE structure. Top: second element of (ΨΨT )−1Ψe cor-
responding to θ̂b for data length N = 2, 5, 25, 50. Bottom: the distribution of the second element of
V Te corresponding to θ̂b.

Example 3.5-4 Monte Carlo simulations are generated of estimating the two parameters
θf and θb of the transfer function

G0(q) =
θb

1 + θfq−1

on the basis of a data-generating system

y(t) = G0(q)u(t) + e(t)
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with u(t) and e(t) independent Gaussian distributed white noise sequences with variance
σ2u = σ2e = 1. The parameters θf and θb are estimated in the OE model structure with a
least-squares identification criterion.

The top of Figure 3.5-6 depicts the second element of (ΨΨT )−1Ψe corresponding with θ̂b
as a function of data length N . The bottom depicts the distribution of the second element
of V Te corresponding with θ̂b as a function of data length N . Clearly, the bottom row is
nearly indistinguishable from the Gaussian distribution, while the top, even for N = 50,
only approaches the Gaussian. The figure is based on 2000Monte Carlo simulations.
The top of Figure 3.5-7 depicts the first element of (ΨΨT )−1Ψe corresponding with θ̂f as
a function of data length N . The bottom depicts the distribution of the first element of V Te
corresponding with θ̂f as a function of data length N . Clearly, the bottom row is nearly
indistinguishable from the Gaussian distribution, while the top, even for N = 50, does not
even come close to the Gaussian distribution. The figure is based on 2000 Monte Carlo
simulations.
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(Ψ
Ψ

T
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1 Ψ
e
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V
T
e
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N=4
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Figure 3.5-7: Similar simulation results as in Figure 3.5-6 but then for the test statistic related to the
denominator parameter θ̂f .

The results of the example and similar Monte Carlo simulations suggest strongly that the
existing correlation between V T and e hardly affects the normality of the test statistic V Te.
This would allow to apply Proposition 3.4-2 to OE models, showing that the Gaussian dis-
tribution and the uncertainty set (3.84) is valid for finite time signals also.
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Along the same line of reasoning a stronger theoretical support can be given for the new
result (3.73) based on the new expression (3.71) of the error in OE parameter estimates

θ̂N − θ0 =
¡
ΨΦT

¢−1
ΨeF . (3.85)

Application of Proposition 3.4-2 with z = θ̂N − θ0 and A =
¡
ΨΦT

¢−1
Ψ leads directly to

the new result (3.73). The result is not non-asymptotic, however, since V and eF are not
statistically independent. Still, Monte Carlo simulation as in Example 3.5-4 suggest that the
failure to meet independence condition has little consequence for the result.

Finally, note that the new result (3.73) is approximative due to the fact that the entries of eF
are not identically Gaussian distributed unless F (q, θ̂N ) = F (q, θ0). While the new deriva-
tion of the classical OE result (3.84) requires the approximation in the Taylor expansion
(expression (3.79)), the new OE result (3.73) requires the term eF to be approximated by e.
The former approximation introduces a bias error while the latter introduces a covariance
error. The consequences of these different approximations is not investigated thoroughly at
this point in time.

3.5.8 Alternative to the Steiglitz-McBride iterative method

Expression (3.64) also suggests an iterative scheme to find the OE-solution θ̂N as a method
of handling the nonlinear minimization over θ of the least-squares OE cost function of
expression (3.53). This would be an alternative to the Steiglitz-McBride scheme (e.g. [93]).
The iterative scheme of the Steiglitz-McBride method is based on the following expression
for the k-th iteration,

θ̂
(k)

= min argθ Vθ̂(k−1) (3.86)

V
θ̂
(k−1) =

1

N

NX
t=1

Ã
F (q, θ)

1

F (q, θ̂
(k−1)

)
y(t) +B(q, θ)

1

F (q, θ̂
(k−1)

)
u(t)

!2
.(3.87)

The disadvantage of the Steiglitz-McBride scheme is the fact that even if the real OE-
solution θ̂N is inserted as θ̂

(k−1)
, the minimization in expression (3.86) does not yield the

solution θ̂
(k)
= θ̂N except when the additive noise is white and the system is in the model

class (see [93]). An iterative scheme based on (3.64), however, given by

θ̂
(k)
is the solution to (3.88)

NX
t=1

Ã
F (q, θ)

1

F (q, θ̂
(k−1)

)
y(t)−B(q, θ)

1

F (q, θ̂
(k−1)

)
u(t)

!
ψ(t, θ̂

(k−1)
) = 0

does reproduce the true OE-estimate θ̂N when inserted in an iterative step. In other words,
when the iteration converges locally the condition V 0

N (θ̂N , Z
N ) = 0 is guaranteed and

the converging to the optimal solution. While many bootstrap alternatives to the Steiglitz-
McBride scheme have been studied in the literature [94], this variant does not seem to have
been mentioned before. However, it can be shown that this scheme does converge locally to
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θ∗ even when the measurement noise is not white and even when there is undermodelling.
The advantage with respect to a direct nonlinear optimization is less obvious since a Gauss-
Newton iteration is given by

θ̂
(k)
= θ̂

(k−1)
+
³
Ψ(k−1)Ψ(k−1)T

´−1
Ψ(k−1)ε

³
θ̂N

´
which follows from the standard approach and the derivations of V 00(θ̂N , ZN ) and
V 0(θ̂N , ZN ), while the method suggested here corresponds to

θ̂
(k)
= θ̂

(k−1)
+
³
Ψ(k−1)ΦT

´−1
Ψ(k−1)ε

³
θ̂N

´
.

The difference is not immediately obvious although the fact that the second method does
not rely on an approximative Taylor expansion suggests that the approach is better. These
issues are not studied in this thesis and only recommended for future research.

3.6 BJ model structure
In this section the new approach to parameter uncertainty bounding is applied to BJ model
structures. The discussion of the BJ model structure closely follows the analysis of the OE
model structure.

3.6.1 Least squares BJ-model estimate

Consider the BJ-model structure given by a plant model G(q, θ) and noise model H (q, θ)
structured according to

G(q, θ) =
B(q, θ)

F (q, θ)
=

q−nk
Pnb−1

k=0 b(k)q−k

1 +
Pnf

k=1 f(k)q
−k and (3.89)

H (q, θ) =
C(q, θ)

D(q, θ)
=
1 +

Pnc
k=1 c(k)q

−k

1 +
Pnd

k=1 d(k)q
−k (3.90)

with the parameter vector θ defined as

θ =
£
f(1) · · · f(nf ) b(0) · · · b(nb − 1) c(1) · · · c(nc) d(1) · · · d(nd)

¤T
The cost function VN (θ, ZN ) is then given by

VN (θ, Z
N ) =

1

N

NX
t=1

ε2(t, θ)

with

ε(t, θ) =
D(q, θ)

C(q, θ)

µ
y(t)− B(q, θ)

F (q, θ)
u(t)

¶
and the least squares solution θ̂N satisfies

V 0
N(θ, Z

N ) =
2

N

NX
t=1

D(q, θ)

C(q, θ)

µ
y(t)− B(q, θ)

F (q, θ)
u(t)

¶
ψ(t, θ) = 0. (3.91)
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3.6.2 Classical approach to parameter uncertainty bounding

Under the assumption that the data-generating system is in the model class (S ∈M) , the
measurement data to is generated according to an BJ model structure, i.e.

y(t) =
B0(q)

F0(q)
u(t) +

C0(q)

D0(q)
e(t), (3.92)

with e(t) a white noise sequence and the class of models of expressions (3.89) and (3.90) is
such that there exists a θ0 ∈ Rn for which it holds that

B (q, θ0) = B0(q) and F (q, θ0) = F0(q) and
C (q, θ0) = C0(q) andD (q, θ0) = D0(q)

with n = nf + nb + nc + nd. The resulting standard uncertainty region is derived in the
same way as the in the case of an OE-model structure and corresponds to the statement

lim
N→∞

Pr
n
θ0 ∈ D̂bj(α, θ̂N )

o
= α (3.93)

for

D̂bj(α, θ̂N ) : =

½
θ |

³
θ̂N − θ

´T
P̂−1bj

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
, (3.94)

with P̂bj = σ̂2e

∙
1

N
Ψ
³
θ̂N

´
Ψ
³
θ̂N

´T¸−1
and σ̂2e =

1

N

NX
t=1

ε2
³
t, θ̂N

´
,

where cχ(α, n) could be replaced by cF (α, n,N) and where

Ψ
³
θ̂N

´
=
h
−ΦTψf ,nf ,1 ΦTψb,nb,nk −ΦTψd,nd,1 ΦTψc,nc,1

iT
(3.95)

according to definition (3.26) with

ψf (t) =
D(q, θ̂N )

C(q, θ̂N)

B(q, θ̂N )

F 2(q, θ̂N )
u(t), ψb(t) =

D(q, θ̂N)

C(q, θ̂N )
F−1(q, θ̂N )u(t)

ψc(t) = C−1(q, θ̂N )

Ã
y(t)− B(q, θ̂N )

F (q, θ̂N )
u(t)

!

ψd(t) =
D(q, θ̂N )

C2(q, θ̂N )

Ã
y(t)− B(q, θ̂N )

F (q, θ̂N )
u(t)

!
.

3.6.3 Alternative analysis for system in the model class

In the alternative approach we look for expressions to describe the difference between θ̂N
and θ0 other than expression (3.60) with the Taylor expansion of V 0

N (θ, Z
N ). A convenient

expression starts from equation (3.91) of V 0
N (θ, Z

N ) as well, but proceeds along a different
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line. First we rewrite the expression of ε(t, θ) as

ε(t, θ) =
D(q, θ)

C(q, θ)

µ
y(t)− B(q, θ)

F (q, θ)
u(t)

¶
=

µ
F (q, θ)

F (q, θ)
y(t)− B(q, θ)

F (q, θ)
u(t)

¶
+(D(q, θ)− 1)

µ
y(t)− B(q, θ)

F (q, θ)
u(t)

¶
+(1− C(q, θ)) ε(t, θ). (3.96)

Substituting this expression of ε(t, θ) in expression (3.91) of V 0
N (θ, Z

N ) shows that since
θ̂N is a solution to equation (3.91) it also holds that θ̂N is a solution to

NX
t=1

Ã
F (q, θ)

1

F (q, θ̂N )
y(t)−B(q, θ)

1

F (q, θ̂N )
u(t)

!
ψ(t, θ̂N )+

· · ·
NX
t=1

(D(q, θ)− 1)
Ã
y(t)− B(q, θ̂N )

F (q, θ̂N )
u(t)

!
ψ(t, θ̂N )+

· · ·
NX
t=1

(1− C(q, θ)) ε(t, θ̂N )ψ(t, θ̂N )

= 0. (3.97)

This expression is linear in the parameter θ and implies that θ̂N can be expressed as

θ̂N =
¡
ΨΦT

¢−1
ΨyF , (3.98)

where yF corresponds to the sequenceF−1(q, θ̂N )y(t) and whereΨ ∈ R(nf+nb+nd+nc)×N
as defined in (3.95) and Φ ∈ R(nf+nb+nd+nc)×N defined by

Φ =
£
−ΦTyF ,na,1 ΦTuF ,nb,nk −ΦTεsim,nd,1 ΦTε,nc,1

¤T
, (3.99)

according to definition (3.26) with

yF (t) = F−1(q, θ̂N )y(t)

uF (t) = F−1(q, θ̂N )u(t)

εsim(t) = y(t)− B(q, θ̂N)

F (q, θ̂N )
u(t)

ε(t) = ε(t, θ̂N ).

Expression (3.97) is chosen because it conveniently allows us to derive an analytical ex-
pressions for the difference between the true parameter vector θ0 and the BJ-estimate θ̂N of
expression (3.98). First we note that expression (3.92) can be rewritten as

y(t) = (1− F0(q))y(t) +B0(q)u(t)

− (D0(q)− 1) (F0(q)y(t)−B0(q)u(t))

−F0(q) (1− C0(q)) e(t)

+F0(q)e(t). (3.100)
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When prefiltering this expression of y(t) with F−1(q, θ̂N ) we come close to having an
expression of y(t) in terms of Φ of expression (3.99). In particular, we have in matrix
notation

yF = Φ̃
T θ0 + eF , (3.101)

with eF the vector corresponding to the filtered measurement noise F0(q)

F (q,θ̂N )
e(t) and with Φ̃

defined by

Φ̃ =
£
−ΦTyF ,na,1 ΦTuF ,nb,nk −ΦTε̃sim,nd,1

ΦTε̃,nc,1
¤T

, (3.102)

according to definition (3.26) with

yF (t) = F−1(q, θ̂N )y(t)

uF (t) = F−1(q, θ̂N )u(t)

ε̃sim(t) =
F0(q)

F (q, θ̂N )
y(t)− B0(q, θ̂N )

F (q, θ̂N )
u(t)

ε̃(t) =
F0(q)

F (q, θ̂N )
e(t).

Therefore, with expression (3.101) inserted in expression (3.98) the following analytical
expression for the least-squares estimate θ̂N is seen to hold true,

θ̂N =
¡
ΨΦT

¢−1
ΨΦ̃T θ0 +

¡
ΨΦT

¢−1
ΨeF . (3.103)

3.6.4 Alternative approach to parameter bounding

With expression (3.103) it holds that

ΨΦT
³
θ̂N − θ0

´
= Ψ

³
eF +

³
Φ̃T − ΦT

´
θ0

´
(3.104)

The presence of the noise model has complicated matters with respect to the OE model
structures based on expression (3.71). The difference between Φ̃ and Φ has introduced an
additional term on the right hand side of the error equation (3.104). It still holds asymptoti-
cally that

1√
N
Ψ
³
eF +

³
Φ̃T − ΦT

´
θ0

´
→ N (0,Q)

with

Q = E
∙
1

N
ΨΨT

¸
σ2e

since asymptotically θ̂N → θ0 and ε(t, θ̂N )→ ε(t, θ0) = e(t) as a result of which Φ̃→ Φ.
The derivation of an uncertainty region for the difference term

³
θ̂N − θ0

´
now follows

exactly the derivation applied to the OE model structures. An implementable uncertainty
region of the BJ-estimate θ̂N of expression (3.103) then corresponds to the statement

lim
N→∞

Pr
n
θ0 ∈ D̂bj,new(α, θ̂N )

o
= α
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for

D̂bj,new : =

½
θ |

³
θ̂N − θ

´T
P̂−1bj,new

³
θ̂N − θ

´
≤ cχ(α, n)

N

¾
, (3.105)

with P̂bj,new = σ̂2e ·
µ
1

N
ΦΨT

¶−1
·
µ
1

N
ΨΨT

¶
·
µ
1

N
ΨΦT

¶−1
.

3.6.5 Evaluation

As in the situation for OE models, the actual expressions for the classical and the new
approach are different, i.e. the resulting practical uncertainty regions are different:

D̂bj(α, θ̂N ) 6= D̂bj,new(α, θ̂N ).

In the new approach, the number of approximations and convergence assumptions that have
to be made are considerably less than in the classical approach. However, the presence of
the noise models C(q, θ) andD(q, θ) has introduced an additional term to be accounted for
with respect to the OE model structures. The term will disappear asymptotically. At this
stage it is not clear what the practical implications are for finite N data sets.
The new result is different from the classical result because the Taylor approximation is
avoided to describe the difference between the true and estimated parameter. If the Taylor
approximation is maintained, the new paradigm of model uncertainty bounding will yield
the classical result of expression (3.93). The derivation is the same as followed in Section
3.5.6 for the OE model structures and is not repeated here.

3.7 Conclusions
The standard approach of equating the problem of parameter bounding with the problem
of deriving the statistical properties of the parameter estimator is questioned. It is shown
that it is not necessary to employ the full estimator statistics to derive parameter uncertainty
bounds. In this chapter a new approach which is based on a data-dependent mapping of
the estimator. This approach leads to bounds on the error between the estimate and the
true parameter which, in their structure, are data-dependent. Many of the approximations
and asymptotic assumptions in the classical prediction error results can be avoided in this
way. In other words, it follows that many of the standard results have a stronger theoretical
support than suggested by the standard way of deriving the results. On the other hand, the
model uncertainty regions suggested in this chapter are different from the standard results
for the OE and BJ model structures and for the situation in which regressors are correlated
with the measurement noise (e.g. closed-loop models).
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Appendix 3A Mapping of a probability density function
Given two scalar random variables x and y and the real-valued bijective functions y = f(x)
and x = g(y), then it holds for their probability density functions px(x) and py(y) thatZ

px(x)dx =

Z
px(g(y))d(g(y)) (3A.1)

=

Z µ
px(g(y))

d(g(y))

dy

¶
dy =

Z
py(y)dy. (3A.2)

In general it holds for vector valued functionals F = f (∆) and G = g (F ) that [82, p. 86]

pF (F ) = pG (g (F )) · det
µ
d(g(F ))

dF )

¶
= pG (G) ·

µ
det

µ
d(f(G))

dG

¶¶−1
.

The probability density function pb(b) of the estimator b follows frommapping the Gaussian
probability density function px2(x2) according to expression ((3.5)). With

x2 =
(b− b0) a1

1− (b− b0) a2
(3A.3)

expression ((3A.1)) leads toZ
pb(b)db =

1

σx2
√
2π

Z ∞
−∞

e
−
1

2

(b−b0)a1
1−(b−b0)a2

2

σ2x2

d
³

(b−b0)a1
1−(b−b0)a2

´
db

db

=
1

σx2
√
2π

Z ∞
−∞

e
−
1

2

(b−b0)a1
1−(b−b0)a2

2

σ2x2
a1

(1− (b− b0) a2)
2 db

Figure depicts this probability density function pb(b) of the estimator b.
An α-confidence region is not unique: any (not even necessarily connected) region under
the probability density function containing a total probability of α is a candidate. Common
choices would be a region bounded equally in all directions from b0 (circular), an ellipsoidal
set (for Gaussian distributions) or a set corresponding to level sets of the probability density
function, i.e. the boundary is given by points with equal probability and the set is centred
around the peak value of the probability density function. The first and the last choice are
depicted in Figure for α = .95. The probability density function pb(b) is such that these
regions had to be computed by numerical integration.
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Appendix 3B Noise model is not in the model class
This appendix addresses briefly the situation in which the noise model H0(q) is not con-
tained within the model structure of H (q, θ) in the model class. In this case the results of
the previous sections do not hold and have to be adapted.

3B.1 Prefiltering with a fixed noise model

When the noise model H0(q) is not contained within the model structure of H(q, θ) of
the model class, the term e(t) in the analysis of the previous sections is not a white noise
sequence, but given by

e(t) = He(q)ζ(t)

with ζ(t) a white noise sequence. If we assume that He(q) is known, all the residual errors
can be prefiltered by H−1e (q) after which the results of the previous sections hold true
exactly. This corresponds with prefiltering of the input and output withH−1e (q).
It can be argued that this does not guarantee the regressors to become uncorrelated with
Ĥ−1e (q)He(q)ζ(t) unless Ĥe(q) = He(q). While this is undoubtedly true, in a practical
situation the best we can do to analyse the parameters is by assuming thatHe(q) is estimated
properly. Of course, proper care to approach this assumption as much as possible should be
taken (cf. Chapter 5).

3B.2 Incorrect noise model and the ARX model structure

In the classical approach to parameter uncertainty bounding the statistics of the term¡
ΦΦT

¢−1
Φe are determined. When the noise model is not correct, i.e. H0(q) 6= A−10 (q),

the term e is not white and not uncorrelated with the regressors contained in Φ. This fact
complicates the derivation of the asymptotic distribution of

¡
ΦTΦ

¢−1
Φe and of the as-

ymptotic covariance matrix. The new approach to model uncertainty bounding allows for a
straightforward derivation also for this situation.
In the new paradigm only the statistics of the term 1√

N
Φe are required. In case of an

incorrect noise model the term e is correlated with the output data y(t) contained in the
regressors and E [Φe] 6= 0. It can be derived that asymptotically in N

1√
N
Φe ∈ N (θbias, Q)

where the bias term is evaluated as

θbias = E
∙
1√
N
Φe

¸
=
√
N
£
Re(1) · · · Re(na) O1×nb

¤T
,

with Re (τ) = E [e(t)e(t+ τ)], which follows readily from the fact that

ejΦe =
NX
t=1

y(t− j)e(t) for j = [1, na]

ejΦe =
NX
t=1

u(t− j − na − 1− nk)e(t) for j = [na + 1, na + nb]



Appendix 3B Noise model is not in the model class 79

with ej the jth Euclidean unity vector selecting the jth row. In particular, it holds that

E
NX
t=1

y(t− j)e(t) = E

Ã
NX
t=1

G0(q)u(t− j)e(t) + e(t− j)e(t)

!
= NRe(j)

and

E
NX
t=1

u(t− j − na − 1− nk)v(t) = 0.

The covariance matrix of Φe can be analyzed analytically (e.g. [83]), involving the evalua-
tion of terms such as

E
³h
G0(q)R̂ue(j) + R̂ee(j)

i h
G0(q)R̂ue(l) + R̂ee(l)

i´
and

E
³h
R̂ue(j − na − 1− nk)

i h
R̂ue(j − na − 1− nk)

i´
,

but a computable approximation is given by

Q ≈ ΦΛHΦT ,
with ΛH = E

£
eeT

¤
.

It then holds w.p.α that

lim
N→∞

½³
θ̂N − θ0 − θbias

´
P̃−1arx,new

³
θ̂N − θ0 − θbias

´
≤ cχ(α, n)

N

¾
with

P̃arx,new =

µ
1

N
ΦΦT

¶−1
·
µ
1

N
ΦΛHΦ

T

¶
·
µ
1

N
ΦΦT

¶−1
.

3B.3 Closed loop measurement data

When measurement data is obtained under closed loop, the measurement noise is correlated
with both the output y(t) and input u(t). As mentioned before, if the measurement noise
is white the results of the Section 3.4 hold true. When the noise is not white the line of
reasoning followed in the previous section holds true. This is illustrated here by considering
a FIR model structure (ARX with na = 0) used for direct closed-loop identification (see
e.g. [99]). Let

y(t) = G0(q)u(t) + v(t) and

u(t) =
1

1 + C(q)G0(q)
(r(t)− C(q)v(t))

where C(q) is the controller of the closed-loop and r(t) an external reference sequence
uncorrelated with the noise v(t). The least squares FIR estimate is then given by

θ̂N = θ0 + (ΦΦ)
−1
Φv

with Φ given by Φu,nb,nk . The classical approach derives the distribution of (ΦΦ)
−1 Φv.

Instead, the alternative approach merely requires the distribution of 1NΦv. That is, it is noted
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that
β =

1

N
Φv ∈ AsN (µβ , Pβ)

with

ejµβ = E

Ã
1

N

NX
t=1

u(t− j)v(t)

!

= E

Ã
1

N

NX
t=1

1

1 + C(q)G0(q)
(r(t− j)− C(q)v(t− j)) v(t)

!

= − C(q)

1 + C(q)G0(q)
Rv(j)

since v(t) is uncorrelated with r(t), and where

Pβ = Φ 1
1+C(q)G0(q)

r,nb,nk + ΛR̂v ,

with ΛR̂v containing the covariances

E

"Ã
NX
t=1

−C(q)
1 + C(q)G0(q)

v(t− j)v(t)

!Ã
NX
t=1

−C(q)
1 + C(q)G0(q)

v(t− k)v(t)

!#
,

for which an explicit expression can be derived (e.g. [83]). Again, a computable estimate
of Pβ is given by

Pβ ≈ ΦΛvΦT
with Λv = E

£
vvT

¤
.

It is then concluded that for each estimate β

lim
N→∞

n¡
β − µβ

¢T
P−1β

¡
β − µβ

¢
≤ cχ(α, n)

o
w.p.α

this also holds for β1 = ΦΦT
³
θ̂N − θ0

´
, i.e. it holds w.p.α that

lim
N→∞

½³
θ̂N − θ0 − µβ

´
P̃−1FIR,new

³
θ̂N − θ0 − µβ

´
≤ cχ(α, na + nb)

N

¾
with P̃FIR =

µ
1

N
ΦΦT

¶−1
·
µ
1

N
ΦΛHΦ

T

¶
·
µ
1

N
ΦΦT

¶−1
.
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Appendix 3C Taylor expansion of model error

Consider the model structure G(q, θ0) defined by

G(q, θ0) =
B(q, θ0)

F (q, θ0)
.

The first order Taylor expansion around θ0 = θ̂N is defined as

G(q, θ0) ≈ G(q, θ0)|θ0=θ̂N +
dG(q, θ0)

dθ0

¯̄̄̄
θ0=θ̂N

³
θ0 − θ̂N

´
,

where
dG(q, θ0)

dθ0
=

∙
−B(q, θ0)ΩT2 (q)

F 2(q, θ0)

ΩT1 (q)

F (q, θ0)

¸
,

corresponding to the parameters in F (q, θ0) and B(q, θ0), respectively, with

Ω1(q) =
£
1 q−1 · · · q−nb−1

¤T
q−k (3C.1)

Ω2(q) =
£
q−1 · · · q−nf

¤T
. (3C.2)

The first order Taylor approximation of the model error transfer function T (q, θ0, θ̂N ) de-
fined by

T (q, θ0, θ̂N ) := G(q, θ0)−G(q, θ̂N )
is therefore given by

T (q, θ0, θ̂N ) ≈
"
−B(q, θ̂N )ΩT2 (q)

F 2(q, θ̂N )

ΩT1 (q)

F (q, θ̂N )

#³
θ0 − θ̂N

´
The approximation error∆(q) can be evaluated as

∆(q) = T (q, θ0, θ̂N )−
"
−B(q, θ̂N )ΩT2 (q)

F 2(q, θ̂N )

ΩT1 (q)

F (q, θ̂N )

#³
θ0 − θ̂N

´
=

Ã
B(q, θ0)F (q, θ̂N)−B(q, θ̂N )F (q, θ0)

F (q, θ0)F (q, θ̂N )

!

−
Ã
B(q, θ0)F (q, θ̂N )−B(q, θ̂N )F (q, θ0)

F 2(q, θ̂N )

!
=

³³
G(q, θ0)F (q, θ̂N )−B(q, θ̂N)

´
−
³
B(q, θ0)−G(q, θ̂N )F (q, θ0)

´´ 1

F (q, θ̂N )

=
³
G(q, θ0)−G(q, θ̂N )

´Ã
1− F (q, θ0)

F (q, θ̂N )

!
.
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Appendix 3D Proof of Lemma 3.4-1

Define the vector valued function g(·) : R(N+N
2)×1 → R(N+N

2)×1 as

g(z,v) :=

∙
e
v

¸
=

∙
V 0

0 In
2×n2

¸ ∙
z
v

¸
, (3D.1)

with v = col(V T ) a vector containing all elements of V T . When denoting

e0 : = [eT vT ]T and
z0 : = [zT vT ]T

it follows that

pz(z) =

Z
v

pz0(z
0)dv.

Using the mapping g(z0) = g(z,v) from z0 to e0 it follows from standard theory on the
transformation of random variables [83] that

pz0(z
0) = pe0(g(z

0)) · det(J(g(z0)))
with the Jacobian given by

J(g(z0)) =
∙
V Z

0 IN
2×N2

¸
,

and Z containing the partial derivatives of V z to v. Consequently

pz(z) =

Z
v

pe0(g(z
0)) · det(J)dv

=

Z
v

pe(V z)pv(v) · det(J)dv

where the latter equation follows from the second condition that e and V are independent.
With the Gaussian distribution of e and the third condition that V is unitary, it holds that
det(J) = det(V ) = 1 and it follows that

pz(z) =

Z
v

1

σ
¡√
2π
¢n e− 1

2σ
−2zTV TV z pv(v)dv

=

Z
v

1

σ
¡√
2π
¢n e− 1

2σ
−2zT z pv(v)dv

= pe(z)

Z
v

pv(v)dv = pe(z). (3D.2)

¤

Note that a loss of independence of the entries of e, would lead to
pe(V z) =

1
σ(
√
2π)

n e−
1
2σ
−1zTV P−1V T z for some covariance matrix P . This causes the term

V to remain in pe(V z) such that pe(V z) cannot be extracted from the integrals as in ex-
pression (3D.2). Similarly, for non-unitary matrices V , the determinant will be a function
of V, causing the integral expression to remain complex. In these cases the distribution of z
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will be asymptotically Gaussian which follows from the Central Limit Theorem. It is em-
phasized, however, that Lemma 3.4-1 is exact for any value of the vector length N .

Corollary 3.7-3 Given two independently distributed random vectors x ∈ RNx1 and e ∈
RNx1. The vector e contains independent identically distributed entries with a Gaussian
distributionN (0, σ2). Consider the random variable z ∈ R1x1defined as

z =
¡
xTx

¢− 1
2 xTe.

It holds that z is Gaussian distributed as N (0, σ2) for every value of N and irrespective of
the distribution of x. ¤

Proof : From Lemma 3.4-1 it follows that each entry of z = V Te is Gaussian distributed
as N (0, σ2), whenever the corresponding row of V is normalized and independent of
e. ¤





Chapter 4

Identification of model uncer-
tainty sets : theory

This chapter deals with probabilistic parameter uncertainty bounding in case the system is not
in the model class (S /∈M). The new results on model uncertainty bounding of Chapter
3 are extended by incorporating bounds on the effects of undermodelling. It is shown that
the undermodelling bounding methods of [80] and [50], which were originally derived for
(generalized) FIR models only, can be applied to nonlinear model structures as well. This
important extension of these methods follows from the application of the new paradigm to
model uncertainty bounding presented in Chapter 3.

4.1 Introduction
Classical Prediction Error model uncertainty bounding considers only the case in which
the system is in the model class (S ∈M) . In case of unmodelled dynamics the parameter
estimator statistics become complex for general model structures. Only for linearly para-
metrized models with deterministic regressors the evaluation of the estimator statistics are
straightforward. The undermodelling bounding techniques of [80] and [50] are, therefore,
derived for (generalized) FIR models [55] only. The discussion in Chapter 3 on the new
approach to model uncertainty bounding has shown that complete information on the esti-
mator statistics is not always necessary to derive model uncertainty bounds. In this chapter
it will be shown that application of the new paradigm, based on a data-dependent map-
ping of the parameter estimator, allows the undermodelling methods of [80] and [50] to be
extended to the ARX, OE and BJ model structures.
The methods of [80] and [50] follow the same derivation but they differ in presentation
and in the way the undermodelling is incorporated. While a stochastic assumption is made
on the undermodelling in the former, the latter assumes the effect of the undermodelling
to be norm-bounded. Before extending their results in this chapter to the ARX and OE
model structure, the results are derived anew allowing for the extension to nonlinear model
structures and for insight and tools required in the remainder of the thesis. Moreover, the
results are fused together and formulated in a general format.
After discussing parameter uncertainty bounding with undermodelling, the mapping of the

85
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parameter uncertainty set to a set of frequency responses and to a set of rational models
is investigated respectively. In combination with the results of Chapter 3, this chapter can
conclude with the formulation of a general approach to constructing a model uncertainty set
for models estimated within the prediction error framework. The implementational aspects
such as estimating bounds on the undermodelling from data is dealt with in Chapter 5.

4.2 Model uncertainty for linear parametrizations
In this section the parameter error of generalized FIR models is analyzed and the undermod-
elling bounding techniques of [80] and [50] are derived anew and formulated in a general
format. The noise model is assumed to be fixed in the following discussion. Uncertainty
bounds on the estimated parameters, on the corresponding estimated frequency response
and on the corresponding rational model estimate are formulated.

4.2.1 Analysis of generalized FIR model estimates

Linear time-invariant finite dimensional linearly parametrized models G(q, θ) are repre-
sented by

G(q, θ) =
n−1X
k=0

g(k)Bk(q), (4.1)

where θ ∈ Rn×1 denotes the parameter vector containing the n parameters g(k) corre-
sponding to basis functions Bk(q). A standard choice for Bk(q) is to consider orthonormal
basis functions which include the standard pulse basis Bk(q) = q−k (see e.g. [54][55]).
Alternatively, a model structure where Bk(q) =

1
F (q)q

−k with F (q) a fixed (denominator)
model will be considered. In an estimation procedure this corresponds to the use of a finite
impulse response model structure in combination with prefiltering of the input.

Consider a system G0(q) with its (unique) expansion in terms of basis functions Bk(q) and
the corresponding coefficients of the generalized pulse response {g0(t)}t=0,··· ,∞ :

G0(q) =
∞X
k=0

g0(k)Bk(q).

Under Assumptions 2.3-1 and 2.3-2 measurement data {y, u}N of the system G0(q) is
analyzed as being generated by

y(t) = G̃0(q)u(t) + Ḡ0(q)u(t) +G0(q)u
−(t) + v(t) (4.2)

y(t) = φT (t)θ0 + βu(t) + βu−(t) + v(t) (4.3)

where
i. φT (t)θ0 = G̃0(q)u(t) denotes the part of the output y(t) directly related to the mea-

sured sequence u by G0(q) and corresponding to the model structure (4.1), i.e.

φT (t)θ0 = G̃0(q)u(t) =
n−1X
k=0

g0(k)Bk(q)u(t), (4.4)
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where the column-vector φ(t) ∈ Rn×1 contains the regressors and θ0 ∈ Rn×1 the
corresponding coefficients, respectively defined as

φ(t) : =
£
B0(q)u(t) . . . Bn−1(q)u(t)

¤T (4.5)

θ0 : =
£
g(0) g(1) · · · g(n− 1)

¤T
. (4.6)

ii. βu(t) = Ḡ0(q)u(t) denotes the part of the output y(t) directly related to the measured
sequence u by G0(q) but not representable in the model structure (4.1), i.e. the under-
modelling term given by

βu(t) = Ḡ0(q)u(t) =
∞X
k=n

g0(k)Bk(q)u(t). (4.7)

For the sake of analysis the following description will be used at certain instances as
well,

βu(t) = φT∆(t)θ∆

with φ∆(t) and θ∆ the infinite dimensional vectors defined by

φ∆(t) : =
£
B0(q)u(t) . . . Bn∆−1(q)u(t)

¤T (4.8)

θ∆ : =
£
g(n) g(n+ 1) · · · g(n∆)

¤T (4.9)

and n∆ → ∞. Here the infinite order n∆ is specified to bridge the gap between a the-
oretical analysis and computational expressions. In a practical application computable
bounds arise for large but finite values of n∆.

iii. βu−(t) denotes the effect of initial conditions, i.e. the effect of the sequence u− pre-
ceding the measured u (u−(t) := 0 for t > 0), i.e.

βu−(t) = G0(q)u
−(t) =

∞X
k=0

g0(k)Bk(q)u
−(t). (4.10)

iv. v(t) denotes the noise term.

With the above assumptions on the data-generating system, the least squares estimate θ̂N
corresponding to the generalized FIR model structure, i.e.

θ̂N = argmin
θ

NX
t=1

³
y(t)− φT (t)θ

´2
is analyzed as

θ̂N =

"
1

Ñ

NX
t=ts

φ(t)φT (t)

#−1
1

Ñ

NX
t=ts

φ(t)y(t) (4.11)

= θ0 +

"
1

Ñ

NX
t=ts

φ(t)φT (t)

#−1
1

Ñ

NX
t=ts

φ(t) {βu(t) + βu−(t) + v(t)} ,

where ts can be set to reduce the effects of initial conditions and where Ñ = N − ts + 1.
The error between the estimate θ̂N and the true parameter vector θ0 consists of the projec-
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tion of the noise v(t), the undermodelling term βu(t) and the effect βu−(t) of the past input
onto the regressors.

The projection is better illustrated by using a matrix notation. The model G(q, θ) assumes
the following relation between the measured y and u,

y = ΦT θ, (4.12)

where the matrix Φ ∈ Rn×N contains the sequences φ(t) for t = [1, N ], i.e.
Φ =

£
φ(1) · · · φ(N)

¤
.

The matrix Φ ∈ Rn×N has a singular value decomposition with U ∈ Rn×n, Σ ∈ Rn×N ,
V ∈ RN×N and UUT = I and V V T = I,

Φ = UΣV T

= U
£
Σn×n 0n×(N−n)

¤ h
V n×N
1 V

(N−n)×N
2

iT
The least squares estimate θ̂N is given by inverting the matrixΦT in expression (4.12) using
its pseudo-inverse

¡
ΦΦT

¢−1
Φ, i.e.

θ̂N =
¡
ΦΦT

¢−1
Φy

= U
h
(Σn×n)−1 0n×(N−n)

i £
V n×N
1 V n×N

2

¤T
y

In the parameter estimate θ̂N the projection of the output vector y onto a part of the column
space of the regressor matrix Φ is represented, i.e. the projection of y onto the column of
V n×N
1 . Therefore, the error

³
θ̂N − θ0

´
also contains the projection of {βu + βu− + v}

onto the columns of V n×N
1 , i.e.

θ̂N = θ0 +
¡
ΦΦT

¢−1
Φ {βu + βu− + v} (4.13)

= θ0 + U
¡
Σn×n

¢−1 ¡
V n×N
1

¢T {βu + βu− + v} . (4.14)

The residual error vector ε(θ̂N ) is evaluated, with expressions (4.3) and (4.14), as

ε(θ̂N ) = y− ΦT θ̂N
= {βu + βu− + v}− ΦT

¡
ΦΦT

¢−1
Φ {βu + βu− + v}

= V
£
IN×N − Tn

¤
V T {βu + βu− + v} , (4.15)

with

Tn =

∙
In×n 0n×(N−n)

0(N−n)×N 0(N−n)×(N−n)

¸
, (4.16)

using the fact that V T = V −1 and UT = U−1.

Expression (4.15) nicely shows that the residual error does not contain all of the error con-
tributions {βu + βu− + v} as would be the case in the ideal situation. It shows how the
error contributions are projected onto the basis functions of the regressor space contained in
the matrix V , after which the errors are reconstructed using only the last (N − n) expansion
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coefficients (
£
IN×N − Tn

¤
). The remaining part of the errors is unfortunately incorporated

into the estimate θ̂N itself (cf. expression (4.14)). Expressions (4.15) and (4.16) illustrate
that the residual error will be identically zero when n = N since then Tn = IN×N implying
that the error contributions are entirely incorporated in the parameter estimate θ̂N . Reduc-
ing the model order nwill reduce this effect, but will obviously increase the undermodelling
error βu: a trade-off which is further explored in Section 5.3.

4.2.2 Bounding the parameter uncertainty

4.2.2.1 Conceptual approach taken in the derivation

The uncertainty bounding technique of both Hakvoort and Van den Hof (1997) [50] and
Ninness (1992) [80] are based on deriving the statistical properties of the parameter esti-
mator. That is, the distribution, mean and covariance of the estimator of expression (4.13)
are derived in order to arrive at a parameter estimate bound. Instead, the new approach to
uncertainty bounding of Chapter 3 is followed here in order to prepare the ground for the
discussion of the ARX, OE and BJ model structures.
The classical approach evaluates the estimator θ̂N corresponding to the estimate θ̂N of
expression (4.13) and derives the statistics of

θ̂N = θ0 +
¡
ΦΦT

¢−1
Φ
n
β
u
+ β

u−
+ v

o
. (4.17)

The new approach uses the fact that the term Φ is known and derives the statistics of

Σ−1UT
¡
ΦΦT

¢ ³
θ̂N − θ0

´
= V T

n
β
u
+ β

u−
+ v

o
, (4.18)

utilizing the singular value decomposition of Φ: Φ = UΣV T , with UTU = V TV = I .
Under the assumption that the input u(t) is deterministic, i.e. the random variable Φ is sim-
ply the measured term Φ, the classical approach (4.17) and the new approach (4.18) are
identical. The choice of u(t) being deterministic or stochastic corresponds to different sta-
tistical setups with underlying assumptions on experiment repetition. In case the measure-
ment data was taken under closed-loop, the assumption that the input u(t) is deterministic
and uncorrelated with the noise v(t) cannot be maintained. If the input u(t) is not con-
sidered to be deterministic the evaluation of the statistics of the estimator (4.17) becomes
complex and only asymptotic results are available.
The same holds true in general for the new test statistic (4.18). However, the new approach
allows for an exact non-asymptotic result for any distribution of Φ in the special case in
which the noise term v (and possibly β

u
and β

u−
) is Gaussian. This holds true as long as

Φ and v are independent and does not require to pose an assumption in the statistical setup
on the input being deterministic or stochastic. In general, the new approach cannot provide
exact theoretical result as well. However, the derivation of the statistical properties of (4.18)
is considerably less complex than the derivation of the statistical properties of (4.17) as
required in the classical approach (Cf. Chapter 3). A similar advantage occurs for nonlinear
model structures, such as ARX, OE and BJ, which is further explored in the subsequent
sections.
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4.2.2.2 Assumptions on the data-generating system

The statistical properties of the test statistics (4.17) and (4.18) depend on the assumptions
laid on the termsΦ, β

u
, β

u−
and v. In [50] and [80] the termΦ is considered deterministic,

while v is assumed to be Gaussian distributed. In [50] the undermodelling term β
u
and

the term β
u−
are assumed to be amplitude bounded. In [80] the undermodelling term β

u
is assumed to be Gaussian distributed, while the term β

u−
is not considered. The various

assumptions on the data-generating system are formalized in the following.

Assumption 4.2-1 Consider the data-generating system of expression (4.3), then either of
the following assumptions are made on the unknown terms {βu + βu− + v}:

i. The noise term v is zero mean Gaussian distributed and uncorrelated with the input u
(Assumptions 2.3-5.2 and 2.3-6), i.e.

v ∈ N (0, Pv),
with covariance matrix Pv ∈ RN×N given by Pv = E

£
vvT

¤
.

ii.a The unknown terms (in) βu and βu− are element-wise amplitude bounded, i.e.

|βu(t)| ≤ β̄u(t), t ∈ [1, N ]
|βu−(t)| ≤ β̄u−(t), t ∈ [1, N ]

or, ¯̄
u−(t)

¯̄
≤ ū−, t ∈ (−∞, 0]

|g0(k)| ≤ ḡ(k), k = [0, n∆ − 1],
where n∆ is a user chosen limit beyond which the bounds are assumed to be zero and
where β̄u(t), β̄u−(t) (t ∈ [1, N ]), ū− and ḡ(k) (k = [0, n∆ − 1]) are a priori given or
a posteriori estimated bounds.

ii.b The unknown terms βu and βu− are norm-bounded, i.e.

kβuk2 ≤ β̄u

kβu−k2 ≤ β̄u− ,

or, °°Ḡ0(q)°°2 =
Ã ∞X
k=n

|g0(k)|2
! 1

2

≤ ḡ.

ii.c The unknown terms (in) βu and βu− are Gaussian distributed, i.e.

βu ∈ N (0, Pβu)
βu− ∈ N (0, Pβu− ),

or,

u−(t) ∈ N (0, σ2u−) with covariance Ru−(τ), t ∈ (−∞, 0]

θ∆ ∈ N (0, Pθ∆),
with covariance matrices Pβu , Pβu− ∈ R

N×N and Pθ∆ ∈ R(n∆−n)×(n∆−n) and where
θ∆ :=

£
g(n) g(1) · · · g(n∆ − 1)

¤T and n∆ is a user chosen limit beyond
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which the coefficients as well as their distributions are assumed to be zero. Further
u−, u, v and θ∆ are assumed to be mutually uncorrelated. ¤

4.2.2.3 Incorporating amplitude bounded undermodelling

The new approach to model uncertainty bounding of Chapter 3 was summarized in Proposi-
tion 3.4-2 on page 57. The following proposition extends that result with the incorporation
of an amplitude bounded undermodelling term.

Proposition 4.2-1 Given a random matrix A ∈ Rn×N and random vectors e ∈ RN×1
and β ∈ Rn×1. The vector β is amplitude bounded and the vector e contains independent
identically distributed Gaussian random variables with distributionN (0, σ2).
IfA and e are statistically independent, then for every realization z of the random variable
z defined as

z := Ae+ β
it holds that

zT (AAT )−1z ≤
µ
σ
q
cχ(α, n) +

°°A−1β°°
2

¶2
w.p. ≥ α.

The probability equals α when β = 0. This result is exact for all values ofN . ¤

Proof : The application of Proposition 3.4-2 to z− β yields°°A−1 (z− β)°°
2
≤ σ

q
cχ(α, n) w.p. α. (4.19)

Using the triangle inequality for norms on the left-hand side of expression (4.19) it
follows that °°A−1z°°

2
−
°°A−1β°°

2
≤

°°A−1 (z− β)°°
2

(4.20)
⇓°°A−1z°°

2
≤ σ

q
cχ(α, n) +

°°A−1β°°
2

(4.21)

From expression (4.20) to (4.21) it follows that every z that satisfies (4.19) also satisfies
the condition formulated in (4.21), but not vice versa. In other words, the probability
that z satisfies condition (4.21) is at least α. ¤

In the proposition the undermodelling term β is dealt with by enlarging the ellipsoidal
uncertainty region corresponding to the stochastics of Ae such as to embed the offset β
with respect to z. This approach to bounding undermodelling is presented in [50], although
there in the context of bounding the undermodelling of a frequency response estimate.
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4.2.2.4 New approach to parameter uncertainty bounding

In the following derivation of the parameter uncertainty of the least-squares estimate θ̂N
∈ Rnof expression (4.13), the amplitude-bounded assumption ii.a or ii.b is used on the term
βu and the probabilistic assumption ii.c on βu− . This choice enables us to show the incor-
poration of both stochastic and amplitude bounded assumptions. Under these assumptions
the following theorem can be formulated.

Theorem 4.2-2 Consider the data-generating system of expression (4.3) with true para-
meter vector θ0 and the least-squares estimate θ̂N of expression (4.11) and (4.13). Under
Assumptions 4.2-1.i and 4.2-1.ii.a or 4.2-1.ii.b for βu(t) and 4.2-1.ii.c for βu−(t) it holds
that

θ0 ∈ Dθ :=

(
θ |

³
θ − θ̂N

´T
P−1θ

³
θ − θ̂N

´
≤
µq

cχ(α, n) + β̄

¶2 )
, w.p. ≥ α

(4.22)
where

Pθ =
¡
ΦΦT

¢−1
Φ
£
Pv + Pβu−

¤
ΦT

¡
ΦΦT

¢−T (4.23)

β̄ : =
°°°¯̄̄Γθ ¡ΦΦT ¢−1 Φ¯̄̄ β̄u°°°

2
(assumption ii.a) or

: =
°°°Γθ ¡ΦΦT ¢−1Φ°°°

2
β̄u (assumption ii.b)

where Γθ is a spectral factor of P−1θ , i.e. ΓTθ Γθ = P−1θ and where the term cχ(α, n) corre-
sponds to a probability level α in the chi-square distribution with n degrees of freedom, such
that, if x ∈ χ2(n) =⇒ Pr (x ≤ cχ(α, n)) = α.The probability equals α in case β̄ = 0. ¤

Proof: Expression (4.17) can be rewritten as

z = Aẽ+ β,

with ẽ a Gaussian distributed vector with independent identically distributed entries and
with

z =
³
θ̂N − θ0

´
, (4.24)

β = −
¡
ΦΦT

¢−1
Φβ

u
and (4.25)

A =
¡
ΦΦT

¢−1
ΦΓ−1β1 , (4.26)

where Γβ1 is defined by

Γ−1β1 Γ
−1
β1
= E

∙³
v+β

u−

´³
v+β

u−

´T¸
= Pv + Pβu− ,

following the assumption that v is uncorrelated u−, with which application of Proposi-
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tion 4.2-1 proves the result. The bound β̄ on the term β follows from the fact that

β̄ : =
°°°¯̄̄Γθ ¡ΦΦT ¢−1Φ¯̄̄ β̄u°°°

2
≥
°°°Γθ ¡ΦΦT ¢−1Φβu°°°

2
or (4.27)

β̄ : =
°°°Γθ ¡ΦΦT ¢−1 Φ°°°

2
β̄u ≥

°°°Γθ ¡ΦΦT ¢−1Φβu°°°
2
. (4.28)

¤

In case the Gaussian assumption on the additive noise in Assumption 4.2-1.i is not valid,
the result holds asymptotically in the data length N. As practical alternatives to the bounds
(4.27) and (4.28) use can be made of a truncated series of the unmodelled parameters θ∆ as
defined in (4.9). Let the matrix Φ∆ ∈ Rn×N contain the sequences φ∆(t) for t = [1, N ]
and be defined by

Φ∆ =
£
φ∆(1) · · · φ∆(N)

¤
and let ḡ be the vector containing the bounds ḡ(k) on the undermodelled parameters g(k)
(k = [n · · ·n∆−1]) represented in θ∆, i.e.

ḡ =
£
ḡ(n) · · · ḡ(n∆ − 1)

¤T
.

Then it holds asymptotically in n∆ that βu = Φ
T
∆θ∆ and the following bounds can be used:

β̄ : =
°°°¯̄̄Γθ ¡ΦΦT ¢−1ΦΦT∆ ¯̄̄ ḡ°°°

2
≥
°°°Γθ ¡ΦΦT ¢−1ΦΦT∆ḡ°°°

2
or (4.29)

β̄ : =
°°°Γθ ¡ΦΦT ¢−1ΦΦT∆°°°

2
ḡ ≥

°°°Γθ ¡ΦΦT ¢−1ΦΦT∆ḡ°°°
2
, (4.30)

with ḡ = kḡk2 and where |·| denotes taking the absolute value element-wise. Note that the
effect of undermodelled dynamics (reflected in the coefficients of θ∆) on the estimate θ̂N is
zero whenever ΦΦT∆ = 0, i.e. whenever the regressors of θ̂N are orthogonal to those corre-
sponding to θ∆, which holds, for example, asymptotically for a FIR model structure with a
white noise input.

Theorem 4.2-2 corresponds closely to the results of Goodwin, Gevers and Ninness (1992)
[80] but includes the possibility of incorporating norm-bounded effects of undermodelling
and/or initial conditions. Theorem 4.2-2 differs from the results of Hakvoort and Van den
Hof (1997) [50] in allowing the derivation to remain in terms of the parameters themselves
and maintaining the covariance information instead of transforming the bounds directly to
frequency response values at a discrete frequency grid. Additionally, in [50] the distribu-
tion is considered to be asymptotically Gaussian, whereas here the Gaussian distribution is
shown to be exact under the assumption that the regressors are independent with the noise.
Further, here a straightforward derivation is followed in terms of matrices, additionally in-
cluding the possibility of dealing with stochastic assumptions on the undermodelling.

Remark 4.2-1 The results are presented in terms of the least-square parameter estimation
method for ease of notation and understanding, but are easily extended to the Instrumental
Variable estimation methods.

In practice both the covariance matrices Pv and Pβu− and the bounds in β̄u have to be
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estimated from data. In Chapter 5 this issue will be addressed.

4.2.3 Frequency response uncertainty bounding

In this section the frequency response uncertainty is derived by mapping the parameter
uncertainty of the previous section. Again the effect of undermodelling is bounded both
under deterministic and stochastic assumptions. In Section 4.4 the results on frequency
response are summarized and formalized in a theorem applicable to general Prediction Error
model estimates.

4.2.3.1 Model error in the frequency domain

The frequency response of a model of expression (4.1) is obtained from a linear mapping
of its parameters. The mapping of the parameter uncertainty region Dθ given in Theorem
4.2-2 to a corresponding frequency response uncertainty region is therefore straightforward.
In Appendix 4A this mapping of the parameters to a set of frequency responses is made ex-
plicit. In robust control and for visualization purposes, however, the frequency response
uncertainty set is only evaluated point-wise in frequency. That is, the correlation over fre-
quencies is neglected. This frequency response uncertainty bounding at a particular fre-
quency is discussed in the following.

Corresponding to expression (4.3) the error between G0(q) and the least-squares model
G(q, θ̂N ) is expressed as

G(q, θ̂N )−G0(q) = B
T (q)

³
θ̂N − θ0

´
−BT

∆ (q) θ∆ (4.31)

with

B (q) =
£
B0(q) . . . Bn−1(q)

¤T
B∆ (q) =

£
Bn(q) . . . Bn∆(q)

¤T
and θ0 and θ∆ as defined in expressions (4.6) and (4.9), respectively.
To evaluate the frequency responses ofG0(q) andG(q, θ̂N ) in terms of their real and imag-
inary parts, define the function fG as

fG(ω) :=
£
Re
¡
G(eiω)

¢
Im
¡
G(eiω)

¢ ¤T
and note that at a particular frequency ω it holds that

fĜ(ω)− fG0(ω) = fBT (ω)
³
θ̂N − θ0

´
− fB∆(ω)θ∆, (4.32)

in which Ĝ := G
³
q, θ̂N

´
.

4.2.3.2 Norm-bounded undermodelling assumption

With expression (4.32) the mapping of the parameter setDθ of Theorem 4.2-2 to a frequency
response uncertainty set at particular frequency point ω is straightforward. In order to obtain
an explicit expression for the error

¡
fĜ(ω)− fG0(ω)

¢
the unknown term fB∆(ω)θ∆ in
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expression (4.32), due to the undermodelling, has to be bounded. The parameter uncertainty
setDθ itself was derived from the application of Proposition 4.2-1 in which the unmodelled
dynamics represented in θ∆ is bounded. In order to reduce the conservatism resulting from
bounding the unmodelled dynamics due to θ∆ we start from application of Proposition 3.4-
2 instead, as in expression (4.19), to postpone bounding the unmodelled dynamics θ∆. This
allows the total effect of the unmodelled dynamics, represented by θ∆, on the frequency
response estimate to be bounded directly, as such avoiding unnecessary conservatism.
Application of Proposition 3.4-2 to z, β and A of expressions (4.24) to (4.26), yields (cf.
expression (4.19))°°°Γθ hθ̂N − θ0 −

¡
ΦΦT

¢−1
Φβu

i°°°
2
≤
q
cχ(α, n), w.p. α, (4.33)

which could be reformulated as

θ̂N − θ0 ∈ D̃θ, w.p. α (4.34)

with

D̃θ :=

½
θ | θ =

¡
ΦΦT

¢−1
ΦΦT∆θ∆ + Γ

−1
θ x , for all x ∈ Rn s.t. kxk2 ≤

q
cχ(α, n)

¾
From a substitution of (4.34) in expression (4.32) it follows that

fĜ(ω)− fG0
(ω) ∈ D̃ω, w.p. α (4.35)

with

D̃ω :=

½
f (ω) | f (ω) = b+ fBT (ω)Γ−1θ x , for all x ∈ Rn s.t. kxk2 ≤

q
cχ(α, n)

¾
,

(4.36)
where

b =
³
fBT (ω)

¡
ΦΦT

¢−1
ΦΦT∆ − fBT

∆
(ω)
´
θ∆ (4.37)

Expressions (4.35) to (4.37) show that the frequency domain uncertainty region is ellip-
soidal with an offset b due to the effects of undermodelling corresponding to θ∆. To obtain
an explicit expression for the frequency response error fĜ(ω)−fG0(ω), the effect of the un-
dermodelling term has to be bounded. The resulting frequency response uncertainty set then
consists of the combination of the ellipsoid induced by the measurement noise and an addi-
tional uncertainty induced by the (bound on) the effects of undermodelling. A norm-bound
on the undermodelling would lead to a circular additional uncertainty region, whereas sepa-
rate bounds on the real and imaginary parts leads to an additional boxed uncertainty region.
This latter approach is followed in [26]. Instead, here the approach is followed taken in [50]
in which the effect of undermodelling is accounted for by sufficiently enlarging the ellip-
soidal (noise-induced) uncertainty region (cf. Theorem 4.2-2).

First note that the matrix fBT has rank 2 only. Denote with U ∈ R2×2, Σ ∈ R2×2, V1 ∈
Rn×2 and V2 ∈ Rn×(n−2) the singular value decomposition

fBTΓ−1θ = U
£
Σ 02×(n−2)

¤ ∙ V T
1

V T
2

¸
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and it follows that ½
fBTΓ−1θ x for all x ∈ Rn s.t. kxk2 ≤

q
cχ(α, n)

¾
m½

UΣV T
1 x for all x ∈ Rn s.t. kxk2 ≤

q
cχ(α, n)

¾
m½

UΣy for all y ∈ R2 s.t. kyk2 ≤
q
cχ(α, n)

¾
.

With Pω(ω) := fBT (q)Γ
−1
θ Γ

−1
θ fTBT (q) = UΣ2UT and with Γω(ω)ΓTω (ω) = P−1ω (ω) the

ellipsoidal set D̃ω of expression (4.36) can be rewritten as

D̃ω =

½
f (ω) | f (ω) = b+ Γ−1ω (ω)y , for all y ∈ R2 s.t. kyk2 ≤

q
cχ(α, n)

¾
.

With this expression of D̃ω it follows that°°Γω(ω) ¡fĜ(ω)− fG0(ω)
¢
− Γω(ω)b

°°
2
≤

q
cχ(α, n) =⇒°°Γω(ω) ¡fĜ(ω)− fG0(ω)

¢°°
2
≤

q
cχ(α, n) + kΓω(ω)bk2 =⇒°°Γω(ω) ¡fĜ(ω)− fG0(ω)

¢°°
2
≤

q
cχ(α, n) + β̄ω (ω) , (4.38)

with β̄ω (ω) corresponding to Assumption 4.2-1.ii.a and 4.2-1.ii.b, respectively, defined as

β̄ω(ω) : =
°°°¯̄̄Γω(ω)³fBT (ω)

¡
ΦΦT

¢−1
ΦΦT∆ − fBT

∆
(ω)
´¯̄̄
ḡ
°°°
2
or (4.39)

β̄ω(ω) : =
°°°Γω(ω)³fBT (ω)

¡
ΦΦT

¢−1
ΦΦT∆ − fBT

∆
(ω)
´°°°

2
ḡ. (4.40)

To conclude it follows that

fG0
(ω) ∈ Dω, w.p. ≥ α (4.41)

with

Dω :=

½
f (ω) |

°°Γω(ω) ¡fĜ(ω)− f(ω)
¢°°
2
≤
q
cχ(α, n) + β̄ω (ω)

¾
. (4.42)

4.2.3.3 Stochastic undermodelling assumption

In case the undermodelling, represented by the term θ∆, is assumed to be stochastic, accord-
ing to Assumption 4.2-1.ii.c, the following derivation of a bound on the frequency response
estimate can be given.
From expression (4.13) it follows that∙

θ̂N − θ0
−θ∆

¸
=

∙ ¡
ΦΦT

¢−1
Φ
©
ΦT∆θ∆ + βu− + v

ª
−θ∆

¸
,
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which can be rewritten as
z = Aẽ

with ẽ a Gaussian distributed vector with independent identically distributed entries and
with

z =

∙
θ̂N − θ0
−θ∆

¸
and

A =

" ¡
ΦΦT

¢−1
Φ 0

0 I

#
Γ−1β1 ,

where Γβ1 is defined by

Γ−1β1 Γ
−1
β1

= E

"∙
ΦT∆θ∆ + βu− + v

−θ∆

¸ ∙
ΦT∆θ∆ + βu− + v

−θ∆

¸T#
= Pβ1 ,

Pβ1 =

∙
Pv + Pβu− +Φ

T
∆Pθ∆Φ∆ −ΦT∆Pθ∆

−Pθ∆Φ∆ Pθ∆

¸
using the assumption that θ∆, βu− and v are uncorrelated. Application of Proposition 3.4-2
then shows that, w.p.α∙

θ̂N − θ0
−θ∆

¸T
P̃−1θ

∙
θ̂N − θ0
−θ∆

¸
≤ cχ(α, n∆) (4.43)

with

P̃θ =

" ¡
ΦΦT

¢−1
Φ 0

0 I

#
Pβ1

"
ΦT

¡
ΦΦT

¢−1
0

0 I

#
. (4.44)

Expression (4.32) shows that the frequency response uncertainty set is simply the linear
mapping of the uncertainty region of expression (4.43), given by°°°Γ̃ω(ω) ¡fĜ(ω)− fG0(ω)

¢°°°
2
≤
q
cχ(α, n∆), (4.45)

with Γ̃ω(ω)Γ̃Tω (ω) = P̃−1ω (ω) for

P̃ω(ω) =
£
fBT (ω) fBT

∆
(ω)

¤
P̃θ

"
fTBT (ω)

fT
BT
∆
(ω)

#
.

To conclude it follows that
fG0(ω) ∈ D̃ω, w.p. ≥ α (4.46)

with
D̃ω :=

½
f (ω) |

°°°Γ̃ω(ω) ¡fĜ(ω)− f(ω)
¢°°°
2
≤
q
cχ(α, n∆)

¾
. (4.47)

4.2.3.4 Probability level

The derivation of the frequency uncertainty bounds in the previous sections was based on the
mapping of a parameter uncertainty to the frequency domain. As such it is clear that the level
of probability α is at least maintained, since every parameter in the α-probability parameter
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uncertainty set (4.34) and (4.43) corresponds to a frequency response point in the frequency
response uncertainty set of expression (4.42) and (4.47), respectively. When evaluating the
frequency response uncertainty set at one particular frequency ω the probability level is
larger than α, because the mapping from n parameters (n∆ for the stochastic assumption)
to 2 degrees of freedom in the frequency domain is not bijective (unless of course n = 2 or
n∆ = 2), i.e. the set of parameters corresponding to the set of frequency responses at the
particular frequency ω is much larger than the sets of (4.34) and (4.43).
The frequency response uncertainty region at one particular frequency can be interpreted as
the projection of a "total" frequency response uncertainty (of Appendix 4A) which does take
the correlation over multiple frequencies, and therefore all degrees of freedom of the associ-
ated parameters, into account. In Appendix 4B the increase in probability when neglecting
the correlation over multiple frequencies is further illustrated.
In the approach taken in [68][26][50] the frequency bound at each frequency is based on
cχ(α, 2) instead of cχ(α, n). That is, the probability is presented that a frequency response
is contained within the uncertainty region at one particular frequency leaving its behaviour
at other frequencies completely free. The union of such point-wise frequency response re-
gions based on cχ(α, 2) cannot be ensured to embed the original set of transfer functions
corresponding to the parameter set (4.34) (or (4.43)) and only a lower bound on the total
probability level can be provided with the Bonferroni Theorem. In [5] this fact is formally
proven.

In Section 4.4 the frequency response uncertainty bounding results are formalized after
discussing the case of general nonlinearly parametrized model classes.

4.2.4 Bounding the model uncertainty

4.2.4.1 Real parameter norm-bounded

The parameter uncertainty set of Theorem 4.2-2 directly leads to a parametric uncertainty
structure for describing a model uncertainty in terms of rational models. However, for
bounding the difference between G0(q) and G(q, θ̂N ), the undermodelling term Ḡ0(q)
should still be accounted for. Only when the undermodelling is assumed to be stochas-
tic (cf. expression (4.43)), the model uncertainty can be formulated in a parametrically
bounded form from the discussion in Section 4.2.3.3 as

G0(q) ∈ G w.p.α
for

G ∈ {G(q) | G(q) = G(q, θ̂N ) +
£
B(q)T B∆(q)

T
¤
Γ̃θθ ,

θ ∈ Rn∆ s.t. kθk2 ≤ cχ(α, n∆)} ,

with Γ̃θ the spectral factor of P̃θ in expression (4.44) andB(q)T andB∆(q)T as defined in
(4.31).
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4.2.4.2 Complex valued unstructured norm-bounded

The results of Section 4.2.3 show norm-bounded complex valued uncertainty regions in the
frequency domain. However, these results generally do not lend themselves directly for ro-
bust control synthesis applications as most existing algorithms cannot deal with ellipsoidal
uncertainty regions in the frequency domain unless a gridding technique is used. The ellip-
soidal regions have to be embedded into circular regions, corresponding to the amplitude of
a rational weighting function, to allow standard robust control algorithms to be applicable.
At least three relevant methods of obtaining circular uncertainty regions, bounded by the
amplitude of a rational function, can be formulated. To that end, first the following theorem
is presented.

Theorem 4.2-3 Consider a frequency dependent matrix Pω (ω) = fBT (ω)Pθf
T
BT (ω) ∈

R2×2 where Pθ ∈ Rn×n is nonsingular and

fG (ω) : =
£
Re
¡
G(eiω)

¢
Im
¡
G(eiω)

¢ ¤T
B (q) =

£
B0(q) . . . Bn−1(q)

¤T
.

Let Πθ ∈ Rn×n be a spectral factor of Pθ, i.e. ΠθΠTθ = Pθ and define the system matrix
M(q) ∈ H1×n as

M(q) = BT (q)Πθ. (4.48)
Then the matrix Pω (ω) satisfies

Pω (ω) =

∙
P11

¡
eiω
¢

−iP12
¡
eiω
¢

−iP21
¡
eiω
¢

P22
¡
eiω
¢ ¸

where P11
¡
eiω
¢
, P12

¡
eiω
¢
, P21

¡
eiω
¢
and P22

¡
eiω
¢
are the frequency responses of the

following transfer functions

P11(q) =
1

4

³
M(q) + (M(q)∗)T

´³
M(q) + (M(q)∗)T

´T
P12(q) =

1

4

³
M(q)M(q)T − (M(q)∗)T (M(q)∗)

´
= P21 (q)

P22(q) =
1

4

³
M(q)− (M(q)∗)T

´³
M(q)− (M(q)∗)T

´T
and the eigenvalues of Pω are given by

λPω (ω) =M(e
iω)M(eiω)∗ ±

¯̄
M(eiω)M(eiω)T

¯̄
. (4.49)

The first term on the right-hand side of (4.49) is a real valued function over frequency being
the two-norm of the vector M(eiω). The second term on the right-hand side is complex
valued by construction unless the number of parameters n = 1. The function λPω (ω) is
the frequency response of a real rational transfer function only in case n = 1. In all other
case, λPω (ω) is the (amplitude) of the frequency response corresponding to the non-rational
transfer function λPω (q) given by

λPω (q) = M(q)M(q)∗ ±M(q)M(q)T e−iα(q), (4.50)

with α (q) = arccos

Ã
M(q)M(q)T −

¡
M(q)M(q)T

¢∗
M(q)M(q)T + (M(q)M(q)T )

∗

!
.
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¤

Proof:The matrix Pω (ω) is given by

Pω (ω) =

∙
Re
¡
M(eiω)

¢
Im
¡
M(eiω)

¢ ¸ £ Re ¡MT (eiω)
¢
Im
¡
MT (eiω)

¢ ¤
and for complex number z = x+ iy it holds that

Re(z) =
z + z∗

2
and Im(z) =

z − z∗

2

from which the system matrices P11 (q) , P12 (q) , P21 (q) and P22 (q) follow readily.
The eigenvalue expression (4.49) follows from straightforward calculation while ex-
pression (4.50) follows from the geometric principle that ∠x = arctan

³
Im(x)
Re(x)

´
=

arctan
³
z−z∗
z+z∗

´
. ¤

Theorem 4.2-3 expresses the eigenvalues of a matrix Pω(ω) describing ellipsoidal frequency
response uncertainty sets in terms of rational transfer functions. With this result three meth-
ods can be formulated for obtaining a complex valued norm-bounded unstructured model
uncertainty set on the basis of a frequency response set.

Consider the following description of a complex valued norm-bounded unstructured model
uncertainty set around the least-squares model G(q, θ̂N )

G ∈ {G(q) | G(q) = G(q, θ̂N ) +W1(q)
T∆Ḡ0

(q)W2(q),°°∆Ḡ0
(q)
°°
∞ ≤ 1} .

With Theorem 4.2-3 three methods can be presented of obtaining circular uncertainty re-
gions from the ellipsoidal frequency response regions of Section 4.2.3:

1. In most methods suggested in the literature, the maximum radii of the ellipsoidal re-
gions are calculated over a frequency grid after which a transfer function is fitted with
its amplitude overbounding these radii [23][50][26], i.e.
W1(q),W2(q) ∈ H1×1 satisfying¯̄

W1(e
iω)
¯̄
≥

µµq
cχ(α, n) + β̄ω (ω)

¶p
λPω (ω)

¶−1
, ∀ω ∈ R

W2(q) = 1

where λPω (ω) as the maximum eigenvalue of expression (4.49), β̄ω (ω) as in expres-
sions (4.39) and (4.40) and ∆Go(q) ∈ H1×1 a free (norm-bounded) system.
Theorem 4.2-3 has shown that the transfer function having its amplitude equal to the
maximum radii of the ellipsoids over all frequencies is not rational (unless n = 1). For
all practical purposes, the function will have to be overbounded by a rational transfer
functionW1(e

iω). In [23] this overbounding problem is formulated in terms of an LMI
problem.

2. Alternatively, the average of the two eigenvalues of matrix Pω(ω) is taken and its
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square root overbounded, i.e. W1(q),W2(q) ∈ H1×1 satisfying

W1(q) ≥
µµq

cχ(α, n) + β̄ (q)

¶
M(eiω)M(eiω)∗

¶ 1
2

, ∀ω ∈ R

W2(q) = 1

and∆Go(q) ∈ H1×1 a free (norm-bounded) system.
This choice of weighting functions corresponds to the mapping of the parameter un-
certainty to the amplitude squared of the frequency responses, since similar to the
derivation of frequency response expression (4.35), i holds that³

G
³
q, θ̂N

´
− G̃0 (q)

´ ¡
BT (q)ΠθΠθB (q)

¢−1
(·)∗ ≤

q
cχ(α, n) + β̄ (q)

and

BT (q)ΠθΠθB (q) =M(q)M(q)∗.

and β̄ (q) corresponds to β(q) given by

β(q) =
³
BT (q)

¡
ΦΦT

¢−1
ΦΦT∆ −BT

∆ (q)
´
θ∆ (4.51)

3. Thirdly, the probability density function of the amplitude of the frequency responses
can be calculated. The exact probability density function is difficult to assess and the
resulting description of the amplitude will not be rational in general. A useful ap-
proximation follows from a first order Taylor approximation. This is implemented in
Matlab’s Identification Toolbox [71].

4.2.4.3 Structured norm-bounded model uncertainty

Expression (4.31) described the model error of the least-squares estimate G(q, θ̂N ) as

G(q, θ̂N )−G0(q) = B
T (q)

³
θ̂N − θ0

´
−BT

∆ (q) θ∆. (4.52)

The first part on the right hand-side can be bounded by an ellipsoidal region, whereas the
second term induces a second uncertainty block. The second uncertainty can be an un-
structured norm-bounded set or a norm-bounded diagonal real parametric uncertainty block.
That is,
1. under Assumptions 4.2-1.iii.a,

G ∈ {G(q) | G(q) = G(q, θ̂N ) +B(q)
TΓθθ +B

T
∆(q)W∆θb ,

kθk∞ ≤ cχ(α, n) + β̄

k∆θbk∞ ≤ 1} ,

where θ ∈ Rn×1a free real parameter vector,W := diag
©£

ḡ(n) · · · ḡ(nmax)
¤ª−1

and∆θb ∈ R(nmax−n)×(nmax−n) a free real-valued diagonal matrix, or
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2. under Assumptions 4.2-1.iii.b,

G ∈ {G(q) | G(q) = G(q, θ̂N ) +B(q)
TΓθθ +∆Ḡo

(q),

kθk∞ ≤ cχ(α, n) + β̄

k∆Go(q)k∞ ≤ ḡ} ,
where θ ∈ Rn×1a free real parameter vector and ∆Ḡo

(q) ∈ H1×1 a free (norm-
bounded) system.

4.3 Analysis of model estimates in general PE structures
This section analyzes the error between the true system and a model estimated in an OE
model structure. The analysis of linearly parametrized models of Section 4.2.1, in which
the model error is decomposed in effects due to measurement noise, initial conditions and
unmodelled dynamics, is extended to nonlinearly parametrized models by introducing a
linearization error.

4.3.1 Introduction

The model uncertainty bounding results for generalized FIR models as presented in the
previous section have to be adapted to be suitable for nonlinear model structures such as the
OE model structure. The result of the previous section are based on a linear mapping of the
parameters. For OE model structures the nonlinear mapping will have to be approximated
by a linear mapping of the parameters and their parameter uncertainty bounds. In classical
results of prediction error identification use is made of a first order Taylor expansion. In
a proper model uncertainty bounding method the resulting approximation error should be
accounted for. Here it is suggested to bound the approximation error in the same way
undermodelling is dealt with.
This approach can alternatively be interpreted as modelling the OE model error in terms of
a (particular) generalized FIR model structure. The uncertainty in this model error model,
including measurement noise and undermodelling, is then bounded using the linear results
of Section 4.2.1.
The discussion will be held for the OE-model while the results can be derived analogously
for the ARX and BJ model structure.

4.3.2 Analysis of the OE model error when the system is not in the
model class

In line with the analysis of the generalized FIR models of Section 4.2, the true systemG0(q)
is decomposed as follows:

G0(q) = G(q, θ∗) + Ḡ0(q, θ
∗) (4.53)

where G(q, θ∗) ∈ M corresponds to the model structure of the model class and where
Ḡ0(q) denotes the dynamics of G0(q) which cannot be modelled in the model class. For a
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given (least-squares) model estimate G(q, θ̂N ) ∈M the model error is then given by

G(q, θ̂N )−G0(q) = G(q, θ̂N )−G(q, θ∗)− Ḡ0(q, θ
∗). (4.54)

To allow the model error to be evaluated in terms of a linear mapping of the parameter
uncertainty, the model error term is further decomposed as

G(q, θ̂N )−G0(q) = B
T (q, θ̂N )

³
θ̂N − θ∗

´
+ ĞB(q, θ

∗, θ̂N )− Ḡ0(q, θ
∗), (4.55)

with BT (q, θ̂N ) a linear mapping (possibly depending on θ̂N) of the parameter error³
θ∗ − θ̂N

´
and ĞB(q, θ∗, θ̂N ) the resulting linearization error.

Remark 4.3-2 The main reason for using θ∗ is to provide an estimation-independent
bench-mark against which model estimates can be evaluated. The standard definition for θ∗

is
θ∗ = argmin

θ
V (θ), (4.56)

with
V (θ) = E

£
ε2(t, θ)

¤
with E [·] = limN→∞ 1

N

PN
t=1 E [·]. A useful benchmark represents a certain optimality,

achieved in the standard definition (4.56) by the use of the expectation operator and the
asymptotic data length. Alternative definitions of θ∗ ∈ Rn could be

θ∗ = argmin
θ
kG0(q)−G(q, θ)kp

for some norm (e.g. p = 2 or p =∞), or

θ∗ = argmin
θ

1

N

NX
t=1

(G0(q)u(t)−G(q, θ)u(t))
2

which corresponds to that PE model obtained when no measurement noise would be present.
With respect to the standard definition the latter definition avoids the awkward virtual exten-
sion of the data to infinity to be made as thought-experiment. Although from a conceptual
point of view, these alternatives could be preferred, in the remainder of this thesis the stan-
dard definition is used to avoid unnecessary confusion.

Summarizing the above, we have in general that the model error of a model estimate is given
by

G(q, θ̂N )−G0(q) = BT (q, θ̂N )
³
θ̂N − θ∗

´
+∆G(q, θ

∗) (4.57)

with∆G(q, θ
∗) = ĞB(q, θ

∗, θ̂N )− Ḡ0(q, θ
∗), (4.58)

in which the model error
³
G(q, θ̂N )−G0(q)

´
is expressed in terms of a linear mapping

of the parameter error
³
θ̂N − θ∗

´
and a term ∆G(q) representing the unmodelled dy-

namics Ḡ0(q, θ∗) and the error ĞB(q, θ∗, θ̂N ) resulting from linearizing the model error³
G(q, θ̂N )−G(q, θ∗)

´
.
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In line with the analysis in Section 3.5.6 an expression for the OE parameter error
³
θ̂N − θ∗

´
can be derived by noting that the least-squares estimate θ̂N is a solution, by definition, to
expression (3.54) and (3.64), i.e. θ̂N satisfies the equation

NX
t=1

(y(t)−G(q, θ)u(t))ψ(t, θ) = 0.

Let the measurement data y(t) be generated according to the data-generating system of
expression (4.2)

y(t) = G0(q)u(t) + βu−(t) + v(t),

then it follows with expression (4.57) that
NX
t=1

³³
G0(q)−G(q, θ̂N )

´
u(t) + βu−(t) + v(t)

´
ψ(t, θ̂N ) = 0 (4.59)

NX
t=1

³
BT (q, θ̂N )u(t)

³
θ∗ − θ̂N

´
−∆G(q, θ

∗)u(t) · · ·

· · ·+ βu−(t) + v(t))ψ(t, θ̂N ) = 0, (4.60)

from which it can be concluded that

θ̂N − θ∗ = R−1
1

Ñ

NX
t=ts

ψ(t, θ̂N ) {−∆G(q, θ
∗)u(t) + βu−(t) + v(t)} . (4.61)

with R = 1
Ñ

PN
t=ts

ψ(t, θ̂N )φ
T (t, θ̂N ), with φ(t, θ̂N ) = B(q, θ̂N )u(t), where ∆G(q, θ

∗)
is given by (4.58).
The expressions given above for the OE model structure are very similar to those given for
generalized FIRmodels in Section 4.2. The difference in the model error

³
G(q, θ̂N )−G0(q)

´
and the parameter error

³
θ̂N − θ∗

´
is limited to the interpretation of the term ∆G(q, θ

∗)
only. While in the case of generalized FIR models, ∆G(q, θ

∗) represents the unmodelled
dynamics only, in the case of the OE model structure the term additionally contains the
linearization error induced by approximating G(q, θ∗) and G(, q, θ̂N ) by their respective
linearization in terms of BT (q, θ̂N ).

4.3.3 Connection with the Model Error Model approach

The results of the previous section can be given an alternative interpretation by noting that
expression (4.59) specifies a special condition on the model error

TME(q, θME) =
³
G0(q)−G(q, θ̂N )

´
,

from which the model error can be evaluated. To ease the evaluation of this condition, ex-
pression (4.60) shows a linear approximation of the model error model TME(q, θME) in
terms of a generalized FIR model structure BT (q, θ̂N). The term ∆G(q, θ

∗) then simply
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represents the corresponding undermodelling of the model error model TME(q, θME). Ex-
pression (4.61) immediately reveals the parameter uncertainty θME = θ̂N−θ∗ of the model
error model with respect to zero and the results of Section 4.2 for generalized FIR models
can be applied directly to construct frequency domain uncertainty bounds or model uncer-
tainty bounds of the OE estimate G(q, θ̂N ).

In principle, the choice of the generalized FIR model structure BT (q, θ̂N ) is free. When
using expression (4.59), however, note that the maximum model order is limited to the
size of the OE parameter estimate θ̂N . Alternatively, the model error model TME(q, θME)

could be identified from the OE residual signal ε(t, θ̂N ). That is, a least-squares estimate of
TME(q, θME) would satisfy

NX
t=1

³
ε(t, θ̂N −BT (q, θ̂N )u(t)θME

´
φ(t, θ̂N ) = 0, (4.62)

with φ(t, θ̂N ) = B(q, θ̂N )u(t), which corresponds to the standard generalized FIR model
structure where θME can have any order.
The difference between using expression (4.60) or (4.62) is not clear at this point time. The
latter option seems to have more freedom to estimate the model error model. However, two
choices forB(q, θ̂N ) which follow naturally from the OE error estimateG(q, θ̂N ) itself can
be used with expression (4.60). These choices correspond to the first order Taylor expansion
ofG(q, θ∗) aroundG(q, θ̂N ) and to a fixed denominator model with F (q, θ̂N ), respectively.
These two choices will be discussed in the subsequent sections.

4.3.4 First order Taylor approximation of the OE model error

The standard approach in the Prediction Error framework to construct an uncertainty region
for OE models G

³
q, θ̂N

´
is based on using the first order Taylor expansion of the model

error. The first order Taylor expansion around θ̂N of a model G(q, θ∗) is given by [70][92]

G(q, θ∗) ≈ G(q, θ̂N) +
dG(q, θ)

dθ

¯̄̄̄
θ=θ̂N

³
θ∗ − θ̂N

´
,

which is evaluated for a model of the OE-model class (3.51) as

G(q, θ∗) ≈ G(q, θ̂N ) +

"
−B(q, θ̂N )
F 2(q, θ̂N )

ΩT2 (q)
1

F (q, θ̂N )
ΩT1 (q)

#³
θ∗ − θ̂N

´
(4.63)

with

Ω1(q) =
£
1 q−1 · · · q−nb−1

¤T
q−nk (4.64)

Ω2(q) =
£
q−1 · · · q−nf

¤T
. (4.65)

This first-order Taylor then corresponds to expression (4.57) with

BT (q, θ̂N ) =

∙
−G(q, θ̂N )

1

F (q, θ̂N )
ΩT2 (q)

1

F (q, θ̂N )
ΩT1 (q)

¸
, (4.66)
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such that the total model error G(q, θ̂N ) − G0(q) is a result of the mapping BT (q, θ̂N ) of
the parameter error

³
θ̂N − θ∗

´
and the term ∆G(q, θ

∗) consisting of the undermodelling
Ḡ0(q, θ

∗) and a linearization error given by

ĞB(q, θ
∗, θ̂N ) =

³
G(q, θ̂N )−G(q, θ∗)

´ F (q, θ̂N )− F (q, θ∗)

F (q, θ̂N )
, (4.67)

the derivation of which was provided in Appendix 3C.

4.3.5 Fixed denominator approximation

An alternative choice for BT (q, θ̂N ) follows mapping only the parameters in B(q, θ̂N ),
i.e.

BT (q, θ̂N ) =

∙
0

1

F (q, θ̂N )
ΩT1 (q)

¸
. (4.68)

This corresponds to an iterative estimation of the OE parameters in which the denominator
is fixed to F (q, θ̂N ) after which the numerator parameters are estimated in a generalized
FIR model structure. That this is equivalent to estimating the denominator and numerator
parameters is made explicit in Appendix 4C.
In this case the total model errorG(q, θ̂N )−G0(q) results from the parameter error

³
θ̂b − θ∗b

´
corresponding to B(q, θ̂N ) only, while now it is the term ∆G(q) that contains the effect of
the error

³
θ̂f − θ∗f

´
in the parameters corresponding to F (q, θ̂N ). In particular, it holds

that

ĞB(q, θ
∗, θ̂N ) = −G(q, θ∗)

F (q, θ̂N )− F (q, θ∗)
F (q, θ̂N )

(4.69)

and the term ∆G(q, θ
∗) consists of this linearization error ĞB(q, θ∗, θ̂N ) and the under-

modelling Ḡ0(q, θ∗).
The choice of BT (q, θ̂N ) of expression (4.68) bears close resemblance to the generalized
FIR models with fixed denominator structure of Section 4.2. There models were considered
given by

G(q, θ) = F−1fixed(q)B(q, θ).

Clearly, the analysis given in that section holds true when replacing the fixedmodelFfixed(q)
with the estimate F (q, θ̂N ). In the next section such a fixed denominator model structure is
compared with the OE model structure.

4.3.6 Evaluation

For the ARX, OE and BJ model class the nonlinear parameter mapping involved in evaluat-
ing the model error has to be approximated by a linear mapping. The induced linearization
error introduces an additional error term which can be bounded in a way similar to the ef-
fect of undermodelling. Expression (4.57) represents the model error

³
G(q, θ̂N )−G0(q)

´
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of an OE model estimate G(q, θ̂N ) in terms of such a linear mapping of the parameter un-
certainty and a term∆G(q, θ

∗) representing the undermodelling and linearization error.
Expression (4.57) can also be interpreted as representing the model error in terms of an ap-
proximative generalized FIR model structureBT (q, θ̂N )with the term∆G(q, θ

∗) represent-
ing the corresponding approximation error. In fact the linear approximationsBT (q, θ̂N ) can
be interpreted as introducing new linearly parametrized data-dependent model structures for
representing the model error. As such the model uncertainty bounding techniques for gen-
eralized FIR models of Section 4.2 can directly be applied to bound the model uncertainty.
Two choices for the linearization BT (q, θ̂N ) which follow naturally from the OE-estimate
G(q, θ̂N ), are the fixed denominator model with F (q, θ̂N ) and the first-order Taylor approx-
imation of the model error. The effect of the different choices forBT (q, θ̂N ) is not evaluated
in depth at this point in time. It is shown however that the choice of linearizationBT (q, θ̂N )
determines the undermodelling term∆G(q, θ

∗) and that the undermodelling term is smaller
in case of the first-order Taylor approximation. This is due to the fact that the errors in
both the parameters of B(q, θ̂N ) and F (q, θ̂N ) are accounted for directly in the first-order
Taylor approximation, while in the fixed denominator approximation only the errors in the
parameters of B(q, θ̂N ) are mapped directly to the model error, leaving the errors in the
denominator F (q, θ̂N ) to contribute to the undermodelling.
With the model error expressed in terms of a generalized FIR structure, the results of Section
4.2 can be applied. This is formalized in the next section.

4.3.7 OE models compared with generalized FIR models

4.3.7.1 Comparing the undermodelling to be bounded

The fixed denominator model structures given by

G(q, θ) =
B(q, θ)

Ffixed(q)
(4.70)

are linear in the parameters. The analysis of the previous section shows that the model error
of the associated least-squares estimate G(q, θ̂N ) is given by

G(q, θ̂N )−G0(q) =
1

Ffixed(q)
ΩT1 (q)

³
θ̂N − θ∗

´
−∆G(q, θ

∗)

with∆G(q, θ
∗) following from expression (4.69) as

∆G(q, θ
∗) = −G(q, θ∗)Ffixed(q)− F (q, θ∗)

Ffixed(q)
− (G0(q)−G(q, θ∗)) . (4.71)

The total model error is seen to result from the (numerator) parameter error
³
θ̂N − θ∗

´
and

the effect ∆G(q, θ
∗) of the true system not being contained in the model class (4.70). The

undermodelling is seen to contain the error between the chosen denominator Ffixed(q) and
the denominator F (q, θ∗), which is the optimal denominator for models of the class of OE
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models or fixed denominator models with structure

G(q, θ) =
B(q, θ)

F (q, θ)
.

The OE model structure is not linear in the parameters. The model error of the associated
least-squares estimate is induced by the effect of the measurement noise on the parameters in
B(q, θ̂N ) and in F (q, θ̂N ) and the effect of undermodelling due to the difference in structure
between G(q, θ) and G0(q) reflected in∆G(q, θ

∗) given with expression (4.67) as

∆G(q, θ
∗) =

³
G(q, θ̂N )−G(q, θ∗)

´ F (q, θ̂N )− F (q, θ∗)
F (q, θ̂N )

+ (G0(q)−G(q, θ∗)) .

(4.72)
A comparison of expressions (4.71) and (4.72) reveals that the undermodelling to be bounded
in the latter case is much smaller than the one of the fixed denominator model structures.
This is obvious from the fact that the errors between F (q, θ̂N ) and F (q, θ∗) are already ac-
counted for in the parameter errors

³
θ̂N − θ∗

´
in case of the OE-model structure, while

the error in the model Ffixed(q) appears as undermodelling term in the case of the fixed
denominator model structures.

4.3.7.2 Close connection between OE and generalized FIR in practice

In practice the OE model structure and the fixed denominator model structure might not
be altogether different. One of the motivations for developing and using generalized FIR
models, corresponding to orthonormal basis functions other than the standard pulse base
Bk(q) = q−k, is the fact that the decay of the series expansion is proportional to the distance
of the poles of the basis function to the poles in the system [54][100][55]. In other words,
the closer the zeros of the fixed denominator Ffixed(q) are to those of the optimal model of
that order F (q, θ∗), the smaller the number of required numerator parameters. In practice
therefore, it will be attempted to incorporate knowledge of the system in the basis functions.
In a general practice, this system information is obtained from measurement data and/or a
priori information. In case this information is obtained from the same measurement data
that will be used consequently for estimating the parameters in B(q, θ) a search for the
optimal Ffixed(q) and corresponding estimated least-squares estimateB(q, θ̂N )will lead to
a similar iterative optimization used to optimize the least-squares OE-estimate (cf. Section
3.5.8 and Appendix 4C).
It is important to note that part of the "undermodelling" term ∆G in the fixed denomina-
tor model structures is correlated with the measurement noise, in case the parameters in
Ffixed(q) = F (q, θ̂N ) are estimated from the same data used to estimate the parameters in
B(q, θ). This becomes important, for example, in the derivation of a model selection crite-
rion in which a standard approach assumes the undermodelling and measurement noise to
be uncorrelated (cf. Section 5.3).
Further, if the parameters Ffixed(q) are indeed estimated from the same data, the covari-
ance of these parameters can be determined, as well as their covariance with the estimated
parameters in B(q, θ̂N ). The model error corresponding to the OE-model structure as in
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Section 3.5 makes this covariance information explicit.

4.4 General procedure to PE model uncertainty bounding
In this section the results of the previous sections are summarized and formalized in two
theorems. The results are applicable for model estimates in the (generalized) FIR, ARX, OE
and BJ model structures within the Prediction Error Framework. The theorems, however,
present the results for the OE model class only, but the results are easily adapted to suit the
ARX and BJ model class.

4.4.1 Summary of the important error expressions

To facilitate the discussion in the subsequent sections, the essential results for the analysis
of an OE model estimate are now summarized in matrix notation.
1. The OE least-squares estimate θ̂N is evaluated from expression (4.61) as³

θ̂N − θ∗
´
=
¡
ΨΦT

¢−1
Ψ
¡
ΦT∆θ∆ + βu− + v

¢
(4.73)

with

Φ =
£
φ(1, θ̂N ) · · · φ(N, θ̂N )

¤
Ψ =

£
ψ(1, θ̂N ) · · · ψ(N, θ̂N )

¤
Φ∆ = ΦTu,n∆,0

θ∆ =
£
g∆G(0) g∆G(1) · · · g∆G(n∆ − 1)

¤T
such that Φ corresponds to the linear approximation of the model error represented by
BT (q, θ̂N ) with φ(t, θ̂N ) = B(q, θ̂N )u(t) and where Ψ corresponds to the derivatives
ψ(t, θ) := d

dθε(t, θ)
¯̄
θ=θ̂N

and with Φ∆ = ΦTu,n∆,0 according to definition (3.26) and
where θ∆ denotes the vector containing the pulse response coefficients g∆G(t) of the
term ∆G(q, θ

∗) (and where βu− corresponds to the effect of initial conditions and v
contains the measurement noise sequence v(t)).

2. The model error is given by

G(q, θ̂N )−G0(q) = BT (q, θ̂N )
³
θ̂N − θ∗

´
+ΩT∆(q)θ∆ (4.74)

= BT (q, θ̂N )
¡
ΨΦT

¢−1
Ψ (βu− + v) +B∆(q, θ̂N )θ∆ (4.75)

with

B∆(q, θ̂N ) =
³
BT (q, θ̂N )

¡
ΨΦT

¢−1
ΨΦT∆ +Ω

T
∆(q)

´
(4.76)

Ω∆(q) : =
£
1 q−1 · · · q−(n∆−1)

¤T
. (4.77)
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3. The residual error of the least-squares estimate is given by

ε(θ̂N ) = y− ΦT θ̂N
= ΦT

³
θ∗ − θ̂N

´
+ΦT∆θ∆ + βu− + v

=
³
I − ΦT

¡
ΨΦT

¢−1
Ψ
´ ¡
ΦT∆θ∆ + βu− + v

¢
, (4.78)

4.4.2 Frequency response uncertainty bounding

Expression (4.75) for the model error G(q, θ̂N ) − G0(q) forms the basis for deriving a
frequency response and model uncertainty set. The derivation is based on bounding the
unknown terms βu− , v and θ∆ using a priori information. To this end, the results of Section
4.2.3 are extended with a slight adaptation of the notation of Section 4.3. Let the term βu(t)
be redefined with respect to its denotation for linearly parametrized models as

βu(t) = ∆G(q, θ
∗)u(t) = Ω∆(q)θ∆u(t) and

βu = Φ∆θ∆,

with ∆G(q, θ
∗) and θ∆ now corresponding to both the undermodelling Ḡ0(q) and the lin-

earization errors ĞB(q, θ∗, θ̂N ). Or, alternatively, the term ∆G(q, θ
∗) can be interpreted

as the undermodelling in the Model Error Model (G(q, θ̂N ) − G0(q)) with respect to the
linearization BT (q, θ̂N ). The norm-bounded and stochastic assumptions on the undermod-
elling βu(t) or Ḡ0(q) itself as presented in Assumption 4.2-1 are similarly extended to
include the possible linearization error

³
ĞB(q, θ

∗, θ̂N ) + Ḡ0(q)
´
. With these adaptations,

the following theorem on frequency domain uncertainty bounding can be formulated. But
before that, define a frequency response uncertainty set Dω(Ĝ, Pω,Ω, c̄) as

Dω(Ĝ, Pω,Ω, c̄) :=
n
G(eiω) |

¡
fĜ − fG

¢T
P−1ω

¡
fĜ − fG

¢
≤ c̄2

o
, (4.79)

where

Ĝ : = G(q, θ̂N )

Ω : = {ω1, · · · , ωnω} ,
fG : =

£
fG (ω1) · · · fG (ωnω)

¤T
with

fG (ω) :=
£
Re
¡
G(eiω)

¢
Im
¡
G(eiω)

¢ ¤T (4.80)
and where c̄ ∈ R and Pω ∈ R2nω×2nω . Note that the set conditions Dω(Ĝ, Pω,Ω, c̄) the
frequency response of its members only at the frequencies in the set Ω, while leaving the
members free at all other frequencies.

Theorem 4.4-4 Consider the data-generating system (4.2) with G0(q) = G(q, θ∗) +
Ḡ0(q) as defined in (4.53). Consider the least-squares estimate G(q, θ̂N) with parame-
ters θ̂N ∈ Rn of expression (4.73), with n the total number of parameters. It holds for any
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set of frequencies Ω that the frequency response G0(eiω) of G0(q) satisfies

1. under Assumption 4.2-1.ii.a or 4.2-1.ii.b in which βu−(t) is stochastically distributed
and the undermodelling βu(t) is amplitude bounded,

G0(e
iω) ∈ Dω(Ĝ, Pω,Ω, c̄) w.p. ≥ α, with

c̄ =
q
cχ(α,max(n, 2nω)) + β̄ω and

Pω = fBT ·
¡
ΨΦT

¢−1
Ψ
£
Pv + Pβu−

¤
ΨT

¡
ΨΦT

¢−T · fTBT ,

2. under Assumption 4.2-1.ii.c in which the undermodelling βu(t) is stochastically dis-
tributed,

G0(e
iω) ∈ Dω(Ĝ,Γω,Ω, c̄) w.p α

c̄ =
q
cχ(α,max(n, 2nω)) and

Pω = fBT ·
¡
ΨΦT

¢−1
Ψ
£
Pv + Pβu−

¤
ΨT

¡
ΨΦT

¢−T · fTBT

+fB∆T · Pθ∆ · fTB∆T
where

(a) cχ(α,max(n, 2nω)) corresponds to a probability level α in the Chi-squares dis-
tribution with max(n, 2nω) degrees of freedom, such that, if x ∈ χ2(n) =⇒
prob (x ≤ cχ(α, n)) = α,

(b) B
¡
eiω
¢
∈ RH1×(nb+nf ) defined by4

B
¡
eiω
¢
=

"
−B(q, θ̂N )
F 2(q, θ̂N )

ΩT2 (q)
1

F (q, θ̂N )
ΩT1 (q)

#T
with Ω1(q) ∈ RH1×nb and Ω2(q) ∈ RH1×nf as defined in (4.64) and (4.65) on
page 105,

(c) B∆
¡
eiω
¢
corresponding to

B∆(q, θ̂N ) =
³
BT (q, θ̂N )

¡
ΨΦT

¢−1
ΨΦT∆ +Ω

T
∆(q)

´
with Ω∆(q) ∈ RH1×n∆ as defined in (4.77) and Φ∆ = ΦTu,n∆,0.

(d) Φ = ΦTφ,n,0 according to definition (3.26) with φ(t) = B(q, θ̂N )u(t),

(e) Ψ corresponds to the derivatives ψ(t, θ) := d
dθ ε(t, θ)

¯̄
θ=θ̂N

,

(f) Pv = E
£
vvT

¤
, Pβu− = E

h
β
u−
βT
u−

i
and Pθ∆ = E

h
θ∆θ

T
∆

i
(cf. Assumption

4.2-1 on page 90) and where

4In fact B eiω could be any frequency response matrix as long as the resulting error term ∆G(e
iω) is

adjusted accordingly (cf. expression (4.74)). The choice given here is most optimal from an uncertainty bounding
point of view.
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(g) the bound β̄ω is given

β̄ω : = k|ΓωfB∆T | ḡk2 ≥ kΓωfB∆T θ∆k2 or (4.81)
β̄ω : = kΓωfB∆T k2 ḡ ≥ kΓωfB∆T θ∆k2 , (4.82)

for Assumption 4.2-1.ii.a and 4.2-1.ii.b, respectively, with Γω(ω)Γω(ω) = P−1ω .
¤

Proof :With expression (4.75) of Section 4.4.1 and the definition (4.80) it holds at a partic-
ular frequency ω that

fĜ(ω)− fG0(ω) = fBT (ω)
¡
ΨΦT

¢−1
Ψ (βu− + v)− fB∆(ω)θ∆, (4.83)

in which Ĝ := G
³
q, θ̂N

´
.

When βu− and v are random vectors and when θ∆ is amplitude bounded, Propo-
sition 4.2-1 can be applied with

z = fĜ(ω)− fG0(ω)

A = fBT (ω)
¡
ΨΦT

¢−1
ΨΓ−1β1

β = −fB∆(ω),
where Γβ1 is defined by

Γ−1β1 Γ
−1
β1
= E

∙³
v+β

u−

´³
v+β

u−

´T¸
= Pv + Pβu− ,

following the assumption that v is uncorrelated with u−. Proposition 4.2-1 then proves
the result Theorem 4.4-4.1 with Γω a (2nω × 2nω) spectral factor of

¡
AAT

¢−1
, i.e.

ΓωΓω =
¡
AAT

¢−1
.

Whenβu− , v and θ∆ are random vectors with a Gaussian distribution, Proposition
4.2-1 can be applied with

z = fĜ(ω)− fG0(ω)

A =
h
fBT (ω)

¡
ΨΦT

¢−1
Ψ −fB∆(ω)

i
Γ−1β2

β = 0,

where Γβ2 is defined by

Γ−1β2 Γ
−1
β2

= E
∙∙

v+β
u−

θ∆

¸ £
v+β

u−
θ∆

¤¸
=

∙
Pv + Pβu− 0

0 Pθ∆

¸
,

following the assumption that v, u− and θ∆ are mutually uncorrelated. Proposition
4.2-1 then proves the result Theorem 4.4-4.2 with Γω a (2nω × 2nω) spectral factor of¡
AAT

¢−1
, i.e. ΓωΓω =

¡
AAT

¢−1
.

The above derivation holds true for one frequency point ω, i.e. nω = 1, but is read-
ily extended to multiple frequency points by extending the vectors fĜ. The probability
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measure of the chi-distribution is accordingly increased to cχ(α,max(n, 2nω)) with a
maximum degree of freedom given by the number of estimated parameters n since the
rank ofA has a maximum of n due to the presence of Ψ ∈ Rn×N .

It is noted that Proposition 4.2-1 is valid exactly when Ψ and v (and β
u−
and

θ∆) are statistically independent. The results hold asymptotically in the data length
N otherwise.5 For linearly parametrized models Ψ and v are statistically independent
and the results are non-asymptotic. For the ARX, OE and BJ model structures, it was
shown in Chapter 3 that Monte Carlo simulations strongly suggest that the statistical
dependence of Ψ and v in those cases has a negligible effect, thereby supporting the
conjecture that Theorem 4.4-4 is valid for finite time. ¤

Theorem 4.4-4 states the standard implemented results for the PE model estimates in
case the undermodelling is neglected. It is emphasized, however, that the present deriva-
tion given in the proof above is much more straightforward than in the classical ap-
proach. Moreover, the results have a much stronger theoretical foundation as explained
in Chapter 3. That is, the results are not based on an asymptotic approximation of the
Gaussian distribution of the parameter estimator, but instead on an (nearly) exact dis-
tribution of a data-dependent mapping of the parameters. Additionally, the theorem
allows for the incorporation of undermodelling.

Remark 4.4-3 The results of the theorem could be made stronger by using the LMI ap-
proach taken in [11], which provides an exact mapping of the parameters uncertainty to the
model.

4.4.3 Estimating a bound on the undermodelling

In a practical situation (a bound on) the undermodelling term θ∆ has to be estimated from
data to determine the model error θ∆ of expression (4.75)

G(q, θ̂N )−G0(q) = BT (q, θ̂N )
¡
ΨΦT

¢−1
Ψ (βu− + v)

+
³
BT (q, θ̂N )

¡
ΨΦT

¢−1
ΨΦT∆ +Ω

T
∆(q)

´
θ∆. (4.84)

From expression (4.78) which stated that

ε(θ̂N ) =
³
I − ΦT

¡
ΨΦT

¢−1
Ψ
´ ¡
ΦT∆θ∆ + βu− + v

¢
, (4.85)

it is apparent that the residual sequence of the model estimate can be used to estimate the
(bound on the) undermodelling. While different approaches to bounding the undermod-
elling are discussed in Chapter 5, a brief indication is presented here.
In the approach of [26] and [50] the undermodelling is bounded by estimating an upper
bound on the (generalized) pulse response on the basis of the estimated parameters itself.
The same approach can be followed for the OE model structure when the undermodelled

5Also in case the Gaussian assumption on the additive noise in Assumption 4.2-1.i is not valid, the result holds
asymptotically in the data lengthN.
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dynamics are taken to be present in the numerator only. In particular, consider the interpre-
tation of BT (q, θ̂N ) being a linear approximation of the model error

³
G0(q)−G(q, θ̂N

´
,

which renders θ∆ to represent the corresponding approximation or undermodelling error.
A most straightforward extension of the results of [26] and [50] follows from extending
BT (q, θ̂N ), i.e.

BT (q, θ̂N ) =

"
−B(q, θ̂N )
F 2(q, θ̂N )

ΩT2 (q)
1

F (q, θ̂N )
ΩT1 (q)

#
and

BT
∆(q, θ̂N ) =

∙
0

1

F (q, θ̂N )
Ω̃T∆(q)

¸
with

Ω̃T∆(q) :=
£
q−nb+1 · · · q−(n∆−1)

¤T
,

with which the parameters in θ∆ are a series extension of the parameters in B(q, θ̂N ) −
B(q, θ∗).
In model error modelling, [69], the term θ∆ is directly estimated from the residuals as
indicated in Section 4.3.3. In stochastic embedding, [49], the term θ∆ is parametrized as
a random noise vector and its variance is estimated from the residuals ε(θ̂N ) together with
estimating the variance of v(t).

4.4.4 Model uncertainty bounding

Theorems 4.2-2, 4.4-4 and 4.2-3 allow for the formulation of four model uncertainty set
each with a different additive uncertainty structure:
1. a real parametric uncertainty structure with a norm-bounded parameter vector corre-

sponding to an ellipsoidal uncertainty [8] following the stochastic assumption on the
undermodelling (cum linearization error) is formalized in Theorem 4.4-5.3

2. a real parametric uncertainty structure with both a norm-bounded parameter vector
and a norm-bounded diagonal parameter matrix corresponding to an ellipsoidal and
boxed uncertainty, following a norm-bounded assumption on the undermodelling (cum
linearization error) is formalized in Theorem 4.4-5.1

3. a combined uncertainty structure with both a parametric uncertainty and unstructured
uncertainty block is formalized in Theorem 4.4-5.2

4. an unstructured uncertainty following the embedding of the ellipsoidal frequency do-
main region by circular regions [23] is formalized in Theorem 4.4-5.4 in which
(a) an unstructured one-dimensional uncertainty block corresponds to a weighting

function overbounding the maximum eigenvalue function of expression (4.49).
(b) an unstructured one-dimensional uncertainty block corresponds to a probability

level of α associated with the variance of the amplitude of the frequency response
functions.

Theorem 4.4-5 Consider the data-generating system G0(q) = G̃0(q) + Ḡ0(q) as defined
in (4.4) and (4.7) and the least-squares estimate θ̂N of expression (4.11) and (4.13). Under
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Assumptions 4.2-1.i and 4.2-1.ii it holds that

G0(q) ∈ G w.p. ≥ α

where

1. under Assumptions 4.2-1.iii.a,

G ∈ {G(q) | G(q) = G(q, θ̂N ) +B(q)
TΓθθ +B

T
∆(q)W∆θb ,

kθk∞ ≤ cχ(α, n) + β̄

k∆θbk∞ ≤ 1} ,

where θ ∈ Rn×1a free real parameter vector,W := diag
©£

ḡ(n) · · · ḡ(nmax)
¤ª−1

and∆θb ∈ R(nmax−n)×(nmax−n) a free real-valued diagonal matrix, or

2. under Assumptions 4.2-1.iii.b,

G ∈ {G(q) | G(q) = G(q, θ̂N ) +B(q)
TΓθθ +∆Ḡo

(q),

kθk∞ ≤ cχ(α, n) + β̄

k∆Go(q)k∞ ≤ ḡ} ,
where θ ∈ Rn×1a free real parameter vector and ∆Ḡo

(q) ∈ H1×1 a free (norm-
bounded) system

3. under Assumptions 4.2-1.iii.c,

G ∈ {G(q) | G(q) = G(q, θ̂N ) +
£
B(q)T B∆(q)

T
¤
Γ̃θθ ,

θ ∈ Rn∆ s.t. kθk∞ ≤ cχ(α, n∆)} ,
where Γ denotes a spectral factor of P−1θ , i.e. ΓTΓ = P−1θ , with Pθ, B(q)T and
B∆(q)

T as in defined in the second part of Theorem 4.4-4 and where θ ∈ Rn∆ a free
real (norm-bounded) parameter vector.

4. corresponding to Theorems 4.4-4 and 4.2-3,

G ∈ {G(q) | G(q) = G(q, θ̂N ) +W1(q)
T∆Ḡ0

(q)W2(q),°°∆Ḡ0
(q)
°°
∞ ≤ 1} ,

where

(a) W1(q),W2(q) ∈ H1×1 satisfy¯̄
W1(e

iω)
¯̄
≥

µµq
cχ(α, n) + β̄ω (ω)

¶p
λPω (ω)

¶−1
, ∀ω ∈ R

W2(q) = 1

where λPω (ω) as given in expression (4.49), β̄ω (ω) as in expressions (4.39) and
(4.40) and∆Go(q) ∈ H1×1 a free (norm-bounded) system.
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(b) W1(q),W2(q) ∈ H1×1 satisfy

W1(q) ≥
µµq

cχ(α, n) + β̄ω (ω)

¶
M(eiω)M(eiω)∗

¶ 1
2

, ∀ω ∈ R

W2(q) = 1

and∆Go(q) ∈ H1×1 a free (norm-bounded) system.

(c) W1(q),W2(q) ∈ H1×1 satisfying

W1(q) =
p
cα(ω)

W2(q) = 1

and ∆Go(q) ∈ H1×1 a free (norm-bounded) system, with cα(ω) corresponding
to the probability level α of the (approximated) distribution of the amplitude of
G(q, θ̂N ). A useful approximation follows from a first order Taylor approxima-
tion. This is implemented in Matlab’s Identification Toolbox [71]. ¤

4.5 Conclusions
In this chapter the result of [80] and [50] are extended to the ARX and OE model structure.
The extension is based on the application of the new data-dependent model uncertainty
bounds of Chapter 3 and on bounding a linearization error resulting from dealing with non-
linear model structures.
The error between a least-squares model estimate and the true system results from the struc-
tural limitations of the model class and from the estimation errors in the estimated parame-
ters. The estimation errors are the result of the influence of measurement noise, initial con-
ditions and the undermodelling. All the errors can be accounted for under either a stochastic
assumption or a norm-bounded assumption. When considering model structures which are
not linear in the parameters the effect of undermodelling is extended by the linearization er-
ror induced when approximating the nonlinear mapping of parameters to models by a linear
mapping. This approach could also be interpreted as evaluating the error in a linear approx-
imation of the model error model allowing the application of uncertainty bounding results
for generalized FIR models.
Naturally, the practical application of the results depend on a proper estimation of the re-
quired bounds or variance of the undermodelling (cum linearization) errors. This will be
dealt with in the next chapter.
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Appendix 4A Frequency response uncertainty set

The uncertainty set Dθ (4.22) centred at θ̂N and corresponding to a probability of αθ, is
mapped into an associated set of frequency responses which form an uncertainty region
around ĜN (e

iω) of again a probability of αθ if the mapping is bijective and the dimension
of the frequency domain set is at least equal to the dimension n of the parameter space.
To bound the difference between this set and the frequency response of the true model the
undermodelling term Ḡ0(q) has to be bounded either under a deterministic or stochastic as-
sumption.

4A.1 Model error in the frequency domain

Corresponding to expression (4.3) the error between G0(q) and the least-squares model
G(q, θ̂N ) is expressed as

G(q, θ̂N )−G0(q) = B
T (q)

³
θ̂N − θ0

´
−BT

∆ (q) θ∆ (4A.1)

with

B (q) =
£
B0(q) . . . Bn−1(q)

¤T
B∆ (q) =

£
B0(q) . . . Bn−1(q)

¤T
and θ0 and θ∆ as defined in expressions (4.6) and (4.9), respectively.
To evaluate the frequency responses ofG0(q) andG(q, θ̂N ) in terms of their real and imag-
inary parts, define the function fG(q) as

fG(ω) :=
£
Re
¡
G(eiω)

¢
Im
¡
G(eiω)

¢ ¤T
and construct a matrices zB ∈ R2nω×n and z∆ ∈ R2nω×n∆ defined by

zB =
£
fBT (ω1) . . . fBT (ωk) . . . fBT (ωnω)

¤T
zB∆ =

£
fBT
∆
(ω1) . . . fBT

∆
(ωk) . . . fBT

∆
(ωnω)

¤T
,

in which the real and imaginary parts of the frequency response of BT (q) and BT
∆ (q) are

stacked for nω different frequencies ωk ∈ Ω ∈ Rnω . Then it holds for the frequency
responses of G0(q) and G(q, θ̂N ) evaluated at the frequency grid Ω that

fG(q,θ̂N ) − fG0 = zB

³
θ̂N − θ0

´
−zB∆θ∆. (4A.2)

And from expression (4.13) and the definition βu = Φ∆θ∆ it follows that

fG(q,θ̂N ) − fG0 =
£
zB zB∆

¤ ∙ ¡ΦΦT ¢−1Φ £v+ βu− +Φ
T
b θ∆

¤
−θ∆

¸
(4A.3)

4A.2 Norm bounded undermodelling

Under Assumption 4.2-1.ii.a or 4.2-1.ii.b the derivation of an uncertainty set follows the
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derivation of Theorem 4.2-2. In particular, with expression (4.13) it holds that

fG(q,θ̂N ) − fG0 = zB

¡
ΦΦT

¢−1
Φ
£
v + βu− +Φ

T
∆θ∆

¤
−zB∆θ∆ (4A.4)

Application of Proposition 3.4-2 directly shows that w.p. αh
fG(q,θ̂N) − fG0 +

³
zB∆ −zB

¡
ΦΦT

¢−1
ΦΦT∆

´
θ∆

iT
P−1ω [·] ≤ cχ(α, n) (4A.5)

with

Pω = zB

¡
ΦΦT

¢−1
Φ
£
Pv + Pβu−

¤
ΦT

¡
ΦΦT

¢−T zT
B

= zBPθzT
B. (4A.6)

It is emphasized that Pω is not necessarily a covariance matrix associated with the Gaussian
distribution, but simply the matrix corresponding to the bound given in (4A.5). Naturally,
when the regressors are deterministic, i.e. the regressors are uncorrelated with the noise, Pω
is indeed the covariance matrix and expression (4A.6) would have followed directly from
the mapping of the Gaussian distribution of the parameters. Also note, that the matrix Pω
has the rank n of Pθ only, indicating the set of frequency responses has only n degrees of
freedom.

To obtain an explicit expression for the error term
³
fG(q,θ̂N ) − fG0

´
the effect of under-

modelling has to be bounded. To that end, note that it holds with ΓωΓTω = P−1ω that°°°Γω ³fG(q,θ̂N ) − fG0

´
+ Γω

³
zB∆ −zB∆

¡
ΦΦT

¢−1
ΦΦT∆

´
θ∆

°°°
2
≤
q
cχ(α, n) w.p. α

and that with the triangle inequality for norms it holds that°°°Γω ³fG(q,θ̂N ) − fG0

´°°°
2
≤
q
cχ(α, n) + β̄ω w.p. αω ≥ α (4A.7)

with β̄ω an upper bound, according to assumption ii.a or ii.c respectively, defined as

β̄ω : =
°°°¯̄̄Γω ³zB∆ −zB

¡
ΦΦT

¢−1
ΦΦT∆

´¯̄̄
ḡ
°°°
2
or

β̄ω : =
°°°Γω ³zB∆ −zB

¡
ΦΦT

¢−1
ΦΦT∆

´°°°
2
ḡ

where |·| denotes taking the absolute value element-wise. The probability αω equals α in
case the undermodelling β̄ω = 0.

In case 2nω > n, the matrix Pω is singular since its degree of freedom will not exceed
n. For the matrix Γω in the above expressions, the term Γz†B is then appropriate, where
Γ was defined as the spectral factor of Pθ. With this choice of representation it is clearly
seen how the frequency response vectors

³
fG(q,θ̂N) − fG0

´
are mapped onto the (pseudo)

inverse of the basis functions Bk(q). Only that part of the frequency response contained in
the space spanned by these basis functions is evaluated with respect to the parameter un-
certainty reflected in Pθ. This also means that the undermodelled dynamics contained in
the null-space of these basis functions is not described by expression (4A.7). In particu-
lar, when the basis function Bk(q) are orthonormal basis functions and nω → ∞ it holds



Appendix 4A Frequency response uncertainty set 119

that z†B =
¡
zT
BzB

¢−1zT
BzB∆ = 0, due to the orthonormality. In other words, expres-

sion (4A.7) only considers the behaviour of that part of the frequency responses which can
be modelled in the model class (4.1). Therefore, the undermodelling cannot be captured by
increasing the size of the ellipsoidal uncertainty of expression (4A.7) as was done in Propo-
sition 4.2-1; the "direction" in which the undermodelling is present corresponds to a zero
eigenvalue of Pω. The undermodelling contained in the space spanned by the basis functions
Bk(q) outside the model class, i.e. for k = [n,∞), has to be bounded by an additional term.

The total frequency response uncertainty region is then given by

Dω : =
n
f ∈ R2nω | f = fG(q,θ̂N) + Γ

−1
ω x+∆ , (4A.8)

∀ x ∈ R2nω s.t. kxk2 ≤
q
cχ(α, n) + β̄ω

and ∀∆ ∈ R2nω×2nω s.t. k∆k2 ≤ β̄Dω
ª

with Γ−1ω Γ−Tω = Pω = zBPθzT
B and with

β̄Dω =
°°°³I −zBz†B

´
zB∆

°°°
2
ḡ ≤

°°°³I −zBz†B
´
zB∆θ∆

°°°
2
or

β̄Dω =
°°°³I −zBz†B

´
zB∆ ḡ

°°°
2
≤
°°°³I −zBz†B

´
zB∆θ∆

°°°
2

and it holds that

fG0 ∈ Dω w.p. αω ≥ αθ ≥ α

where αω = α in case the undermodelling β̄ω = β̄Dω = 0. and where αω = αθ in case
the term β̄Dω = 0 (e.g. when 2nω = n). Alternatively the uncertainty term ∆ could be a
hyperbox when bounding the real and imaginary parts of

³
I −zBz†B

´
zB∆θ∆ separately,

which compares with the approach taken in [26].

4A.3 Stochastically bounded undermodelling

Under Assumption 4.2-1.ii.c in which the undermodelling parameter vector θ∆ is assumed
to be stochastic, it is derived from expression (4A.4) that

fG(q,θ̂N ) − fG0
= z̄

∙
Φ
£
v + βu− +Φ

T
b θb

¤
−θb

¸
,

with z̄ : =
£
zB zB∆

¤ ∙ ¡ΦΦT ¢−1 0
0 I

¸
When 2nω ≥ n∆ the left inverse z̄† =

¡
z̄T z̄

¢
z̄T of z̄ exists and it holds that

β
1
= z̄†

³
fG(q,θ̂N ) − fG0

´
=

∙
Φ
£
v+ βu− +Φ

T
b θb

¤
−θb

¸
∈ N (0, Pβ1)

with Pβ1 =

∙
ΦPvΦ

T + Pβu− +Φ
T
b θbΦb −ΦTb Pθ∆

−Pθ∆Φb Pθ∆

¸
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and it holds for every estimate β1 that

βT1 P
−1
β1

β1 ≤ cχ(α, n∆) w.p. α.

Therefore, this bound is also true w.p. α for that particular β1 = z̄†
³
fG(q,θ̂N) − fG0

´
, i.e.³

fG(q,θ̂N ) − fG0

´T
P−1ω

³
fG(q,θ̂N) − fG0

´
≤ cχ(α, n∆) w.p. α (4A.9)

with P̃ω = z̄Pβ1z̄
T . (4A.10)

Note again that the matrix Pω has rank n∆ only since a maximum of n∆ degrees of freedom
are assumed to be present in the frequency responses.
It holds that

fG0
∈ D̃ω w.p.α

for

D̃ω : =
n
f ∈ R2nω | f = fG(q,θ̂N ) + Γ̃

−1
ω x , (4A.11)

∀ x ∈ R2nω s.t. kxk2 ≤
q
cχ(α, n∆)

¾
with Γ̃−1ω Γ̃−Tω = P̃ω = z̄Pβ1z̄

T .
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Figure 4.B-1: Illustration of the projection of an ellipsoidal uncertainty region on the Euclidean axes.
The ellipsoid is associated with matrix P ∈ R2×2 and scaling factor cχ(α, 2) corresponding to an
uncertainty level of α contained within the ellipsoid. The projection onto the axis corresponds to the
diagonal elements of P, i.e. the horizontal length of the bounding box equals 2 cχ(α, 2)P (1, 1),

while the vertical side has length 2 cχ(α, 2)P (2, 2).
The bounding box corresponds to a larger area and contains a probability level of more than α.
The probability of areaB0+B1 equals the probability of the area [−1, 1]· cχ(α, 2)P (2, 2) under the
one-dimensional Gaussian distribution N(0, P (2, 2)). Similarly, the probability of area B0 + B2

equals the probability of the area [−1, 1] · cχ(α, 2)P (2, 2) under the one-dimensional Gaussian
distributionN(0, P (1, 1)).

Appendix 4B Not bijective mappings and probability
Figure 4.B-1 illustrates the projection of a two-dimensional ellipsoid E onto the Euclidean
axes. The ellipsoid E is associated with a matrix P given by P11 = 5, P22 = 6 and
P12 = P21 = 2. The ellipsoid can be written as

E =

½
θ1, θ2 ∈ R2 |

£
θ1 θ2

¤T
= Γx , kxk2 ≤

q
cχ (α, 2)

¾
with ΓΓT = P. The projections E1 and E2 of the ellipsoid E onto the Euclidean axes
e1 = [1 0]

T and e2 = [0 1]T is given by

E1 : =

½
θ1 | θ1 ∈

∙
−
q
cχ (α, 2)P11,

q
cχ (α, 2)P11

¸¾
E1 : =

½
θ2 | θ2 ∈

∙
−
q
cχ (α, 2)P22,

q
cχ (α, 2)P22

¸¾
,
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respectively, which follows from the fact that

sup
kxk2≤

√
cχ(α,2)

°°eTj Γx°°2 =
°°eTj Γ°°∞qcχ (α, 2) =q¡

eTj ΓΓej
¢q

cχ (α, 2) =
p
Pjj

q
cχ (α, 2).

Clearly, if the ellipsoid contains an α% probability level, the probability αE1 that θ1 ∈
E1 is much larger than α. In fact, it corresponds to the probability of the area given by
B0 + B2. Similarly, the probability αE2 that θ2 ∈ E2 is much larger than α and given by
the probability of the area B0 + B1. In case the associated probability density function is
Gaussian, the probabilities can be made exact and are given by

αE1 = Pr
¡
xTP−111 x ≤ P11cχ (α, 2) for x ∈ N (0, P11

¢
and

αE2 = Pr
¡
xTP−111 x ≤ P22cχ (α, 2) for x ∈ N (0, P22

¢
Similarly, the bounding box B0 associated with all combinations of θ1 ∈ E1 and θ2 ∈ E2
contains a much larger probability level than α.

Extending the example to the set of frequency responses, it holds that the projection of
the ellipsoids of Appendix 4A onto the hyperplane spanned by the two Euclidean axis
ei, ej associated with real and imaginary parts at a particular frequency ω corresponds to
the projection of the matrix Pω onto those Euclidean axis, i.e. the two-by-two block given
by Pω (ω). The projection at each frequency is again an ellipsoid. Similar to the hyperbox
in the example, the union of the ellipsoids at each frequency contains a probability level of
at least the original αθ. In [5] it is formally proven that the set of transfer functions having
their frequency response contained within the union of ellipsoids at each frequency is em-
bedding the original set of transfer functions corresponding to parameters θ ∈ Dθ.This is
in contrast with the approach taken in [68][26] [50] where the frequency bound at each fre-
quency is based on cχ(α, 2) instead of cχ(α, n), as a result of which a complete embedding
of the original set of transfer functions with θ ∈ Dθ is not assured and only a lower bound
on the total probability level can be provided with the Bonferroni Theorem.
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Appendix 4C Sequential estimation of parameters in OE
structure

Given an OE model structure

G(q, θ) =
B(q, θ)

F (q, θ)

and the least-squares estimate θ̂N given by

θ̂N = min argθ
1

N

NX
t=1

µ
y(t)− B(q, θ)

F (q, θ)

¶2
,

it is readily understood that the parameters in B(q, θ) are given by fixing the parameters in
F (q, θ) to the solution θ̂N inducing a linearly parametrized problem given by

θ̂N = min argθ
1

N

NX
t=1

Ã
y(t)− B(q, θ)

F (q, θ̂N )

!2
.

This is formally shown by considering the fact that the least-squares estimate θ̂N was given
by

θ̂N = Ξy

with

Ξ =

Ã∙
Ψ1
Ψ2

¸ ∙
Φ1
Φ2

¸T!−1 ∙
Ψ1
Ψ2

¸
.

This matrix Ξ can be analyzed as

Ξ =

Ã∙
Ψ1
Ψ2

¸ ∙
Φ1
Φ2

¸T!−1 ∙
Ψ1
Ψ2

¸
=

=

Ã∙
Φ1
Ψ2

¸ ∙
Φ1
Φ2

¸T!−1 ∙
Φ1
Ψ2

¸
=

=

∙
Φ1Φ

T
1 Φ1Φ

T
2

Ψ2Φ
T
1 Ψ2Φ

T
2

¸−1 ∙
Φ1
Ψ2

¸
.

Since it holds that∙
A B
C D

¸−1
=

∙
A−1 0
0 0

¸
+

∙
−A−1B

I

¸
∆−1A

£
−CA−1 I

¤
with

∆A = D − CA−1B,

it follows that

∆A = Ψ2Φ
T
2 −Ψ2ΦT1

¡
Φ1Φ

T
1

¢−1
Φ1Φ

T
2
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and

Ξ =

∙ ¡
Φ1Φ

T
1

¢−1
0

0 0

¸ ∙
Φ1
Ψ2

¸
+

∙
−
¡
Φ1Φ

T
1

¢−1
Φ1Φ

T
2

I

¸
∆−1A

h
Ψ2 −Ψ2ΦT1

¡
Φ1Φ

T
1

¢−1
Φ1

i
and therefore,∙

θ̂b
θ̂f

¸
=

⎡⎣ ¡
Φ1Φ

T
1

¢−1
Φ1 −

¡
Φ1Φ

T
1

¢−1
Φ1Φ

T
2∆
−1
A

h
Ψ2 −Ψ2ΦT1

¡
Φ1Φ

T
1

¢−1
Φ1

i
∆−1A

h
Ψ2 −Ψ2ΦT1

¡
Φ1Φ

T
1

¢−1
Φ1

i ⎤⎦yf
That is when ∙

θ̂b
θ̂f

¸
=

⎡⎣ ¡
Φ1Φ

T
1

¢−1
Φ1

³
yf − ΦT2 θ̂f

´
∆−1A

h
Ψ2 −Ψ2ΦT1

¡
Φ1Φ

T
1

¢−1
Φ1

i
yf

⎤⎦
What remains is to show that¡

Φ1Φ
T
1

¢−1
Φ1y =

¡
Φ1Φ

T
1

¢−1
Φ1yf −

¡
Φ1Φ

T
1

¢−1
Φ1Φ

T
2 θ̂f

This follows trivially from the fact that

y =
1

F
³
q, θ̂N

´y(t) +
⎛⎝1− 1

F
³
q, θ̂N

´
⎞⎠ y(t)

=
1

F
³
q, θ̂N

´y(t) + ³F ³q, θ̂N´− 1´ y(t)

F
³
q, θ̂N

´
= yF (t) +Φ

T
2 θ̂f .

To conclude, ∙
θ̂b
θ̂f

¸
=

Ã∙
Ψ1
Ψ2

¸ ∙
Φ1
Φ2

¸T!−1 ∙
Ψ1
Ψ2

¸
yf

=

" ¡
Φ1Φ

T
1

¢−1
Φ1y

∆−1A
h
Ψ2 −Ψ2ΦT1

¡
Φ1Φ

T
1

¢−1
Φ1

i
yf

#
.
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Appendix 4D Derivations

To derive the approximation in the first-order Taylor expansion, we specify θ̂N =
h
θ̂
T

f θ̂
T

b

iT
and θ0 =

h
θTf θTb

iT
and we write

G(q, θ̂N ) =
B(q, θ̂N )

F (q, θ̂N )
=

Ω1(q)θ̂b

1 +Ω2(q)θ̂f
and (4D.1)

G0(q) =
B(q, θ0)

F (q, θ0)
=

Ω1(q)θb
1 +Ω2(q)θf

. (4D.2)

with Ω1(q) and Ω2(q) as defined in (4.64) and (4.65). It holds that

G0(q) =
Ω1θ̂b − Ω1

³
θ̂b − θb

´
1 +Ω2θ̂f − Ω2

³
θ̂f − θf

´
=

B(q, θ̂b)− Ω1
³
θ̂b − θb

´
F (q, θ̂f )− Ω2

³
θ̂f − θf

´ ,
from which it follows that

G0(q)
³
F (q, θ̂f )− Ω2

³
θ̂f − θf

´´
= B(q, θ̂b)− Ω1

³
θ̂b − θb

´
and

G0(q)−
G0(q)

F (q, θ̂f )
Ω2

³
θ̂f − θf

´
=

B(q, θ̂b)

F (q, θ̂f )
− 1

F (q, θ̂f )
Ω1

³
θ̂b − θb

´
.

To summarize, it holds that

G(q, θ̂N )−G0(q) =

∙
−G0(q)

1

F (q, θ̂N )
ΩT2 (q)

1

F (q, θ̂N )
ΩT1 (q)

¸⎡⎣ ³
θ̂f − θf

´³
θ̂b − θb

´ ⎤⎦ ,
(4D.3)

which is exact and which should be compared with the approximative Taylor expression
(4.63).
In particular, the approximation can be made explicit as

G(q, θ̂N )−G0(q) =

∙
−G(q, θ̂N )

1

F (q, θ̂N )
ΩT2 (q)

1

F (q, θ̂N )
ΩT1 (q)

¸³
θ̂N − θ0

´
+"

−G0(q)
1

F (q, θ̂N )
ΩT2 (q)−

−B(q, θ̂N )
F 2(q, θ̂N )

ΩT2 (q) 0

#⎡⎣ ³
θ̂b − θb

´³
θ̂f − θf

´ ⎤⎦
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That is,

G(q, θ̂N )−G0(q) =

∙
−G(q, θ̂N )

1

F (q, θ̂N )
ΩT2 (q)

1

F (q, θ̂N )
ΩT1 (q)

¸³
θ̂N − θ0

´
+

Ã
B(q, θ̂N )−G0(q)F (q, θ̂N )

F 2(q, θ̂N )

!
ΩT2 (q)

³³
θ̂f − θf

´´
which becomes, with ΩT2 (q)

³³
θ̂f − θf

´´
=
³
F (q, θ̂N )− F (q, θ0)

´
,

G(q, θ̂N )−G0(q) =

∙
−G(q, θ̂N )

1

F (q, θ̂N )
ΩT2 (q)

1

F (q, θ̂N )
ΩT1 (q)

¸³
θ̂N − θ0

´
+

Ã
B(q, θ̂N )−G0(q)F (q, θ̂N )

F (q, θ̂N )

!

−
Ã
B(q, θ̂N )−G0(q)F (q, θ̂N )

F 2(q, θ̂N )

!
F (q, θ0),

i.e.

G(q, θ̂N )−G0(q) =

∙
−G(q, θ̂N )

1

F (q, θ̂N )
ΩT2 (q)

1

F (q, θ̂N )
ΩT1 (q)

¸³
θ̂N − θ0

´
−
Ã
G0(q)−

B(q, θ̂N )

F (q, θ̂N )

!Ã
1− F (q, θ0)

F (q, θ̂N )

!
.
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Appendix 4E Remarks for the ARX model structure
For the OE model structure the effect of undermodelling and linearization errors, repre-
sented by ∆G, is directly identifiable from the residual signal ε(t, θ̂N ) (cf. expression
(4.78)). This is due to the congruence between the data matrix Φ and the systems ma-
trixB(q, θ̂N ), in the sense that φ(t, θ̂N ) = B(q, θ̂N )u(t).
In the ARX model structure the regressors contain the measured output y(t). Therefore, the
congruence between the data matrix Φ and the systems matrix B(q, θ̂N ) is lost. As a result
for the ARX model structure the residual signal contains only the effect of undermodelling
but not the effect of linearization errors. This can also be understood from the fact that
the residual error is linear in the parameters due to the fact that the noise model H(q, θ),
prefiltering the residual, is given by the A(q, θ)−1.
In particular, it holds that

G0(q) =
B(q, θ∗)
A(q, θ∗)

+ Ḡ0(q)

= B(q, θ̂N )θ
∗ + Ğ(q, θ∗) + Ḡ0(q)

withB(q, θ̂N ) analogous to expression (4.66) and Ğ(q, θ∗) the linearization error B(q,θ
∗)

A(q,θ∗) −
B(q, θ̂N )θ

∗, i.e.

B(q, θ̂N ) =

"
−B(q, θ̂N )
A2(q, θ̂N )

ΩT2 (q)
1

A(q, θ̂N )
ΩT1 (q)

#T
and the total model error∆G becomes

∆G = Ğ(q, θ̂N , θ
∗)− Ḡ0(q),

with
³
Ğ(q, θ̂N )− Ğ(q, θ∗)

´
analogous to expression (4.67).

The measurement data y(t) is evaluated as

y(t) = B(q, θ∗)u(t) + (1−A(q, θ∗)) y(t) +A(q, θ∗)
©
Ḡ0(q)u(t) + βu−(t) + v(t)

ª
and the least-squares estimate is evaluated as in expression (3.29) as

θ̂N =
¡
ΦΦT

¢−1
Φy

=
¡
ΦΦT

¢−1
Φ
³
ΦT θ0 + βuA + βu−A

+ vA

´
with uA = A(q, θ∗)u(t), u−A = A(q, θ∗)u−(t) and vA = A0(q)v(t) and whereβuA denotes
the vector corresponding toA(q, θ0)Ḡ0(q)u(t). That means, the residual vector is given by

ε(θ̂N) =
³
I − ΦT

¡
ΦΦT

¢−1
ΦT
´³

βu + βu−A
+ vA

´
, (4E.1)

in which only the undermodelling term A(q, θ∗)Ḡ0(q) is present in βu and not the total er-
ror term∆G including

³
Ğ(q, θ̂N )− Ğ(q, θ∗)

´
. If the total error term∆G

is to be estimated from data, an alternative residual signal could be used in which the pre-
filtering with the noise model H(q, θ) = A(q, θ)−1 is omitted. This would lead to an
OE-type of residual signal, in which the residual does contain both the undermodelling and
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the linearization errors.



Chapter 5

Identification of model uncer-
tainty sets : practice
This chapter deals with the practical application of the model uncertainty bounding results of Chapter
4. Four topics are dealt with: the estimation of a noise model from measurement data, the selection
of the model order, the estimation of bounds on unmodelled dynamics from measurement data and
model structure validation testing. It is standard practice to estimate the noise properties from the
residuals of the plant model under consideration. In this chapter it is shown that this can lead to
poor estimates and two alternative approaches to noise model estimation are presented. The model
order selection criterion of Akaike is derived anew following the conceptual approach to uncertainty
bounding of Chapter 3 and without utilizing a Taylor approximation in the case of nonlinear model
structures. Then three methods for estimating bounds on unmodelled dynamics, [80],[50] and [69]
are compared to one another showing their respective advantages and differences. Finally, the standard
cross-correlation test for model structure validation is re-evaluated and shown to be valid exactly under
the assumption it intends to verify. And appropriate extensions are analyzed.

5.1 Introduction
Chapter 4 provided a theoretical framework for the construction of a model uncertainty set.
The practical application of the results requires an estimation of the noise properties, i.e.
a noise model and noise variance, and the estimation of a bound on the undermodelling.
Additionally, the model order of the nominal model has to be chosen.
An accurate description of the properties of the measurement noise is most crucial when-
ever a model is to be compared with the underlying true process. Whether in evaluating
confidence regions, in model validation, in order selection or in uncertainty bounding the
practical application hinges on a proper estimation of the noise properties. However, the
estimation of a noise model and of the noise variance receives relatively little attention in
the existing literature discussing model validation, model order selection and uncertainty
bounding. It is common practice to estimate the noise properties from the residuals of the
plant model under consideration. An evaluation of this common practice shows that it can
lead to very poor estimates. Two alternative approaches to estimating the noise proper-
ties are presented here based on a repeated input signal and a high order auxiliary model,
respectively. These issues are discussed in Section 5.2.
The selection of the model order is basically a trade-off between the noise-induced (vari-
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ance) errors and the undermodelling (bias) errors in a model estimate. In the context of
system identification for robust control, that model order should be chosen which leads
to the smallest possible model uncertainty set for the given data. The classical Akaike’s
method for model order selection is based on the statistical properties of the identification
cost function. The new paradigm on uncertainty bounding of Chapter 3, in combination
with the results of Chapter 4 for nonlinear model structures, allow Akaike’s model order se-
lection criterion to be derived anew in a straightforward manner and without using a first
Taylor order approximation. This is discussed in Section 5.3
Methods for estimating bounds on undermodelling are presented in Hakvoort and Van den
Hof (1997) [50], De Vries and Van de Hof (1994) [25] and Goodwin, Gevers and Nin-
ness (1992) [80]. Alternatively, the literature provides the Model Error Model approach
[69]. Though appearing very different at first sight these three methods are closely related
as follows from a comparison. The comparison will highlight their respective advantages
and differences. The issue of estimating undermodelling bounds from data is discussed in
Section 5.4
An alternative conceptual approach to model uncertainty bounding and model order selec-
tion is to use a model structure validation test to justify the assumption that the system is in
the model class. If the model estimate passes the validation test it is said that the data pro-
vides no evidence that undermodelling is present. Subsequently, model errors are analyzed
as resulting from the measurement noise only. While this is a general practice, the validity
of the approach can be questioned. Moreover, it is of paramount importance that the valida-
tion procedure, used to test whether the system is in the model class, is proper. It turns out
that the existing model validation test is valid under exactly those assumptions it intends to
verify. The issue of model validation is discussed in Section 5.5.

5.2 Estimating a noise model
In this section the problems are highlighted which occur when estimating a noise model
and the noise variance from the residuals of a plant model. Subsequently, two alternative
methods are presented based on a repeated input signal and a high order auxiliary model,
respectively. The discussion will be held for linearly parametrized models, but holds equally
true for nonlinearly parametrized models (cf. Section 5.2.3).

5.2.1 Disadvantage of estimating noise properties from residuals

Measurement data contains the combination of the system properties and the noise prop-
erties. Separating the two effects is the core problem faced in system identification. The
consequences of this problem for the estimation of a noise model is illustrated in the next
section after which a theoretical analysis is presented to highlight the issues involved.

5.2.1.1 Estimating noise properties from residuals

A standard approach to estimating a noise model and estimating the noise variance is to
use the residuals of the plant model at hand. In particular, consider measurement data
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ZN = {y, u}N to be generated according to
y(t) = G0(q)u(t) + v(t),

where the measurement noise v(t) is assumed to be generated according to

v(t) = H0(q)e(t)

with e(t) a stationary zero-mean white noise sequence with variance σ2e. The noise v(t) has
a covariance function Rv(τ) = E [v(t)v(t+ τ)] given by

Rv(τ) = σ2e

∞X
t=−∞

h0(t)h0(t+ τ)

where h0(t) is the pulse response of the (monic) noise model H0(q). A standard approach
to estimatingH0(q) and σ2e can be summarized as:

1. Given a model G(q, θ̂N ) construct the residual sequence ε(t, θ̂N ) according to expres-
sion6

ε(t, θ̂N , Z
N) = y(t)−G(q, θ̂N )u(t).

2. Apply a noise model estimation procedure to ε(t, θ̂N , ZN ):
(a) either a sample-covariance estimator to obtain an estimate R̂v(τ)

(b) or a parametric time-series model estimation to obtain estimates H(q, θ̂) and an
estimate σ̂2e as

σ̂2e =
1

N

NX
t=1

³
H−1(q, θ̂)ε(t, θ̂N , ZN )

´2
. (5.1)

This approach implicitly assumes the residual sequence ε(t, θ̂N , ZN ) to be representative
for the noise sequence v(t).

5.2.1.2 Illustrative example

Consider the following simulation experiment:
• measurement data ZN = {y, u}N generated according to y(t) = G0(q)u(t) + v(t),

with v(t) = H0(q)e(t).
• G0(q) given by

G0(q) =
0.075

¡
q−1 + 1.7q−2 − .6q−3 − 0.5q−4 + 1.1q−5

¢
1− 2.5q−1 + 3.3q−2 − 2.5q−3 + 1.2q−4 − 0.3q−5

andH0(q) = 1.
• u(t) and e(t) zero-mean Gaussian distributed white noise sequences with σ2u = 1 and

σ2e = 0.25.

6For the ease of presentation the OE residual error is taken here. The ARX and BJ model structures have a
noise model included. Then the residual is prefiltered with this noise model and an noise model estimate is sought
forH0(q)A(q, θ) andH0(q)D(q, θ)/C(q, θ), respectively.
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Figure 5.2-1: Estimation of noise variance based on residuals of plant models of increasing model
order n (solid blue line). The true noise variance is indicated by the solid black horizontal line. For
low model order n the residual contains undermodelling errors and the variance is overestimated.
The red dashed line depicts the term 1

N
βN−n

2

2
+ 1

N
kvk22 of expression (5.5). For high model

order n noise energy is incorporated in the plant model and the noise variance is underestimated.
The red dotted line depicts the term 1

N
In −ΦT

n ΦnΦ
T
n
−1

Φn v
2

2
of expression (5.7).

A model G(q, θ) with a FIR model structure of order n is estimated with a noise model
H(q, θ) = 1. Standard practice to estimating the noise variance involves the estimate σ̂2e of
expression (5.1). The solid blue line in Figure 5.2-1 depicts this estimate σ̂2e as a function
of the model order n, while the solid black horizontal line indicates the true noise variance
σ2v = 0.25. For low model orders the variance is severely overestimated, while for high
model orders the variance is underestimated.
A simple analysis explaining the curve is provided in the next section.

5.2.1.3 Effect of undermodelling on the estimation of noise properties

Expression (4.15) (or its generalization in expression (4.78)) immediately reveals the prob-
lem which occurs when using the residuals ε(t, θ̂N) to estimate the required noise properties
and is recalled here with the effects of initial conditions neglected:

ε(θ̂N , Z
N ) = y− ΦT θ̂N

=
©
βN−n + v

ª
− ΦTn

¡
ΦnΦ

T
n

¢−1
Φn
©
βN−n + v

ª
= V

£
IN×N − Tn

¤
V T

©
βN−n + v

ª
, (5.2)

where, for ease of presentation, the dependence on the model order is emphasized by the
subscripts n andN−n and the effect of initial conditions is neglected. For lowmodel orders
n (with respect to G0) the residual sequence ε(t, θ̂N , ZN ) contains a large undermodelling
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contribution βu(t). On the other hand, while for large model orders n the undermodelling
contribution will be small, a part of the measurement noise realization v(t) is fitted by the
parameter θ̂N (becoming its variance error) and as such does not appear in the residuals as
reflected in the term ΦTn

¡
ΦnΦ

T
n

¢−1
Φnv. In other words, the residual error ε(t,θ̂N , ZN )

cannot be considered to be representative for the measurement noise v(t) without due care.

For example, the estimation of the variance by the estimator (5.1) is readily analyzed fol-
lowing section 4.2.1 as

1

N

°°°ε(θ̂N , ZN )
°°°2
2
=

1

N

°°°hI − ΦTn ¡ΦnΦTn¢−1ΦniβN−n + hv− ΦTn ¡ΦnΦTn¢−1Φnvi°°°2
2
, (5.3)

where βN−n denotes the undermodelling error. In expression (5.3) the cross terms asso-
ciated with βN−nvT are neglected since they are zero on an average or asymptotically in
N , due to the assumption that u and v are uncorrelated.With increasing model order n the
number of regressors increases while the undermodelling error decreases, indicated by the
subscript n and {N − n} in Φn and βN−n, respectively. For low model orders n the resid-
ual error ε(θ̂N , ZN ) contains a large undermodelling contribution βN−n causing an offset

in the estimate (5.1) and, therefore, the estimate 1N
°°°ε(θ̂N , ZN)

°°°2
2
is not representative of

1
N kvk

2
2 , i.e.

for n is small:
1

N

°°°ε(θ̂N , ZN )
°°°2
2
≥ 1

N
kvk22 , (5.4)

since
1

N

°°°ε(θ̂N )°°°2
2
≈ 1

N

°°βN−n°°22 + 1

N
kvk22 . (5.5)

On the other hand, while for large model orders n the undermodelling contribution will be
small, a large part of v is projected onto the regressors. Therefore, for large model orders n

the estimate 1N
°°°ε(θ̂N , ZN )

°°°2
2
is not representative of 1

N kvk
2
2, i.e.

for n is large:
1

N

°°°ε(θ̂N , ZN )
°°°2
2
≤ 1

N
kvk22 , (5.6)

since
1

N

°°°ε(θ̂N , ZN )
°°°2
2
≈ 1

N

°°°hIn − ΦTn ¡ΦnΦTn¢−1 Φniv°°°2
2
. (5.7)

In fact, for n = N the residual error is zero as the noise is completely modelled, i.e. pro-
jected onto the regressors.

The above analysis shows that the residual error ε(t,θ̂N , ZN ) cannot be considered to be
representative for the additive noise v(t) without due care. This is even more so when esti-
mating the noise covariance for lags other than zero, as the (unknown) dynamic behaviour
of the undermodelling term and the (nonlinear) projection of the noise onto the regressors
distort the correlation in the sequence. In fact, the residual error is not even stationary. Both
the contribution of the undermodelling term and the (nonlinear) projection of the noise onto
the regressors distort the stationary behaviour, actually denying the
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application of most estimation procedures.

5.2.1.4 Disadvantages of using new validation data

It is often suggested that the noise model and noise variance should be estimated on the
basis of a model which is not related to the data, i.e. either a model based on assumptions
entirely or a model estimated from an independent (validation) data set , e.g. [50]. The latter
approach only differs from the standard approach of Section 5.2.1.1 by using validation data
ZN
new = {ynew, unew}N which is independent from the identification data ZN = {y, u}N
used to estimate the parameter θ̂N . In particular, the validation residual ε(t, θ̂N , ZN

new) is
given by

ε(t, θ̂N , Z
N
new) = ynew(t)−G(q, θ̂N )unew(t).

The motivation using an independent data set is based on the fact that the problem of un-
derestimating the noise variance as in expression (5.7) is avoided since the residual of the
validation data is uncorrelated with the parameters θ̂N . However, this approach has the fol-
lowing disadvantages.

It should be noted that the total error in the model G(q, θ̂N ) is present in the residual
ε(t, θ̂N , Z

N
new), since

ε(t, θ̂N , Z
N
new) =

³
G0(q)−G(q, θ̂N )

´
unew(t) + vnew(t)

The model has to be extremely good in order for the residuals ε(t, θ̂N , ZN
new) to be repre-

sentative of the additive noise vnew(t), in which ideal case subsequent model validation,
etc. seems not required at all.
Generally, the influence of the model error is quite significant. In particular, it holds that

1

N

°°°ε(θ̂N , ZN )
°°°2
2
=

1

N

°°°hI − ΦTn ¡ΦnΦTn¢−1ΦniβN−n + hvnew +ΦTn ¡ΦnΦTn¢−1Φnvi°°°2
2
. (5.8)

This expression should be compared with expression (5.3) for the residual based on the
identification data. While now, indeed, the variance is not underestimated, the variance is
overestimated. The expected value of the amount of overestimation resulting from using
validation data equals the expected value of the amount of underestimation resulting from
using identification data. This follows from the fact that
1

N
E
°°°hIn − ΦTn ¡ΦnΦTn¢−1Φniv°°°2

2
=

σ2e
N

trace
h
In − ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

i
=

σ2e
N
(N − n)

(5.9)
whereas, with E

£
vTnewv

¤
= 0, it holds that

1

N
E
°°°hvnew +ΦTn ¡ΦnΦTn¢−1Φnvi°°°2

2
= σ2e +

σ2e
N

trace
h
ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

i
=

σ2e
N
(N + n) ,
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which follows from the fact that

trace
h
ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

i
= trace

h
ΦnΦ

T
n

¡
ΦnΦ

T
n

¢−1i
= trace [In] = n,

since trace (AB) = trace (BA).
Further, if the modelG(q, θ̂N ) is estimated from data and the noise properties are evaluated
over another data set, only half (if the sets are of equal length) of the total available data
length N is used. And the properties of estimates such as (5.3) depend directly on the data
length. The bias being of order O (1/N) will be doubled and the variance being of order¡
1/N2

¢
is quadrupled when using only half of the available data. Moreover the cross-

correlation between the realizations u and v will be larger for a smaller data length.
Finally, the residual error based on validation data still contains the effect of undermodelling
in case the model order n is too small (cf. expression (5.8)). The effect of undermodelling
is generally much more severe than the effect of projecting the measurement noise onto the
regressors of the estimate θ̂N . This is illustrated in Figure 5.2-1 by the exponential behav-
iour of the curve. The effect of the unmodelled dynamics is even more significant when
estimating the noise covariance from the residuals for lags other than zero, as then the (un-
known) dynamic behaviour of the unmodelled dynamics distorts the covariance behaviour.

The use of validation data appears not to provide any advantages over the use of identifi-
cation data. Both methods induce an error, due to the effect of measurement noise on the
estimate θ̂N , in the same amount. It could be argued that (asymptotic) overestimation of
σ2e corresponding to expression (5.8) is safer than underestimation as reflected in expres-
sion (5.3), when using the noise properties to bound the model uncertainty, as the estimated
noise variance will determine the size of the uncertainty region. On the other hand overes-
timation of the noise variance is not desired when performing model validation which will
be shown in Section 5.5. Using validation data does, however, result in the disadvantage
of using only half of the available measurement data. The use of identification data only is
therefore recommended. Moreover, when using the identification data other methods than
the standard method of Section 5.2.1.1 can be applied which avoid the severe problems due
to the presence of undermodelling in the residual error in case the model order n happens to
be too low with respect to the true system G0(q). Two of such alternatives approaches will
be presented in the subsequent section.

5.2.2 Two alternative approaches to estimating noise properties

Instead of using the residuals of the estimated model at hand, other signals can be used as a
basis for estimating a time-series noise model. Two suggestions are presented here based on
the use of a repeated input signal and the use of an auxiliary high order model, respectively.

5.2.2.1 Use of a repeated input signal

Both problems indicated in the previous section are conveniently circumvented if use can
be made of a repeated input signal. Consider two sets of measurement data {u, y1} and
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{u, y2}, both generated with the same input u according to expression (4.3). It holds that
y1(t) = φT (t)θ0 + βu(t) + βu−1

(t) + v1(t)

y2(t) = φT (t)θ0 + βu(t) + βu−2
(t) + v2(t).

The difference εd(t) between the two measured outputs satisfies

εd(t) = y1(t)− y2(t) (5.10)
=

©
βu−,1(t)− βu−,2(t)

ª
+ {v1(t)− v2(t)} . (5.11)

The difference signal εd(t) qualifies for estimating the (doubled) noise properties. Indeed,
the difference signal εd(t) does not contain terms related to the input u. However, the ef-
fect of initial conditions, i.e. the effect of past input values, should not be ignored. It is
recommended that the effect of the initial conditions is made small, by ignoring the first
ts samples of the output sequences y1 and y2 to allow the impulse response of the system
to have decayed significantly. With the effect of the initial conditions made negligible the
properties of the difference signal

√
2εd(t) are nearly identical to the noise properties and

the problem of separating plant and noise contributions is circumvented.
In the literature, the use of periodic input signals is often advocated (e.g. [81][50, Re-
mark 3.3.4][25]). Note, however, that in the approach suggested here the input needs to be
repeated only once. In case the process under consideration could be damaged by the appli-
cation of a periodic input, a once-repeated realization of a random process can be used as
the input. This approach is very effective for a proper noise estimation and is easily imple-
mented whenever the input is a user choice. The total data set can be used subsequently for
the model estimation.

5.2.2.2 Use of a high order auxiliary model

If the data is not periodic the plant and noise influence in the output cannot be separated
exactly. With respect to the associated problems as indicated earlier, the following approach
is suggested:
1. Estimate a high order auxiliary plant modelG(q, θ̂a) in a model structure withH(q, θ) =

1 as

θ̂a = min arg
1

N

NX
t=1

³
y(t)−Ga(q, θ̂a)u(t)

´2
,

from all available data. The order n should be high enough to be able to reasonably
assume that the effect of undermodelling is negligible.

2. Construct the residual sequence ε(t, θ̂a) as

ε(t, θ̂a) = y(t)−Ga(q, θ̂a)u(t)

and use this signal to estimate a noise model H(q, θ̂H). A parametric time series
approach with proper model order selection is advocated here ( [15]).

3. Compensate for the fact that part of the measurement noise does not appear in the
residual signal by using the estimate

σ̂2e =
1

N − n

°°°εH(θ̂a)°°°2
2
,
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with εH(θ̂a) the vector corresponding to the (prewhitened) residual signal
H(q, θ̂H)

−1ε(t, θ̂a). In caseH(q, θ̂H) = H0(q) it holds that E
£
σ̂2e
¤
= σ2e.

Section 5.2.1.3 showed that, for the estimation of a noise model, both the use of a high or-
der and a low order plant G(q, θ̂N ) has its own problems. The approach to estimating the
noise properties as presented here favours dealing with the problems associated with using
a high order model over those associated with a low order model. This is motivated from
the fact that the influence of undermodelling for low order models is generally much larger
than the effect of incorporating part of the noise into the plant model. In Figure 5.2-1 this
is seen from the exponential behaviour of the curve. Not only is the variance of the noise
overestimated, the dynamics of the undermodelling can drastically distort the estimation of
the covariance behaviour of the noise. Also, the undermodelling term does not decrease
with increasing data length. On the other hand, the distortion due to incorporating part of
the noise into the model becomes negligible whenever the model order n is small compared
to the data length N . Moreover, the underestimation of the variance due to projecting the
noise into the model can be compensated for such that the estimated noise variance σ̂2e is
unbiased whenever H(q, θ̂) = H0(q).

The compensation of the variance estimator of expression (5.1) with the term N/ (N − n),
required when using high order models, follows from analyzing expression (4.15) for the
residual signal ε(θ̂a) of the auxiliary model Ga(q, θ̂a). Under Assumptions 2.3-7 βu can
be neglected when choosing a high enough model order and then it holds that

ε(θ̂a) ≈ V
£
IN×N − Tn

¤
V Tv. (5.12)

The noise vector v is projected onto an orthonormal basis V after which it is reconstructed
using only (N − n) basis vectors. Note that the vector v cannot be reconstructed exactly,
since the set of equations in (5.12) is underdetermined. The covariance matrix TRε of the
residual signal ε(θ̂a) is given by

TRε = E
h
ε(θ̂a)ε

T (θ̂a)
i
= V

£
IN×N − Tn

¤
V T Λ̄vV

£
IN×N − Tn

¤
V Tσ2e, (5.13)

where Λ̄v is defined as the normalized noise covariance matrix, i.e.
Λ̄v := E

£
vvT

¤
σ−2e . Note that the matrix TRε is not a standard covariance matrix such as

Λv since it does not have a Toeplitz structure, which indicates the non-stationary behaviour
of the residual signal.
The covariance information and energy contained in the projection of v onto the first n basis
functions of V in expression (5.12) cannot be retrieved. The pragmatic approach suggested
here is to ignore the covariance distortion and only compensate for the loss in energy. That
is, assume the covariance behaviour of ε(θ̂a) to be representative for that of v and only
compensate the variance. In particular, apply a noise model estimation procedure to the
residuals to obtain a noise model H(q, θ̂) and associated normalized covariance function
R̄v(τ) and only compensate for the loss in energy by not being able to retrieve the noise
present in the space spanned by the first n basis functions of V .
With expression (5.13) it holds that,

E
h
trace

³
ε(θ̂a)ε

T (θ̂a)
´i
= trace

¡
V
£
IN×N − Tn

¤
V T Λ̄v

¢
σ2e, (5.14)
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since both trace (·) and E [·] can be interchanged under the linear matrix multiplications
and trace (AB) = trace(BA) and V T = V −1. Replacing Λ̄v with its estimate Λ̂v based
on R̂v(τ) and approximating the left hand side in (5.14) with one realization, the following
estimate σ̂2e of the noise variance is obtained

σ̂2e =

°°°ε(θ̂a)°°°2
2

trace
³
V [IN×N − Tn]V T Λ̂v

´ . (5.15)

A special case occurs when TR̂v = IN×N which corresponds to assuming the noise to be
white or to prefiltering the data ε(t, θ̂a) with the inverse of the noise model H0(q) (or its
estimate H(q, θ̂) in a necessarily pragmatic approach in practice). Then expression (5.15)
becomes

σ̂2e,white =

°°°εwhite(θ̂a)°°°2
2

trace ([IN×N − Tn])
=

1

N − n

°°°εwhite(θ̂a)°°°2
2
, (5.16)

with the subscript denoting the assumption that the residuals are white, implying in a prac-
tical situation that εwhite(t, θ̂α) ≈H−1(q, θ̂)ε(t, θ̂a).

In Appendix 5A a number of alternative approaches to estimating a noise model on the basis
of expression (5.13) is briefly hinted at.

Remark 5.2-1 Other approaches to the estimation of noise properties in case of under-
modelling are suggested in [97][61]. In [97] the use of high order models for noise variance
estimation is also suggested. The estimation procedure applied there is based on bootstrap-
ping. The effect of modelling part of the noise into the model is not taken into account in
that paper. In the very recent paper [88] the problems associated with using the residuals
of a nominal plant model are dealt with by considering non-parametric noise models in the
frequency domain. The two methods discussed in that paper seem promising for effectively
estimating a noise model, but have not been evaluated in this thesis.

5.2.2.3 Summary of the two suggested approaches

The two approaches to estimating a noise model from measurement data, presented above,
are formalized in the following:

Algorithm 5.2-1 (Estimating noise properties)

I 1. Construct an input sequence u such that u(t) = u(t+ N
2 ) for t ∈ [1,

N
2 ] and apply

the sequence to obtain output measurements y(t) for t ∈ [1, N ].
2. Construct the difference sequence

εd(t) =
1√
2

∙
y(t)− y(t+

N

2
)

¸
for t ∈ [ts,

N

2
], (5.17)

where ts is to be chosen large enough to allow the impulse response of the system
to have decayed significantly (Assumption 2.3-10).
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3. Apply a parametric noise model estimation procedure, such as the ARMASA algo-
rithm of [15][16], to εd(t) of (5.17) to obtain a noise model H(q, θ̂).and variance
estimate σ2e.

II 1. Obtain input and output measurements {y, u}N and estimate a linearly parame-
trized auxiliary model Ga(q, θ̂a) of a model order high enough to be reasonably
certain that the effects of undermodelling can be neglected (Assumption 2.3-7) and
such that the effect of initial condition is minimized (Assumption 2.3-10).

2. Construct the residual signal ε(t, θ̂a) = y(t)−Ga(q, θ̂a)u(t)
3. Apply a parametric noise model estimation procedure, such as the ARMASA algo-

rithm of [15][16] to ε(t, θ̂a) to obtain a noise modelH(q, θ̂).
4. Prefilter the residuals ε(t, θ̂a) with the estimated noise model H−1(q, θ̂) and esti-

mate the variance σ̂e according to expression (5.16).

Note that the second method does suffer from the fact that the noise modelH(q, θ̂) is based
on the properties of ε(t, θ̂a) rather than v(t) itself. Still, the distortion will be much smaller
than the effect of allowing undermodelling to be present in the residuals, particularly when
n is much smaller than N . Important is the fact that the variance is estimated consistently
(i.e. if the noise model H(q, θ̂) is estimated consistently). Finally, note that the auxiliary
model can be a very poor model from a variance point of view; the variance in the model is
of no consequence for the purpose of estimating the variance σ2v consistently.

In section 2.4 existing estimators for the auto-covariance of a noise sequence are discussed.
While the non-parametric sample covariance estimate is easily computed, it was argued that
a parametric estimate is favourable in terms of a smaller mean square error. In particular,
a parametric estimation in combination with model order selection as the ARMASA algo-
rithm in [15][16] was seen to have definite advantages. If the input signal is a user choice the
first method is recommended since no distortion of the covariance properties occurs. The
second method, however, is very effective as well, particularly in the situation that the data
length N is sufficiently larger than the required model order n, in which case the residual
signal ε(t, θ̂N ) can indeed be considered as a proper representative for the noise v(t).

5.2.3 Extension of the results to nonlinearly parametrized model
structures

The analysis of Section 5.2.1 and the derivation of the two alternative noise model estima-
tion methods of Section 5.2.2 is readily extended to the case of nonlinear model structures.
For example, in case of the second noise estimation method of Algorithm 5.2-1, note that
the residual ε(θ̂a) of an auxiliary high order, say, OE-model can be used to estimate a noise
model H(q, θ̂). Using the noise model estimate to prewhiten the OE residual, the resulting
residual is seen to satisfy (cf. expression (4.78))

ε(θ̂a) =
³
I −ΨT

¡
ΨΨT

¢−1
Ψ
´
e

with e a vector with independent entries. To compensate for the fact that part of the noise is
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contained in the estimated parameters, we evaluate expression (5.14), which in this case is
given by

E
h
trace

³
ε(θ̂a)ε

T (θ̂a)
´i

= E
£
trace

¡£
V
£
IN×N − Tn

¤
V TeeTV T

£
IN×N − Tn

¤
V
¤¢¤

= trace
¡£
IN×N − Tn

¤
E
£
V TeeTV T

¤ £
IN×N − Tn

¤¢
where now the expectation should be taken over V as well. That is, the matrix V cannot be
considered deterministic as it depends on Ψ which contains the estimated parameter θ̂N . In
Chapter 3, however, it was shown that extensive Monte Carlo simulations revealed only a
marginal correlation between Ψ and e. In that case, direct application of Proposition 3.4-2
on page 57 shows that the term

z :=
£
IN×N − Tn

¤
V Te

is chi-squared distributed, with a mean given by the degrees of freedom (N − n) . Therefore
it holds also in this case that

E
h
trace

³
ε(θ̂a)ε

T (θ̂a)
´i
= (N − n)σ2e.

Further, the undermodelling term βu corresponding to Ḡ0(q)u(t) is now extended with
the parametrization errors of the model error

³
G0(q)−G(q, θ̂N )

´
. These parametrization

errors are (indirectly) correlated with the measurement noise indicating that an additional
approximation is to be made. The consequences are not yet evaluated in this stage of re-
search, however, as in the case of the correlation between Ψ and e it is expected that the
correlation between βu and e is generally very small.

5.3 Model order selection
This Section derives Akaike’s model order selection criterion anew following the new ap-
proach to uncertainty bounding of Chapter 3.

5.3.1 Introduction

Model order selection is a crucial step in system identification for robust control. The aim
of system identification was formulated as providing a set of models as small as possible but
such that it contains the data generating system under investigation at an a priori determined
level of probability. A model order selection procedure should quantify the notion ”as small
as possible” and provide that model order with which the estimated model set achieves the
”smallest size”. Moreover, a model order selection criterion is also required to allow the
standard assumptions on the decay rate of undermodelling to be justified by the data. The
latter issue will be dealt with in Section 5.4.
In order to emphasize the importance of model order selection in the context of system
identification for robust control, the well-known final prediction error (FPE) criterion of
Akaike is re-called. The standard derivation of this FPE criterion is asymptotic in nature and
based on a first order Taylor expansion. Moreover, the criterion is based on the assumption
that the noise model is accurately known, while an estimate of the noise variance is derived
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from the residuals at each possible model order. In this section the criterion will be derived
anew, using the approach of Chapter 3, and improvements are suggested with respect to the
aforementioned properties of the FPE criterion.
The results will be presented for linearly parametrized models, but are readily extended to
the nonlinear model structures. In the derivation of the results it is assumed that the noise
model is given (possibly using the method of Section 5.2). Extensions to the nonlinear
model structures are given in Section 5.3.3.5.

5.3.2 The idea behind a model order selection procedure

The discussion in Section 4.2.1 and 5.2.1.3 showed that the model error in a prediction
error estimate G(q, θ̂N ) is caused, apart from the effect of initial conditions, by the unmod-
elled dynamics and by the measurement noise. The effect of the latter was seen to increase
with the model order, while the former decreases with the order. The trade-off between
these two effects constitute the model order selection problem. That is, that model order
n is sought to be selected which minimizes the total model error

³
G(q, θ̂N )−G0(q)

´
. In

Chapter 4 the total model error is bounded using the covariance information on the mea-
surement noise and bounds on the undermodelling. A computation of the resulting model
uncertainty for estimated models of different orders can constitute a model order selection
procedure rendering that model order which induces the smallest model uncertainty. How-
ever, this technique depends on the correctness of the bound on the undermodelling.

Alternatively, a model order selection criterion can be derived that avoids making the (bound
on the) undermodelling explicit by considering the residual sequence. The residual sequence
ε(t, θ, ZN ) of a model G(q, θ) is given, with a fixed noise modelH(q), by

ε(t, θ, ZN ) = H−1(q) [y(t)−G(q, θ)u(t)]

= H−1(q) [(G0(q)−G(q, θ))u(t) + v(t)] .

Clearly, the residual error is related to the total model error (G(q, θ)−G0(q)) . Minimiz-
ing the (norm) of the residual sequence over different models G(q, θ) in a model class
M corresponds to a (weighted) minimization of (G(q, θ)−G0(q)) over different models
G(q, θ) ∈M. To render the minimizing solution independent of the measurement data u
and v, the best model Gopt(q, θ) ∈M is defined as

Gopt(q, θ) = minV (θ)

with V (θ) = E
£
ε2(t, θ, ZN )

¤
. (5.18)

The criterion is a function of the model structureM of G(q, θ) (the noise model H(q) is
here assumed fixed) and of the parameters in θ. The least squares estimation procedure
seeks to minimize the cost function over the parameters in θ. The aim of a model order se-
lection procedure is to minimize the cost function over possible model structures ofG(q, θ).
Clearly, the function is such that the two minimizations can be done sequentially.

In practice, the prediction error cost function V (θ) can be evaluated only on the basis of one
realization of a finite data set. That is, the cost function is to be represented by its estimate
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VN
¡
θ, ZN

¢
, given by

VN
¡
θ, ZN

¢
=
1

N

NX
t=1

¯̄
ε(t, θ, ZN )

¯̄2
, (5.19)

where ε(t, θ, ZN ) is the residual error based on one realization of the (finite) data set
ZN = {y, u}N . The minimization of VN

¡
θ, ZN

¢
over the parameters in θ results in the

least squares estimate θ̂N of expression (4.11) for the given model structure and data and a
minimal residual cost function given by

VN(θ̂N , Z
N ) =

1

N

NX
t=1

¯̄̄
ε(t, θ̂N , Z

N )
¯̄̄2
, (5.20)

The minimization over model structure, however, cannot be based on the same estimate
VN (θ̂N , Z

N ). From the discussion in Section 5.2 it was seen how the least-squares es-
timate θ̂N partially incorporates the noise into the parameters, rendering the residual cost
VN (θ̂N , Z

N ) to tend to zero for model orders increasing towards the data lengthN . Instead,
the prediction error cost function V (θ̂N) evaluates the average performance of the model
G(q, θ̂N ) over new realizations of the noise. To bridge the difference between the available
residual cost function VN (θ̂N , ZN ) and the desired prediction error cost function V (θ̂N ),
an estimate of the mapping of the noise onto the parameters of the model is required. To be
precise, an estimate of the correlation between the noise and this mapping of the noise is at
the core of every model order selection criterion and is called the penalty factor.

Given the available residual cost function VN (θ̂N , ZN ) and the estimate of the mapping of
the noise onto the parameters of the model, a prediction error estimate of V (θ̂N ) can be
formulated as

V̂ (θ̂N ) = VN (θ̂N , Z
N ) + p(N, θ̂N , Z

N ),

where the penalty factor p(N, θ̂N , Z
N ) compensates for the incorporation of noise into the

model G(q, θ̂N ) and depends on the data length N, the data itself and the model structure.
The estimate V̂ (θ̂N ) serves as a basis for model structure selection allowing the trade-off
between desired modelling of plant dynamics and unwanted modelling of noise properties
to become visible.

5.3.3 Model order selection for linear parameterization

For the linearly parameterized models of expression (4.1) the model structure selection con-
stitutes a selection of the model order n. Using the results of Sections 4.2.1 and 5.2 the
derivation towards a model order selection criterion can be brief.

5.3.3.1 Residual error and prediction error

Assume that the measurements ZN = {y, u}N are generated according to

y(t) = φT (t)θ0 + βu(t) + βu−(t) + v(t). (5.21)
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The residual error vector ε(t, θ̂N , ZN ) of the least squares estimate θ̂N of expression (4.11)
and a prediction error ε(t, θ̂N , ZN

new) of that estimate for a new data setZN
new = {ynew, u}N

are, respectively, analyzed forH(q) = 17, as

ε(t, θ̂N , Z
N ) = y − ΦT θ̂N (5.22)

= {βu + βu− + v}− ΦT
¡
ΦΦT

¢−1
Φ {βu + βu− + v}

= V
£
IN×N − Tn

¤
V T {βu + βu− + v} ,

and

ε(t, θ̂N , Z
N
new) = ynew − ΦT θ̂N (5.23)

=
©
βu + βu,new− + vnew

ª
− ΦT

¡
ΦΦT

¢−1
Φ
©
βu + βu,new− + v

ª
= V

£
IN×N − Tn

¤
V T

©
βu + βu−,new

ª
+ vnew − V TnV

Tv, (5.24)

with

Tn =

∙
In×n 0n×(N−n)

0(N−n)×N 0(N−n)×(N−n)

¸
, (5.25)

where V ∈ RN×N is the matrix containing the eigenvectors of the matrix ΦTΦ.

5.3.3.2 Identification error cost function versus validation error cost function

The prediction error cost function V (θ̂N ) of expression (5.18) is given by the mean of the
validation error cost function VN (θ̂N , ZN

new) given by

VN (θ̂N , Z
N
new) =

1

N

NX
t=1

¯̄̄
ε(t, θ̂N , Z

N
new)

¯̄̄2
(5.26)

With expressions (5.22) and (5.23) both the identification error cost function VN (θ̂N , ZN )

of expression (5.20) and the validation error cost function VN (θ̂N , Z
N
new) of expression

(5.26) can be calculated and related to one another as

VN (θ̂N , Z
N
new) = VN (θ̂N , Z

N ) (5.27)
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¤
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2
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°°V £IN×N − Tn
¤
V Tβu−

°°2
2
.(5.34)

7For other noise models H(q), the same results apply by simply prefiltering the measurement data with
H−1(q).
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Note how the effect of undermodelling βu is equally present in VN (θ̂N , ZN
new) and

VN (θ̂N , Z
N ) and appears in the above expression only in terms of cross-correlation with

other quantities.

With the above expressions an approximation of the required prediction error cost function
V (θ̂N ) = Evnew

h
VN

³
θ̂N , Z

N
new

´i
can be formulated. To that end, the unknown terms in

the above expressions are approximated using the prior assumptions or additional estima-
tions. The following can be shown to hold

V (θ̂N ) = Evnew
h
VN

³
θ̂N , Z

N
new

´i
≈ VN

³
θ̂N , Z

N
´
+ 2

1

N
vTV TnV

Tv. (5.35)

Under the assumption that vnew, v, βu and βu− are mutually uncorrelated, their cross-terms
in lines (5.30) to (5.33) will be zero in expectation or when the data lengthN becomes large.
The effect of initial conditions in line (5.31) to can be considered zero in expectation under
Assumption 2.3-3.4 that u− is a stochastic sequence. Anyway the effect of u− can be made
small by omitting the first ts samples of the data. Finally, given the fact that the noise
terms v and vnew come from the same stochastic process, the expression (5.29) reflects
the difference of two sample variance estimates of the noise variance σ2v, which will be
zero in expectation. Moreover, expression (5.29) is independent of the model order n and
therefore irrelevant when using this expression of VN (θ̂N , ZN

new) for selecting an optimal
model order.

5.3.3.3 A model order selection criterion

The final step towards a model order selection criterion is to bound the second (unknown)
term in the right-hand side of expression (5.35) which reflects the mapping of the noise v
present in the measurement data onto the regressors of the model. This term is evaluated as
the norm of the noise vector v projected onto the first n column vectors of V . In case the
noise v(t) is a zero mean Gaussian distributed white noise sequence it holds that

TnV
Tv ∈N (0, Inσ2e), (5.36)

since a linear combination of Gaussian terms is Gaussian and since the covariance satisfies

E
£
TnV

TvvTV Tn
¤
= TnV

TE
£
vvT

¤
V Tn

= TnTn = Tn =

∙
In×n 0n×(N−n)

0(N−n)×N 0(N−n)×(N−n)

¸
,

because V V T = I. In order words, the vector TnV Tv contains n independent Gaussian
distributed elements and, therefore, its norm satisfies

vTV TnV
Tvσ−2e ∈ χ2(n). (5.37)

The difference between the identification error cost function VN (θ̂N , ZN ) and the predic-
tion error cost function V (θ̂N ) can therefore be formulated as

V (θ̂N )− VN (θ̂N , Z
N ) ≤ 2σ

2
e

N
cχ(α, n) w.p.α (5.38)

which follows from expressions (5.37) and (5.35).
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The bound (5.38) is only valid when v(t) is a white noise sequence. In a practical situation
the noise model H0(q) is first estimated with H(q, θ̂) from the measurement data follow-
ing either one of the approaches in Section 5.2.2. Prefiltering of the measurement data (i.e.
prefiltering the residual sequence ε(t, θ̂N , ZN ) with H−1(q, θ̂) will render the noise term
white wheneverH0(q) = H(q, θ̂).

Algorithm 5.3-2 (Model order selection) Given measurement data ZN = {y, u}N and
least squares estimate θ̂N ∈ Rn×1 of expression (4.11). Compute a noise modelH(q, θ̂) us-
ing one of the techniques of Section 5.2.2. Compute the residual cost function VN (θ̂N , ZN )

of expression (5.20) for the estimate θ̂N . Construct the prediction error cost function esti-
mate V̂

³
θ̂N , n, α

´
as

V̂
³
θ̂N , n, α

´
= VN

³
θ̂N , Z

N
´
+ p(N,n, σ̂2e, α) (5.39)

with
p(N,n, σ̂2v, α) = 2

1

N
cχ(α, n)σ̂

2
e, (5.40)

where

i. cχ(α, n) corresponds to the α% probability region of a chi-squared distribution with n
degrees of freedom

ii. σ̂2e given according to Algorithm 5.2-1
iii. α a user choice.

The conclusion can be drawn that for the true prediction error cost function V
³
θ̂N

´
it

holds that

V
³
θ̂N

´
≤ V̂

³
θ̂N , n, α

´
w.p. α

V
³
θ̂N

´
≥ V̂

³
θ̂N , n, α

´
w.p. (1− α) .

These bounds create a probabilistic uncertainty region for V
³
θ̂N

´
and the mean of this

uncertainty region (α = .5) is given by

V̂
³
θ̂N , n, .5

´
= VN

³
θ̂N , Z

N
´
+ 2

n

N
σ̂2e,

since the mean of the chi-distribution equals its degree of freedom.
That order nopt is selected for which V̂

³
θ̂N , n, .5

´
achieves its minimum. The uncertainty

region for V
³
θ̂N

´
provides for a measure of quality for the selected order nopt ¤

Remark 5.3-2 In theoretical studies on model order selection, the situation is often con-
sidered in which the model order is larger than the true model order of G0(q). Note that
expression (5.35) is exact when the undermodelling is zero (neglecting the effect of initial
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conditions). However, also note that the results derived here are valid (with very good ap-
proximation or in expectation over v) also for prediction errors in which undermodelling
effects are present. That is, the results apply for all model orders.

5.3.3.4 Comparison with standard results

The standard model order selection criteria are, for example, as derived in [68],

J1 (M) = Evnew
h
Ev
h
V (θ̂, ZN )

ii
≈ V (θ̂, ZN ) + 2

n

N
σ2e and (5.41)

J2 (M) = Evnew
h
Ev
h
V (θ̂, ZN )

ii
≈
µ
N + n

N − n

¶
V (θ̂, ZN ). (5.42)

Expression (5.41) is seen to equal the result (5.39) when taking the mean value of the chi-
squared distribution with n degrees of freedom. Expression (5.39) differs from Expression
(5.41) in its derivation. The derivation of J1 (M) is based on assuming repetition of both
vnew and v. That is, the selection criterion J1 (M) looks for the optimal model order over
different realization of the data set {y, u}N and resulting estimates θ̂N . The conceptual
approach followed in the previous section is deemed preferable as it is in fact the best model
order for the given data set that is sought, rather than the optimal model order over a non-
existing set of data. In the approach followed here the result (5.39) is exact above the true
model order. Below the true model order the result is approximative or valid in expectation
over v. In that case taking the expectation over v is interpreted as a means to evaluate the
approximation error. Monte Carlo simulations show that indeed the approximation error
is small. Moreover, the derivation followed here is very straightforward without requiring
asymptotic results.
Expression (5.42) follows from inserting the estimate σ̂2e of expression (5.16), since

J2 (M) ≈ V (θ̂, ZN ) + 2
n

N
σ̂2e = V (θ̂, ZN ) + 2

n

N

N

N − n
V (θ̂, ZN )

=

µ
N − n+ 2n

N − n

¶
V (θ̂, ZN ).

In Section 5.2 it was already shown that the estimate (5.16) should not be based on a model
estimate which could contain undermodelling effects. Therefore, the penalty factor (5.42)
should not be used, since it will over-compensate for low model orders inducing undermod-
elling effects.

Making the distribution of the penalty factor explicit as in Algorithm 5.3-2 allows an uncer-
tainty region to be constructed around the estimated prediction error. This will result in a
set of possible model orders, as such allowing for a more detailed model order selection cri-
terion. On the other hand, the range of the selected model set can give an indication of the
reliability of the standard selected order corresponding to setting α = 0.5.

5.3.3.5 Extension to nonlinearly parametrized model structures

The same derivation can be followed for nonlinearly parametrized model structures, using
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the results of Chapters 3 and 4. However, the matrix V now corresponds to Φ and Ψ which
contain the estimated parameter θ̂N . Still, it is heuristically understood (but not proven in
this thesis) that the correlation between V and the measurement noise is negligible, since the
mapping from the noise v(t) to V involves the nonlinear mapping to parameters, than the
nonlinear mapping to Φ andΨ concluded with a nonlinear mapping involved in the singular
value decomposition. Neglecting the correlation between V and e it holds with Lemma
3.4-1 on page 3.4-1 that expression (5.36) still holds true exactly.
The expression derived in Chapter 4 and 5 make the approximation due to linearizing the
parameter mapping explicit. The parametrization errors were seen to be dependent on the
estimated parameters θ̂N . In particular, for the standard Prediction Error approximation and
for the generalized FIR model structures it was derived that

∆G =

Ã
B(q, θ̂N )

F (q, θ̂N )
− B(q, θ∗)

F (q, θ∗)

!
F (q, θ̂N )− F (q, θ∗)

F (q, θ̂N )
− Ḡ0(q, θ

∗) and (5.43)

∆G =

µ
−B(q, θ

∗)
F (q, θ∗)

¶
F (q, θ̂N )− F (q, θ∗)

F (q, θ̂N )
− Ḡ0(q, θ

∗) (5.44)

respectively. The expression show that ∆G is correlated with the measurement noise v(t)
via the term

³
F (q, θ̂N )− F (q, θ∗)

´
. This means that the term

2
¡
V
£
IN×N − Tn

¤
V Tβu

¢T {vnew − v}
of expression (5.30) cannot be considered to be zero exactly in expectation of v, since βu
in this case is given by∆G(q)u(t) and is correlated with v. Particularly for the generalized
FIR model structures the model order selection criterion might have a too small penalty
factor when using the standard results based on cχ(α, n) corresponding to the numerator
parameters only. Of course, the standard result holds true when the denominator parame-
ters were chosen or estimated independent from the data used to estimate the numerator
parameters.
Simulation experiments seem to indicate that the error made by using Akaike’s criterion of
Algorithm 5.3-2 for OE model structures is very small in most cases.

5.4 Estimating bounds on the undermodelling
In Hakvoort and Van den Hof (1997), De Vries and Van den Hof (1995) and Goodwin, Gev-
ers and Ninness (1992) methods are suggested for estimating bounds on the undermodelling
from the measurement data. The literature also provides the Model Error Model approach
[69] as an alternative to bounding the undermodelling separately from the noise induced er-
rors. These methods are recalled and analyzed with respect to one another, leading to the
formulation of an approach considered best suited for obtaining the smallest possible model
uncertainty set guaranteed to contain the data-generating system at a prescribed level of
probability.
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5.4.1 Amplitude-bounded undermodelling

In Hakvoort and Van den Hof (1997) and De Vries and Van den Hof (1995) an iterative
scheme is proposed to estimate the bound ḡ(t) on the (generalized) pulse response g0(t) of
the true system G0(q).

5.4.1.1 Approach

The iterative scheme can be generalized by the following steps.
1. Estimate a high order model G(q, θ̂N ) of model order n and compute the parameter

uncertainty bounds using a conservative bound ḡ(t) = M̄ρ̄−t on the undermodelling.

2. Select a newmodel order nnew given by that model order beyond which the uncertainty
in the parameters is larger than the nominal estimated value.

3. Recompute the undermodelling bound ḡ(t) by upper bounding the estimated parame-
ters and their uncertainty bounds resulting from the previous step. In this step the
parameters below the new model order nnew are considered significant and the bound
ḡ(t) is based on upper bounding these nominal values plus uncertainty. The parameters
which uncertainty is larger than the estimated nominal value are deemed not reliable
and the bound ḡ(t) is allowed to be smaller than the nominal value and its uncertainty.

These steps can be repeated by replacing in the first step the model order n with nnew and
M̄ and ρ̄ with the bounds computed in step 3.

5.4.1.2 Evaluation of the approach

The advantage of this approach is the fact that the bound on the undermodelling is based on
the significant parameters. That is, the bound on the (generalized) pulse response is based
on those parameters which consist mainly of actual information on the true system and not
of noise-induced errors. A further advantage of the method is the fact that starting from
a high order model and conservative bounds on the undermodelling makes the probability
small of missing a significant undermodelling in the first step.
The second step is theoretically advisable in the sense that significant parameters are distin-
guished from parameters which are difficult to estimate. In practice, however the selection
criterion (i.e. the uncertainty of the parameters) depends on the initial choice of model order
and the bound ḡ(t). For a high initial model order, corresponding to large variance errors,
and a safe but conservative choice for ḡ(t), the parameter uncertainty becomes large, result-
ing in favouring a low model order nnew. The new model order can easily become too low
in the sense that the parameters which are not considered significant do in fact contain rel-
evant information on the true system. The bounding method of step 3 could then result in
too small, i.e. incorrect, bounds.
On the other hand, depending on the situation at hand, large initial parameter uncertainty
bounds could also result in very conservative bounds computed in step three.

5.4.2 Stochastic assumption

In Goodwin, Gevers and Ninness (1992) [49] it is proposed to estimate the covariance ma-
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trices Pθ∆ and Pv from the residuals ε(t, θ̂N ) of the model under consideration.

5.4.2.1 Approach

Expression (5.2) analyzed the residual error vector as given by

ε(θ̂N ) =
h
I − ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

i
{Φ∆θ∆ + v} .

It follows that

E
h
ε(θ̂N )ε(θ̂N )

T
i

(5.45)

=
h
I − ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

i ©
Φ∆Pθ∆Φ

T
∆ + Pv

ª h
I − ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

iT
(5.46)

under the assumption that θ∆ and v are uncorrelated.
Expression (5.45) shows that a suitable parametrization of Pθ∆ and Pv would allows for
an estimation of its parameters. Instead of using the residual vector directly, in Goodwin,
Gevers and Ninness (1992) it is suggested to use a vectorW := RTε(θ̂N ), with the matrix
R ∈ RN×(N−n) such that RTΦn = 0 (see Section 5.2.2), resulting in the expression

E
h
RTε(θ̂N )ε(θ̂N )

TR
i
= RT

©
Φ∆Pθ∆Φ

T
∆ + Pv

ª
R. (5.47)

A maximum likelihood estimate is suggested with Pθ∆ and Pv parametrized as

Pθ∆ = diag(Mρn,Mρn+1, · · · ,Mρn∆−1)
Pv = σ2v · IN×N

and with the likelihood function given by

L(M,ρ, σ2v) = −
1

2
ln detΣ− 1

2
WTΣ−1W + constant (5.48)

with Σ given by E
h
RTε(θ̂N )ε(θ̂N )

TR
i
of expression (5.47). Minimization of (5.48) with

respect to the considered parameters leads to estimated values bα, bλ, bσ2v and correspondingly
estimated covariance matrices.

5.4.2.2 Evaluation of the approach

The advantage of this approach is the fact that the information on the undermodelling
present in the residuals ε(t, θ̂N ) of the nominal model is exploited. However, this infor-
mation is extracted properly only, when the (amplitude of the) pulse response of the actual
undermodelling behaves likeMρk. This is a result from the fact that this method does not
estimate a bound on the undermodelling, but estimates the average behaviour of the (ampli-
tude) of the undermodelling (after which a bound is obtained by considering this average to
correspond to the variance of a Gaussian probability).
In particular, the method can be interpreted as estimating a Model Error Model (see below)
in a first-order OE model structure:

Gmem,stoch(q) =
Mq

1 + ρq
, (5.49)

which has a pulse response given by
P∞

k=1Mρkq−k. The approach differs only from
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the standard Prediction Error framework in the sense that the absolute value of the pulse
response of Gmem(q) is estimated. The model uncertainty of this Model Error Model
Gmem,stoch(q) is not evaluated for bounding the undermodelling of the nominal model
G(q, θ̂N ). Instead, the value of (the parameters of)Gmem,stoch(q) is considered as the vari-
ance under a Gaussian distribution to be multiplied by a number cχ(α, n) to correspond to
an α% probability level.
Whenever the actual undermodelling does not resemble the damped behaviour ofMρk, but
say exhibits first a large peak, the estimated bound can easily be too small, i.e. incorrect,
as it corresponds to a bound Mρt which averages between the initial large peak and the
remaining tail of the pulse response. This would typically occur when the model order of
the nominal model is chosen too small.
On the other hand, when the model order is (too) high the estimation of the parametersM ,
ρ becomes difficult due to a poor signal-to-noise-ratio.

5.4.3 Model Error Model

In the Model Error Model approach [69]the undermodelling is not bounded separately. In-
stead, the total model error is bounded on the basis of an auxiliary model.

5.4.3.1 Approach

In the Model Error Model approach the following steps are taken:

1. Construct the residual error ε(t, θN ) and estimate an auxiliary Model Error Model
Gmem(q) using the input u and “output” ε(t, θN ). The model order should be high
enough as to ensure that the auxiliary model can be considered to be without under-
modelling. In [71] a FIR model of high order n is used.

2. Construct the model uncertainty of Gmem(q) using the results of Section 4.2 consid-
ering only noise-induced errors, corresponding to the (estimated) parameter covari-
ance Pθ,mem and corresponding frequency domain covariance matrices Pω,mem(ω) =
Γ−1ω,mem(ω)Γ

−1
ω,mem(ω).

3. Construct a bound on the frequency domain error
³
G(eiω, θ̂N )−G0(e

iω)
´
on the

basis of the relation°°°Γω,mem(ω)
³
fG(q,θ̂N )(ω)− fG0(q)(ω) + fGmem(q)(ω)

´°°°2
2
≤ cχ(α, n).

In [71] the bound is constructed as the sum of the amplitude
¯̄
Gmem(e

iω)
¯̄
and the ampli-

tude of the uncertainty in Gmem(e
iω). Alternatively, the results of Section 4.2 could be

used to consider the term fGmem(q)(ω) as undermodelling to be embedded by enlarging the
ellipsoidal uncertainty region defined by Pω,mem(ω) as°°°Γω,mem(ω)

³
fG(q,θ̂N)(ω)− fG0(q)(ω)

´°°°2
2
≤
q
cχ(α, n) +

°°fGmem(q)(ω)
°°2
2
.



5.4 Estimating bounds on the undermodelling 151

5.4.3.2 Evaluation of the approach

This approach has the advantage that the structure of the nominal model is not relevant for
the evaluation of the model uncertainty. This allows nonlinearly parametrized model struc-
tures to be evaluated using the tools available for linearly parametrized model structures.
On the other, the results in this thesis show that even for nonlinearly parametrized structures
such as the OE-model structure, model uncertainty bounding can be done effectively. Alter-
natively, the approaches of Hakvoort and Van den Hof (1997) [50], De Vries and Van den
Hof (1995) [26] and Goodwin, Gevers and Ninness (1992) [49] can also be used indirectly
for nonlinearly parametrized models by using the poles of the nominal model to construct
basis functions with which a new (linearly) parametrized nominal model is estimated that
can serve as a carrier for the model uncertainty set.
The disadvantage of this method is the fact that it actually does not deal with undermod-
elling. The method is based on the assumption that the system (minus the nominal model)
is in the model class (of the Model Error Model), allowing the evaluation of noise-induced
errors only. There is no guarantee that the chosen model order of the Model Error Model
is indeed such that the corresponding undermodelling can be neglected and the resulting
model uncertainty could be too small, i.e. incorrect.
On the other hand, if the model order is indeed such that it ensures that the corresponding
undermodelling can be neglected, it is necessarily much larger than the model order which
would be selected with the Akaike criterion (see Section 5.3) for which the variance and
bias contributions are balanced. In other words, the Model Error Model bounds can then
easily be quite conservative.

5.4.4 Suggested method

In the general derivation of model uncertainty bounding of Chapter 4 theModel Error Model
approach followed as a conceptual result. That is, the undermodelling term corresponding
to a linear mapping of the estimated parameters could be interpreted as the model error
model. To actually bound this undermodelling term, the Model Error Model approach of
[69] estimates a high order model and uses only variance errors to describe the uncertainty
in the Model Error Model. From the discussion in Section 5.3 on model order selection it is
clear that the smallest total model error corresponds to a balanced bias and variance. In other
words, using a high model order for the Model Error Model to describe the uncertainty only
in terms of variance errors will induce an unnecessarily conservative uncertainty bound.
Besides conceptual arguments against considering the undermodelling as stochastic, it is
emphasized that the method of Stochastic Embedding estimates the parameters M , and
σ2e of a first-order OE model Gmem,stoch(q) of expression (5.49) after which the squares of
the absolute values of the parameters of the pulse response of Gmem,stoch(q) become the
variances of the undermodelled parameters. As such the method does not provide any guar-
antee on actually bounding the undermodelling. The iterative deterministic undermodelling
bounding technique of Hakvoort and Van den Hof (1997) and De Vries and Van den Hof
(1995), on the other hand, is safe and justifiable. The method could be approved by follow-
ing the approach of Stochastic Embedding to let the residuals of the model be indicative of
the total energy in the undermodelling. Using the residuals to condition the total uncertainty
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energy can prevent the bounds to become overly conservative.

To summarize a suggested method for model uncertainty bounding follows directly from all
the previous discussions.

Algorithm 5.4-3 Model uncertainty bounding.

1. Estimate the noise properties from all available data {y, u}N using any of the two
techniques of Algorithm 5.2-1. If a high order auxiliary model is used, it is suggested
to use an OE-model structure.

2. Estimate a nominal model G(q, θ̂N ) in the OE model structure with a model order n
based on Akaike’s criterion as in Algorithm 5.3-2. This ensures that all information
which can efficiently be retrieved from the data is in fact incorporated in the nominal
model itself and it assures that the undermodelling bound estimated in the next step is
indeed decaying steadily.

3. Construct a bound ḡ(t) =Mρt on the parameters of the numerator B(q, θ̂N ) such that
the bound satisfies

ekθ̂N + δ(ḡ(t), u, y, σ̂2v, n) ≤ ḡ(k) for k = 1, · · · , n
where δ(ḡ(t), u, y, σ̂2v, n) denotes the parameter uncertainty based on the measurement
noise and the undermodelling bound ḡ(t) itself and ek the Euclidean vector selection
the kth parameter in θ̂N . In particular, δ(ḡ(t), u, y, σ̂2v, n) corresponds to the parame-
ter uncertainty (4.22) on page 92, i.e. δ(ḡ(t), u, y, σ̂2v, n) = ekΓ

−1
θ

³p
cχ(α, n) + β̄

´
.

The term δ(ḡ(t), u, y, P̂v, n) can be constructed also for nonlinearly parametrized model
using the results of Chapter 4. The inequalities should be satisfied as tight as possible
resulting in a nonlinear minimization problem.

4. Compute the model uncertainty set using the results of Theorem 4.4-4 on page 4.4-4.

5. Repeat steps 2-4 but now for different model orders to select the smallest possible
practical uncertainty set. While Akaike provides the theoretical optimal model order,
at the end of the day it is the implemented model uncertainty set that determines the
evaluation of a control design.

6. If control design requires a low order nominal model, estimate such a model by fitting
it in the model uncertainty set of step 5.

7. Compute the worst-case performance of a designed controller over the model set of step
5 and if not satisfactory use that information to design a new identification experiment
and repeat the process from step 1.

The estimation of the noise model and the nominal plant in step 1 and 2 could be replaced by
an estimation in the Box Jenkins model structure in combination with Akaike’s model order
selection. The use of OE model structures is preferred to using the ARX model structures.
While the latter results in a simple linear regression problem, the implicit noise model of
A−1(q, θ̂N ) is highly unrealistic and will cause quite a poor model estimate unless the
model order is chosen high enough to represent the true noise model H0(q) properly. This
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need for high model orders will result in conservative uncertainty bounds. The OE model
structure results in a nonlinear estimation problem but this can be handled by an iterative
approach in terms of linear regression problems (see Section 3.5.8 on (the alternative to) the
Steiglitz-McBride method.
Step three simply applies the method of Hakvoort and Van den Hof (1997) to the numerator
B(q, θ̂N ) of the OE model G

³
q, θ̂N

´
, while the denominator remains fixed to F (q, θ̂N ).

The uncertainty on the parameters in B(q, θ̂N ) is used to construct a safe extension of the
parameters to bound the undermodelling. The noise induced errors present in the parameters
of B(q, θ̂N ) and F (q, θ̂N ) can be calculated using the results of Chapter 3 and 4 and are
mapped to a model set following Theorem 4.4-4 to result in a model uncertainty set of step
4. Step 5 is included to generate the smallest possible practical model uncertainty set.

5.5 Model validation: Cross-correlation test
In this section the cross-correlation test as implemented in the Identification Toolbox in
Matlab [71] is re-evaluated and essential improvements are suggested.

5.5.1 Introduction

The model uncertainty bounding techniques [49][50] are not yet standard practice. Instead,
a general practice in system identification follows the school of thought which states that the
effect of undermodelling can be neglected when its effects are indistinguishable from the
effects of measurement noise. A practical identification procedure then consists of a model
structure validation step. The model structure is sequentially enlarged until the model es-
timate passes the validation test. The test is passed when there is no evidence in the data
that the presence of undermodelling has to be assumed, i.e. the model structure is not in-
validated by the data. A best-case scenario is assumed and a model uncertainty region is
constructed based on the noise induced errors only.

Even if the effect of undermodelling is indistinguishable from the effects of noise, the valid-
ity of the best-case scenario approach could be questioned. For example, in Guo and Ljung
(1997) a bound is derived for the possible undermodelling error in models which pass the
validation test. In a worst-case scenario this upper bound is incorporated in the construction
of the model uncertainty region. The application of the approaches of [50] or [49], which
use an assumption on the decay rate of the pulse response of the undermodelling, to models
which have passed the validation test would imply operating somewhere in between these
two extremes.

Apart from the conceptual issue raised above, it is clear that the general practice stands or
falls with the correctness of the model validation test used to verify the assumption that the
system is in the model class. In practice, the cross-correlation test as implemented in the
System Identification toolbox of Matlab [71] on the sample cross-correlation between the
residuals of the model and the input is used extensively and nearly exclusively. This fact



154 Chapter 5. Identification of model uncertainty sets : practice

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-80
-60
-40
-20

0
20

→
 a

m
pl

itu
de

 [d
b]

-400

-200

0

→ log(frequency) [rad/s]

→
 p

ha
se

 [d
eg

]

0 10 20 30 40 50 60 70 80
-0.1

0

0.1

→ lags τ
                     

cr
os

s-
co

rr
el

at
io

n 
te

st

a 

b 

c

Figure 5.5-2: Bode-plots of a true fourth order modelG0(q) (solid blue), a second order OE-estimate
(dashed green) and the standard 99% variance-based confidence bounds of the second order OE-esti-
mate (dotted red). Figure (c) depicts the standard cross-correlation test. The sample cross-correlation
function between the residuals of the OE-model and the input, based on the identification data, is de-
picted and seen to remain within the test-bounds. In other words, the standard cross-correlation test
does not invalidate the second order OE-model Moreover, the confidence bounds of the OE-model
based on variance errors only fail to contain the true system.

not withstanding, an evaluation of this test exactly revealing the underlying assumptions
and used estimates shows that a refinement of the test is possible and warranted. Amongst
other things, it turns out that this test is valid only under exactly that assumption it intends
to verify, namely that the system is in the model class. Although the test works well in
many situations, the underlying working principle is not the one that is suggested by the
theory. Figure 5.5-2 depicts a motivating example in which the standard cross-correlation
test does not invalidate a model while in fact the model exhibits a large undermodelling error
with respect to the true system. When the conclusion is drawn from the cross-correlation
test that the undermodelling is insignificant and that the model uncertainty can be based on
variance errors only, the resulting model uncertainty region fails to contain the true system.
This section intends to highlight the problems with the standard test and to supply adequate
improvements.

5.5.2 Notation and definitions

Consider a plant and noise model estimate G
³
q, θ̂N

´
andH

³
q, θ̂N

´
corresponding to the

least-squares estimate θ̂N of expression (4.14). The associated residual sequence ε(t, θ̂N )



5.5 Model validation: Cross-correlation test 155

is evaluated as

ε
³
t, θ̂N

´
= H−1(q, θ̂N )

³
G0(q)u(t)−G

³
q, θ̂N

´
u(t) + v(t)

´
, (5.50)

which for the sake of analysis is further detailed here as

ε
³
t, θ̂N

´
= βb(t, θ̂N , G0, θ

∗) + βv(t, θ̂N , θ
∗) + εv

³
t, θ̂N

´
, (5.51)

with

βb(t, θ̂N , G0, θ
∗) = H−1(q, θ̂N ) (G0(q)u(t)−G (q, θ∗)u(t)) (5.52)

βv(t, θ̂N , θ
∗) = H−1(q, θ̂N )

³
G (q, θ∗)u(t)−G

³
q, θ̂N

´
u(t)

´
εv

³
t, θ̂N

´
= H−1(q, θ̂N )v(t) (5.53)

such that
i. βb(t, θ̂N , G0, θ

∗) = H−1(q, θ̂N )Ḡ0(q)u(t) corresponds to the bias of models esti-
mated within the model classM (θ) .

ii. βv(t, θ̂N , θ
∗) corresponds to the variance error in the modelG

³
q, θ̂N

´
with respect to

G (q, θ∗).

iii. εv
³
t, θ̂N

´
corresponds to the measurement noise v(t).

For nonlinearly parametrized model structures the term βv(t, θ̂N , θ
∗) can additionally be

decomposed in (cf. expression (4.55))

βv(t, θ̂N , θ
∗) = H−1(q, θ̂N )BT (q)u(t)

³
θ∗ − θ̂N

´
+H−1(q, θ̂N )ĞB(q, θ∗, θ̂N )u(t).

Note that the term βv(t, θ̂N , θ
∗) corresponds to expression (4.78) in case the noise model

H(q, θ̂N ) = 1 and upon neglecting the effect of initial conditions as

βv(θ̂N , θ
∗) = −ΦT

¡
ΨΦT

¢−1
Ψ
¡
ΦT∆θ∆ + v

¢
, (5.54)

which expression will be used later on in this section. In case H(q, θ̂N ) 6= 1, the input u
(and correspondingly Ψ and Φ) and noise v have to be filtered withH−1(q, θ̂N ).

5.5.3 Concept of model validation

Consider a data generating systemG0(q) and a particular modelG(q, θ̂N ) thereof. A model
validation test is defined as a test which establishes whether a set of measurement data {y, u}
provides for evidence that an hypothesis, such as

Υ0 : G0(q) = G (q, θ∗) ∈M (θ) . (5.55)

does not hold. If the model passes the test the model is said to be not invalidated by the data.

In the application of system identification the cross-correlation test as implemented in the
Identification Toolbox in Matlab [71] is frequently and nearly exclusively used. The idea
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behind a cross-correlation test is readily understood from expression (5.50). This expression
shows that if the model G

³
q, θ̂N

´
is ’good’, the contribution of u(t) in ε(t, θ̂N ) will be

’small’. A large contribution reveals the presence of modelling errors (both undermodelling
and/or parameter variances). A test on the correlation between u(t) and ε(t, θ̂N ), therefore,
allows for an indication of the quality of the model G

³
q, θ̂N

´
. In the next paragraph the

standard cross-correlation test is described. Although the idea behind this test is easily
understood heuristically, the exact nature of the test and its function in model structure
validation is less straightforward and will be discussed in the subsequent sections.

5.5.4 Existing cross-correlation test

The cross-correlation test as implemented in the Identification Toolbox in Matlab will be
referred to as the standard cross-correlation test [71]. This cross-correlation test is based
on the sample cross-correlation R̂εu(τ) between u(t) and ε(t, θ̂N ), i.e.

R̂εu(τ) :=
1

N

NX
t=1

ε(t, θ̂N )u(t− τ) , |τ | ≤ nτ − 1. (5.56)

Algorithm 5.5-4 (The standard cross-correlation test) Given a model G(q, θ̂N ), possi-
bly a noise modelH(q, θ̂N ) and measurement data {u, y}N of data lengthN, construct the
sample cross-correlation R̂εu(τ) between the input u(t) and the residual error ε

³
t, θ̂N

´
= H−1(q, θ̂N )

³
y(t)−G(q, θ̂N)u(t)

´
according to expression (5.56).

The model G(q, θ̂N ) is not invalidated if the sequence R̂εu(τ) satisfies¯̄̄
R̂εu(τ)

¯̄̄
< γ (α) , for |τ | ≤ nτ − 1, with (5.57)

γ (α) = cN (α)

r
P1
N

(5.58)

P1 = R̂uu(0)R̂εε(0) + 2

nτ−1X
κ=1

R̂uu(κ)R̂εε(κ) (5.59)

where

R̂εε(τ) =
1

N

NX
t=1

ε(t, θ̂N )ε(t− τ , θ̂N ) 0 ≤ τ ≤ nτ − 1 (5.60)

and R̂uu(τ) =
1

N

NX
t=1

u(t)u(t− τ) 0 ≤ τ ≤ nτ − 1, (5.61)

and cN (α) corresponds to the Gaussian distributionN (0, 1) such that for x ∈ N (0, 1) =⇒
Pr (x ≤ cN (α)) = α and where the probability level α and the number of considered lags
nτ are a user choice. ¤

The theoretical motivation of the test is based on an evaluation of the model G(q, θ∗). For
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this ideal (estimation error free) model the term βv(t, θ̂N , θ
∗) = 0 and with expression

(5.51) it holds that
R̂εu(τ) = R̂βbu(τ) + R̂εvu(τ), (5.62)

It follows that if the hypothesis Υ0 is true, the term βb(t, θ
∗, G0, θ∗) = 0 and the sample

cross correlation term R̂εu(τ) equals the sample cross-correlation R̂εvu(τ) between the
input u(t) and the prefiltered noise εv(t, θ∗) = H−1(q, θ∗)v(t). The cross-correlation test,
therefore, intends to verify whether the data provides for evidence that it is unlikely that the
sample cross-correlation term R̂εu(τ) is a realization of sample cross-correlations R̂εvu(τ).
The bound γ (α) of expression (5.58) reflects (an estimate of) the α·100% confidence region
for a realization of the sample cross-correlation term R̂εvu(τ). If the cross-correlation term
R̂εu(τ) exceeds the bound γ (α), it is unlikely, against a false alarm rate of 100 (1− α)%,
that the term R̂εu(τ) has the same statistical properties as R̂εvu(τ).
In particular, it holds that,

Υ0 is true and θ̂N = θ∗ =⇒ R̂εu = R̂εvu = Φuεv(θ
∗) (5.63)

=⇒ R̂εu ∈ N (0, 1
N2Pθ∗) with (5.64)

Pθ∗ = ΦTuΛεvΦu with (5.65)
Λεv = E

£
εv(θ

∗)εTv (θ
∗)
¤
, (5.66)

where Φu ∈ Rn×N denotes the matrix with columns given by
φ(t) :=

£
u(t) . . . q−1u(t) . . . q−(nτ−1)u(t)

¤T for t = [1, N ]. Because R̂εvu(τ) con-
sists of linear combinations of the noise v(t− i), its distribution is Gaussian (if v(t) is not
Gaussian the Gaussian distribution is obtained asymptotically which follows from the Cen-
tral Limit Theorem). Further E

h
R̂εu (τ)

i
= 0 under the assumption that E [v(t)] = 0 and

the covariance matrix follows directly from its definition and taking the expectation over
v(t) only.

In the standard test a model is evaluated by verifying at each lag τ whether R̂εu (τ) is likely
to have the same properties as R̂εvu(τ). From expressions (5.64) to (5.66) it follows that

Υ0 is true and θ̂N = θ∗ =⇒ R̂εu (τ) ∈ N (0, Pθ∗(τ , τ)), .
Noting that

Pθ∗(0, 0) = R̂uu(0)Rεvεv(0) + 2
N−1X
κ=1

R̂uu(κ)Rεvεv(κ)

withRεvεv(κ) = E [εv(t, θ
∗)εv(t+ κ, θ∗)], we see that the bound γ(α) of expression (5.58)

in the standard cross-correlation test reflects an estimate of the α% confidence region for
the sample cross-correlation term R̂εu (τ) at one lag τ , with P1 as an estimate of Pθ∗(0, 0)
and assuming that Pθ∗(τ , τ) = Pθ∗(0, 0) at each lag. and nτ = N.
While the theoretical motivation is sound so far, a crucial problem with the standard test
appears when expression (5.60) is used to estimate the auto-correlation Rεvεv(τ) which
is required to formulate the bounds based on Pθ∗ . The line of reasoning is followed that
if Υ0 is true, ε(t, θ∗) = εv(t, θ

∗) and the residuals ε(t, θ∗) can be used to estimate the
properties of εv(t, θ∗). That is,

Υ0 is true and θ̂N = θ∗ =⇒ Λεv = Λε = E
£
ε(θ∗)εT (θ∗)

¤
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However, this cannot be extended to the situation in whichΥ0 is not true. When undermod-
elling is present, the residuals ε(t, θ∗) are not equal to εv(t, θ∗). The implications are that
the bound γ(a) based on the residuals ε(t, θ∗) of expression (5.60) will have the undermod-
elling incorporated which it intends to detect. In other words, the test is valid only under the
assumption it is meant to evaluate. This and a number of other problems will be discussed
in the coming sections.

5.5.5 Particular comments on the standard cross-correlation test

The standard cross-correlation test as described above warrants quite a number of comments
when relating the test to the model structure validation problem.

5.5.5.1 The corresponding hypothesis

Amodel structure validation test should correspond, by definition, to the hypothesisΥ0 that
the true system G0 is in the model class, i.e.

Υ0 : G0(q) = G (q, θ∗) ∈M

implying the undermodelling error βb(t, θ̂N , G0, θ
∗) to be zero (cf. expression (5.51)).

However, the standard cross-correlation test corresponds to the following hypothesis Υ1
instead:

Υ1 : G0(q) = G(q, θ̂N ),

which states that the model estimate itself equals the true system. This is a consequence of
the fact that the standard test is based on an evaluation of the residuals in case θ̂N = θ∗.
When actually using the test, the residuals for θ̂N will have to be evaluated and expression
(5.51) should be used instead of expression (5.62). That is, the contribution βv(t, θ̂N , θ

∗)
of the estimation error in the model G(q, θ̂N ) to the residuals ε(t, θ̂N ) cannot be ignored.
Since the test was based on verifying the likeliness of the statement R̂εu(τ) = R̂εvu (τ),
which in a practical situation is only true if G(q, θ̂N ) = G0(q), the statistical bound γ(α)
of expression (5.58) corresponds to verifying the hypothesis Υ1 instead of Υ0.

The test is readily adapted to correspond to hypothesis Υ0 by considering the statistics of
βv(t, θ̂N , θ

∗) + εv(t, θ̂N ) in the residuals ε(t, θ̂N ) instead of those of εv(t, θ̂N ) only. That
is, compensate for the fact that part of the noise v(t) does not appear in the residuals because
it was incorporated into the model estimate. From expressions (5.54) it follows that

Υ0 is true =⇒ βv(θ̂N , θ
∗) = (≈) − ΦT

¡
ΨΦT

¢−1
Ψεv(θ̂N ), (5.67)

exactly for linearly parametrized models and approximately for nonlinearly parametrized
models due to the parametrization errors (see also discussion in Sections 5.2.3 and 5.3.3.5.
It follows that

Υ0 is true =⇒ R̂εu = R̂βvu + R̂εvu (5.68)

=⇒ R̂εu ∈ N (0, PΥ0) (5.69)
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with

PΥ0 = Φu

h
I − ΦT

¡
ΨΦT

¢−1
Ψ
i
Λ̃εv

h
I − ΦT

¡
ΨΦT

¢−1
Ψ
iT
ΦTu , (5.70)

Λ̃εv = E
h
εv(θ̂N )ε

T
v (θ̂N )

i
, (5.71)

For nonlinearly parametrized models the statistics in ΦT and Ψ would have to be consid-
ered and the standard approximations and asymptotic assumptions are required to proof the
asymptotic Gaussian distribution and covariance matrix PΥ0 . However, it is emphasized
that following the approach of Chapter 3, the need for proving the Gaussian distribution in
(5.69) can be avoided while still the matrix PΥ0 can be shown to correspond to the bound

R̂T
εuP

−1
Υ0
R̂εu ≤ cχ(α, nτ ) w.p. α.

and associated point-wise bounds.

Remark 5.5-3 If a new data set is used for the validation the last term on the right side
of expression (5.51) corresponds to the measurement noise vnew(t) in the new data. The
total noise-induced error in the residual is then the result of the noise in the new data set
(εvnew(t, θ̂N )) and the noise present in the model estimate (βv(t, θ̂N , θ

∗)). If the noise
properties remained unchanged for the new data set, expression (5.70) can be adapted by
changing the minus sign in expression (5.70) into a plus sign since now the two noise con-
tributions add up, i.e.

PΥ0,new = Φu

h
I +ΦT

¡
ΨΦT

¢−1
Ψ
i
Λ̃εv

h
I +ΦT

¡
ΨΦT

¢−1
Ψ
iT
ΦTu .

This can be compared with the discussion on model order selection in Section 5.3.

This problem and the mentioned solution are already known in the literature [92][57], al-
though the derivation of the solution there is based on the standard Taylor expansion and
asymptotic assumption. Still, the comment is included here because of the fact that the
adaptation as in expression (5.70) has not become a standard, while the effect of neglect-
ing the difference between hypothesis Υ0 and Υ1 is quite significant. From a conceptual
point of view assumption Υ1 is rather awkward since a priori it is completely certain that
a model estimate cannot equal the true system exactly due to the presence of noise. From
a practical point of view the difference is significant since the level of probability attached
to the standard test is only applicable with respect to hypothesis Υ1. When the same test is
used to verify hypothesis Υ0 the probability levels and associated false alarm rates are in-
correct. The actual false alarm rate, i.e. the probability to reject a model which in fact does
satisfy Υ0, is smaller than indicated with a test based on the estimation data and larger than
indicated when based on a new data set.

5.5.5.2 The point-wise nature of the test

The standard cross-correlation test is only point-wise. This means that the correlation be-
tween the terms of R̂εu(τ) over lags τ is not taken into consideration. The first consequence
is that the interpretation of the false alarm rate (1− α) remains unclear. A second conse-
quence is that many models with an undermodelling error will not be invalidated by the test
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Figure 5.5-3: Total probability of Rεu(τ) being contained in the 99% confidence region at each lag
simultaneously. This probability is given by 100 · 99nτ% and is seen to decrease rapidly with the
number of lags nτ . In case Rεu(τ) is correlated over lags τ the decrease would be less rapid.
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Figure 5.5-4: Confidence regions under a standard two-dimensional Gaussian distribution. The
dashed box corresponds with a probability 100 · .992% by having sides of length 2cN (.99). The
solid box contains 99 % by having sides of 2cN (

√
.99). The circular region also contains 99 % and

is the smallest region possible doing so.

since the correlation in R̂εu(τ), as a result of the undermodelling, remains undetected. This
will be discussed in the coming sections.
Probability level of the test
Consider the situation in which the cross-correlation R̂εu(τ) is indeed uncorrelated over its
lags τ . For every lag τ the cross correlation R̂εu(τ) is evaluated in the standard test with
respect to an α · 100% confidence region under a one-dimensional Gaussian distribution.
However, the probability that the total sequence R̂εu(τ) (0 ≤ τ < nτ ) is contained in the α·
100% confidence region at each lag simultaneously is 100 · .αnτ % which decreases rapidly
with nτ . This is depicted in Figure 5.5-3 in case the terms R̂εu(τ) would be uncorrelated
(the decrease in probability is less severe if the terms R̂εu(τ) are correlated). This means
that the validation test has a false-alarm rate of (1−αnτ ) instead of (1− α), i.e. the standard
test is in this sense more strict than the (1− α) indicates.
Vector-valued versus point-wise
The literature [70][92] does suggest the use of the vector-valued cross-correlation test cor-
responding to expression (5.69), i.e. a validation test based on the inequality

R̂T
εuP

−1
Υ0
R̂εu ≤ cχ (α, nτ ) , (5.72)
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Figure 5.5-5: Difference between the vector-valued validation test inducing an ellipsoidal region and
the standard validation test with its boxed region. The vector-valued test will reject sequences of
R̂εu(τ) having a correlation different from the R̂εvu(τ). A different correlation is indicative of mod-
elling errors. The standard test uses less information and will be less able to detect undermodelling.

with cχ (α, nτ ) corresponding to the chi-squared distribution such that for x ∈ χ2(n) =⇒
p (x ≤ cχ (α, n)) = α and the covariance matrix PΥ0 given by expression (5.70). How-
ever, this test is rarely used in practice and seems not properly compared by the literature
with the standard test. The vector-valued cross-correlation test of expression (5.72) verifies
whether it is unlikely that the cross-correlation vector R̂εu has the same statistical proper-
ties as R̂βvu + R̂εvu or as R̂εvu when Υ1 is considered. While the standard test evaluates
only variances, the vector-valued test verifies the entire covariance over various lags.

First consider the situation in which the cross-correlation R̂εvu(τ) is indeed uncorrelated
over its lags τ . From expression (5.65) it is clear that this is true only in case both εv(t, θ̂N )
and u(t) are white noise sequences (and the data length N is sufficiently large). For
εv(t, θ̂N ) this holds true only when the noise model is exact, i.e. H(q, θ̂N ) = H0(q).
Figure 5.5-4 illustrates the difference between the two tests by considering the case of two
lags. The standard test induces a box with length 2cN (.99) in which the cross-correlation
vector R̂εu ∈ R2×1 has to reside (dashed box). In the previous section it was noted al-
ready that the actual confidence within this box is not 99%, but 100 · .992 %. This could be
remedied by expanding the box till each side has a length of 2cN ( nτ

√
.99) (solid box).

The vector-valued test induces a circular region. The figure shows that the boxed and cir-
cular region, each containing 99% under the Gaussian distribution, are overlapping. This
implies that the two cannot be compared objectively. However, the circular region is the
smallest region under the Gaussian distribution having a 99% confidence, which favours the
circular region over the box. In particular, strong correlation between R̂εu(0) and R̂εu(1)
(points on the diagonals) is seen to be still allowed in the standard validation test, while be-
ing rejected with the vector-valued (circular) validation test.

In the realistic case that the cross-correlation R̂εvu(τ) is correlated over its lags τ , the
difference between the standard test and the vector-valued test becomes apparent. Figure
5.5-5 depicts the ellipsoidal 99% confidence region associated with a covariance matrix with
PΥ0(1, 1) = PΥ0(2, 2) = 1 and PΥ0(1, 2) = PΥ0(2, 1) = .5. Again the circular region
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corresponding with assuming PΥ0(1, 2) = PΥ0(2, 1) = 0 and the boxed region of the
standard validation test are depicted for comparison. It is apparent that the vector-valued
cross-correlation test is much more refined by allowing only those sequences of R̂εu(τ)
which have a correlation similar to R̂εvu(τ). Any other correlation, indicative of model
errors, will be rejected by the vector-valued test while still being allowed by the existing
test. In other words, the standard test (unnecessarily) uses less information and is therefore
less able to detect model errors.

5.5.6 The effects of estimating the bound

The bound γ (α) in expression (5.58) is used for all lags τ but it is based on Pθ∗(0, 0) =
E
h
R̂εvu(0)R̂εvu(0)

i
. For lags τ other than τ = 0, however, the bound should be based on

E
h
R̂εvu(τ)R̂εvu(τ)

i
instead. The correct terms are given by the diagonal entries in Pθ∗ of

expression (5.65) and they are seen not to be identical:

Pθ∗(τ , τ) = (5.73)

1

N
R̂N−τ
uu (0)Rεvεv(0) + 2

1

N

N−1X
κ=1

R̂N−τ
uu (κ)Rεvεv(κ) (5.74)

with R̂N−τ
u,u (κ) =

1

N

N−τX
t=1

u(t)u(t− κ).

While the difference is negligible for most realizations of a stochastic process (whenever
N is much larger than τ ), the difference can be significant, particularly in case of nonsta-
tionary input sequences. Why not use the available information on the measured input to
increase the accuracy of the test when the additional computation is so easily done?

More important is the influence of estimating the noise properties as in expression (5.60).
Estimating the noise properties would reflect anyway in a F -distribution rather than a chi-
squared distribution, but this is of minor consequence for reasonable values of n and N.
Further, a sample covariance function as in (5.60) can hardly be considered a good estima-
tor of the noise properties. That is also why the summation in the estimate P1 of expression
(5.59) is taken with limit nτ instead of the correct limitN because for increasing N the es-
timates R̂εε(τ) become extremely poor. Instead a parametric model of the noise properties
would be preferred (see [15]).

But of real consequence is the fact that the noise properties are estimated from the residuals
of the model to be evaluated. That is, the residual signal ε(t, θ̂N ) is assumed to be repre-
sentative for the noise term εv(t, θ̂N ) = H−1(q, θ̂N )v(t), which assumption is exactly the
hypothesis to be tested (cf. expression (5.50)). This is elaborated in the next section.

5.5.7 Crucial role of noise estimation in the validation test

In the standard cross-correlation test the noise properties are estimated from the residuals
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of the model to be evaluated which leads only to a correct results when the model order is
exactly the order of the true system (see Figure 5.2-1). The discussion in the Section 5.2 on
the estimation of noise properties shows that, particularly, when a model is undermodelled
the estimation of the noise properties is severely corrupted.

From a practical point of view it follows that many models with significant undermodelling
can pass the standard test. Indeed, the test is now based on bounds which include the terms
that are to be detected. In other words, the bound γ (a) , and its counterpart for PΥ0 , based
on the residuals has the undermodelling errors included and the validation test becomes too
lenient.

From a theoretical point of view it is awkward that the test is valid only under the assump-
tions it is meant to evaluated. Moreover, the theoretical principle underlying the test is to
detect undermodelling with respect to the statistical behaviour of the noise. In the stan-
dard test, however, the reason that in many cases undermodelling is detected is different.
Undermodelling is now detected if its contribution to the sample cross-correlation R̂εu (τ)
(left-hand side of inequality (5.57)) is larger than its contribution to the estimation of the
noise properties (appearing in the right-hand side of inequality (5.57)).
In particular, consider expression (4.78) on page 110 of the residual error vector

ε(θ̂N ) =
³
I − ΦT

¡
ΨΦT

¢−1
Ψ
´ ¡
ΦT∆θ∆ + βu− + v

¢
. (5.75)

It holds that the contribution of the undermodelling Ḡ0(q) to the cross-correlation R̂εu(τ)
is given by

1

N
Φu

h
I − ΦT

¡
ΨΦT

¢−1
Ψ
i
ΦT∆θ∆

while expression (5.3) shows that its contribution to the residual based variance R̂εε(0) is
(approximately) given by

1

N

°°°hI − ΦT ¡ΨΦT ¢−1ΨT iΦ∆θ∆°°°2
2
. (5.76)

Combining the results shows that, corresponding to expressions (5.57)-(5.59), undermod-
elling is detected only if

1

N

¯̄̄
eTτ Φu

h
I − ΦT

¡
ΨΦT

¢−1
Ψ
i
ΦT∆θ∆

¯̄̄
≥ (5.77)

cN (α)
N

°°°hI − ΦT ¡ΨΦT ¢−1ΨiΦT∆θ∆°°°
2

s
P1

R̂εε(0)
,

with eτ the Euclidean vector selected the kth component.
To make expression (5.77) even more insightful, neglect the influence of ΦT

¡
ΨΦT

¢−1
Ψ

and consider the input u(t) to be white. The contribution of the undermodelling Ḡ0(q) to
the cross-correlation is then given by

1

N

NX
t=1

H(q, θ̂N )
−1Ḡ0(q)u(t)u(t+ τ)

= H(q, θ̂N )
−1Ḡ0(q)R̂uu(τ),
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which approaches the pulse response ofH−1(q, θ̂N )Ḡ0(q)when u(t) is white, i.e. R̂uu(τ) =
δ (τ) R̂uu(0), with δ(t) the Dirac function. The contribution of the undermodelling to the
noise estimation becomes

1

N

NX
t=1

³
H(q, θ̂N)

−1Ḡ0(q)u(t)
´2

,

which approaches the 2-norm of H(q, θ̂N )−1Ḡ0(q) when u(t) is white. Combining the
results shows that (approximately) whenever

H(q, θ̂N )
−1Ḡ0(q)δ (τ) R̂uu(0) ≥

cN (α)√
N

°°°H(q, θ̂N)−1Ḡ0(q)°°°
2

q
R̂uu(0), (5.78)

undermodelling can be detected.

Expressions (5.77) and (5.78) explain why the standard test still works well in many cases as
the bound γ (α) is based on an average behaviour of the undermodelling errors (5.76) while
the actual undermodelling contribution R̂βbu(τ) to R̂εu (τ) will not be evenly distributed
over the lags τ . Indeed for a white input, the left hand side of expression (5.78) is seen to
approach the impulse response ofH(q, θ̂N )−1Ḡ0(q) which decays with τ . As such, for the
first lags τ the left hand side will often be larger than its "average over τ" on the right hand
side. On the other hand, models with slowly damped undermodelling (large peaks in the
frequency domain) can pass the standard validation test (cf. Figure 5.5-2).

5.5.8 Formulating an extended cross-correlation test

To improve the standard test three adaptations are suggested.
1. Firstly and most importantly, an improved cross-correlation test is based on a more

accurate estimation of the noise properties as suggested in the Section 5.2.

2. The vector-values test of expression (5.72) can much more accurately detect under-
modelling by considering the correlation behaviour over lags. Secondly, the standard
test evaluates the cross-correlation at each lag separately. However, the presence of an
undermodelling term βv(t, θ̂N , θ

∗) is much more accurately detected when consider-
ing the correlation over lags. In other words, the test should be vector-valued.

3. Thirdly, the standard test is derived for θ∗ corresponding to Hypothesis Υ1. The adap-
tation mentioned in Section 5.5.5.1 effectively makes the validation test correspond to
the model structure hypothesis Υ0.

The vector-valued test is mentioned in the literature [70][92] and the required adaptation of
point 3 is derived [92]. Unfortunately, the last two improvements are not considered as stan-
dard yet. More important, however, is the fact that these two improvements alone do not
result in a better test when the bounds are still based on an estimate of the noise properties
derived from the residuals of the model to be evaluated.

The above considerations lead to the following extended cross-correlation test:
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Algorithm 5.5-5 (The extended cross-correlation test) Given a model G(q, θ̂N ), possi-
bly a noise modelH(q, θ̂N ) and measurement data {u, y}N of data lengthN, construct the
sample cross-correlation R̂εu(τ) between the input u(t) and the residual error ε

³
t, θ̂N

´
= H−1(q, θ̂N )

³
y(t)−G(q, θ̂N)u(t)

´
according to expression (5.56).

The model G(q, θ̂N ) is not invalidated at a false alarm rate of (1− α) if the sequence
R̂εu(τ) for τ ∈

£
−12nτ ,

1
2nτ

¤
satisfies

R̂T
εuP

−1
Υ0
R̂εu ≤ cχ(α, nτ + 1) (5.79)

with
PΥ0 = Φu

h
I − ΦT

¡
ΨΦT

¢−1
Ψ
i
Λ̃Tεv

h
I − ΦT

¡
ΨΦT

¢−1
Ψ
iT
ΦTu

where

1. cχ(α, nτ +1) corresponds to the chi-squares distribution of nτ +1 degrees of freedom

2. the considered lags nτ and probability level α are a user choice

3. Φu the matrix given by

Φu =
£
φ(−12nτ ) · · · φ(τ) · · · φ( 12nτ )

¤T
with φ(t, τ) = qk

£
u(1) · · · u(N)

¤T
.

4. Φ andΨ corresponding to the particular model structure used forG(q, θ̂N ) (See Chap-
ters 3 and 4)

5. Λ̃Tεv the estimated covariance matrix given by

HΛ̂vH
T

with H the matrix corresponding to the filter operation H−1(q, θ̂N ) on v(t) accord-
ing to εv(t, θ̂N ) = H−1(q, θ̂N )v(t) and where Λ̂v the estimated measurement noise
covariance matrix based on a noise model estimated using the methods presented in
Algorithm 5.2-1 of Section 5.2. ¤

5.5.9 Illustrative example I

This example corresponds to Figure 5.5-2 of the introduction. ConsiderN = 256 measure-
ments {y, u}N generated according to y(t) = G0(q)u(t) + v(t) with u(t) and v(t) white
noise sequences with variances σ2u = 1 and σ2v = 0.09, respectively, and with the true
system

G0(q) =
0.01293q−1 + 0.1062q−2 + 0.1058q−3 + 0.01279q−4

1− 0.2482q−1 + 1.091q−2 − 0.2441q−3 + 0.9822q−4
OE-models of orders 1 to 10 are estimated from this data; in particular, a model structure
given by

G(q, θ, n) =
q−1

¡Pn
k=1 b(k)q

−k¢
1 +

Pn
k=1 f(k)q

−k for n = [1, 10] (5.80)
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Figure 5.5-6: Bode-plots of the true model G0(q) (solid blue), the second order OE-estimate (dotted
green) and the fourth order OE-estimate (dashed red) according to expression (5.80).
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Figure 5.5-7: The standard cross-correlation test applied for the OE-estimate ĜOE(q, θ, 2) of second
order.
a: the sample cross-correlation R̂ u(τ) for lags τ = [0, 80] with the bound γ(a) of the standard test
(eq. (5.58)) for α = .99 (solid red) and the newly proposed bounds (dashed black).
b : the actual noise-contribution R̂εvu(τ)

c: the undermodelling contribution in R̂εu(τ), i.e.R̂βbu(τ) with βb(t, θ̂N , G0, θ
∗) as in expression

(5.51)

and noise model H (q, θ) = 1. Figure 5.5-6 clearly shows the undermodelling error in the
second order OE-estimate ĜOE(q, θ, 2) (dotted green), while the fourth order OE-estimate
ĜOE(q, θ, 4) (dashed red) closely follows the true system G0(q) (solid blue).
Figure 5.5-7.a depicts the standard cross-correlation test applied for the OE-estimate
ĜOE(q, θ, 2) of second order. The plot depicts the sample cross-correlation R̂ u(τ) of ex-
pression (5.56) for lags τ = [0, 80] with the bound γ(a) of the standard test (eq. (5.58))
for α = .99 depicted as the solid horizontal lines (red). The model is not invalidated by
the data. However, the presence of undermodelling is clear from Figure 5.5-6 and from
Figure 5.5-7.c which depicts the undermodelling component in R̂ u(τ), i.e. R̂βbu(τ) with
βb(t, θ̂N , G0, θ

∗) as in expression (5.51). This serious undermodelling is not detected by
the standard cross-correlation test.

Figure 5.5-8 is included to show that the problem with detecting the undermodelling of the
second peak is not a result of representing the residual error in the time domain. The ETFE
does not clearly reveal the presence of the second peak as well. Similarly, the Model Er-
ror Model test of the System Identification Toolbox in Matlab [71], in which the uncertainty
in a Model Error Model of the residual ε(t, θ̂N ) is evaluated in the frequency domain, does
not reveal the presence of the undermodelling. This Model Error Model test is depicted in
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Figure 5.5-8: Bode-plots of the true model G0(q) (solid blue), the ETFE (dotted green). The ETFE
does not reveal the second peak.
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Figure 5.5-9: Bode-plot of the Frequency response of a Model Error Model of the residual of the
second-order OE-estimate G(q, θ̂N , 2) as provided by the System Identification Toolbox in Matlab
[71]. The uncertainty in the Model Error Model (shaded yellow) plotted around zero is such that it
contains the Model Error Model at all frequencies, from which it is generally concluded that the data
does not show any statistical indication that the OE-estimateG(q, θ̂N , 2) has an undermodelling error.
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Figure 5.5-9.8 Finally, it could be argued that the results of Figure 5.5-7.a is statistically jus-
tified in the sense that the particular noise realization could have caused the undermodelling
to remain undetected. That this is not the case here, becomes clear when we compare the
actual noise-contribution R̂εvu(τ) with its (red solid) bounds γ(α) in Figure 5.5-7.b. The
bound γ(a) is clearly overestimating the noise contribution, which is due to the incorpo-
ration of the undermodelling terms itself in the estimation of the variance with expression
(5.60).

Using the first method of Section 5.2.2 by estimating the noise model with the ARMASA-
toolbox on the residuals of an OE-model of order N/5 (which is extreme to show the po-
tential of the method) and estimating the variance according to (5.16), new bounds (dashed-
dotted black) are obtained. The new bounds are not corrupted by undermodelling effects
and as such they are tighter bounds for the noise contribution (cf. Figure 5.5-7.b.)9 And in-
deed, the new bounds detect the effect of undermodelling and the model will correctly be
invalidated. That the new bounds are not equal for all lags corresponds to the first com-
ment in Section 5.5.6. The new bound is also based on expression (5.59) corresponding to
hypothesis Υ1 to clearly show the effect of the noise estimation.
Figure 5.5-10 depicts the results of vector-valued cross-correlation tests. The curves depict
the test value R̂T

uP
−1R̂ u, for R̂ u ∈ Rnτ and different P , which should be below the

bound cχ(a, nτ ) for the model not to be invalidated (cf. expression (5.72)) against a false-
alarm rate of (1− α). The blue solid line depicts the test value R̂T

uP
−1
θ∗ R̂ u when using

the true noise properties to estimate Pθ∗ . Again, to emphasize the effect of the estimation
of noise properties the covariance matrix Pθ∗ instead of PΥ0 is used here. The correct
model order of four is easily identified from the graph as the first model order for which
the test value becomes smaller than the bound (α = .99). Moreover, the results are also
quantitatively correct since the false-alarm rate is exactly (1− α) (cf. Section 5.5-3). When
estimating the noise covariance following Section 5.2.2 to estimate Pθ∗ the test levels differ
from the actual levels, but the model orders are still properly evaluated (red dashed-dotted
line). When estimating the noise properties from the residuals of the model to be evaluated
(cf. expression (5.60)) to estimate Pθ∗ the undermodelling errors are incorporated in the
covariance estimate and a vector-valued cross-correlation test would let all model orders
(1 to 10) pass (dotted black curve). In fact, for this example the false-alarm rate would
have to be increased to (1− .27) before the models could be rightly invalidated. That is,
upgrading the standard point-wise test to a vector-valued test would not be beneficial if the
noise properties are still estimated from the residuals of the model to be tested itself.

5.5.10 Example II

Figures 5.5-11 to 5.5-13 illustrate the advantage of using the vector valued cross-correlation
test over the standard point-wise test. The same experiment as in Example I is repeated but

8This Model Error Model test is also based on the noise variance estimate derived from the residuals of the
OE-model. It is very likely that if the test would be adapted with an improved noise variance estimate as in Section
5.2.2 the undermodelling would be detected. This is not tested yet.

9In fact, the new bounds correspond so closely to bounds which would be obtained if the true noise covariance
was used that these true bounds are not depicted separately to keep the plots transparent.
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Figure 5.5-10: The vector-valued cross-correlation test evaluated for the vector R̂ u ∈ R128 of the
first N/2 lags of the sample cross-correlation between u(t) and the residuals ε(t) of an OE-model of
increasing order n = [1, 10]. The test value R̂T

uP
−1R̂ u is compared with the bound cχ(.99, 128)

corresponding to the chi-squared distribution of order N/2; values below the bound imply that the
model is not invalidated. The solid blue curve corresponds to a matrix P based on the true noise
covariance, the dotted black curve corresponds to a matrix P based on the sample covariance estimate
of expression (5.60) and the dashed-dotted red.curve corresponds to a matrix P based on a covariance
estimate following Algorithm 5.2-1.
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Figure 5.5-11: Bode-plots of the true modelG0(q) (solid blue), the fourth order OE-estimate (dashed
green) according to expression (5.80) and the standard 99% confidence bounds of the fourth order
OE-estimate (dotted red) .
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→ lags τ

a
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c

Figure 5.5-12: The standard cross-correlation test applied for the OE-estimate ĜOE(q, θ, 4) of fourth
order.
a: the sample cross-correlation R̂ u(τ) for lags τ = [0, 80] with the bound γ(a) of the standard test
(eq. (5.58)) for α = .99 (solid red) and the newly proposed bounds (dashed black).
b : the actual noise-contribution R̂vu(τ)

c: the undermodelling contribution in R̂ u(τ), i.e. R̂βbu(τ) with βb(t, θ̂N , G0, θ
∗) as in expression

(5.51).

now for a sixth order system G0(q), given by the system of the first example multiplied by
a second order transfer function, in particular

G0(q) = G
(Example I)
0 (q)

0.7258q−1 + 0.716q
1 + 1.874q−1 + 0.9704q−2

Figure 5.5-11 depicts the bodeplots of G0(q) and of the fourth order OE-estimate.
Figure 5.5-12 shows that the standard cross-correlation test will let the fourth order model
pass, in fact even when the new bounds are applied. Still from Figure 5.5-11 and Figure
5.5-12.c it is clear that undermodelling is present. From the point-wise test the conclusion
could be drawn that for the fourth order model it holds that any undermodelling is indis-
tinguishable from the noise effects and that it could therefore be neglected. However, the
resulting model uncertainty regions would fail to contain the true system even within the
0.99 confidence bounds as is depicted in Figure 5.5-11. The vector-valued cross-correlation
test, however, correctly invalidates all model orders below the actual order of six which is
depicted in Figure 5.5-13. Again, in this example the (estimated) matrix Pθ∗ is used cor-
responding to the hypothesis Υ1 in order to emphasize the difference between the standard
point-wise test and the vector-valued test. Moreover, in this case the difference between Pθ∗
and PΥ0 is very small anyway.



5.5 Model validation: Cross-correlation test 173

0 2 4 6 8 10
50

100

150

200

250

300

350

→ model order n

te
st

 le
ve

l

↑ 1

a=.99 

.032 

.91 

pr
ob

ab
ili

ty
 α

Figure 5.5-13: The vector-valued cross-correlation test evaluated for the vector R̂ u ∈ R128 of the
first N/2 lags of the sample cross-correlation between u(t) and the residuals ε(t) of an OE-model of
increasing order n = [1, 10]. The test value R̂T

uP
−1R̂ u is compared with the bound cχ(.99, 128)

corresponding to the chi-squared distribution of order N/2; values below the bound imply that the
model is not invalidated. The solid blue curve corresponds to a matrix P based on the true noise
covariance, the dotted black curve corresponds to a matrix P based on the sample covariance estimate
of expression (5.60) and the dashed-dotted red.curve corresponds to a matrix P based on a covariance
estimate following Algorithm 5.2-1.
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5.5.11 Additional remarks

The tests considered here are non-parametric. Alternatively, the model error model ap-
proach [69] uses a parametric model to detect undermodelling, which is favourable from a
variance point of view. In particular, the model is not invalidated if the model error model
contains the zero-system in its uncertainty region. Alternatively, the ellipsoidal parame-
ter uncertainty region can be evaluated whether it includes the origin. If it does, it could
be concluded that the data provides for no evidence that hypothesis Υ0 is unlikely and the
model under consideration is not be invalidated. Still, it is emphasized that a model struc-
ture validation stands or falls with a proper noise model. Only when the noise-induced
model uncertainty is correctly described can undermodelling errors be distinguished from
noise-induced errors.

In this section the second standard validation test on the whiteness of the residual is not dis-
cussed. Inclusion of this test would not change the results. Still a proper noise-model would
have to be available. Passing of second test cannot serve to conclude that the noise model is
correct and that therefore the cross-correlation test is correct too. The second test is normed
with respect to the estimated variance and as such does not (in)validate the noise variance
estimate.

Even the extended model validation test is based on the residuals and as such subject to
the influence of the input signal u(t) and the noise model H(q, θ̂N )−1. The effect of un-
dermodelling could be said to remain undetected if either the input spectrum or the inverse
noise model is very small in the frequency band where the undermodelling is present. How-
ever, the exact effect of filtering the undermodelling Ḡ 0(q) withH(q, θ̂N )−1 and the input
u(t) in case of finite data sets and finite model orders is not trivially understood and does
require further research. For one, the effect of Ḡ 0(q) will generally not be localized when
G(q, θ∗) is of finite order. When exactly the effect of Ḡ 0(q) becomes undetectable by the
cross-correlation test with respect to the choice of input u(t) (and H(q, θ̂N )−1) has to be
investigated.

5.6 Conclusions
This chapter deals with the practical application of the model uncertainty bounding results
of Chapter 4. It is shown that the common approach of estimating the noise properties from
the residuals of the plant model under consideration can lead to very poor estimates. When
the plant model is of low order (relative to the actual data-generating system) the residuals
contain the effect of undermodelling, while a high model order results in the residuals to
be a nonlinear function of the actual measurement noise. Either way, the resulting noise
properties estimate can be of poor quality. Two alternative approaches to estimating the
noise properties are presented based on a repeated input signal and a high order auxiliary
model, respectively.
The selection of the model order of the plant estimate is basically a trade-off between the
noise-induced (variance) errors and the undermodelling (bias) errors. Considering the aim
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of System Identification formulated in this thesis, that model order should be chosen which
leads to the smallest possible model uncertainty set for the given data. Akaike’s model
order selection criterion is therefore recalled and derived anew following the conceptual
approach to uncertainty bounding of Chapter 3. Additionally, the result of Chapter 3 and
4 for nonlinear model structures such as the OE-model structure are applied to show that
Akaike’s criterion can be derived for these structures as well without using a first order
Taylor approximation.
Methods for estimating bounds on undermodelling are presented in Hakvoort and Van den
Hof (1997), De Vries and Van de Hof (1995) and Goodwin, Gevers and Ninness (1992).
Alternatively, the literature provides the Model Error Model approach [69]. These three
methods are compared to one another showing their respective advantages and differences.
This analysis leads to the formulation of a suggested approach, basically combining a model
order selection procedure with estimating the undermodelling bound from data following
the approach of Hakvoort and Van den Hof (1997).
An alternative conceptual approach to model uncertainty bounding and model order selec-
tion is to use a model validation test to justify the assumption that the system is in the model
class, i.e. Assumption 2.3-11 holds true. If the model estimate passes the validation test
it is said that the data provides no evidence that undermodelling is present. Subsequently,
model errors are analyzed as resulting from the measurement noise only. While this is a
general practice, it is of paramount importance that the validation procedure is proper. It
turns out that the existing model validation test is valid under exactly those assumptions it
intends to verify. A new improved test is suggested in which the key point lies with a proper
estimation of the noise properties.
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Appendix 5A Possible alternatives for estimating a noise
model

Expression (5.13) could be exploited in a number of ways to estimate the noise properties.
This is not further elaborated but some possibilities are briefly indicated. For example, a
parametrization of the matrix Λ̄v could lead to a nonlinear estimation procedure. Or, a new
signal εV (θ̂a) could be constructed as εV (θ̂a) = RTε(θ̂a), with R ∈ RN×(N−n) such that
RTΦ = 0. This choice eliminates the effects of projecting the noise onto the regressors,
since

εV (θ̂a) = RT
³
In − ΦTn

¡
ΦnΦ

T
n

¢−1
Φn

´
v

= RTv. (5A.1)

Such a matrix R could be given by the first (N − n) columns of V . A noise model for
this filtered signal εV (θ̂a) can be constructed leading to an estimated covariance matrix
Λ̂εV (θ̂a) ∈ R

(N−n)×(N−n), from which the required noise covariances Rv(τ) = E
£
vvT

¤
can be computed using a relation similar to (5.13),

Λ̂εV (θ̂a) ≈ E
h
εV (θ̂a)ε

T
V (θ̂a)

i
= RT Λ̄vRσ

2
v. (5A.2)

The computation of the covariance Rv(τ) in the Toeplitz matrix Λ̄v can be done alge-
braically using Kronecker products to rewrite this expression. The number of covariances
in Λ̄v which can be estimated depends on the dimensions of R (the rank of the associated
Kronecker matrices). The compensation of the variance need not be performed separately
as it is incorporated in the computation of Rv(τ) from (5A.2) itself.



Chapter 6

Model uncertainty structures

This chapter deals with uncertainty structures and their properties. The additive, dual Youla
and ν-gap uncertainty structure are considered. To motivate a choice between these three
structure for representing the model uncertainty in the context of system identification for ro-
bust control, analytical expressions are derived to reveal their respective characteristics. An
analysis is provided of the mapping of uncertainty sets under a linear fractional transforma-
tion. This analysis allows for a comparison of amplitude-bounded frequency response uncer-
tainty regions in the additive, dual Youla and ν-gap uncertainty structure. Additionally, model
uncertainty sets in terms of rational transfer functions are analyzed for the three different un-
certainty structures.

6.1 Introduction
The previous three chapters provided system identification techniques for constructing a
model uncertainty set on the basis of measurement data. In system identification for con-
trol these model uncertainty sets can be used for a robustness analysis of the performance
of a controller designed on the basis of the nominal model (e.g. [10],[47]). Alternatively,
the model uncertainty set can be used directly to design a robustly performing controller
[23][22].

Theorem 4.4-5 showed how from an identification experiment the measurement data is
mapped into an uncertainty set. The resulting model uncertainty set is represented in a
particular structure, as e.g. a real parametric uncertainty, a norm-bounded rational additive
uncertainty or a non-parametric (boxed, ellipsoidal) additive uncertainty in the frequency
domain (c.q. [68][50][49][26]). The uncertainty bounding results are equally valid when
applied to an estimated model of the coprime factors of the plant or to a model of a closed-
loop plant representation (e.g. its dual Youla parameter) [99], leading to model sets in a
coprime or dual Youla uncertainty structure [95]. In addition to such additive and dual
Youla uncertainty structures resulting from system identification, robust control theory has
formulated a large number of alternative descriptions, as e.g. a (H∞)-norm-bounded mul-
tiplicative uncertainty on the plant model and uncertainties bounded in the gap or ν-gap
metric, see e.g. [111][109].

177
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Figure 6.1-1: Lower (a. left) and upper (b. right) linear fractional transformations in a control loop
of a model with uncertainty.

Amongst such a variety of possible uncertainty structures a relevant question is what the
implications are of a particular choice of structure for the identification for robust control
problem. An ultimate question to be answered would be what is, for a given purpose (robust
stability/performance analysis or synthesis), the best model uncertainty structure in which
to identify the model set (nominal model and uncertainty bound). And consequently, what
would be the best experiment allowing for minimization of the uncertainty.

While extensive literature exists dealing with characteristics of each uncertainty structure,
answering the posed question requires a thorough comparison and a bridging of the gap
between identification and robust control that goes beyond the present state of the art. Com-
putational tools for calculating robust performance over uncertainty sets are available for
many structures [111][109]. Here we will focus in particular on analytical expressions. In
Chapters 7 and 8 aspects are highlighted in which the various uncertainty structures differ
in their consequences for robust analysis and design and in their potentials to be determined
on the basis of realistic experimental data. This chapter will discuss the relevant charac-
teristics of three uncertainty structures, viz. the additive, dual Youla and ν-gap uncertainty
structure.

A convenient way of dealing with model uncertainty and closed-loop performance functions
is in terms of upper and lower linear fractional transformations (cf. Figure 6.1-1). The
mapping of the open-loop transfer functionsG∆ to closed-loop performance functions with
a controller C can be described with a lower linear fractional transformation (LFT)

F (P,C) := P11 + P12C (1 + P22C)
−1 P21.

This is indicated in Figure 6.1-1(a). Similarly, the three uncertainty sets considered in this
thesis (additive, dual Youla and ν-gap) will be shown to be representable in terms of an
upper LFT (see Figure 6.1-1(b)):

Fu(P,∆) := P22 + P21∆ (1 + P11∆)
−1 P12.

As a result, for the discussion in this thesis it is essential to specify the consequences of
LFT mappings when applied to uncertainty sets. In Section 6.3 an analysis is provided of
the mapping of uncertainty sets under a linear fractional transformation. This analysis al-
lows for a comparison in Section 6.4 of amplitude-bounded frequency response uncertainty
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regions in the additive, dual Youla and ν-gap uncertainty structure. Additionally, model
uncertainty sets in terms of rational transfer functions are analyzed for the three different
uncertainty structures (Section 6.5).

6.2 Properties of uncertainty structures under consideration

This section recalls the properties of a number of a model uncertainty structures. In particu-
lar, the linear fractional transformation based uncertainty framework is briefly recalled. The
additive, the dual Youla parameter and the ν–gap uncertainty structure is provided and their
main properties discussed. In addition the gap and Λ-gap are briefly related to the ν-gap
and dual Youla parameter, respectively.

6.2.1 General linear fractional transformation based structures

Consider the standard interconnection framework following [111] and [86] as described in
Section 2.1. Figure 6.2-2 depicts the representation of a plantG∆ in terms of an upper linear
fractional transformation with an uncertainty∆, i.e.

G∆ = Fu(P,∆) := P22 + P21∆ (1 + P11∆)
−1 P12, (6.1)

for
P :=

∙
P11 P12
P21 P22

¸
.

The freedom in the components of the interconnection P allows for a large range of un-
certainty structures. This uncertainty representation leads to the following general plant
uncertainty set.

P

∆w ∆z

∆

u y

Figure 6.2-2: Representation of a plant G∆ by means of a linear fractional transformation of an
interconnection P and uncertainty block ∆.

Definition 6.1 (General uncertainty set) The general uncertainty set G(P,W,V ) with
norm-bounded uncertainty∆ is defined as

G(P,W, V ) :=
n
G∆ | G∆ = P22 + P21∆ (1 + P11∆)

−1
P12 ,°°V −1∆W−1°°∞ ≤ 1ª , (6.2)
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with V andW weighting function of suitable dimensions. ¤

Usually these uncertainty structures are defined with conditions on the unstable poles and
zeros of the elements of the set to allow robust stability conditions to be derived. In this
section no constraints are placed yet on the elements of the uncertainty sets. In Chapter 5
the robust stability conditions are discussed.

Remark 6.2-1 An important possible use of the weighting functionsW and V in the above
uncertainty sets is to turn the H∞-norm bound into a frequency point-wise bound on the
maximum singular value. To this end the matrices are chosen as W = I and V as the
identity matrix times a scalar transfer function.

6.2.2 Additive uncertainty structure

In the additive uncertainty structure the plant G∆ is represented with respect to a nominal
model Gx and an additive uncertainty block∆a as

G∆ = Gx +∆a. (6.3)

which corresponds to the general structure (6.1) with

P =

∙
0 I
I Gx

¸
. (6.4)

This additive uncertainty structure can induce the following additive uncertainty set.

Definition 6.2 (Additive uncertainty set) The additive uncertainty set Ga(Gx,Wa, Va)
with unstructured norm-bounded uncertainty∆a is defined as

Ga(Gx,Wa, Va) := {G∆ | G∆ = Gx +∆a ,°°V −1a ∆aW
−1
a

°°
∞ ≤ 1

ª
, (6.5)

with Gx a nominal model. ¤

6.2.3 Coprime perturbation uncertainty structure

A coprime factorization represents a plant G as the quotient of two stable transfer function
matrices. Moreover, the two functions are such that they do not have any unstable zeros in
common. An advantage of the coprime factorization is the fact that unstable systems can be
dealt with in the same manner as stable systems. For the theory on coprime factorizations
the reader is referred to standard books such as [106] and [111], while here only the main
properties are given along which the used notation is defined.

Definition 6.3 [111] The transfer function matricesN,D ∈RH∞ having the same num-
ber of columns and the matrices Ñ , D̃ ∈ RH∞ having the same number of rows are right
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coprime and left coprime overRH∞, respectively, if there existX , Y , X̃, Ỹ ∈RH∞ such
that

XN + Y D = I and ÑX̃ + D̃Ỹ = I.

These equations are known as Bezout identities. ¤

The specific characteristic of coprime factors is the fact that they do not contain common
unstable zeros. Any proper real rational plant admits a representation in terms of coprime
factors.

Definition 6.4 Consider a proper plant G ∈ R. Then there exist left and right coprime
factorizations (N,D) and

³
Ñ, D̃

´
, respectively, such that

G = ND−1 = D̃−1Ñ, (6.6)

where N and Ñ are proper and whereD and D̃ are proper, square and invertible. ¤

Since ND−1 = D̃−1Ñ , these coprime factorizations have the property that D̃N = ÑD,
such that, with Definitions 6.3 and 6.4, there existX , Y , X̃ , Ỹ ∈RH∞ such that∙

Y X

−Ñ D̃

¸ ∙
D −X̃
N Ỹ

¸
=

∙
I 0
0 I

¸
. (6.7)

A coprime factorization (N̄, D̄) is said to be normalized, indicated by the overbar (̄·)
when10

N̄∗N̄ + D̄∗D̄ = I (6.8)

which is unique to within a unitary transformation. Similarly, a right coprime factorization³
¯̃N, ¯̃D

´
is normalized when

¯̃N ¯̃N∗ + ¯̃D ¯̃D∗ = I. (6.9)

Coprime factorizations are not unique since each factor can be multiplied by an arbitrary
unimodular Q (i.e. Q,Q−1 ∈ RH∞). Many specific characteristics of coprime factoriza-
tions are obscured when the factorization is not made unique. In the remainder of the thesis
coprime factors will always be normalized11 and the freedom in a coprime factorization is
explicitly indicated by a unimodular weighting functionQ, i.e.

G =
¡
N̄Q

¢ ¡
D̄Q

¢−1
=
³
Q̃ ¯̃D

´−1 ³
Q̃ ¯̃N

´
10A∗(s) denotes AT (−s) and A∗(z) denotes AT (z−1)
11The non-uniqueness of the normalized factorization with respect to a unitary transformation has no conse-

quences in the context of this thesis due to the fact that a unitary transformation does not affect the norm of a
matrix.
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For left and right normalized coprime factors
¡
N̄, D̄

¢
and

³
¯̃N, ¯̃D

´
it holds that∙

N̄∗ D̄∗

− ¯̃D ¯̃N

¸"
N̄ − ¯̃D∗
D̄ ¯̃N∗

#
=

∙
I 0
0 I

¸
and (6.10)"

N̄ − ¯̃D∗
D̄ ¯̃N∗

# ∙
N̄∗ D̄∗

− ¯̃D ¯̃N

¸
=

∙
I 0
0 I

¸
. (6.11)

The first expression (6.10) follows directly from the definition of right and left normalized
coprime factors and the fact that

− ¯̃DN̄ + ¯̃ND̄ = ¯̃D
³
−N̄D̄−1 + ¯̃D−1 ¯̃N

´
D̄ = 0.

The second expression (6.11) is less immediate but follows directly from the fact that the
left and right inverse are equal for square full rank matrices. Expressions (6.10) and (6.11)
state that this matrix is unitary. Further it holds that

D̄∗D̄ = 1− N̄∗N̄ =⇒
¡
D̄∗D̄

¢−1
= 1−G∗G, (6.12)

showing that the normalized factor D̄ is a stable spectral factor of (1−G∗G)−1.

A plant G∆ = N∆D
−1
∆ can be related to a nominal model Gx = N̄xD̄

−1
x in terms of the

difference in their coprime factors, i.e.∙
N̄∆
D̄∆

¸
Q =

∙
N̄x

D̄x

¸
+

∙
∆N

∆D

¸
. (6.13)

This corresponds to the general structure (6.1) with

P =

∙ £
0 −D−1x

¤
D̄−1x£

I −Gx

¤
Gx

¸
and∆ =

∙
∆N

∆D

¸
(6.14)

and yields the following coprime factor perturbation uncertainty set.

Definition 6.5 (Coprime factor perturbation uncertainty set) The coprime factor uncer-
tainty set
Gcop(Gx,Wcop, Vcop) (with unstructured uncertainty

£
∆T
N ∆T

D

¤T ) is defined as
Gcop(Gx,Wcop, Vcop) :=

©
G∆ | G∆ = (N̄x +∆N )(D̄x −∆D)

−1 ,°°°°V −1cop

∙
∆N

∆D

¸
W−1cop

°°°°
∞
≤ 1

¾
, (6.15)

with (N̄x, D̄x) the normalized right coprime factorization of a nominal model Gx. ¤

6.2.4 ν-gap uncertainty structure

The coprime factor perturbation uncertainty structure describes one plant in terms of two
transfer function matrices. This non-uniqueness is absent when using the gap metrics or a
dual Youla parameterization to describe the coprime perturbation. The ν-gap uncertainty of
Vinnicombe [108] relates to the gap metric [44] and the Λ-gap of [12][13]. These will be
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discussed first.

The coprime uncertainty structure of expression (6.13) is clearly not unique due to the free-
dom in the coprime factorization of G∆ represented by the unimodular transfer function
matrix Q. To determine uniquely whether a plant G∆ is contained in Gcop(Gx,Wcop, Vcop)
of Definition 6.5 it is required to search for the smallest possible norm of the uncertainty.
Without the weighting functions Vcop andWcop, this leads to the gap and ν-gap metric.

The directed gap
−→
δ (Gx, G∆) results from minimizing the norm of the uncertainty under

the condition that the uncertainty remains stable, i.e.
−→
δ (Gx, G∆) = inf

∆N ,∆D∈RH∞

°°°°∙ ∆N

∆D

¸°°°°
∞
= inf

Q∈RH∞

°°°°∙ N̄x

D̄x

¸
−
∙
N̄∆
D̄∆

¸
Q

°°°°
∞
.

(6.16)
The gap metric δ (Gx,G∆) is defined as the maximum over the two directed gaps−→
δ (Gx,G∆) and

−→
δ (G∆, Gx) [44].

The ν-gap δν (Gx, G∆) results from minimizing the norm of the uncertainty without requir-
ing that the uncertainty remains stable, i.e.

δν (Gx, G∆) = inf
∆N ,∆D∈RL∞

°°°°∙ ∆N

∆D

¸°°°°
∞
= inf

Q∈RL∞

°°°°∙ N̄x

D̄x

¸
−
∙
N̄∆
D̄∆

¸
Q

°°°°
∞
.

(6.17)
The ν-gap itself is a metric, satisfying δν (Gx, G∆) = δν (G∆, Gx) [108].

If it is known that a controller C stabilizes the nominal model Gx, this knowledge can
be exploited by extending the directed gap to the so called Λ-gap introduced by Bongers
(1991), defined as
−→
δΛ (Gx, G∆) = inf

∆N ,∆D∈RH∞

°°°°∙ ∆N

∆D

¸°°°°
∞
= inf

Q∈RH∞

°°°°∙ N̄x

D̄x

¸
Λ−1 −

∙
N̄∆
D̄∆

¸
Q

°°°°
∞
,

(6.18)
where Λ = ¯̃NcN̄x +

¯̃DcD̄x and
³
¯̃Nc,

¯̃Dc

´
a normalized left coprime factorization of the

controller C.

The ν-gap δν (Gx, G∆) can be represented more conveniently by making the minimization
in (6.17) explicit. With the unitary and therefore norm-preserving matrix of the identity
(6.10), expression (6.17) can be expressed as

δν (Gx, G∆) = inf
Q∈RL∞

°°°°∙ N̄∗∆ D̄∗∆
− ¯̃D∆ ¯̃N∆

¸µ∙
N̄x

D̄x

¸
−
∙
N̄∆
D̄∆

¸
Q

¶°°°°
∞

= inf
Q∈RL∞

°°°°∙ N̄∗∆N̄x + D̄∗∆D̄x −Q

− ¯̃D∆N̄x +
¯̃N∆D̄x

¸°°°°
∞

=

°°°°h − ¯̃D∆ ¯̃N∆

i ∙ N̄x

D̄x

¸°°°°
∞
, (6.19)

where the minimizing factor Q = N̄∗∆N̄x + D̄∗∆D̄x ∈ RL∞. One more alternative repre-
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sentation is given by

δν (Gx, G∆) =
°°°(1−G∆G

∗
∆)
− 1
2 (G∆ −Gx) (1−G∗xGx)

− 1
2

°°°
∞

(6.20)

which follows from rewriting expression (6.19) and using expression (6.12). For a frequency
point-wise evaluation the chordal distance is introduced, defined as

κ (Gx, G∆) = σ̄
³
(1−G∆G

∗
∆)
− 1
2 (G∆ −Gx) (1−G∗xGx)

− 1
2

´
(6.21)

= σ̄

µh
− ¯̃D∆ ¯̃N∆

i ∙ N̄x

D̄x

¸¶
. (6.22)

The maximum of the chordal distance over frequency is the ν-gap. With this expression it
is also readily established that the ν-gap is always smaller than 1, since

κ (Gx, G∆) ≤ σ̄
³h
− ¯̃D∆ ¯̃N∆

i´
σ̄

µ∙
N̄x

D̄x

¸¶
= 1.

The ν-gap metric can induce the following ν-gap uncertainty set.

Definition 6.6 (ν-gap uncertainty set) The ν-gap uncertainty set Gν(Gx,Wν , Vν) is de-
fined as

Gν(Gx,Wν , Vν) :=
n
G∆ |

°°°V −1ν

³
¯̃N∆D̄x − ¯̃D∆N̄x

´
W−1ν

°°°
∞
≤ 1

o
(6.23)

with (N̄x, D̄x) and (N̄∆, D̄∆) normalized right coprime factorizations of a nominal model
Gx and the plants G∆, respectively. ¤

In the standard ν-gap representation the weighting functions Vν = I and Wν equals the
identity times a scalar function with amplitude smaller than one.

6.2.5 Dual Youla uncertainty set

The dual Youla uncertainty structure follows from a parametrization of the plant G∆ in
terms of the coprime factors of a nominal modelGx and an auxiliary controllerC [106][95].
In particular, the perturbation of (6.13) is constrained with the coprime factorization of the
controller C as ∙

∆N

∆D

¸
=

∙
D̄c

−N̄c

¸
∆G.

In Chapter 5 on stability it is recalled that this constraint follows naturally from a search for
all plants stabilized by the controller C.
The dual Youla representation of a plant G∆ is therefore given by

G∆ = (N̄x + D̄c∆G)(D̄x − N̄c∆G)
−1 (6.24)

= ( ¯̃Dx − ∆̃G
¯̃Nc)
−1( ¯̃Nx + ∆̃G

¯̃Dc), (6.25)

where (N̄ , D̄),
³
¯̃N, ¯̃D

´
are normalized right and left coprime factorization of a nominal

model Gx and (N̄c, D̄c),
³
¯̃Nc,

¯̃Dc

´
are normalized right and left coprime factorizations of

an auxiliary controller C. The dual Youla parameters∆G and ∆̃G are uniquely defined by
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∆G = D̄−1c (I +G∆C)
−1(G∆ −Gx)D̄x (6.26)

∆̃G = ¯̃Dx(G∆ −Gx)(I + CG∆)
−1 ¯̃D−1c . (6.27)

The dual Youla uncertainty structure corresponds to the general structure (6.1) with

P =

∙
−D̄−1x N̄c D̄−1x
GxN̄c + D̄c Gx

¸
, (6.28)

which follows, e.g., from application of Lemma 6.3-2 below (see also [22]). This dual Youla
uncertainty structure can induce the following Youla uncertainty set.

Definition 6.7 (Youla uncertainty set) The Youla uncertainty set
GY (Gx, C,Q,Qc,WY , VY ) (with unstructured norm-bounded Youla parameter uncertainty
∆G) is defined as

GY (Gx, C,Q,Qc,WY , VY ) :=
©
G∆ | G∆ = (N̄x + D̄c∆G)(D̄x − N̄c∆G)

−1 ,°°V −1Y Q−1c ∆GQW
−1
Y

°°
∞ ≤ 1

ª
, (6.29)

with (N̄x, D̄x) and (N̄c, D̄c) the normalized right coprime factorizations of a nominal
model Gx and an auxiliary controller C, respectively. ¤

The Youla uncertainty set depends on the nominal modelGx and controllerC and the choice
of their respective coprime factorization. The freedom in choosing the coprime factorization
is represented in this thesis, as mentioned before, by the unimodular matrices Q and Qc,
respectively, i.e.

Gx = NxD
−1
x = N̄xQ

¡
D̄xQ

¢−1 and
C = NcD

−1
c = N̄cQc

¡
D̄cQc

¢−1
.

For a dual Youla representation of a plant G∆, in terms of a coprime factorization of Gx

and C and a dual Youla parameter∆R, it then holds that

G∆ = (N̄xQ+ D̄cQc∆R)(D̄xQ− N̄cQc∆R)
−1, i.e.

G∆ = (N̄x + D̄c

¡
Qc∆RQ

−1¢)(D̄x − N̄c

¡
Qc∆RQ

−1¢)−1
and an uncertainty set results from a weighted norm bound on the dual Youla parameter
∆R, e.g. °°V −1Y ∆RW

−1
Y

°°
∞ ≤ 1.

The substitution ∆G = Qc∆RQ
−1 leads to the formulation of the Youla uncertainty set of

expression (6.29). This shows that the choice of coprime factorization, reflected in Q and
Qc, can be interpreted as choosing a weighting factor on the dual Youla parameter ∆G of
expression (6.26) corresponding to normalized factorizations (N̄x, D̄x) and (N̄c, D̄c) of the
nominal model Gx and auxiliary controller C.
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6.2.6 Gap versus ν-gap and Λ-gap versus Youla uncertainty

In Section 6.2.4 is was seen how the directed gap
−→
δ (Gx,G∆) and the ν-gap δν (Gx, G∆)

are related to one another. The definitions of the directed gap
−→
δ (Gx, G∆) and the ν-gap

δν (Gx, G∆) in expressions (6.16) and (6.17), respectively, showed their difference to lie
with the properties of the minimizing argument Q. While Q is restricted to RH∞ for
the directed gap, the argument is allowed to be an element of RL∞ for the ν-gap thereby
enabling the actual infimum of the coprime norm expression to be reached.
TheΛ-gap and the Youla uncertainty can be similarly be related to one another. In particular,
the Λ-gap

−→
δΛ (G∆, Gx) between G∆ and Gx (as opposed to

−→
δΛ (Gx, G∆) between Gx and

G∆ as defined in (6.18)) and the Youla uncertainty ∆̃G of expressions expression (6.27),
respectively, share the same connection as the directed gap and the ν-gap. This follows from
expression

−→
δΛ (G∆, Gx), following expression (6.18), as

−→
δΛ (G∆,Gx) = inf

Q∈RH∞

°°°°∙ N̄∗x D̄∗x
− ¯̃Dx

¯̃Nx

¸µ∙
N̄∆
D̄∆

¸
Λ−1∆ −

∙
N̄x

D̄x

¸
Q

¶°°°°
∞

= inf
Q∈RH∞

°°°°°
" ¡

N̄∗xN̄∆ + D̄∗xD̄∆
¢
Λ−1∆ −Q³

− ¯̃DxN̄∆ +
¯̃NxD̄∆

´
Λ−1∆

#°°°°°
∞
, (6.30)

in which we used that fact the matrix in the identity (6.10) is unitary and therefore norm-
preserving. If the minimizing argument Q would be allowed to be an element of RL∞,
the minimizing argument would be Q =

¡
N̄∗xN̄∆ + D̄∗xD̄∆

¢
Λ−1∆ ∈ RL∞ yielding the

minimal value of (6.30) to be°°°³− ¯̃DxN̄∆ +
¯̃NxD̄∆

´
Λ−1∆

°°°
∞

=

°°°°³− ¯̃DxN̄∆ +
¯̃NxD̄∆

´³
¯̃NcN̄∆ +

¯̃DcD̄∆

´−1°°°°
∞

=
°°° ¯̃Dx (G∆ −Gx) (1 + CG∆)

−1 ¯̃D−1c
°°°
∞

=
°°°∆̃G

°°°
∞
.

6.3 Mapping uncertainty sets with Linear Fractional
Transformation

In this section an analytical expression for the transformation of a circular uncertainty set
under a linear fractional transformation is presented. Additionally, the mapping of non-
circular uncertainty sets and the mapping of probability density functions with a linear frac-
tional transformation is discussed.

6.3.1 Mapping of circles under a linear fractional transformation

The linear fractional transformation is a Möbius transformation, which is known to map
circles into circles [79]. Here this result is recalled in an explicit formulation (see e.g. [28]).
Such a formulation allows for much insight when comparing uncertainty structures and their
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influence on performance.

Proposition 6.3-1 Consider the linear fractional transformation based uncertainty set
G(P,W ) and the additive uncertainty set Ga(Fcentre,Wa), given by

G(P,W ) =
n
F | F = P22 + P21∆ (1 + P11∆)

−1 ,
¯̄
W−1∆

¯̄
≤ 1

o
Ga(Fcentre,Wa) =

©
F | F = Fcentre +∆a,

¯̄
W−1a ∆a

¯̄
≤ 1

ª
. (6.31)

It holds that
G(P,W ) = Ga(Fcentre,Wa)

with

Fcentre = P22 +
P21
P11

Ã
1− 1

1− |P11W |2

!
and Wa =

P21

1− |P11W |2
W,

whenever 1 − |P11W |2 ≥ 0. At those frequencies where |P11W | > 1, the frequency re-
sponses of the set G(P,W ) lie in the area outside the circle Fcentre+∆a, i.e. the inequality
sign in expression (6.31) is reversed. ¤

Proof: Consider the simple linear fractional transformation Z =
1

1 +∆
, |∆| ≤ |W | .

Since∆ = 1−Z
Z it holds that

|1− Z|2 ≤ |W |2 |Z|2

With |1− Z|2 = (1− Z)(1− Z)∗, this reads

|Z|2
³
1− |W |2

´
− Z − Z∗ ≤ −1

which with completion of the squares results in¯̄̄̄
¯Z − 1

1− |W |2

¯̄̄̄
¯
2

≤ |W |2³
1− |W |2

´2
where the inequality sign should be reversed in case

³
1− |W |2

´
< 0. Therefore, it

holds that
Z =

1

1− |W |2
+∆Z , with |∆Z | ≤

|W |
1− |W |2

. (6.32)

As the linear fractional transformation F (P,∆) of expression (6.1) can be written as,

F = P22 +
P21
P11

µ
1− 1

(1 + P11∆)

¶
,

Proposition 6.3-1 is seen to hold by shifting and scaling with respect to the result in
expression ((6.32)). This is elaborated in Appendix 6A.2 ¤

Remark 6.3-2 The notation in the proposition reflects an evaluation in the frequency do-
main. Apart from the resulting simplified notation, this is motivated by the fact that the
application of the proposition in providing insight in the mapping of uncertainty sets under
a linear fractional transformation will take place in the frequency domain mainly. However,
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Figure 6.3-3: Behaviour of the set G(P,W ) as the amplitude |W | increases.
Depicted are the amplitude |Wa| as a function of |W | (left), the shift factor 1− 1− |P11W |2 −1

of the centre Fcentre from P22 in the direction of P22 +P21P
−1
11 (middle) and the boundary circle of

G(P,W ) for four values of |W | (right). As the |W | increases from zero the centre moves from P22
in the direction of P22 + P21P

−1
11 with a shift factor indicated in the middel graph. The set is first

seen to move away from P22 along the line between P22 and P22 + P21P
−1
11 while the amplitude is

increasing (left). At |W | = |P11|−1 the amplitude and centre reach infinity and G(P,W ) spans an
entire halfplane. As |W | continues to increase the set G(P,W ) increases as well, but is now defined
as the exterior of the boundary circle, whose amplitude |Wa| is seen to decrease to zero (left), while
the centre moves towards P22 + P21P

−1
11 (and the shifting factor becomes 1). The arrows on the

boundary circle indicate whether the set is on the interior or exterior: the set is always on the right
hand side of the boundary circle.

the Proposition holds exactly true for real rational transfer functions as well, in which case
the amplitude value |X|2 is to be substituted by X(s)X∗(s) and the square root

q
|X|2 is

to be interpreted as the spectral root of X∗(s)X(s). Throughout the thesis the results will
be formulated in this way. If not mentioned otherwise, all results apply for real rational
systems.

Proposition 6.3-1 shows that a circular region in the frequency domain is mapped by a
linear fractional transformation again into a circle. However, the original centre P22 is not
the new centre unless the linear fractional transformation happens to be affine (P11 = 0).
Further, the radius |Wa| is easily shown to increase whenever |W | is increasing as long as
|P11W | < 1 (cf. Appendix 6A.3). In this case the interior of the circle defined by |W | is
mapped to the interior of the circle defined by Fcentre and |Wa|. The radius |Wa| decreases
with |W | whenever |P11W | > 1, in which case the interior of the first set is mapped to the
exterior of the latter one (cf. Figure 6.3-3).

At a particular frequency the following can be discerned with respect to the size |W | of the
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uncertainty∆ (cf. Figure 6.3-3 :
1. For |W | = 0, the set G(P,W ) consists of only P22.
2. While |W | < 1, as the amplitude |W | of the uncertainty∆ increases from zero onwards,

the circular set G(P,W ) increases in amplitude, while the centre is shifting from P22
along the line P22 + αP21P

−1
11 with real α < 0, i.e. away from P22 + P21P

−1
11

3. At |W | = |P11|−1 both the amplitude and the centre are infinity, but the set spans only a
halfplane. The halfplane is defined by the line perpendicular to the line P22+αP21P

−1
11

passing through the point

lim
|W |→|P11|−1

µ
Fcentre +

P21
P11

¯̄̄̄
P11
P21

¯̄̄̄
|Wa|

¶
= P22 −

1

2

P21
P11

,

which is elaborated in Appendix 6A.3
4. While |W | > |P11|−1 , as the amplitude |W | is increasing further, the set G(P,W )

increases as well. However, the amplitude |Wa| is decreasing towards zero as the set
G(P,W ) is now described on the exterior of the boundary circle. The centre of the set
has passed through infinity along the line P22 + αP21P

−1
11 and reappeared, so to say,

on the other side. That is, the centre is now moving from P22 +∞ · P21P−111 towards
P22+P21P

−1
11 still along the line P22+αP21P

−1
11 , i.e. with α decreasing from infinity

to 1. When the entire complex plane is imagined to be spherical, it is easily visualized
how a circular set expands till the boundary circle has the size of the sphere (part 3)
after which the boundary circle is pulled over the back of the sphere to reappear from
the other side.

5. For |W |→∞, the set tends to cover the entire complex plane with the exception of an
ever decreasing region around P22 + P21P

−1
11 .

To facilitate future use of Proposition 6.3-1, a lemma is provided showing multiple descrip-
tions of the linear fractional transformation (6.1).

Lemma 6.3-2 The following descriptions of a linear fractional transformation are equiv-
alent for scalar linear time invariant systems:

1. F (P,∆) = P22 + P21∆ (1 + P11∆)
−1

2. F (A,B,C,D,∆) =
A+B∆

C +D∆

3. F (K,H,M,∆) = K +
H

1 +M∆

if

A = P22, B = P22P11 + P21, C = 1, D = P11

K =
B

D
, H = DA−BC

CD , M =
D

C

K =
P22P11 + P21

P11
, H =

−P21
P11

, M = P11.

A proof follows from algebraic manipulations and is provided in appendix 6A.1. ¤
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Corollary 6.3-3 Consider the set of Definition 6.1 and the additive uncertainty set of De-
finition 6.2,

G(P,W ) =
©
F | F = Fu (P,∆) ,

¯̄
W−1∆

¯̄
≤ 1

ª
Ga(Gcentre,Wa) =

©
F | F = Fcentre +∆a,

¯̄
W−1a ∆a

¯̄
≤ 1

ª
. (6.33)

It holds that

G(P,W ) = Ga(Gcentre,Wa)

with

Fcentre =
B

D
+

AD−BC
CD

1−
¯̄
D
CW

¯̄2 = A

C

1

1−
¯̄
D
CW

¯̄2 − B

D

¯̄
D
CW

¯̄2
1−

¯̄
D
CW

¯̄2 (6.34)

Wa =

¡
A
C −

B
D

¢
D
C

1−
¯̄
D
CW

¯̄2W (6.35)

or

Fcentre = K +
H

1− |MW |2
= (K +H)

1

1− |MW |2
−K

|MW |2

1− |MW |2
(6.36)

Wa =
HM

1− |MW |2
W (6.37)

whenever 1 − |MW |2 ≥ 0 and 1 −
¯̄
D
CW

¯̄2 ≥ 0, respectively, and with A,B,C,D and
K,H,M such that

F (P,∆) = F (A,B,C,D,∆) = F (K,H,M,∆)

corresponding to Lemma 6.3-2. At those frequencies where
³
1− |MW |2

´
< 0 and³

1−
¯̄
D
CW

¯̄2´
< 0, the frequency responses of the set G(P,W ) lie in the area outside the

circle Fcentre +∆a, i.e. the inequality sign in expression (6.31) is reversed. ¤

The alternative expressions nicely show how the centre Fcentre is given as the linear com-
bination of AC and−

B
D , respectively, (K −H) and−K. Similar to the discussion of Figure

6.3-3 it is seen that with increasing amplitude |W | the centre moves away from A
C in the di-

rection of−B
D . After passing through infinity, the centre moves along the same line between

A
C and −

B
D towards +

B
D .

6.3.2 LFT mapping of ellipsoids

In Chapter 4 it was seen that the Prediction Error identification renders ellipsoidal uncer-
tainty regions in the frequency domain. While the exact mapping of an ellipsoidal region
under a linear fractional transformation is more complex, Proposition 6.3-1 can still provide
important information. A general ellipsoidal uncertainty region D(P∆) in the frequency
domain is defined with P∆ ∈ R2×2 as

D(P∆) :=
n
∆ ∈ C |

£
Re (∆) Im (∆)

¤
P−1∆

£
Re (∆) Im (∆)

¤T ≤ 1o . (6.38)
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The circle with the largest eigenvalue λmax(P∆) of P∆ as amplitude is the smallest circle
still containing the ellipsoidD(P∆). The circle with radius equal to the smallest eigenvalue
λmin (P∆) is the largest circle which can fit in the ellipsoid. If Proposition 6.3-1 is applied
to these two circles, important conclusions can be derived. Figure 6.3-4 depicts the map-
ping of ellipsoids at a number of frequencies corresponding to the following example.
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Figure 6.3-4: Transformation of circular, ellipsoidal and boxed uncertainty bounds from plant model
G (left) to closed-loop transfer model CG/(1 +CG) (right).

Example 6.3-1 Consider an estimate Tx of the complementary sensitivity function T0 =
C0G0

1+C0G0
and a corresponding frequency response uncertainty set given at a particular fre-

quency ω by

Tω = {T (ω) | Tx (ω) +∆T (ω) ,∆T (ω) ∈ D(P∆ (ω))} ,
withD(P∆ (ω)) as defined in (6.38). Using knowledge of the controller C0, an estimateGx

of the open-loop plant G0 follows from

Tx =
C0Gx

1 + C0Gx
⇔ Gx =

Tx
C0 (1− Tx)

. (6.39)

Similarly, the uncertainty set Tω can be mapped into a plant uncertainty set Gω given by

Gω :=
½
G (ω) | Tx (ω) +∆T (ω)

C0(ω) (1− Tx (ω) +∆T (ω))
,∆T (ω) ∈ D(P∆ (ω))

¾
.

¤

The figures illustrate the properties of a linear fractional transformation being a conformal
mapping 12. An excellent book on complex analysis with a refreshing visual approach is
by Needham (1997). A conformal mapping preserves angles locally, implying that closed
curves are mapped into closed curves. However, the mapping need not preserve convexity.
The figures also show that the "deformation" and the possibility of nonconvexity increases
whenever the ratio between the radii of the mapping of the inner and outer circle increases.
This ratio depends on the conditioning number of P∆, i.e. λmax

λmin
and the term P11 of the

12Let f(z) be an analytic function in the domain D, and let zo be a point in D. If f 0(zo) 6= 0, then f(z) is
conformal at zo. [79]
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mapping. In particular, Proposition 6.3-1 shows that

Wa(λmax)

Wa(λmin)
=

Ã
1− |P11λmin|2

1− |P11λmax|2

!
λmax
λmin

, (6.40)

where Wa(λmax) is the radius of the LFT mapping of the smallest circle still containing
the ellipsoidal region and whereWa(λmin) is the radius of the LFT mapping of the largest
circle which can fit in the ellipsoid.
The dependency on the term P11 of the LFT mapping in expression (6.40) can be further ex-
plained using the fact that the derivative of |Wa| with respect to |W | quickly becomes large
when |W |→ |P11|−1, which was derived in Appendix 6A.3 and illustrated in Figure 6.3-3.
Therefore, whenever¯̄̄
P11

(λmin+λmax)
2

¯̄̄2
→ 1, the difference betweenWa(λmax) andWa(λmin) tends to become

large, implying a larger degree of "deformation" and possible nonconvexity. Of course, the
orientation of the ellipsoid is a determining factor as well, since this determines where the
inner and outer circle coincide with the mapping of the ellipsoid.

Important are the qualitative facts which still hold with respect to the mapping of circular
regions:
1. The set G(P,P∆)mapping is "located" around a centre shifted from P22 along the line

between P22 and P22 + P21P
−1
11 .

2. Whenever the uncertainty∆ increases, the set G(P, P∆) increases.

3. The set G(P, P∆) is defined on the exterior of the boundary whenever |P11λmin|2 > 1
and possibly (depending on the rotation of the ellipsoid) already when |P11λmax|2 > 1.

In other words, the same qualitative conclusions can be drawn for ellipsoidal uncertainty
regions as for circular uncertainty regions.

6.3.3 Probability distribution and a linear fractional transformation

6.3.3.1 Mapping of a probability density function

Classical system identification not only provides uncertainty regions but probability density
functions. Here the complex probability density function in the frequency domain is evalu-
ated. When a model is mapped with an linear fractional transformation, for example in the
dual Youla parameterization or in the mapping from open-loop plant to closed-loop transfer
functions, the associated probability function is also mapped.
The exact nature of the mapping of a probability density function by a linear fractional
transformation is derived first.

Proposition 6.3-4 Given the bijective linear fractional transformations f(∆) and δ (F )
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defined by

f(∆) : ∆→ F =
A+B∆

C +D∆
(6.41)

δ(F ) : F → ∆ = −A− CF

B −DF
. (6.42)

which are such that for every F = f(∆) there exist a unique∆ = δ (F ) and vice versa.
The probability density function p∆ (∆) of∆ and the probability density function pF (F ) of
the linear fractional transformation F satisfy

pF (F ) =

¯̄̄̄
¯(C +D∆)

2

CB −AD

¯̄̄̄
¯
2

p∆(∆)

=

¯̄̄̄
¯ CB −AD

(B −DF )2

¯̄̄̄
¯
2

p∆(δ (F )).

A proof is provided in Appendix 6B. ¤

Proposition 6.3-4 shows that probability density functions are not preserved under a lin-
ear fractional transformation unless it is affine (D = 0). As shown in Heath (2000) this
has strong consequences, for example, for the statistical properties of models estimated
from closed-loop data with the indirect method. When the estimated closed-loop model
Tx = C0Gx (1 + C0Gx)

−1 is unbiased, the open-loop model Gx, recalculated using the
controller C0, is not. Similarly, when the closed-loop performance of an open-loop model
Gx with a controllerC is evaluated, the performance will have a probability density function
according to Proposition 6.3-4. Optimization over the controller C of the nominal perfor-
mance with Gx is now seen not to yield the same result as the optimization over C of the
mean closed-loop performance.

6.3.3.2 Mapping of confidence regions

In the standard Prediction Error identification an uncertainty region is used based on an
α% confidence level under the Gaussian distribution (cf. Chapter 3). While the Gaussian
distribution is not preserved if the uncertainty region is mapped by a linear fractional trans-
formation, the mapping of the region will still correspond to an α% confidence level, since
the mapping is bijective and closed contours are mapped into closed contours. However, the
mapped uncertainty region is not automatically a smallest possible region corresponding to
an α% probability in the new domain. Actually, the original uncertainty region should be
chosen such that the resulting mapped region becomes as small as possible. This is applica-
ble, for example, in case of control performance analysis.
Alternatively, the fact that the mapped region does not correspond to the smallest α% prob-
ability in the new domain provides a counter argument against favouring ellipsoidal uncer-
tainty regions over circular regions under a complex Gaussian distribution because of the
former inducing the smallest possible region at a particular confidence level. A priori it can-
not be said what the effect of the shape of the uncertainty region will be on the worst-case
performance since this depends on the performance function and designed controller.
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6.4 Uncertainty structures and the frequency domain
The technical results of the previous section allow for a comparison between the additive,
dual Youla and ν-gap uncertainty structures. Only amplitude bounded (circular) uncertainty
sets are considered allowing for analytical expressions to provide for important insight. It
was seen that information derived from these circular sets carries over to ellipsoidal sets at
least qualitatively.

6.4.1 Uncertainty structures and sets of frequency responses

All the uncertainty structures of Section 6.2 can equivalently be described by an additive
structure in terms of their frequency domain properties. While this follows directly from
Proposition 6.3-1 for the scalar Youla parameter uncertainty structure, the v-gap structure
requires a separate proposition to show this fact. First Proposition 6.3-1 applied to the Youla
parameter uncertainty structure is made explicit.

Corollary 6.4-5 The set of frequency responses of all scalar plants
G∆ ∈ GY (Gx, C,Q,Qc,WY ) of Definition 6.7 is equivalently described as an additive
uncertainty set Ga(Gcentre,Wa) of Definition 6.2 with

Gcentre = Gx

Ã
1

1−
¯̄
W̄Y

¯̄2
!
+ C−1

Ã ¯̄
W̄Y

¯̄2
1−

¯̄
W̄Y

¯̄2
!

Wa =
Gx + C−1

1−
¯̄
W̄Y

¯̄2 W̄Y ,

where W̄Y =
N̄cQc

D̄xQ
WY . ¤

Proof The result follows from direct application of expressions (6.34) and (6.35) of Corol-
lary 6.3-3. ¤

Note that the centre of the Youla uncertainty set is given by a linear combination of the
nominal model Gx and the inverse of the controller C used in the Youla parametrization.
As in the discussion of Figure 6.3-3, with P22 = Gx and P22 + P21P

−1
11 = −C−1, it is

seen that with increasing amplitude |W | the centre Gcentre moves away from Gx in the
direction away of −C−1. After passing through infinity, the centre moves along the same
line between Gx and −C−1 back towards −C−1.
Using expressions (6.12) in the definition of W̄Y reveals how the amplitude |WY | of the
dual Youla parameter is mapped into the amplitude |Wa| of the Youla uncertainty set. In
particular, it holds that

Wa =
GxC + 1

C

³
1+|Gx|2
1+|C−1|2

´ 1
2
³
Qc

Q WY

´
1− 1+|Gx|2

1+|C−1|2
¯̄̄
Qc

Q WY

¯̄̄2 (6.43)

which shows that the uncertainty amplitude is amplified with a scaled inverse sensitivity
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times controller function. The scaling is such that it becomes large whenever
¯̄̄
Qc

Q WY

¯̄̄
→³

1 + |C|−2
´³
1 + |Gx|2

´−1
.

The transformation of the ν-gap uncertainty set into an additive structure is indicated in
the following two propositions. First it will be shown that the set of frequency responses
of plants G∆ ∈ Gν(Gx,Wν) of Definition 6.6 can equivalently be described in terms of a
linear fractional transformation.

Proposition 6.4-6 Consider the ν-gap uncertainty set Gν(Gx,Wν) of Definition 6.6 and
define the set Gν(Gx,Wν) as

Gν(Gx,Wν) :=

½
G∆ | G∆ =

N̄x + D̄G∗x∆G

D̄x − N̄G∗x∆G
,°°°°°°°°

r³
1− |Wν |2

´
|Wν |

∆G

°°°°°°°°
∞

≤ 1

⎫⎪⎪⎬⎪⎪⎭ , (6.44)

with
¡
N̄x, D̄x

¢
and

¡
N̄G∗x , D̄G∗x

¢
normalized coprime factorizations of Gx and G∗x, respec-

tively. Then it holds that Gν(Gx,Wν) = Gν(Gx,Wν). ¤

Proof A proof is provided in Appendix 6A.5. ¤

The proposition describes the ν-gap uncertainty in terms of a dual Youla parameter uncer-
tainty using the complex conjugate G∗x of the nominal model as auxiliary controller. This
linear fraction transformation representation of the ν-gap set Gν(Gx,Wν) of Proposition
6.4-6 immediately reveals the circular properties of Gν(Gx,Wν) in the frequency domain.
This is formalized in the following proposition.

Proposition 6.4-7 The set of frequency responses of all plants G∆ ∈ Gν(Gx,Wν) of
Definition 6.6 is equivalently described as an additive uncertainty set Ga(Gcentre,Wa) of
Definition 6.2 with

Gcentre =
Gx

1−
³
1 + |Gx|2

´
|Wν |2

Wa =

r³
1− |Wν |2

´³
|Gx|2 + 1

´
Wν

1−
³
1 + |Gx|2

´
|Wν |2

.

¤

Proof The result follows from direct application of Corollary 6.4-5 and Proposition 6.4-6.
In Appendix 6A.4,
however, a proof is provided which does not require Proposition 6.4-6. ¤
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The centre Gcentre of the uncertainty set is given by a linear combination of the nominal
model Gx and minus the normed nominal model −Gx |Gx|−2 . This is more directly seen
from Corollary 6.4-5 and Proposition 6.4-6 which presents the ν-gap in terms of a dual
Youla parametrization with C = G∗x. Indeed, at |Wν | = 1, the centre Gcentre of the ν-gap
uncertainty set is located at −Gx |Gx|−2. By definition the ν-gap is smaller than one as a
result of which the spectral root in the expression ofWa poses no problems.
As in the discussion of Figure 6.3-3, with P22 = Gx and P22 + P21P

−1
11 = − (G∗x)

−1 =
−Gx |Gx|−2 , it is seen that with increasing amplitude |W | the centre Gcentre moves away
fromGx in the direction away of− (G∗x)

−1. After passing through infinity, the centre moves
along the same line between Gx and −Gx |Gx|−2 back towards −Gx |Gx|−2.
The radius of the ν-gap uncertainty set becomes large whenever the chordal distance |Wv|
approaches

³
1 + |Gx|2

´−1
. When the chordal distance becomes larger than this term, the

ν-gap set is defined on the exterior of the circular region described by Proposition 6.4-7.

The fact that both the Youla uncertainty set and the ν-gap uncertainty set allow for an ad-
ditive description shows that the two sets can be transformed into one another. That both
uncertainty structures induce circular uncertainty regions in the frequency domain could
be gathered from existing literature, see e.g. [109] for the ν-gap structure. However, the
explicit formulation of the uncertainty sets in terms of an additive structure allows for a
thorough comparison, as is further explored in the subsequent section.

Remark 6.4-3 The linear fractional transformation representation of the ν-gap uncer-
tainty structure allows the possibility of identifying the ν-gap between a nominal modelGx

and the true system directly from data. This can be done in a way similar to estimating the
Youla parameter from data. This is elaborated in Appendix 6C.

6.4.2 Difference between uncertainty structures for fixed nominal
model

The additive, the dual Youla and the ν-gap uncertainty structure all describe circular regions
in the frequency domain. The analytical expressions in the previous section reveal their ex-
act nature. Figure 6.4-6 graphically illustrates the differences between the three uncertainty
structures when fixing the nominal model.

6.4.2.1 Directional sensitivity of the uncertainty structures

Starting from a nominal model Gx the additive uncertainty set expands equally in all di-
rections. This is depicted in Figure 6.4-6.a where contours are given associated with an in-
creasing amplitude |Wa| of the uncertainty. The additive uncertainty structure corresponds
to the dual Youla uncertainty by taking the auxiliary controller C = 0 and corresponding to
the discussion following Corollary 6.3-3 it holds that the centre of the set is a linear combi-
nation of Gx and −C−1 = ∞. Infinity not being localized, the centre does not shift with
increasing uncertainty and all directions are measured equally.
On the other hand, the ν-gap uncertainty does favour certain directions of expansion with
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Figure 6.4-6: Illustration of the characteristics of an additive, dual Youla and ν-gap uncertainty
structure with respect to a nominal model Gx. Figures a,b and c depict contours of increasing addi-
tive, dual Youla and ν-gap uncertainty around Gx, respectively. While the contours are concentric
for the additive uncertainty, for the dual Youla uncertainty the centre of the set shifts with increasing
uncertainty along a line betweenGx and −C−1 away from−C−1. Similarly, the ν-gap set is seen to
increase with a centre shifting along a line betweenGx and − (G∗x)−1 away from− (G∗x)−1. Figure
d illustrates the differences when embedding a plant G∆ with the smallest additive set (dotted), the
smallest ν-gap set (dashed) and the smallest dual Youla set (solid) around the nominal modelGx.

respect to the nominal modelGx. The centre was seen to be "pushed away" by−Gx |Gx|−2
from Gx with increasing uncertainty (see contours in Figure 6.4-6.c). When a plant G∆
deviates from the nominal model Gx, the ν-gap (actually the chordal distance) increases
much faster when moving in the direction of −Gx |Gx|−2 than when moving away from
−Gx |Gx|−2.
The dual-Youla uncertainty introduces an extra degree of freedom in terms of the auxiliary
controller C. In Figure 6.4-6.b this controller is seen to influence the uncertainty by pushing
the set away from −C−1. In other words, the dual Youla uncertainty structure is more
tolerant for plants away from Gx and −C−1, while the dual Youla uncertainty increases
rapidly when deviating from Gx in the direction of −C−1.

6.4.2.2 Nesting a plant or a set

Figure 6.4-6.d depicts the nominal model Gx and a plant G∆ and shows the three uncer-
tainty sets which result from measuring the distance between Gx and G∆ in either the
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Figure 6.4-7: Embedding an additive uncertainty Ga(Gx,Wa) (blue solid) with a ν-gap uncertainty
(red dashed–dot). Contour lines corresponding to ν-gap sets Gν(Gx,Wν) with increasing Wν are
depicted by the thin dashed-dotted lines similar to those in Fig. 5c. The pointGx(|Gx|− |Wa|)/|Gx|
in line with the nominal model Gx (‘¤’) will cause the largest chordal distance from Gx among all
elements of Ga(Gx,Wa).

additive (dotted), the dual Youla (solid) and the ν-gap uncertainty (dashed). It is clear that
the three structures each embed G∆ by an uncertainty set with different sizes and different
orientations, corresponding to the characteristics of the structure and to the location of G∆
with respect to Gx.

Similarly, in Figure 6.4-7 it is indicated how an additive set Ga(Gx,Wa) with nominal
model Gx, can be nested by a ν-gap set Gν(Gx,Wν) with the same nominal model Gx.
When increasing the size of a ν-gap set around nominal modelGx, the centre of the resulting
circular region was seen to move along the line from the origin to Gx. Consequently, in
order to embed Ga(Gx,Wa), |Wν | has to be increased until the circular region touches the
additive set Ga(Gx,Wa) in that point on the boundary of the additive circle that intersects
the line from the origin to Gx. This boundary point Gx − |Wa|Gx/ |Gx| corresponds with
that element from Ga(Gx,Wa) which accounts for the largest chordal distance from Gx.
This result provides an analytical tool to calculate the maximum chordal distance over an
additive uncertainty set with a nominal model Gx.
Along the same lines it follows that the maximum dual Youla parameter amplitude over an
additive uncertainty set is given at the boundary pointGx+|Wa|

¡
Gx + C−1

¢
/
¯̄¡
Gx + C−1

¢¯̄
.

And in Section 7.6.5 an analytical expression is derived for the maximum dual Youla para-
meter amplitude over a ν-gap uncertainty set.

A consequence of the shifting of the centres of the uncertainty set with increasing amplitude
for the dual Youla and the ν-gap uncertainty is that unstable systems can be incorporated. Or
more precisely, systems can be incorporated with a number of unstable poles other than the
nominal model. This can heuristically be understood from noting that if a stable pole ofGx

has to change gradually to an unstable pole of another element of the uncertainty set G∆,
there must be an elementG∆ of the set with a pole on the imaginary axis. And consequently,
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the uncertainty set must be infinite in size at the corresponding frequency. The additive
uncertainty structure cannot describe such an uncertainty set with a finite amplitude bound
Wa. The dual Youla and ν-gap uncertainty however, can represent an infinite uncertainty
region in the frequency domain with a finite amplitude boundWY orWν , respectively.

6.4.2.3 Implications of the differences

An important question regards the implications of the differences between the structures.
From Figure 6.4-6.d it is seen that the three uncertainty regions intersect. In other words,
these sets cannot be compared to one another simply in terms of the set they induce in the
frequency domain. The comparison between the sets can only be done with respect to the
subsequent use of the uncertainty region.
For example, from a robust stability point of view it is clear that uncertainty coming closer
to −C−1 has detrimental consequences for stability and should be penalized more severely
than uncertainty far removed from−C−1 (cf. Chapter 5). From a performance point of view
the worst-case performance evaluation over the set is of relevance. A smaller uncertainty
set could have a larger worse-case performance than a larger uncertainty set as a result of a
more conducive orientation. The implications of the differences of the uncertainty structure
will therefore be discussed when in the context of robust stability and robust performance
in the coming chapters.

6.4.3 Equivalence between structures for frequency response sets

All three structures describe circular regions in the frequency domain. This means that
each of the structures can equivalently be described in one another. Of course, this is only
possible when the weighting functions and the nominal models are left free to vary.
Proposition 6.3-1 and Corollary 6.4-5 showed how a general linear fractional transforma-
tion based uncertainty set, in particular a dual Youla uncertainty set, is transformed into an
additive structure.
The general description of a linear fractional transformation has more degrees of freedom
than required for a circular uncertainty region. This means that given an additive uncer-
tainty set Ga(Fcentre,Wa) there is no unique set G(P,W ) of Definition 6.1. The freedom
in transformation can be exploited if particular functions are desired. For example, suppose
that a particular modelGx is to serve as the nominal model P22 in G(P,W ) and that the am-
plitude function |W | should equal |Wa| . Then the remaining entries in P can be determined
such that G(P,W ) = Ga(Fcentre,Wa). This is formulated in the next proposition.

Proposition 6.4-8 An additive set Ga(Ga,Wa) is alternatively described in terms of a
general linear fractional based uncertainty set G(K,H,M,W ) of Lemma 6.3-2 with

W = AWa

M =
(Fcentre −Gx)

∗

|Wa|2
A∗

H = (AM)
−1
+Gx − Fcentre

K = Gx −H
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where Gx and A are user-choices. ¤

Proof A proof is provided in Appendix 6A.7 ¤

Proposition 6.4-7 showed how a ν-gap uncertainty set with nominal modelGx can be trans-
formed into an additive structure. And Proposition 6.4-6 showed that a ν-gap uncertainty set
can be represented in a special dual-Youla parameter uncertainty with auxiliary controller
G∗x. To complete the description of all possible transformation between the three uncer-
tainty structures (additive, ν-gap and dual Youla), a proposition will be given now showing
how a given additive uncertainty can be transformed into a ν-gap structure.

Proposition 6.4-9 An additive uncertainty set Ga(Ga,Wa) is alternatively described in
terms of a ν-gap uncertainty Gν(Gν ,Wν) with

Gν = aGa

|Wν |2 =
1³

a2

(1−a)2 |Wa|2 + 1
´ ,

with a ∈ R satisfying

a2 |Ga|2 + a
³
1− |Ga|2 + |Wa|2

´
− 1 = 0. (6.45)

There are two solutions. The solutions yield sets given by the exterior and the interior of the
boundary, respectively. ¤

Proof The proof is given in Appendix 6A.6 ¤

Clearly, a union of circles in the frequency domain describing a set of frequency responses
is independent of a particular uncertainty structure, when allowing for different nominal
models and weighting functions. This result is very useful when evaluating H∞-robust
performance analysis (and to an extent robust performance synthesis) since the control per-
formance specification can be evaluated solely on the basis of frequency responses.

6.5 Frequency response sets and corresponding sets of
rational systems

The preceding section showed the equivalence of the additive, dual Youla and ν-gap un-
certainty structure with respect to describing a set of frequency responses. In the context
of robust stability, however, model uncertainty sets have to evaluated in terms of rational
transfer functions (cf. Chapter 7). That is, to formulate robust stability conditions addi-
tional constraints have to be imposed on a model uncertainty set in terms of the number of
unstable poles and zeros.

The standard robust stability conditions for the three uncertainty structures are recalled in
Section 7.3. They are derived by posing the following constraints on the uncertainty set.



202 Chapter 6. Model uncertainty structures

- additive structure: ∆a(s) ∈ RH∞ or η(G∆(s)) = η(Gx(s)) (with η (·) denoting the
number of unstable poles) [111].

- Youla structure: ∆G(s) ∈ RH∞ [106].
- ν-gap structure: wno(N̄x

∗
(s)N̄∆(s)+D̄x

∗
(s)D̄∆(s)) = 0. (withwno(g) denoting the

winding number about the origin of g(s) as s follows the standard NyquistD-contour)
[109].

With each of these particular conditions on the transfer functions a different subset is ob-
tained from all possible frequency responses in the union of circles. However, it can be
shown that even under the above constraints each point in the union of circles can be reached
with all three uncertainty structures. In particular, the associated subset of frequency re-
sponses is such that, at each frequency ω, every point within and on the boundary circle is
reached for at least one plant G∆(s) in the set (see figure 6.5-8). This is formalized in the
following propositions.

Proposition 6.5-10 Consider the additive set Ga(Gx,Wa) of Definition 6.2 subject to the
additional constraint η(G∆) = η(Gx). Then for every ω ∈ R and r ≤ |Wa(iω)| and 0 ≤
φ < 2π there exist a G∆(s) in the constrained set such that G∆(iω)−Gx(iω) = reiφ. ¤

Proof A suitable transfer function G∆(s) can always be found and could be formed as
G∆ = Gx(s)+∆a(s) with∆a(s) a stable inner function giving a particular amplitude and
phase shift at, say, ωk. More detail of the proof is given in Appendix 6A.8. ¤

Proposition 6.5-11 a) Consider the set of plants GY (Gx, C,Q,Qc,WY ) of Definition
6.7 subject to the additional constraint ∆G(s) ∈ RH∞. Then for every ω ∈ R and
r ≤ |Wa(iω)| and 0 ≤ φ < 2π there exist a G∆(s) in the constrained set such that
G∆(iω)−Gx(iω) = reiφ, with Gx andWa as defined in Corollary 6.4-5.

b) Consider the set of plants Gν(Gx,Wν) as in Definition 6.6 subject to the additional
constraint wno(N̄∗x(s)N̄∆(s) + D̄∗x(s)D̄∆(s)) = 0. Then for every ω ∈ R and r ≤
|Wa(iω| and 0 ≤ φ < 2π there exist aG∆(s) in the constrained set such thatG∆(iω)−
Gx(iω) = reiφ, with Gx andWa as defined in Proposition 6.4-7. ¤

Proof Proposition 6.4-6 showed that the set of frequency responses Ḡν(Gx,Wν) equals
those of the ν-gap set Gν(Gx,Wν). Further, all transfer functions G∆(s) ∈ Ḡν(Gx,Wν)
satisfying∆G ∈ RH∞ satisfy the winding number condition
wno(N̄∗x(s)N̄∆(s) + D̄∗x(s)D̄∆(s)) = 0, since

wno(N̄∗xN̄∆ + D̄∗xD̄∆) =

wno(1 +
¡
N̄∗xD̄G∗x − D̄∗xN̄G∗x

¢
∆G) + wno(Q−1) =

wno(1 + D̄∗x
¡
Ḡ∗x − Ḡ∗x

¢
D̄G∗x∆G) + wno(Q−1) =

wno(1) + wno(Q−1) = 0.

In other words, the set of plants G∆(s) ∈ Ḡν(Gx,Wν) satisfying ∆G ∈ RH∞ forms a
subset of the set of transfer functions G∆ ∈ Gν(Gx,Wν) satisfying the winding number
condition.
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Figure 6.5-8: Given a union of circles in the frequency domain associated with the additive set
Ga(Gx,Wa). At each frequency ω, every point within and on the boundary circle (top left) is
reached for at least one G∆(s) ∈ Ga(Gx,Wa) satisfying η(G∆) = η(Gx). For example,
G∆(s) = Gx(s) + ∆a(s), depicted as the thick curve in the bottom plot, with ∆a = Wa(s)B(s)

and B(s) a suitable inner function. The top right plot shows the Bode plots ofWa (solid blue) and
∆a (dashed red).
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Now, since the mappings of G∆(s) = N̄x(s)+D̄c(s)∆G(s)
D̄x(s)−N̄c(s)∆G(s)

and G∆ =
N̄x(s)+D̄G∗x(s)∆G(s)
D̄x(s)−N̄G∗x (s)∆G(s)

are bijective, implying that for every (stable) ∆G there is a unique G∆ and vice versa, the
proof of Proposition 6.5-10 can be followed for dual Youla and ν-gap as well. While in the
proof for the additive case care has to be taken that the term∆a does not induce a cancella-
tion of unstable poles of Gx, for the ν-gap the term ∆G should not violate coprimeness (in
dual Youla this is automatically taken care of by requiring∆G to be stable). ¤

The above propositions show that pole/zero conditions imposed on the transfer functions
in the uncertainty sets do not induce any restrictions in terms of the points that can be
reached in the circular region at each frequency. Within the ’tube’ induced by the union of
circles over frequency not every frequency response can be allowed because of the pole/zero
condition. However, the boundary of the circles is always reached by at least one plant of
the set. This fact is very relevant for robustness studies of the constrained sets of plants. It
implies that robustness tests in the frequency domain can be applied without conservatism
to the union of circles in the complex plane, irrespective of the particular constraints on
unstable poles/zeros.

6.6 Conclusions
The uncertainty structures available from Control Design follow the standard H∞ control
framework in which an uncertainty set is described in terms of a linear fractional transfor-
mation of a norm-bounded uncertainty block. For scalar systems an analytical expression
is derived in Proposition 6.3-1 of the mapping of an amplitude bounded uncertainty by a
linear fractional transformation. This proposition makes the fact explicit that linear frac-
tional transformations being conformal mappings transform circles into circles. It is clearly
seen that the nominal centre is not the centre of the mapped set. Instead the centre is seen
to move along a fixed line as the amplitude of the uncertainty increases. The amplitude if
the uncertainty block is at each frequency proportionally related to the size of the resulting
plant uncertainty set: at each frequency where the uncertainty amplitude increases, the ra-
dius of the plant uncertainty set increases. The uncertainty sets are always bounded by a
circle. However, sometimes the set is defined not on the interior but on the exterior of the
boundary circle.

The additive, dual Youla and ν-gap uncertainty sets can equally well be transformed into
one another. Explicit expressions to this end are provided. It has to be noted that the nom-
inal model and the weighting functions have to be allowed to be free to achieve this. The
ν-gap uncertainty structure relates to the coprime perturbation uncertainty, which with the
two-block uncertainty appears to be different from the other general linear fractional trans-
formation based uncertainty structures. However, it is shown explicitly how the ν-gap un-
certainty set can be represented in terms of a linear fractional transformation as well. In
particular, it corresponds to a dual Youla representation with the inverse of the complex
conjugate of the nominal model as controller.

The sets of frequency response can be represented equivalently in each of the other struc-
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tures. However, for robust stability an evaluation of the set not in terms of its frequency
domain properties but in terms of its transfer functions as members of the set. Robust sta-
bility conditions require additional restrictions on unstable poles and zeros of the set. Each
uncertainty structure has its own set of additional constraints and will induce different sub-
sets of systems contained in the union of circles in the frequency domain. Even though the
sets of transfer functions are different, for all three uncertainty structures the transfer func-
tion condition is such that there exist always a transfer function such that each and every
point within and on the boundary is reached.
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Appendix 6A Proofs

6A.1 Proof of lemma 6.3-2

Straightforward algebraic manipulations reveal that

Fu(P,∆) = P22 + P21∆(1 + P11∆)
−1P12

=
P22(1 + P11∆) + P21∆P12

(1 + P11∆)

=
P22 + (P22P11 + P21P12)∆

1 + P11∆

and, with A = P22, B = (P22P11 + P21P12), C = 1,D = P11, it holds that

Fu(P,∆) =
A+B∆

C +D∆

=
B

D

µ
DA−BC +BC +DB∆

BC +BD∆

¶
=

B

D
+

DA−BC

DC +D2∆

=
B

D
+

DA−BC
CD

1 + D
C∆

.

And, upon substitition, it holds that

Fu(P,∆) =
(P22P11 + P21P12)

P11
+

P11P22−(P22P11+P21P12)
P11

1 + P11∆

=
(P22P11 + P21P12)

P11
+
−P21P12

P11

1 + P11∆
,

from which the corresponding termsK, H andM are determined.

6A.2 Proof of Proposition 6.3-1

Consider the simple linear fractional transformation Z = K +
H

1 +M∆
, |∆| ≤ |W | .

Since

M∆ =
H − (Z −K)

(Z −K)

it holds that
|H − (Z −K)|2 ≤ |MW |2 |Z −K|2 .

With |H − (Z −K) |2 = (H − (Z −K))(H − (Z −K))∗, this reads

|Z −K|2
³
1− |MW |2

´
− (Z −K)H∗ − (Z −K)∗H ≤ − |H|2

|Z −K|2 − (Z −K)H∗ + (Z −K)∗H
1− |MW |2

≤ − |H|2

1− |MW |2
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where the inequality sign should be reversed when 1− |MW |2 < 0. The above expression
results upon completion of the squares in¯̄̄̄
¯Z −K − H

1− |MW |2

¯̄̄̄
¯
2

− |H|2³
1− |MW |2

´2 ≤ − |H|2

1− |MW |2

¯̄̄̄
¯Z −K − H

1− |MW |2

¯̄̄̄
¯
2

≤ −
|H|2

³
1− |MW |2

´
³
1− |MW |2

´2 +
|H|2³

1− |MW |2
´2

¯̄̄̄
¯Z −K − H

1− |MW |2

¯̄̄̄
¯
2

≤ |H|2 |MW |2³
1− |MW |2

´2
Therefore, it holds that

Z = K +
H

1− |MW |2
+∆Z , with |∆Z | ≤

|HMW |
1− |MW |2

. (6A.1)

With application of Lemma 6.3-2 this result is rewritten in terms of the other descriptions
of the linear fractional transformation F (P,∆).

6A.3 Boundary circle of a linear fractional transformation set

Proposition 6.3-1 states that the boundary circle of the set G(P,W ) evaluated in the fre-
quency domain is given with

Fcentre = P22 +
P21
P11

Ã
1− 1

1− |P11W |2

!
and Wa =

P21

1− |P11W |2
W,

That dependence of the amplitude |Wa| on |W | is evaluated with
∂ |Wa|
∂ |W | =

|P21|
1− |P11W |2

+
P21³

1− |P11W |2
´2 |W | .

That is, |Wa| increases with |W | as long as 1 − |P11W |2 > 0, becomes infinite when
1− |P11W |2 = 0 and decreases with |W | when 1− |P11W |2 < 0.

The centre Fcentre of the set G(P,W ) moves along the line from P22 in the direction of
P21P

−1
11 as the amplitude |W | increases. At |W | = |P11|−1 the centre is located in infinity,

but still on the line P22 − P21P
−1
11 . The amplitudeWa is also infinite but the set spans only

a halfplane. The halfplane will automatically be perpendicular to the line P22 − P21P
−1
11

along which the centre shifts and defined by the following boundary point

lim
|W |→|P11|−1

Fcentre (|W |)− P21
P11

¯̄̄̄
P11
P21

¯̄̄̄
|Wa(|W |)| ,

i.e. the centre point minus the vector of length |Wa| along the line P22 − P21P
−1
11 away

from the centre. This is evaluated as
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Fcentre (|W |) + P21
P11

¯̄̄̄
P11
P21

¯̄̄̄
|Wa(|W |)|

= P22 +
P21
P11

Ã
1− 1

1− |P11W |2
+

¯̄̄̄
P11
P21

¯̄̄̄
|P21|

1− |P11W |2
|W |

!

= P22 +
P21
P11

Ã
1− 1

1− |P11W |2
+

|P11W |
1− |P11W |2

!

= P22 +
P21
P11

Ã
1− 1− |P11W |

1− |P11W |2

!
and it holds that

lim
|W |→|P11|−1

Fcentre (|W |)−
P21
P11

¯̄̄̄
P11
P21

¯̄̄̄
|Wa(|W |)|

= lim
|W |→|P11|−1

P22 +
P21
P11

Ã
1− 1− |P11W |

1− |P11W |2

!

= lim
|W |→|P11|−1

P22 +
P21
P11

Ã
1−

1
∂|W | (1− |P11W |)
1

∂|W |1− |P11W |2

!

= lim
|W |→|P11|−1

P22 +
P21
P11

Ã
1− − |P11|
−2 |P11|2 |W |

!

= lim
|W |→|P11|−1

P22 −
1

2

P21
P11

More explicitly, it can be stated that

Z =
1

1 + |W | eiα =
1

1− |W |2
+

|W |
1− |W |2

eiζ

where it holds that ζ = arcsin
³
− sin(α) (1−|W |2)

(1+|W |2−2|W | cos(π+α))
´
which follows from ap-

plication of geometric principles.

6A.4 Proof of Proposition 6.4-7

All plants achieving a chordal distance κ(Gx,G∆) ≤Wν satisfy by definition

|Gx −G∆|2³
1 + |G∆|2

´³
1 + |Gx|2

´ ≤ |Wν |2
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which can be rewritten as

|Gx −G∆|2 ≤ |Wν |2
³
1 + |G∆|2

´³
1 + |Gx|2

´
⇐⇒

|G∆|2 −GxG
∗
∆ −G∆G

∗
x + |Gx|2 ≤³

1 + |Gx|2
´
|Wν |2 + |G∆|2

³
1 + |Gx|2

´
|Wν |2 ⇐⇒

|G∆|2
³
1−

³
1 + |Gx|2

´
|Wν |2

´
−GxG

∗
∆ −G∆G

∗
x ≤³

1 + |Gx|2
´
|Wν |2 − |Gx|2 ,

which upon completion of the squares leads to the expression¯̄̄̄
¯̄G∆ − Gx

1−
³
1 + |Gx|2

´
|Wν |2

¯̄̄̄
¯̄
2

≤ |Wa|2 ,

under condition that 1−
³
1 + |Gx|2

´
|Wν |2 ≤ 0 and where

|Wa|2 =

³
1 + |Gx|2

´
|Wν |2 − |Gx|2

1−
³
1 + |Gx|2

´
|Wν |2

+
|Gx|2³

1−
³
1 + |Gx|2

´
|Wν |2

´2
=

³
1−

³
1 + |Gx|2

´
|Wν |2 − |Gx|2

´³
1 + |Gx|2

´
|Wν |2³

1−
³
1 + |Gx|2

´
|Wν |2

´2
=

³
1 + |Gx|2

´³
1− |Wν |2

´³
1 + |Gx|2

´
|Wν |2³

1−
³
1 + |Gx|2

´
|Wν |2

´2 ,

with which the Proposition is proven.

6A.5 Proof of Proposition 6.4-6

Every plant G∆ can be represented as G∆ =
¡
N̄x + D̄G∗x∆G

¢ ¡
D̄x − N̄G∗x∆G

¢−1 by a
unique ∆G given by

∆G = −
¡
D̄∆D̄G∗x + N̄∆N̄G∗x

¢−1 ¡
D̄∆N̄x − N̄∆D̄x

¢
= D̄−1G∗x (1 +G∆G

∗
x)
−1
(G∆ −Gx) D̄x.

From the definition of the chordal distance κ(G∆, Gx) in equation (6.21) it holds that

κ(G∆, Gx) =

¯̄̄̄£
−D̄x N̄x

¤ ∙ N̄x + D̄G∗x∆G

D̄x − N̄G∗x∆G

¸
Q−1

¯̄̄̄
=

¯̄
D̄xD̄G∗x + N̄xN̄G∗x

¯̄
|∆G|

¯̄
Q−1

¯̄
, (6A.2)
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with Q the normalizing factor given as the spectral factor of

Q∗Q =
¡
N̄x + D̄G∗x∆G

¢∗ ¡
N̄x + D̄G∗x∆G

¢
+
¡
D̄x − N̄G∗x∆G

¢∗ ¡
D̄x − N̄G∗x∆G

¢
.

Using the fact that

N̄∗xN̄x + D̄∗xD̄x = 1 , D̄∗G∗xD̄G∗x + N̄∗G∗xN̄G∗x = 1 (6A.3)

D̄∗G∗xN̄x − N̄∗Gx∗D̄x = D̄∗G∗x
¡
Gx − (G∗x)

∗¢
D̄x = 0

the expression for Q∗Q reduces to Q∗Q = 1 +∆∗G∆G.

Further, with expression (6.12) regarding
¯̄
D̄x

¯̄2 it holds that¯̄
D̄xD̄G∗x + N̄xN̄G∗x

¯̄2
= |1 +GxG

∗
x|
2 ¯̄
D̄xD̄G∗x

¯̄2
= |1 +GxG

∗
x|
2 |1 +GxG

∗
x|
−2
= 1.

Expression (6A.2) then becomes

κ(G∆, Gx) =
|∆G|q
1 + |∆G|2

, (6A.4)

from which it follows that |∆G| =
κ(G∆,Gx)p
1− κ2(G∆, Gx)

.

6A.6 Proof of Proposition 6.4-9

Straightforward use of Proposition 6.4-7 leads to a large, hardly tractable sequence of alge-
braic manipulation. A nice simplification, however, follows from the fact that Gv and Wν

are completely defined by two points on the boundary circle of Ga(Ga,Wa) and from the
observation of Proposition 6.4-7 that

Ga =
Gν

1−
³
1 + |Gν |2

´
|Wν |2

=
Gν

a
,

where a = 1−
³
1 + |Gν |2

´
|Wν |2 ,

i.e. Gν of a set Gν(Gν ,Wν) lies in the same direction as the centreGa of the circle described
by Gν(Gν ,Wν). That is, Gν should satisfies the condition

κ(Gν , Ga

µ
1 +

|Wa|
|Ga|

¶
) = κ(Gν , Ga

µ
1− |Wa|

|Ga|

¶
) (6A.5)

κ(aGa, Ga

µ
1 +

|Wa|
|Ga|

¶
) = κ(aGa, Ga

µ
1− |Wa|

|Ga|

¶
), (6A.6)

which after many but straightforward algebraic manipulations leads to condition (6.45).
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Starting from the (square of) condition (6A.6) it holds that,

|a−(1+ |Wa|
|Ga| )|

2|Ga|2

1+|Ga(1+
|Wa|
|Ga| )|

2
(1+|aGa|2)

=
|a−(1− |Wa|

|Ga| )|
2|Ga|2

1+|Ga(1− |Wa|
|Ga| )|

2
(1+|aGa|2)

=
a2−2a(1+ |Wa|

|Ga| )+(1+
|Wa|
|Ga| )

2

1+|Ga|2(1+ |Wa|
|Ga| )

2 =
a2−2a(1− |Wa|

|Ga| )+(1−
|Wa|
|Ga| )

2

1+|Ga|2(1− |Wa|
|Ga| )

2

=
a2−2a−2a |Wa|

|Ga|+1+2
|Wa|
|Ga|+

|Wa|2
|Ga|2

1+|Ga|2 1+2 |Wa|
|Ga|+

|Wa|2
|Ga|2

=
a2−2a+2a |Wa|

|Ga|+1−2
|Wa|
|Ga|+

|Wa|2
|Ga|2

1+|Ga|2 1−2 |Wa|
|Ga|+

|Wa|2
|Ga|2

=
a2−2a+1+ |Wa|2

|Ga|2
+2 |Wa|

|Ga| (1−a)

1+|Ga|2 1+
|Wa|2
|Ga|2

+2|Ga||Wa|
=

a2−2a+1+ |Wa|2
|Ga|2

−2 |Wa|
|Ga| (1−a)

1+|Ga|2 1+
|Wa|2
|Ga|2

−2|Ga||Wa|
.

Now, it holds in general that
a+ b

c+ d
=

a− b

c− d
(a+ b) (c− d) = (a− b) (c+ d)

ac− ad+ bc− bd = ac+ ad− bc− bd

bc = ad.

Therefore we have that

2
|Wa|
|Ga|

(1− a)

Ã
1 + |Ga|2

Ã
1 +

|Wa|2

|Ga|2

!!

=

Ã
a2 − 2a+ 1 + |Wa|2

|Ga|2

!
2 |Ga| |Wa|

(1− a)

Ã
1 + |Ga|2

Ã
1 +

|Wa|2

|Ga|2

!!

=

Ã
a2 − 2a+ 1 + |Wa|2

|Ga|2

!
|Ga|2

1− a

Ã
1 + |Ga|2

Ã
1 +

|Wa|2

|Ga|2

!!
=
¡
a2 − 2a

¢
|Ga|2

a2 |Ga|2 + a
³
1 + |Wa|2 − |Ga|2

´
− 1 = 0.

Then the rest is simple since

Ga =
Gν

1−
³
1 + |Gν |2

´
|Wν |2

=
Gν

a

Wa =

r³
1− |Wν |2

´³
|Gν |2 + 1

´
|Wν |

a
,

of which the last equation leads to Proposition 6.4-9 in a straightforward manner using the
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fact that

a = 1−
³
1 + |Gν |2

´
|Wν |2³

1 + |Gν |2
´

=
1− a

|Wν |2
.

and taking the expression ofWa

a2 |Wa|2 =
³
1− |Wν |2

´³
|Gν |2 + 1

´2
|Wν |2

a2 |Wa|2 =
³
1− |Wν |2

´Ã 1− a

|Wν |2

!2
|Wν |2

a2 |Wa|2 |Wν |2 = (1− a)2 − (1− a)2 |Wν |2

|Wν |2 =
(1− a)

2³
a2 |Wa|2 + (1− a)

2
´

|Wν |2 =
1³

a2

(1−a)2 |Wa|2 + 1
´ ,

which concludes the proof.

6A.7 Proof of Proposition 6.4-8

Corollary 6.3-3 states that a set of linear fractional transformations G(K,H,M,W ),

G(K,H,M,W ) =

½
F | F = K +

H

1 +M∆
,
¯̄
W−1∆

¯̄
≤ 1

¾
(6A.7)

equals an additive set Ga(Fcentre,Wa),

Ga(Fcentre,Wa) =
©
F | F = Fcentre +∆a,

¯̄
W−1a ∆a

¯̄
≤ 1

ª
when

Fcentre = K +
H

1− |MW |2
(6A.8)

Wa =
HM

1− |MW |2
W. (6A.9)

Reversely, given an additive set, functionsK,H,M,W can be defined in terms of the given
Fcentre and Wa. Clearly, the general description has a redundency of two degrees, which
can be exploited if particular functions are desired. For example, suppose that a particu-
lar model Gx is to serve as the "nominal model" of the set G(K,H,M,W ) and that the
amplitude functionW should equal AWa, i.e.

Gx = K +H and W = AWa.

Then with expression (6A.9) it holds that H andM should satisfy

HMA = 1− |MWa|2 . (6A.10)
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Further, from division of expression (6A.8) and (6A.9) it follows that

Wa

Fcentre −K
=MW

which becomes with AWa =W andK = Gx −H

H = (AM)
−1
+Gx − Fcentre (6A.11)

Combining expressions (6A.10) and (6A.11) results in

1 + (Gx − Fcentre)MA = 1− |MWa|2

(−Gx + Fcentre)MA = MM∗ |Wa|2

M =
(Fcentre −Gx)

∗

|Wa|2
A∗

W = AWa

M =
(Fcentre −Gx)

∗

|Wa|2
A∗

H = (AM)
−1
+Gx − Fcentre

K = Gx −H

6A.8 Proof of Proposition 6.5-10

The required stable inner function could be constructed as

∆ζ,β(s) = β

µ
s− ζ

s+ ζ

¶4
, (6A.12)

with

ζ =
−ωk
tan φ

4

Ã
1±

sµ
1 + tan2

φ

4

¶!
, (6A.13)

which has an amplitude of β over all frequency and a ω-dependent phase φ. The fourth
order allows for a phase shift over the complete 2π radians. If β is chosen between 0 and
1 the stable transfer function Wa∆a(ζ) will have an amplitude equal to or smaller than
|Wa(iω)| , ∀ω ∈ R, and at a particular frequency ωk any phase can be obtained.
In particular, the frequency response of ∆ζ,β(s) = β

³
s−ζ
s+ζ

´
has a phase φ at ωk when ζ is

chosen as

ζ =
−ωk
tanφ

µ
1±

q¡
1 + tan2 φ

¢¶
, (6A.14)

which follows from the fact that

Re (∆ζ,β (iωk)) = β
ω2k − ζ2

ω2k + ζ2
; Im (∆ζ,β (iωk)) = β

2ωkζ

ω2k + ζ2

and

tanφ =
2ωkζ

ω2k − ζ2
,
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which is solved for ζ in expression (6A.14). Result (6A.13) for the fourth order inner func-
tion of (6A.12) follows easily. Technically, the required ∆ζ,β could violate the condition
η(G∆) = η(Gx) by cancelling an unstable pole in Gx, in which case an additional inner
function could be used changing the required phase and associated∆a(ζ).
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Appendix 6B Mapping of probability density functions
Given the real-valued function bijective functions y = f(x) and x = g(y). For scalar
probability density functions it holds thatZ

px(x)dx =

Z
px(g(y))d(g(y)) =

Z µ
px(g(y))

d(g(y))

dy

¶
dy =

Z
py(y)dy

or, alternativelyZ
px(x)dx =

Z µ
px(x)

dx

dy

¶
dy =

Z µ
px(x)

dx

df(x)

¶
dy =

Z
py(y)dy.

Similarly, for the complex valued functionals F = f (∆) and ∆ = δ (F ) of expressions
(6.41) and (6.42) it is known from Priestley (1981) that the complex probability density
function pF (F ) of F is given by [82, p. 86]

pF (F ) = p∆ (δ (F )) · det (J)

= p∆ (∆) ·
1

det (J∆)
,

where

J =

⎡⎢⎢⎣
∂Re(δ(F ))

∂ Re(F )

∂ Im(δ(F ))

∂Re(F )
∂Re(δ(F ))

∂ Im(F )

∂ Im(δ(F ))

∂ Im(F )

⎤⎥⎥⎦ and J∆ =
⎡⎢⎢⎣

∂Re(f(∆))

∂Re(∆)

∂ Im(f(∆))

∂Re(∆)
∂Re(f(∆))

∂ Im(∆)

∂ Im(f(∆))

∂ Im(∆)

⎤⎥⎥⎦ .
The determinant of the Jacobian J is defined by

det (J) =
∂Re(δ(F ))

∂Re(F )

∂ Im(δ(F ))

∂ Im(F )
− ∂Re(δ(F ))

∂ Im(F )

∂ Im(δ(F ))

∂Re(∆)
.

For complex functionals the following holds true
∂Re(δ(F ))

∂Re(F )
= Re

µ
∂δ(F )

∂Re(F )

¶
and

∂ Im(δ(F ))

∂Re(F )
= Im

µ
∂δ(F )

∂Re(F )

¶
(6B.1)

∂Re(δ(F ))

∂ Im(F )
= Re

µ
∂δ(F )

∂ Im(F )

¶
and

∂ Im(δ(F ))

∂ Im(F )
= Im

µ
∂δ(F )

∂ Im(F )

¶
. (6B.2)

With expressions (6B.1) and (6B.2) and using the fact that for every function f it holds that

Re(f) = Im(if)

Im(f) = −Re(if),
the determinant of the Jacobian can be evaluated as,

det (J) =
∂Re(δ(F ))

∂Re(F )

∂ Im(δ(F ))

∂ Im(F )
− ∂Re(δ(F ))

∂ Im(F )

∂ Im(δ(F ))

∂Re(∆)
(6B.3)

= Re

µ
∂(δ(F ))

∂Re(F )

¶
Im

µ
∂(δ(F ))

∂ Im(F )

¶
−Re

µ
∂(δ(F ))

∂ Im(F )

¶
Im

µ
∂(δ(F ))

∂Re(∆)

¶
= −Re

µ
∂(δ(F ))

∂Re(F )

¶
Re

µ
i
∂(δ(F ))

∂ Im(F )

¶
−
µ
Im i

∂(δ(F ))

∂ Im(F )

¶
Im

∂(δ(F ))

∂Re(∆)
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The entries are determined as
∂δ(F )

∂Re(F )
= − 1

B −DF

∂ (A− CF )

∂Re(F )
+
(A− CF )

(B −DF )2
∂ (B −DF )

∂Re(F )

=
C

B −DF
− (A− CF )D

(B −DF )2

=
(B −DF )C − (A− CF )D

(B −DF )2

=
CB −AD

(B −DF )2

and similarly it is easily verified that,
∂δ(F )

∂ Im(F )
= i

CB −AD

(B −DF )2
= i

∂δ(F )

∂Re(F )
,

with which expression (6B.3) becomes

det (J) = −Re
µ
∂(δ(F ))

∂Re(F )

¶
Re

µ
i
∂(δ(F ))

∂ Im(F )

¶
−
µ
Im i

∂(δ(F ))

∂ Im(F )

¶
Im

∂(δ(F ))

∂Re(∆)

= −Re
µ
∂(δ(F ))

∂Re(F )

¶
Re

µ
i2

∂δ(F )

∂ Re(F )

¶
−
µ
Im i2

∂δ(F )

∂ Re(F )

¶
Im

∂(δ(F ))

∂Re(∆)

=

¯̄̄̄
∂(δ(F ))

∂Re(F )

¯̄̄̄2
=

¯̄̄̄
¯ CB −AD

(B −DF )2

¯̄̄̄
¯
2

.

This expression can alternatively be described in terms of∆, i.e.

det (J) =

¯̄̄̄
¯̄̄̄
¯

CB −ADµ
B −D

A+B∆

C +D∆

¶2
¯̄̄̄
¯̄̄̄
¯
2

=

¯̄̄̄
¯̄̄̄
¯

CB −ADµ
CB −AD

C +D∆

¶2
¯̄̄̄
¯̄̄̄
¯
2

=

¯̄̄̄
¯(C +D∆)

2

CB −AD

¯̄̄̄
¯
2

=
1

det (J∆)

This results in

pF (F ) = p∆ (δ (F )) · det (J) = p∆ (∆) ·
1

det (J∆)

=

¯̄̄̄
¯ CB −AD

(B −DF )2

¯̄̄̄
¯
2

p∆(δ (F )) =

¯̄̄̄
¯ (C +D∆)

2

CB −AD

¯̄̄̄
¯
2

p∆(∆).
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Using Lemma 6.3-2 this is alternatively given in terms of P11, P21 and P22 as

pF (F ) = p∆ (δ (F )) · det (J) = p∆ (∆) ·
1

det (J∆)

=

¯̄̄̄
¯ P21

(P21 + P11 (P22 − F ))
2

¯̄̄̄
¯
2

p∆(δ (F )) =

¯̄̄̄
¯(1 + P11∆)

2

P21

¯̄̄̄
¯
2

p∆(∆)

with δ(F ) : F → ∆ = −A− CF

B −DF
= − P22 − F

P21 + P11 (P22 − F )
.
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Appendix 6C Youla parameter and ν-gap identification

Proposition 6.6-12 The closed loop interconnectionH (G∆, C) as depicted in Figure 7.2-
1 is given by the following relationsµ

y
u

¶
=

µ
G∆
I

¶
(I + CG∆)

−1 ¡ C I
¢µ r2

r1

¶
+

µ
I
−C

¶
(I +G∆C)

−1Hoe.

(6C.1)
Consider the (dual) Youla parametrization of G∆,

G∆ ∼
µ

N∆
D∆

¶
=

Ã
¯̃Nx
¯̃Dx

!
+ ∆̃G

Ã
¯̃Dc

− ¯̃Nc

!
, (6C.2)

where
³
¯̃Nx,

¯̃Dx

´
and

³
¯̃Nc,

¯̃Dc

´
constitute normalized right coprime factorization of the

nominal plant Gx and nominal controller C, respectively. Define the following signals
obtained from filtering the measured signals (y, u) with known filters based on

¡
N̄x, D̄x

¢
and the present controller C.

z : =
³
¯̃Dx − ¯̃Nx

´µ y
u

¶
w : =

³
¯̃Nc

¯̃Dc

´µ y
u

¶
Then it holds that

z = ∆̃Gw +D∆H0e. (6C.3)

Moreover, the signals w and e are uncorrelated. ¤

Proof : Even in closed loop the basic equation

y = G∆u+Hoe

holds true. This can be rewritten into¡
I −G∆

¢µ y
u

¶
= Hoe

D̃∆
¡
I −G∆

¢µ y
u

¶
= D̃∆Hoe¡

D̃∆ −Ñ∆
¢µ y

u

¶
= D̃∆Hoe³

¯̃Dx − ∆̃G
¯̃Nc − ¯̃Nx − ∆̃G

¯̃Dc

´µ y
u

¶
= D̃∆Hoe

Further, the signal w =
³
¯̃Nc

¯̃Dc

´µ y
u

¶
is uncorrelated with the noise term e.
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For, premultiplication of equation (6C.1) with
³
¯̃Nc

¯̃Dc

´
, immediately results in³

¯̃Nc
¯̃Dc

´µ y
u

¶
=

³
¯̃Nc

¯̃Dc

´µ G∆
I

¶
(I + CG∆)

−1 ¡ C I
¢µ r2

r1

¶
+
³
¯̃Nc

¯̃Dc

´µ Dc

−Nc

¶
D−1c (I +G∆C)

−1Hoe

=
³
¯̃Nc

¯̃Dc

´µ G∆
I

¶
(I + CG∆)

−1 ¡ C I
¢µ r2

r1

¶
,

as ¯̃NcDc − ¯̃DcNc = 0. ¤

Note that a Youla parameter associated with a new controller Cnew can also be identified
from data taken under closed-loop with a present controller C. In fact, a Youla parameter
can be identified even from open-loop data. The relation (6C.3) still holds true for coprime
factors of Cnew, i.e.

z = ∆̃Gw +D∆H0e, (6C.4)
with

z : =
³
¯̃Dx − ¯̃Nx

´µ y
u

¶
w : =

³
¯̃Nc,new

¯̃Dc,new

´µ y
u

¶
.

However, now the sequence w is not uncorrelated with e, which is readily seen from the
proof above. From the discussions in Chapters 3 and 4, however, it was seen that when the
noise model is estimated correctly, this correlation does not pose any problem for the con-
struction of a model uncertainty set. In this case, the term D∆H0 will have to be estimated
from data.
As a direct consequence it holds that the ν-gap between a nominal model G∗x and the true
system can be identified from data directly. From Proposition 6.4-6 it follows that the new
controller Cnew should be chosen as G∗x. In particular, with z and w given by

z : =
³
¯̃Dx − ¯̃Nx

´µ y
u

¶
w : =

¡
N̄G∗x D̄G∗x

¢µ y
u

¶
,

the ν-gap can be identified from data on the basis of the relation

z = ∆̃Gw +D∆H0e, (6C.5)

where the ν-gap is given by
°°°∆̃G

°°°
∞

δv (Gx, G0) =

°°°∆̃G

°°°
∞r

1 +
°°°∆̃G

°°°
∞

.





Chapter 7

Model uncertainty and stability

This chapter deals with the properties of a model uncertainty set in the context of robust stabil-
ity. The robust stability conditions imposed on a controller for stabilizing a model uncertainty
set are recalled and analyzed for the additive, dual Youla and ν-gap uncertainty structure. The
results of Chapter 6 describing the properties of the three uncertainty structure are used to in-
vestigate the nature of the set of stabilizing controllers associated with a model uncertainty
set in one of the three structures. In the context of system identification for robust control, it
is investigated how the model uncertainty structure in which to describe model identification
uncertainty should be chosen with respect to robust stability analysis. Additionally, the issue
of simultaneous perturbation is investigated by comparing the fragility or tuning freedom of a
nominal controller for different uncertainty structures.

7.1 Introduction
Stability is the basic performance requirement of a closed-loop interconnection and many
theories and techniques have been developed for designing a stabilizing controller on the
basis of a plant model. In fact, taking into account an uncertainty in the plant model, many
techniques for designing a robustly stabilizing controller are available. These techniques
can be applied to analyze the robustly stabilizing ability of a designed controller before
applying the controller to the actual process under investigation. In the framework of a total
control design procedure it is important to know whether user-choices can influence the
robustness analysis and how the choice of model uncertainty structure can be optimized.
It is clear that a robustness requirement puts constraints on the controller. That is, the
requirement of stabilizing a set of models will limit the set of allowed controllers. And
the larger the model uncertainty set the smaller the set of allowed controllers. However,
which controllers will be allowed exactly depends on the particular properties of the model
uncertainty set. In this chapter the properties of three model uncertainty sets described
in a specific uncertainty structure will be related to the corresponding set of stabilizing
controllers. In particular, it is investigated how the model uncertainty structure in which to
describe model identification uncertainty should be chosen with respect to robust stability
analysis.
Every model uncertainty set induces a corresponding set of all stabilizing controllers. Some-
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times, however, a particular characterization of the set of stabilizing controllers is desired in
terms of allowed controller perturbations with respect to a nominal controller. This arises
when dealing with controller tuning or when specifying controller fragility. When restrict-
ing the representation of the set of controllers to a particular structure, robust stability condi-
tions can be derived as well, although conservatism will be induced. To have a clear insight
in the effect of choosing from various combinations of model and controller structures, ro-
bust stability conditions on such simultaneous perturbations are evaluated and compared
with one another in the second part of this chapter.

7.2 Basic results on stability

C

P

+
+

- +

2r

1r

cu

u y

Figure 7.2-1: The feedback interconnectionH(G,C).

The issue of stability and robust stability is dealt with extensively in the literature of control
design. Standard works are [106][42][74][111]. Here only the basic results will be recalled.
Figure 7.2-1 depicts the feedback interconnection H(G,C) of a plant G and controller C,
both possibly multiple input multiple output but linear and time invariant systems. Denote
T (G,C) as the mapping from col(r2, r1) to col(y, u), as such defined by

P

∆w ∆z∆

C

u y

Figure 7.2-2: General framework for robust stability
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T (G,C) : =

µ
G
I

¶
(I + CG)−1

¡
C I

¢
(7.1)

=

µ
−I 0
0 I

¶µ
I G
−C I

¶−1
+

µ
I 0
0 0

¶
(7.2)

=

µ
−I 0
0 I

¶µ
D̄c 0
0 D̄

¶µ
D̄c N̄
−N̄c D̄

¶−1
+

µ
I 0
0 0

¶
(7.3)

=

µ
N̄
D̄

¶
( ¯̃DcD̄ +

¯̃NcN̄)
−1
³
¯̃Nc

¯̃Dc

´
, (7.4)

with (N̄c, D̄c),
³
¯̃Nc,

¯̃Dc

´
the left c.q. right normalized coprime factors of C and (N̄, D̄),³

¯̃N, ¯̃D
´
the left c.q. right normalized coprime factors of G following Definition 6.4. Fur-

ther, denote Λ and Λ̃ byµ
Λ̃ 0
0 Λ

¶
:=

Ã
¯̃D − ¯̃N
¯̃Nc

¯̃Dc

!µ
D̄c N̄
−N̄c D̄

¶
. (7.5)

With the above expressions the following equivalent conditions for the stability of the inter-
connectionH(G,C) are readily recalled.

Theorem 7.2-1 The following statements are equivalent

i. The feedback connectionH(G,C) is stable

ii.
µ

I G
−C I

¶−1
∈ RH∞

iii. T (G,C) :=
µ

G
I

¶
(I + CG)−1

¡
C I

¢
∈ RH∞

iv.
µ

D̄c N̄
−N̄c D̄

¶−1
∈ RH∞

v.

Ã
¯̃D ¯̃N

− ¯̃Nc
¯̃Dc

!−1
∈ RH∞

vi. Λ−1 =
³
¯̃NcN̄ + ¯̃DcD̄

´−1
∈ RH∞

vii. Λ̃−1 =
³
¯̃NN̄c +

¯̃DD̄c

´−1
∈ RH∞

Note that the results do not depend on the particular coprime factorization since multiplica-
tion of the factors with unimodular Q and Qc does not influence the stability conditions. ¤

Proof: Proofs can be found, for example, in Lemma 5.3 and Lemma 5.10 in Zhou et.al.
(1995). The relation i⇐⇒ ii requires quite a long proof as given in Zhou et.al. (1995).
Further in short, the validity of ii ⇐⇒ iii follows directly from expression (7.2) and
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the validity of i ⇐⇒ ii. The validity of relation iii ⇐⇒ iv follows from expression
(7.3), the fact that the coprime factors D̄c and D̄ are stable by definition and the fact
that the two matrices in (7.3) are coprime, which is easily verified. Similarly, relation
iii⇐⇒ v holds from rewriting expression (7.3) in terms of left coprime factors. The re-
lation iii⇐⇒ vi holds with expression (7.4) and the stability of the coprime factors by
definition. Alternatively, this follows from expression (7.5) and the relations i ⇐⇒ iv
and i⇐⇒ v, from which also i⇐⇒ vii is seen to hold. ¤

With Theorem 7.2-1 it can be verified whether a designed controller C stabilizes the plant
model G when placed in a feedback interconnection. This, however, will not guarantee that
the designed controller C will stabilize the actual process under investigation as well. In-
stead, it has to be verified whether the controller will stabilize a set of models, known to
contain the true process (at a certain level of probability).

The verification of stability of the interconnection between a controller C and a set of plants
G would imply the application of Theorem 7.2-1 over each element G∆ ∈ G. Fortunately,
robust stability conditions can be formulated which circumvent this intractable task. Given
the stable interconnection of C with a nominal model G, the stability robustness of the
interconnection against a perturbation of the nominal modelG can be formulated in terms of
simple conditions on the perturbation. This approach is thoroughly discussed, for example,
in [106], [111], [109] and [86] and the results are summarized in the next section for the
uncertainty structures of Chapter 6.

7.3 Robust stability conditions
In this section the standard robust stability conditions are recalled which a controller has to
satisfy in order to stabilize every plant of a model uncertainty set. The particular robust sta-
bility conditions corresponding to the additive, dual Youla and ν-gap uncertainty structure
are formulated.

7.3.1 General robust stability conditions

Every plant uncertainty structure induces its particular robust stability condition. Such con-
ditions comprise not only a norm-bound frequency domain condition on the controller but
also conditions on the unstable zeros and poles of the plants in the model uncertainty set.
Before specifying these conditions for the additive, dual Youla and ν-gap uncertainty, the
conditions for a general linear fractional transformation based uncertainty structures is re-
called.
In particular, consider the general framework of Sections 2.1 and 6.2 as depicted in Figure
7.2-2, corresponding to

Fu(P,∆) = P22 + P21∆ (I + P11∆)
−1 P12 (7.6)

Fl(P,C) = P11 + P12C(I + P22C)
−1P21, (7.7)

where Fu(P,∆) represents an element G∆ ∈ G as in Section 6.2. Instead of evaluat-
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ing the stability of the interconnection H(Fu(P,∆), C) the stability of the interconnec-
tion H(Fl(P,C),∆) is evaluated. That is, the robustness of the nominal interconnection
Fl(P,C) with respect to the uncertainty∆ is considered. The following theorem recalls the
most general homotopic robust stability result.

Theorem 7.3-2 (Robust stability) [109, Theorem 1.24, p. 47] Given a stabilizable inter-
connection P ∈ R, with a nominal model Gx = P22 ∈ Rp×q, a controller C ∈ Rq×p, and
W,V,W−1, V −1 ∈ RH∞, and assume that ∃Co : H (Gx, Co) is stable, and
kWFl(P,Co)V k∞ < 1, the following are equivalent:

i. H (G∆, C) is stable for all G∆ of the form G∆ = Fu(P,∆) with∆ ∈ RH∞,°°V −1∆W−1°°∞ ≤ 1 and (I + P11∆) invertible.

ii. H (G∆, C) is stable for all G∆ of the form G∆ = Fu(P,∆) with∆ ∈ RL∞,°°V −1∆W−1°°∞ ≤ 1 and η(G∆) = η(Gx) + wnodet (I + P11∆).

iii. H (Gx, C) is stable and kWFl(P,C)V k∞ < 1.

Furthermore, the set of plants G∆ described in part i) is a subset of the set described in
part ii). ¤

Note that the relation i⇐⇒ iii reflects the Small Gain Theorem (e.g. [111, Theorem 9.1]).
Condition iii is necessary and sufficient for a controller C to stabilize all the plants in the
set of i or all the plants in the set of ii. The condition is necessary in the sense that for every
controller such that kWFl(P,C)V k∞ ≥ 1 there exists a destabilizing plant in the set of
condition i and similarly for the set of condition ii. Similarly, condition ii is sufficient and
necessary for a plantG∆ to stabilize all the controllers in the set of iii. Instead, condition i is
only sufficient for a plantG∆ to stabilize all the controllers in the set of iii. This distinction
is formalized in the following definitions.

Definition 7.1 (Mutually stabilizing) A set of plants G and a set of controllers C are
called mutually stabilizing ifH(G∆, C∆) ∈ RH∞ for all C∆ ∈ C and all G∆ ∈ G. ¤

Definition 7.2 (Exclusively stabilizing) A set of plants G and a set of controllers C are
called exclusively stabilizing if every possible plant G∆ that stabilizes all controllers in C
is contained in G and every possible controller C that stabilizes all plants in G is contained
in C. ¤

7.3.2 Robust stability conditions for specific uncertainty structures

The application of Theorem 7.3-2 to any of the structures in Section 6.2 yields the well-
known robust stability conditions for the additive, ν-gap and dual Youla uncertainty. To keep
the presentation concise the results are summarized in Theorem 7.3-3 using the following
two definitions of plant and controller sets.
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Definition 7.3

1. GRa (Gx,Wa, Va, αG) :=
©
G∆ | G∆ = Gx +∆a ,

°°V −1a ∆aW
−1
a

°°
∞ ≤ αG ,

∆a ∈ RL∞ and η(G∆) = η(Gx)}

2. GRν (Gx,Wν , Vν , δG) :=
n
G∆ |

°°°V −1ν

³
¯̃N∆D̄x − ¯̃D∆N̄x

´
W−1ν

°°°
∞
≤ δG ,

wnodet
¡
N̄∗∆N̄x + D̄∗∆D̄x

¢
= 0

ª
3. GRY (Gx, C,Q,Qc,WY , VY , γG) :=

©
G∆ | G∆ = (N̄x + D̄c∆G)(D̄x − N̄c∆G)

−1 ,°°V −1Y Q−1c ∆GQW
−1
Y

°°
∞ ≤ γG , ∆G ∈ RH∞

ª
with real-valued αG, δG, γG ≥ 0 and unimodular weighting functions (V,W,Q,Qc) ∈
RH∞ and where (N̄x, D̄x) and (N̄c, D̄c) denote the normalized right coprime factorizations,
respectively, of a nominal modelGx ∈ R and an auxiliary controllerC ∈ Rwhich are such
that H(Gx, C) ∈ RH∞ and where ( ¯̃N∆, ¯̃D∆) denotes the normalized left coprime factor-
ization of a plant G∆. ¤

The first definition corresponds to condition ii of Theorem 7.3-2 with application of expres-
sion (6.4) revealing P11 to be zero for the additive structure. The norm bound in the second
definition corresponds to the discussion in Section 6.2.4 on the ν-gap being the minimal
norm of the coprime perturbation over all factorizations of G∆.
The conditions on the unstable poles and zeros for the ν-gap and the Youla set are elaborated
in Appendix 7A.5. They correspond to condition ii of Theorem 7.3-2 on the unstable poles
of G∆,

η(G∆) = η(Gx) + wnodet (I + P11∆) .
The main idea can be briefly indicated by noting that for Definition 7.3.2 it holds that P11 =£
0 −D−1x

¤
from expression (6.14). Therefore, it follows that

η(G∆) = η(Gx) + wnodet (I + P11∆)⇐⇒
wnodet

¡
D̄∆

¢
= wnodet

¡
D̄x

¢
+ wnodet

¡
I −D−1x

¡
D̄x − D̄∆Q

¢¢
⇐⇒

wnodet
¡
D̄∆

¢
= wnodet

¡
D̄x

¢
+ wnodet

¡
D−1x D̄∆Q

¢
⇐⇒

0 = wnodet(Q),

where Q = N̄∗∆N̄x + D̄∗∆D̄x was seen to correspond to the ν-gap being the minimal norm
of the coprime uncertainty with ∆N = N̄x − N̄∆Q and ∆D = D̄x − D̄∆Q (cf. Section
6.2.4). A similar line of reasoning holds for the dual Youla uncertainty set of Definition
7.3.3 (see Appendix 7A.5).

Following condition iii of Theorem 7.3-2 the corresponding sets of controllers are formu-
lated in the following definition.

Definition 7.4

1. CRa (Gx,Wa, Va, αC) := {C∆ | H(Gx, C∆) ∈ RH∞ and°°°WaC∆ (I +GxC∆)
−1

Va

°°°
∞

< αC

o
2. CRν (Gx,Wν , Vν , δC) := {C∆ | H(Gx, C∆) ∈ RH∞ and

kWνT (Gx, C∆)Vνk∞ ≤ δC}



7.3 Robust stability conditions 227

3. CRY (C,Gx, Q,Qc,WY , VY , γC) :=
©
C∆ | C∆ = (N̄c + D̄x∆C)(D̄c − N̄x∆C)

−1 ,°°WYQ
−1∆CQcVY

°°
∞ ≤ γC , ∆C ∈ RH∞

ª
with real-valued αC , δC , γC ≥ 0 and unimodular weighting functions (V,W,Q,Qc) ∈
RH∞ and where (N̄x, D̄x) and (N̄c, D̄c) denote normalized right coprime factorizations,
respectively, of a nominal model Gx ∈ R and an auxiliary controller C ∈ R which are
such thatH(Gx, C) ∈ RH∞ and where T (G,C) is defined in expression (7.1). ¤

The stabilizing set of controllers for the additive and ν-gap set follows from a straightfor-
ward evaluation of the upper linear fractional transformation Fl(P,C) applied to the corre-
sponding interconnection P of expressions (6.4) and (6.14). When evaluating Fl(P,C) for
the Youla uncertainty with interconnection P of expression (6.28), it should be recognized
that this yields the definition of the Youla parameter, i.e.

Fl(P,C∆) = −D̄−1x N̄c + D̄−1x C∆(I +GxC∆)
−1 ¡GxN̄c + D̄c

¢
= D̄−1x (I + C∆Gx)

−1 ¡−(I + C∆Gx)N̄c + C∆
¡
GxN̄c + D̄c

¢¢
= D̄−1x (I + C∆Gx)

−1 (C∆ − C) D̄c = ∆C ,

where the last equality follows from the dual of expression (6.26).

Direct application of Theorem 7.3-2 to the above sets yield the following summary of robust
stability conditions.

Theorem 7.3-3 With respect to Definition 7.3 and Definition 7.4 the following holds:

1. The sets GRa (Gx,Wa, Va, αG) and CRa (Gx,Wa, Va, αC) are mutually stabilizing if and
only if αG ≤ α−1C and exclusively stabilizing if and only if αG = α−1C .

2. The sets GRν (Gx,Wν , Vν , δG) and CRν (Gx,Wν , Vν , δC) are mutually stabilizing if and
only if δG ≤ δ−1C and exclusively stabilizing if and only if δG = δ−1C .

3. The sets GRY (Gx, C,Q,Qc,WY , VY , γG) and CRY (C,Gx,Q,Qc,WY , VY , γC) are mu-
tually stabilizing if and only if γG ≤ γ−1C and exclusively stabilizing if and only if
γG = γ−1C . ¤

The results follow from Theorem 7.3-2, but can also be found in e.g. [111][106][95].

Theorem 7.3-3.3 for the Youla uncertainty also implies the standard (dual) Youla result
regarding the set of all plants that are stabilized by a controller C. If the set in Definition
7.4.3 is limited to the auxiliary controller C only (γC = 0), Theorem 7.3-3.3 shows that the
set of all plants that stabilize C is given by the corresponding Youla parameterization with
∆G ∈ RH∞ (and no norm-bound (γG =∞)). The original Youla result is recalled in the
following theorem.

Theorem 7.3-4 [106] Given a stable feedback interconnection H(C,Gx) and a Youla
parametrization of a new controller C∆ as in Definition 7.4.3. Then the feedback con-
nection
H(C∆, Gx) is stable if and only if∆C ∈ RH∞. ¤
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The robust stability conditions appear quite distinct for the different uncertainty structures
and a comparison seems difficult to make. The additive, dual Youla and ν-gap uncertainty
sets each induce an exclusive set of stabilizing controllers. The question is whether these
sets can be compared to one another motivating the preference of one choice of uncertainty
structure over the other. Realizing the basis of the robust stability results and use of the
analytical results of the previous chapter will be of assistance to an investigation hereof.
This is elaborated in the next section.

7.4 Analysis of the robust stability conditions
In this section the robust stability conditions of the additive, dual Youla and ν-gap uncer-
tainty structures are analyzed. In particular, the frequency domain properties are investi-
gated of controllers which robustly stabilize a plant uncertainty set described in one of the
three structures. This analysis is based on the application of the analytical results of the
Chapter 6.

7.4.1 Components in a robust stability condition

In the robust stability results of the previous section three types of conditions can be dis-
cerned:

i. the condition that C∆(iω) 6= −G−1∆ (iω) for all G∆(iω) ∈ G and for all ω ∈ R.

ii. the condition that C∆ stabilizes a nominal model Gx ∈ G.

iii. conditions on all G∆ ∈ G in relation to the nominal model Gx.

The first condition constrains the frequency response of a stabilizing controller with respect
to all frequency responses of the plant set G. Additional conditions on the poles and zeros
of a stabilizing controller with respect to all transfer functions of the plant set G are posed
in a two stage manner. The poles and zeros of C∆ are first related to a nominal model Gx

(ii) after which the poles and zeros of Gx are related to those of all the plants in G (iii).

7.4.2 Robust stability conditions and the frequency domain

The norm-bound conditions in Definition 7.4 appear distinct but simply reflect the frequency
domain condition C∆ 6= −G−1∆ . Indeed, given an additive uncertainty set
GRa (Gx,Wa, Va, αG), the condition C∆ 6= −G−1∆ simply reads that the additive distance of
C−1∆ to the nominal model Gx is larger than the bound αG.
For a scalar system this means that the condition

−C−1∆ 6= G∆ for all G∆ such that |G∆ −Gx| ≤ |Wa|αG
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at a particular frequency, reads as¯̄
−C−1∆ −Gx

¯̄
> |Wa|αG ⇐⇒¯̄̄¡

C−1∆ +Gx

¢−1 ¯̄̄
< |Wa|−1 α−1G .

For notational convenience and the resulting clarity this is formulated for a scalar system,
but the same holds for multiple input multiple output systems.

Although slightly less obvious this is exactly the case for the ν-gap uncertainty structure
GRν (Gx,Wν , Vν , δG) as well. That is, the condition C 6= −G−1∆ implies that at each fre-
quency the chordal distance between −C−1∆ and Gx should be larger than the bound δG.
In other words, the condition

−C−1∆ 6= G∆ for all G∆ such that κ(Gx, G∆) ≤ |Wν | δG
implies

κ(Gx,−C−1∆ ) > |Wν | δG ⇐⇒¯̄̄
¯̃Nc∆N̄x +

¯̃Dc∆D̄x

¯̄̄
= |Λ| > |Wν | δG ⇐⇒

|Λ|−1 = σ̄ (T (Gx, C∆)) < |Wν |−1 δ−1G .

The fact that |Λ|−1 equals the maximum singular value σ̄ (T (Gx, C∆)) for normalized co-
prime factors is seen from expression (7.4).

Similarly, the Youla robust stability condition requires the distance between −C−1∆ and the
nominal model Gx measured in terms of the norm of the Youla parameter between −C−1∆
and Gx to be larger than the bound γG in GRY (Gx, C,Q,Qc,WY , VY , γG). That is, the
condition

−C−1∆ 6= G∆ for all G∆ =
N̄x + D̄c∆G

D̄x − N̄c∆G
such that |∆G| ≤

¯̄
Q−1

¯̄
|Qc| |WY | γG

with∆G = D̄−1c (I +G∆C)
−1(G∆ −Gx)D̄x means that¯̄

D̄−1c (I − C−1∆ C)−1(−C−1∆ −Gx)D̄x

¯̄
>

¯̄
Q−1

¯̄
|Qc| |WY | γG ⇐⇒¯̄

D̄−1c (C∆ − C)−1(1 + C∆Gx)D̄x

¯̄
>

¯̄
Q−1

¯̄
|Qc| |WY | γG ⇐⇒

|∆C | =
¯̄
D̄−1c (−C∆ + C)−1(1 + C∆Gx)D̄x

¯̄−1
< |Q|

¯̄
Q−1c

¯̄
|WY |−1 γ−1G .

To summarize, the negative inverse (of the elements) of the set of all stabilizing controllers
and the corresponding plant uncertainty set are complementary in the frequency domain.

7.4.3 Frequency response properties of stabilizing controllers

The sets of stabilizing controllers of Definition 7.4 have their distinct norm-bounded repre-
sentation. From Chapter 6, however, it is known that such norm-bounded sets are circular
in the frequency domain, at a particular frequency, and allow for an equivalent additive
representation with general scalar form Ca(Ca,stab,Wa,stab) defined by

Ca(Ca,stab,Wa,stab) := {C∆ | Ca,stab +∆ , |∆| < |Wa,stab|} .
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For example, the set of stabilizing controllers of Definition 7.4.1 associated with the additive
uncertainty structure, when evaluated in the frequency domain, is given by

Ca(Gx, W̄a) :=

½
C∆ |

¯̄̄̄
C∆

1 +GxC∆

¯̄̄̄
<
¯̄
W̄a

¯̄¾
, (7.8)

with W̄a = W−1a αC . It holds that

Ca(Gx, W̄a) = Ca(Ca,stab,Wa,stab),

with

Ca,stab = G−1x

Ã
|Gx|2

¯̄
W̄a

¯̄2
1− |Gx|2

¯̄
W̄a

¯̄2
!

(7.9)

Wa,stab =
1

1− |Gx|2
¯̄
W̄a

¯̄2 W̄a, (7.10)

which follows from Corollary 6.3-3 with A = 0, B = 1, C = 1, D = Gx, since
C∆ = SC∆ (1−GxSC∆)

−1 where SC∆ = C∆ (1 +GxC∆)
−1.

The set of stabilizing controllers of Definition 7.4.2 associated with the ν-gap uncertainty
structure is given in the frequency domain as

Cν(Gx, W̄ν) :=
©
C∆ | σ̄ (T (Gx, C∆)) < W̄ν

ª
,

with W̄ν =W−1ν δC . Since σ̄ (T (Gx, C∆)) = κ
¡
−G−1x , C∆

¢−1 Proposition 6.4-7 can be
used to show that

Cν(Gx, W̄ν) = Ca(Cν,stab,Wν,stab) (7.11)

with

Cν,stab = −G−1x
1

1−
³
1 + |Gx|−2

´ ¯̄
W̄−1ν

¯̄2
Wν,stab = −

r³
1−

¯̄
W̄−1ν

¯̄2´³|Gx|−2 + 1
´
W̄−1ν

1−
³
1 + |Gx|−2

´ ¯̄
W̄−1ν

¯̄2 ,

where the minus sign is added in Wν,stab with respect to Proposition 6.4-7 to emphasize
that the set Cν(Gx, W̄ν) corresponds to κ

¡
−G−1x , C∆

¢
> W̄−1ν .

The set of stabilizing controllers of Definition 7.4.3 associated with the Youla uncertainty is
given in the frequency domain by

CY (C,Gx, Q,Qc, W̄Y ) :=

½
C∆ | C∆ =

N̄c + D̄x∆C

D̄c − N̄x∆C

¯̄
Q−1∆CQc

¯̄
< |WY |−1 γC

¾
,

which allows an additive representation following from the dual of Corollary 6.4-5. That is,

CY (C,Gx, Q,Qc, W̄Y ) = Ca(CY,stab,WY,stab),
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with

CY,stab = C

Ã
1

1−
¯̄
W̄Y

¯̄2
!
+G−1x

Ã ¯̄
W̄Y

¯̄2
1−

¯̄
W̄Y

¯̄2
!

WY,stab =
C +G−1x
1−

¯̄
W̄Y

¯̄2 W̄Y ,

where W̄Y =
N̄xQ

D̄xQc
W−1Y γC .

These additive representations make the inverse proportional behaviour of the sets of sta-
bilizing controllers and their corresponding plant uncertainty set explicit. Similar to the
discussion in Section 6.4 the following remarks can be made regarding the set of stabilizing
controllers, evaluated at a particular frequency, in relation to the size (Wa,WY andWν) of
the plant uncertainty set.

1. With a plant uncertainty tending to infinity (Wa → ∞,WY → ∞ and Wν → 1), the
plant uncertainty sets were seen to span the entire frequency domain with the exception
of an ever decreasing region around (−0)−1, (−G∗x)

−1 and−C−1, respectively, for the
additive, ν-gap and Youla uncertainty (cf. Section 6.4). Therefore, the set of stabilizing
controllers consists in this case only of the ever decreasing region around 0, G∗x and C,
respectively. This also shows that there is not always a stabilizing controller for ever
increasing plant uncertainty sets (e.g. the controller 0 can only stabilize stable plants
and the controller G∗x cannot stabilize Gx unless Gx is a constant).

2. When the plant uncertainty decreases, the set of stabilizing controllers is seen to grow
with a centre moving from 0,G∗x and C, respectively, in the direction away from−G−1x
along the line between −G−1x and the points 0, G∗x and C, respectively.

3. When |Gx|2 >
¯̄
W̄a

¯̄−2, or ³1 + |Gx|−2
´−1

>
¯̄
W̄ν

¯̄−2 or 1 > ¯̄W̄Y

¯̄−2, respectively,
the sets are defined on the exterior of the boundary circles and the centre moves towards
−G−1x along the line between −G−1x and 0, G∗x and C, respectively.

4. With decreasing plant uncertainty (Wa → 0, Wν → 0, WY → 0), as the plant uncer-
tainty set tends to consist of the nominal modelGx only, the sets of controllers span the
entire frequency domain except for an ever decreasing region around −G−1x .

Note how a representation of the additive and ν-gap uncertainty in terms of a Youla parame-
trization (with C = 0 and C = G∗x, respectively) shows the connection between the three
stabilizing sets of controllers.

7.5 Identification for control and robust stability
With the analysis in the previous section a number of issues can be raised concerning the
choice of model uncertainty structure and its relation with robust stability from a system
identification point of view.
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7.5.1 Non-uniqueness of frequency domain robust stability condition

The analysis in the previous section showed that one part of the robust stability conditions is
a model structure independent condition on the frequency response of a candidate controller.
While the characteristic norm-bound conditions in Definition 7.4 ensure that C∆(iω) 6=
−G−1∆ (iω) for all G∆(iω) ∈ G and for all ω ∈ R, their representation is not unique. For
example, part i. of the robust stability condition for the ν-gap set, i.e. the condition

σ̄ (T (C∆(iω),Gx(iω)) <
¯̄
W−1ν (iω)

¯̄
,

is equivalently described by the (additive) condition¯̄̄
C∆ (1 + C∆Gcentre)

−1
¯̄̄
<
¯̄
W−1a

¯̄
with Gcentre and Wa as formulated in Proposition 6.4-7. Since all three uncertainty sets
can be transformed into one another with respect to the frequency responses of the members
their respective robust stability conditions are exchangeable. Naturally the ’nominal’ model
and weighting function will change.
The choice of an uncertainty structure in a model uncertainty identification procedure in
which the nominal model and uncertainty weighting functions are free variables is therefore
inconsequential to the frequency domain part (i.) of robust stability conditions.

7.5.2 Nesting around a fixed nominal plant model

In Chapter 6 it was discussed how model uncertainty sets differ with their structure when
the nominal model is fixed. Different model structures yield differently sized and localized
model uncertainty sets around a fixed nominal model Gx. The size of the plant uncertainty
set, measured in the frequency domain weighting functionsWa,Wν andWY , directly deter-
mines the size of the stabilizing set of controllers when evaluated in the frequency domain.
In this respect, the model structure which yields the smallest size of the uncertainty set
around the nominal model Gx is preferred from the point of view of robust stability.

Regarding the size of model uncertainty sets, the Youla parameter uncertainty structure
plays a special role. The Youla parameter uncertainty successfully incorporates the infor-
mation about the present (auxiliary) controller stabilizing the process under investigation.
Having this information available it should actually be used when describing the model un-
certainty set. For an, say, additive uncertainty structure aroundGx this would mean that the
maximum radius Wa of the additive uncertainty is given by the additive distance between
Gx and −C−1. But this maximum on the uncertainty radiusWa could conflict with the re-
quirement that the true system is contained in the uncertainty set (at a prescribed level of
probability). However, the Youla parameter uncertainty structure is such that the informa-
tion that C stabilizes the true system is incorporated without posing any further restrictions.
In particular, the distance between Gx and −C−1 measured in the dual Youla parameter
∆G is infinite.

However, the model uncertainty structure and the resulting set of stabilizing controllers
should not be judged on the basis of size alone. Instead, the set of stabilizing controllers
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should be judged against the robust performance of these controllers with the model uncer-
tainty set (cf. Chapter 8). And since each model uncertainty structure yields a differently
localized set around Gx (cf. Figure 6.4-6), the resulting sets of stabilizing controllers will
intersect and cannot be compared to one another in general, but only with respect to a per-
formance cost function.

7.5.3 Non-circular uncertainty regions

The evaluation of robust stability for non-circular plant uncertainty sets is straightforward
with respect to the condition C∆(iω) 6= −G−1∆ (iω). For example, consider the ellipsoidal
frequency domain uncertainty associated with the least-squares prediction error estimate θ̂N
(cf. Chapter 4) given by all frequency responses G∆(iω) such that°°Γω ¡fĜ(ω)− fG∆(ω)

¢°°
2
≤
q
cχ(α, n) + β̄ω w.p. ≥ α (7.12)

as defined in Theorem 4.4-4. The condition C∆(iω) 6= −G−1∆ (iω) is evaluated as°°°Γω ³fĜ(ω)− fC−1∆
(ω)
´°°°

2
>
q
cχ(α, n) + β̄ω.

In other words, the distance between the controller C∆ and −G
³
iω, θ̂N

´−1
measured in

the weighted norm
°°°Γω ³fĜ(ω)− fC−1∆

(ω)
´°°°

2
should be larger than the size of the plant

uncertainty set.
Of course, the evaluation has to be performed over all frequencies. In practice the compu-
tational tools based on a real parametric uncertainty structure and norm-bounded (circular)
uncertainty structures might be preferred [111].

7.5.4 Importance of unstable poles and zeros

When considering robust stability the uncertainty sets do differ in terms of winding-number/
pole/zero condition. While the set of controller frequency responses satisfying C∆(iω) 6=
−G−1∆ (iω) for all G∆(iω) ∈ G and for all ω ∈ R is structure independent, the set of
controller transfer functions is not. That is, the winding-number/pole/zero condition of
each uncertainty structure induces a different subset of transfer functions associated with
the set of frequency responses.
The question arises whether system identification provides information to determine which
of the winding-number/pole/zero constraints are satisfied and correspondingly which of the
uncertainty structures has to be chosen to describe the plant uncertainty. Identification meth-
ods generally do not consider particular winding-number/pole/zero constraints on the result-
ing models. If the identification results in a parametric model uncertainty set the verification
of the winding-number/pole/zero constraints is possible, but the result is strongly dependent
on the data and identification procedure. For example, least-squares estimation techniques
are known to be able to return unstable models for stable data-generating systems.
There is one assumption, however, which can be made a prior in an identification setup: the
constraint that the identified object is stable. Indeed, the availability of measurement data re-
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quired the data-generating system to be stable (at least for the period of measurement time).
In particular, the verification of condition iii. is feasible for an additive uncertainty structure
following an open-loop identification which requires that all elements G∆ ∈ Ga (Gx,Wa)
are stable. Or, a closed-loop identification could lead to a Youla parameter uncertainty
where the Youla parameter ∆G itself is identified directly from closed-loop data [99] and
where a stability condition on∆G is automatically satisfied for the present controller C.

7.6 Simultaneous plant and controller perturbation
In this section robust stability under simultaneous plant and controller perturbation is eval-
uated. For a given plant uncertainty set the allowed perturbation (or tuning freedom) under
robust stability of a nominal controller C is investigated for different choices of the uncer-
tainty structure in which the plant and controller perturbation are described. In particular,
the mutually stabilizing sets of plants and controllers resulting from a dual Youla uncer-
tainty structure are compared with the mutually stabilizing sets resulting from a ν-gap, gap
and Λ-gap uncertainty structure.

7.6.1 Introduction

In the previous section exclusively stabilizing sets of plants and controllers were formulated.
The structure of the model uncertainty set was fixed, while the structure of the induced set of
all stabilizing controllers was left free. In this section, the structure of the set of stabilizing
controllers is fixed as well. In particular, the set of controllers is described in terms of
controller perturbations with respect to a (present) nominal controller C. When restricting
the representation of the set of controllers to a particular structure, robust stability conditions
can be derived as well, although conservatism is introduced.
Each choice of uncertainty structure used to describe the plant uncertainty and the controller
perturbation will lead to different mutually stabilizing sets of plants and controllers. In gen-
eral these sets cannot be compared to one another, because they are intersecting. However,
in particular cases, as will be shown in this section, the sets of robustly stabilizing con-
trollers are nested; this leads to conclusions that one structure provides less conservative
results than another.
In particular it will be shown that the use of a dual-Youla uncertainty structure is less conser-
vative than the use of a ν-gap, gap and Λ-gap uncertainty in the situation that we restrict the
controller set to be constructed as a metric-bounded perturbation of the present controller
C. This result is of particular interest when considering problems of controller fragility and
of controller tuning, as e.g. applied in [66].
As part of the analysis presented here an analytical result is formulated for nesting a ν-gap
uncertainty set tightly by a dual Youla uncertainty set. In fact, the analysis will reveal a
special connection between the Youla parameter uncertainty and the ν-gap, gap and Λ-gap
uncertainty structures.
But first the standard simultaneous perturbation stability conditions are recalled for the ν-
gap, gap, Λ-gap and the Youla parametrization.
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7.6.2 Robust stability under simultaneous perturbation

The standard simultaneous perturbation results for the gap metrics can be found in [40][44]
[84][12][13][108]. These results are recalled in this section for the following sets of plant
and controllers defined around a nominal model Gx and a nominal controller C, respec-
tively.

Sets of plants:

1. Gν(Gx,δν,G, I) = {G∆ | δν(Gx, G∆) < δν,G}

2. Gδ(Gx, δG) := {G∆ | δ(Gx, G∆) ≤ δG}

3. GΛ(Gx,δΛ,G) :=
n
G∆ | δΛ(Gx, G∆) < δΛ,G

o
4. GY (Gx, C,Q,Qc, γG, I) =

©
G∆ = (N̄x + D̄c∆R)(D̄x − N̄c∆R)

−1 |°°Q−1c ∆RQ
°°
∞ ≤ γG

ª
Here the definitions of the ν-gap δν(Gx,G∆), the gap δ(Gx, G∆) and theΛ-gap δΛ(Gx, G∆)
are as given in Section 6.2. Controller uncertainty sets around a nominal controller C are
similarly defined for the different uncertainty structures.

Sets of controllers:

1. Cν(C, δν,G) := {C∆ | δν(C,C∆) < δν,C andH(Gx, C) ∈ RH∞}

2. Cδ(C, δG) := {C∆ | δ(C,C∆) ≤ δC andH(Gx, C) ∈ RH∞}

3. CΛ(C, δΛ,G) :=
n
C∆ | δΛ(Cx, C∆) < δΛ,C andH(Gx, C) ∈ RH∞

o
4. CY (Gx, C,Q,Qc, γC) :=

©
C∆ = (N̄c + D̄x∆C)(D̄c − N̄x∆C)

−1 |°°Q−1∆CQc

°°
∞ < γC andH(Gx, C) ∈ RH∞

ª
For these sets simultaneous perturbation results can be derived. These well-known results
are recalled in the following theorem.

Theorem 7.6-5

1. The sets Gν(Gx,δν,G, I) and Cν(C, δν,C) are

(a) mutually stabilizing if δν,C ≤ kT (Gx, C)k−1∞ − δν,G [108]
(b) mutually stabilizing if and only if

δν,C ≤ sin
³
arcsin

³
kT (Gx, C)k−1∞

´
− arcsin (δν,G)

´
[108]

2. The sets Gδ(Gx, δG) and Cδ(C, δC) are

(a) mutually stabilizing if δC ≤ kT (Gx, C)k−1∞ − δG [44]
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(b) mutually stabilizing if and only if
δC ≤ sin

³
arcsin

³
kT (Gx, C)k−1∞

´
− arcsin (δG)

´
[84]

3. The sets GΛ(Gx,δΛ,G) and CΛ(C, δΛ,C) are mutually stabilizing if
δΛ,C ≤ 1− δΛ,G [12].

4. The sets GY (Gx, C,Q,Qc, γG, I) and CY (Gx, C,Q,Qc, γC) are mutually (and exclu-
sively) stabilizing if and only if γG ≤ γ−1C [95] [90]. ¤

The difference between mutually and exclusively stabilizing is now apparent. While both
condition 1.b, 2.b and 4 are necessary and sufficient, only the last condition induces plant
and controller sets which are exclusively stabilizing.
The gap condition 1.b is necessary and sufficient in the sense that it formulates the maxi-
mum size of the "uncertainty amplitude" δν,C before the set Cν(C, δν,G)will contain at least
one controller which will destabilize at least one plant in Gν(Gx,δν,G, I). However, there
are many controllers not contained in Cν(C, arcsin

³
sin
³
kT (Gx, C)k−1∞

´
− sin (δν,G)

´
)

which do in fact stabilize all plants in Gν(Gx,δν,G, I). If however, these controllers were
to be nested within the particular structure of Cν(C, δν,C), the "uncertainty amplitude" δν,C
becomes larger than arcsin

³
sin
³
kT (Gx, C)k−1∞

´
− sin (δν,G)

´
and the set will also in-

clude a destabilizing controller. The set of all stabilizing controllers for Gν(Gx,δν,G, I) was
given by CRν (Gx, I, I, δ

−1
ν,G) of Definition 7.4, implying

Cν(C, arcsin
³
sin
³
kT (Gx, C)k−1∞

´
− sin (δν,G)

´
) ⊂ CRν (Gx, I, I, δ

−1
ν,G).

The Youla parameter uncertainty sets are exclusively stabilizing as was discussed in Section
7.4. This fact is actually not proven in [95][90]. In these papers stability conditions on a
plant and controller pair (G∆,C∆) are derived, which are recalled here by the following
proposition.

Proposition 7.6-6 [95][90] LetGx and C have normalized coprime factorizations and let
H(Gx, C) be stable. Denote

G∆ = (N̄x + D̄c∆R)(D̄x − N̄c∆R)
−1 (13)

C∆ = (N̄c + D̄x∆C)(D̄c − N̄x∆C)
−1. (14)

Then for∆R,∆C ∈ RH∞

a) H(G∆, C∆) is stable if and only if for some unimodular Q,Qc ∈ RH∞,
H(Q−1c ∆RQ,Q

−1∆CQc) is stable.
b) H(G∆, C∆) is stable if there exist some unimodular Q,Qc ∈ RH∞ such that°°Q−1∆CQc

°°
∞ ·

°°Q−1c ∆RQ
°°
∞ < 1. ¤

With this proposition the result of Theorem 7.6-5.4 on sets of plants and controllers follows
directly from applying a small-gain argument realizing that the parameters∆C and∆G are
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stable and free to vary in "phase".

It is conjectured that for the Λ-gap a necessary and sufficient condition similar to those for
the other gap uncertainties can be derived.

7.6.3 Comparison of the uncertainty structures

The mutually stabilizing sets of Theorem 7.6-5 are quite distinct. In general, these sets
will intersect and, therefore, cannot be compared to one another. However, it turns out
that the Youla sets are such that they are able to nest the gap sets for both the plants and
the controllers simultaneously. This result was presented in [39] for the sufficient robust
stability conditions 1.a, 2.a and 3 of Theorem 7.6-5. The results of Chapter 6, however,
allow a similar derivation for the necessary and sufficient conditions as well. The latter
situation is elaborated in Section 7.6.5, while the first is formalized in the following theorem.

Theorem 7.6-7 Given a set of plants Gν(Gx, δν,G, I) and a set of controllers Cν(C, δν,C)
satisfying the ν-gap stability condition of Theorem 7.6-5.1.a. Then for the Youla uncertainty
sets of Definition 6.7 with Q = Qc = I , it holds that

a) GY (Gx, C, I, I, γ̄ν,G, I) ⊇ Gν(Gx, δν,G, I), with

γ̄ν,G = δν,GkT (Gx, C)k∞ (1− δν,GkT (Gx, C)k∞)−1 (7.15)

b) CY (Gx, C, I, I, γ̄ν,C) ⊇ Cν(C, δν,C), with

γ̄ν,C = δν,CkT (Gx, C)k∞ (1− δν,CkT (Gx, C)k∞)−1

c) γ̄ν,G · γ̄ν,C ≤ 1, i.e. the two sets satisfy the stability condition of Theorem 7.6-5.4. ¤

Proof: A proof is added in Appendix 7A. ¤

The result of this theorem implies that even when nesting the gap uncertainty sets for plant
and controller in (more conservative) sets in terms of Youla parameterization, a simulta-
neous stabilization result remains valid. In other words: the resulting sets of plants and
controllers can be compared on the basis of robust stability and it follows that the related
robust stability test for the Youla-structured uncertainty is less conservative than the test for
the gap metric. This is not a consequence of the fact that the Youla sets are exclusively
stabilizing while the gap sets are mutually stabilizing only. For other exclusively stabiliz-
ing sets, such as the additive sets of Theorem 7.3-3.3, this property does not hold. Instead,
it is a special connection between the Youla parameter uncertainty and the gap uncertainties.

In fact, Theorem 7.6-7 also holds point-wise over frequency, which follows directly from
replacing the infinity norm in the proof by the maximum singular value. Figure 7.6-3 il-
lustrates the results of Theorem 7.6-7 evaluated at a particular frequency. The figure cor-
responds to the example of Section 7.6.4 evaluated at frequency ω = 0.6. The plant G∆
is nested by the smallest possible ν-gap set Gν(Gx, δν,G, I) around the nominal model Gx

(interior of the dotted red circle). The negative inverse of the corresponding (elements of
the) largest set of controllers Cν(C, δν,C) with δν,C = kT (Gx, C)k∞− δν,G is depicted by
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Figure 7.6-3: A ν-gap set Gν(Gx, δν,G) (interior of dotted red circle) is embedded by a Youla un-
certainty set GY (Gx, C, I, I, γ̄ν,G) with γ̄ν,G of expression (7.15) (interior of solid blue circle).
The negative inverse of the (elements of the) largest ν-gap set of controllers Cν(C, δν,C) guar-
anteed to stabilize Gν(Gx, δν,G) by Theorem 7.6-5.1a is depicted by the interior of the dashed
blue circle. The negative inverse of the (elements of the) largest Youla parameter uncertainty as-
sociated with GY (Gx, C, I, I, γ̄ν,G) is given by the exterior of the solid blue circle. It holds that
Cν(C, δν,C)⊂CY (Gx, C, I, I, γ̄ν,C).

The magnification on the right shows that the sets −C−1ν (C, δν,C) and Gν(Gx, δν,G) do not "touch"
each other as a result of using the sufficient robust stability condition.
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the interior of the dashed blue circle. That the sufficient robust stability condition is used
reveals itself by the fact that these two sets do not "touch" each other (see magnification on
the right). The nesting Youla uncertainty set GY (Gx, C, I, I, γ̄ν,G, I) with γ̄ν,G of expres-
sion (7.15) is depicted by the interior of the solid blue circle. The exterior of the same solid
blue circle presents the negative inverse of the (elements of the) largest corresponding set of
stabilizing controllers CY (Gx, C, I, I, γ̄ν,C) with γ̄ν,C = γ̄−1ν,G. Clearly,

Cν(C, δν,C) ⊂ CY (Gx, C, I, I, γ̄ν,C),

i.e. the set of controllers that can be guaranteed to stabilize the set of plants Gν(Gx, δν,G, I) ⊂
GY (Gx, C, I, I, γ̄ν,G, I) is much larger when described in the Youla parameter uncertainty
than when described in the ν-gap uncertainty structure.

The result of Theorem 7.6-7 also holds true when replacing the ν-gap by the gap or the
Λ-gap. In Appendix 7A proofs are provided. In fact, given Theorem 7.6-7 and the fact that
it always holds that [108]

δν(Gx, G∆) ≤ δ(Gx, G∆),

the extension to the gap uncertainty is direct. The extension to the Λ-gap uncertainty is
formalized below.

Theorem 7.6-8 Given a set of plants GΛ(Gx, δΛ,G) and a set of controllers CΛ(C, δΛ,C)
satisfying the Λ-gap stability condition of Theorem 7.6-5.1.b. Then for the Youla sets of
Definition 6.7 with Q = Λ−1 and Qc = Λ̃

−1, with Λ, Λ̃ as defined in (7.5), it holds that

a) GY (Gx, C,Λ
−1, Λ̃−1, γ̄Λ,G, I) ⊇ GΛ(Gx, δΛ,G), with γ̄Λ,G = δΛ,G (1− δΛ,G)

−1

b) CY (Gx, C,Λ
−1, Λ̃−1, γ̄Λ,C) ⊇ CΛ(C, δΛ,C), with γ̄Λ,C = δΛ,C (1− δΛ,C)

−1

c) γ̄Λ,G ·γ̄Λ,C ≤ 1, i.e. the two sets satisfy the stability condition of of Theorem 7.6-5.4.¤

Proof: A direct proof is added in Appendix 7A. Alternatively, the result of Section 6.2.6
showing that δΛ(Gx, G∆) ≤

°°°∆̃G

°°°
∞
could be used to proof the theorem. ¤

This theorem shows that, like the ν-gap uncertainty structure, the Λ-gap (and gap) uncer-
tainty structure lead to mutually stabilizing plant and controller sets that are more conserv-
ative than the sets that are obtained in a Youla uncertainty structure.

In practice, the uncertainty set in terms of the Youla parametrization would not be chosen
as to enclose the set of the gap uncertainty but as to enclose a set of unfalsified plants G. A
direct consequence of the theorem in this respect is formulated in the next corollary.

Corollary 7.6-9 Given a set of (unfalsified) plants G, a gap uncertainty set Gν(Gx, δ̆ν,G, I)

and a Youla uncertainty set GY (Gx, C, I, I, γ̆G, I), where δ̆ν,G, γ̆G are the smallest values
of δν,G, γG such that G ⊆ Gν(Gx, δν,G, I) and G ⊆ GY (Gx, C, I, I, γG, I). Then the
largest stabilizing controller sets resulting from Theorem 7.6-51.a and 4, respectively, sat-
isfy

Cν,δ(C, kT (Gx, C)k−1∞ − δ̆ν,G) ⊂ CY (Gx, C, I, I, γ̆
−1
G )

. ¤



240 Chapter 7. Model uncertainty and stability

Apparently, when describing plant uncertainty in either a gap metric bound or a norm bound
in a dual-Youla representation, the latter format allows for a larger set of controllers that
guarantee robust stability. The resulting set of controllers guaranteed to stabilize the set of
unfalsified plants would still be larger when the freedom of applying weighting functions
would be employed.

7.6.4 Example

An example is considered in which robust stability is guaranteed by the Youla parameter
condition of Theorem 7.6-5.4, but not by the gap-metric conditions of Theorem 7.6-5.1a,
.2a and .3. A (physical) model of a rotating drive system G0 is considered and an identified
model Ĝ based on input and output data. In practice, the true system G0 would have to be
represented by a set of unfalsified models. Figure 7.6-4 shows that the model Ĝ is a fairly
good model, although the error

¯̄̄
G0 − Ĝ

¯̄̄
is quite large near the resonance frequencies. A

controller C is designed, on the basis of the model Ĝ, which stabilizes the system and
reduces the influence of the resonance peaks beyond the bandwidth. A new controller Cnew

is designed to achieve a slightly larger bandwidth of the closed loop system. The respective
transfer functions are given by

G0 =
182049.47

s(s2 + 0.377s+ 130.5)(s2 + 1.249s+ 1395)

Ĝ =
0.0051602(s2 + 70.53s+ 1634)(s2 − 45.72s+ 1.608× 104)

s(s2 + 0.2671s+ 128.3)(s2 + 2.125s+ 1348)

C =
1000

(s+ 10)3
Cnew =

2000

(s/1.2 + 10)3
.

Before implementing the new controller the various robust stability tests are considered. We
have the following numbers: kT (Ĝ, C)k−1∞ = 0.394; δ(G0, Ĝ) = 0.235; δ(C,Cnew) =
0.417; δν(G0, Ĝ) = 0.234; δν(C,Cnew) = 0.416; δΛ(G0, Ĝ) = 0.492; δΛ(C,Cnew) =
0.976; k∆Gk∞ = 0.381; k∆Ck∞ = 1.455.

Clearly δν(G0, Ĝ)+ δν(C,Cnew) is much larger than kT (Ĝ, C)k−1∞ . Hence from Theorem
7.6-5.1a, .2a it cannot be concluded thatH(G0, Cnew) is stable. Moreover, as
δν(C,Cnew) > kT (Ĝ, C)k−1∞ , the gap and the ν-gap condition fail even to guarantee sta-
bility ofH(G0, C).
The Λ-gap condition of Theorem 7.6-5.3 does show stability ofH(G0, C), but again stabil-
ity ofH(G0, Cnew) cannot be concluded as δΛ(G0, Ĝ) + δΛ(C,Cnew) > 1.
The Youla condition of Theorem 7.6-5.4 is satisfied and would even allow for larger pertur-
bations as k∆Gk∞ k∆Ck∞ is 0.554 < 1.

A further indication of the differences between the robust stability conditions is provided by
Figure 7.6-5 which illustrates how the controller C could be retuned/perturbed while still
be guaranteed by the various conditions to stabilize both models G0 and Ĝ. Perturbations
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Figure 7.6-4: Bode diagram of the (physical model of the) rotating drive system G0 (solid blue), the
estimate Ĝ (dashed green) and the difference G0 − Ĝ (dotted red).
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Figure 7.6-5: Comparing the allowable range of controller perturbations of the form

Cnew(k1, k2) =
1000k2

(s/k1 + 10)
3 according to the robust stability conditions of Theorem 7.6-5.

The lines depict the boundaries outside which the associated controllers do not satisfy the respective
robust stability conditions. The controllers C and Cnew(1.2, 2) are indicated by ’+’ and ’×’.

are considered of the form

Cnew(k1, k2) =
1000k2

(s/k1 + 10)
3 .

The figure is obtained by computation over a fine grid of k1 and k2 and the lines depict
the boundaries outside which the associated controllers do not satisfy the respective robust
stability conditions. The results illustrate that the Youla condition yields a much larger set
of stabilizing controllers then the gap-conditions. The ν-gap and the gap are (practically)
identical for the considered controllers. The Λ-gap is seen to be less conservative than the
other two gaps. Finally, the necessary and sufficient ν-gap δν(G0, Ĝ) ≤ kT (Ĝ, Cnew)k−1∞
is also evaluated. While the associated controller set necessarily embeds the gap and the
sufficient ν-gap sets, it is seen that it cannot be compared with the Λ-gap as the two sets
intersect. For the parameter range depicted here the Youla condition yields a larger set
than the necessary and sufficient ν-gap condition. However outside this range the sets will
intersect and cannot be compared.

7.6.5 Nesting in case of necessary and sufficient conditions

The results of the previous section were based on the sufficient robust stability conditions for
the gap metrics. Similar results can also be derived, however, when constructing mutually
stabilizing sets of plants and controllers on the basis of the necessary and sufficient ν-gap
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robust stability condition of Theorem 7.6-5.1b.
To proof such an extension of Theorem 7.6-7 first a strict nesting of a ν-gap set by a Youla
parameter uncertainty set is to be formulated. For comparison, note in Figure 7.6-3 that the
nesting sets of Theorem 7.6-7 are not tightly nesting in the sense that they do not "touch".
Then it has to be shown that the tightly nesting Youla parameter plant and controller sets
satisfy their own robust stability condition of Theorem 7.6-5.4.
Here only the SISO case will be considered for ease of presentation, but the results are read-
ily extended to MIMO systems. The results derived here are valid point-wise in frequency.

The following proposition describes the strict nesting of a ν-gap uncertainty set by a dual
Youla uncertainty set. The nesting is strict in the sense that at each frequency the boundary
of the two sets coincide in exactly one point only.

Proposition 7.6-10 Given a ν-gap uncertainty set Gν(Gx,Wν , I) given by

Gν(Gx,Wν , I) =
©
G∆ |

°°¡N̄∆D̄x − D̄∆N̄x

¢
W−1ν

°°
∞ ≤ 1

ª
. (7.16)

and a Youla parameter uncertainty set GY (Gx, C,Q,Qc, I,WY ) with Q = Qc = I , given
by

GY (Gx, C, I, I, I,WY ) =

½
G∆ =

N̄x + D̄c∆G

D̄x − N̄c∆G
| °°∆GW

−1
Y

°°
∞ ≤ 1

ª
.(7.17)

If

WY =
|Wν |

|Λ|
r³

1− |Wν |2
´
− |Wν |

r³
1− |Λ|2

´ (7.18)

with Λ := D̄xD̄c + N̄xN̄c, it holds that

Gν(Gx,Wν , I) ⊂ GY (Gx, C, I, I, I,WY ),

where at each frequency the nesting is tight in the sense that the (circular) boundary of the
ν-gap set Gν(Gx,Wν , I) coincides with the (circular) boundary of the Youla parameter set
GY (Gx, C, I, I, I,WY ) in exactly one point. ¤

Proof: A proof is provided in Appendix 7A.6 ¤

Now consider a pair of mutually stabilizing sets of plants and controllers in the ν-gap uncer-
tainty structure, Gν(Gx,Wν,G, I) and Cν(C,Wν,C), which satisfy the necessary and suffi-
cient robust stability condition of Theorem 7.6-5.1.b pointwise, i.e. at each frequency ω it
holds that¯̄
Wν,C

¡
eiω
¢¯̄
≤ sin

³
arcsin

³
σ̄
¡
T (Gx

¡
eiω
¢
, C
¡
eiω
¢
)
¢−1´− arcsin ¡¯̄Wν,G

¡
eiω
¢¯̄¢´

.

With Proposition 7.6-10 a set of plants GY (Gx, C, I, I, I,WY ) in the dual Youla uncertainty
structure can be constructed which tightly nests the ν-gap set Gν(Gx,Wν,G, I). Similarly,
a set of controllers CY (C,Gx, I, I, W̄Y,C) can be constructed which nests the ν-gap set
Cν(C,Wν,C).
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Obviously, an nesting set can always be constructed. However, it turns out that the nesting
Youla sets GY (Gx, C, I, I, I,WY ) and CY (C,Gx, I, I, W̄Y,C) still satisfy the robust stabil-
ity condition of Theorem 7.6-5.4. In other words, when the uncertainty in a model Gx and
the fragility (tuning/perturbation freedom) of a controller C is described in the Youla un-
certainty structure, less conservative results hold true in comparison with a description in
terms of the ν-gap. The result is formalized in the following theorem.

Theorem 7.6-11 Given a set of plants Gν(Gx,Wν,G, I) and a set of controllers Cν(C,Wν,C)
as defined in Proposition 7.6-10, satisfying the ν-gap stability condition of Theorem 7.6-
5.1.b pointwise, i.e. H(Gx, C) ∈ RH∞ and

arcsin |Wν,C(iω)| ≤ arcsin |Λ(iω)|− arcsin |Wν,G(iω)| for all ω ∈ R, (7.19)

where Λ := N̄cN̄x + N̄cD̄x in terms of normalized coprime factors of Gx and C.

Then for the Youla uncertainty sets as defined in (7.17) with Q = Qc = I , it holds that

a) GY (Gx, C, I, I, W̄Y,G, I) ⊇ Gν(Gx,Wν,G, I), with

W̄Y,G =
|Wν,G|

|Λ|
r³

1− |Wν,G|2
´
− |Wν,G|

r³
1− |Λ|2

´ (7.20)

b) CY (C,Gx, I, I, W̄Y,C) ⊇ Cν(C,Wν,C), with

W̄Y,C =
|Wν,C |

|Λ|
r³

1− |Wν,C |2
´
− |Wν,C |

r³
1− |Λ|2

´
c)

¯̄
W̄Y,C

¯̄
·
¯̄
W̄Y,G

¯̄
≤ 1, i.e. the two sets satisfy the point-wise stability condition of

Theorem 7.6-5.4.

The nesting in a) and b) is tight in the sense that at each frequency the boundaries of the
sets coincide in one point. The bound in c) is tight (equal sign) at those frequencies where
the ν-gap sets are maximal with respect to expression (7.19), i.e. when expression (7.19) is
an equality. ¤

Proof: A proof is provided in Appendix 7A.7 ¤

This theorem is a stronger version of Theorem 7.6-7 where only the sufficient ν-gap robust
stability condition was used. The result of this theorem implies that the robust stability
condition of Theorem 7.6-5.4 for the Youla-structured uncertainty is less conservative than
the test for the ν-gap metric of Theorem 7.6-5.1.b. It is again emphasized that this is not a
consequence of the fact that the Youla sets are exclusively stabilizing while the ν-gap sets
are mutually stabilizing only. For other exclusively stabilizing sets, such as the additive sets
of Theorem 7.3-3.3, this property does not hold. Instead, it is a special connection between
the Youla parameter uncertainty and the gap uncertainties.
Figure 7.6-6 illustrates the results of Theorem 7.6-11, showing the special connection be-
tween the Youla parameter uncertainty sets and the ν-gap uncertainty sets. The necessary
and sufficient ν-gap condition provides the largest possible set of controllers Cν(C,Wν,C),
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forWν,C satisfying condition (7.19) with an equality, that is guaranteed to stabilize the el-
ements of the ν-gap set Gν(Gx,Wν,G, I). The fact that condition (7.19) is necessary and
sufficient reveals itself in the fact that the circular boundary of the plant set Gν(Gx,Wν,G, I)
coincides in exactly one point with the set −C−1ν (C,Wν,C) which is defined, with abuse of
notation, as the set containing the negative inverse of all controllers in Cν(C,Wν,C) (cf.
Section 7.4).
The Youla sets GY (Gx, C, I, I, W̄Y,G, I) and CY (C,Gx, I, I, W̄Y,C) of Theorem 7.6-11
also satisfy a necessary and sufficient robust stability condition, implying that the circular
boundaries of GY (Gx, C, I, I, W̄Y,G, I) and −C−1Y (C,Gx, I, I, W̄Y,C) coincide in exactly
one point only. Since the Youla sets are known to nest the ν-gap sets strictly, it can only be
concluded that the boundaries of the four sets, GY (Gx, C, I, I, W̄Y,G, I),
−C−1Y (C,Gx, I, I, W̄Y,C), Gν(Gx,Wν,G, I) and −C−1ν (C,Wν,C), all coincide in the same
point. This special fact is illustrated in Figure 7.6-6 and formalized in the following corol-
lary to Theorem 7.6-11.

Corollary 7.6-12 The Youla parameter plant uncertainty set GY (Gx, C, I, I,WY,G, I)
and ν-gap controller uncertainty set Cν(C,Wν,C) are mutually stabilizing if and only if

|Wν,C | ≤ sin
³
arcsin

³
kT (Gx, C)k−1∞

´
− arcsin (|Wν,G|)

´
where

|Wν,G| =
|WY,G| |Λ|vuutÃµ1 + |WY,G|

r³
1− |Λ|2

´¶2
− |WY,G|2 |Λ|2

! (7.21)

¤

Proof: The proof follows directly from Theorem 7.6-11 as explained in the text preced-
ing this proposition. The Youla plant uncertainty set GY (Gx, C, I, I,WY,G, I) should
satisfy the nesting condition (7.18) of Proposition 7.6-10. Straightforward calculation
allows this condition to be rewritten into the explicit expression (7.21) for |Wν,G| (cf.
Appendix 7A.8). ¤

7.7 Conclusions
This chapter discusses the connection between identification and robust stability by investi-
gating the consequences of choices made within the identification of the model uncertainty
for robust stability with a controller. The various robust stability conditions for different
uncertainty structures are briefly discussed and the main idea is highlighted. Robust sta-
bility conditions induce sets of mutually stabilizing plants and controllers. Such sets are
compared to one another for robust stability conditions based on the dual-Youla parameter
uncertainty structure and the gap and ν-gap uncertainty structure. The use of different un-
certainty structures for specifying model uncertainty around a fixed nominal model leads
to different sets of robustly stabilizing controllers. These controller sets generally intersect,
and therefore a “best” choice cannot be made.
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Figure 7.6-6: A ν-gap set Gν(Gx,Wν,G) (interior of dotted red circle) is embedded by a Youla
uncertainty set GY (Gx, C, W̄Y,G) with W̄Y,G of expression (7.15) (interior of solid blue circle).
The negative inverse of the (elements of the) largest ν-gap set of controllers Cν(C,Wν,C) guar-
anteed to stabilize Gν(Gx,Wν,G) by expression (7.19) is depicted by the interior of the dashed
blue circle. The negative inverse of the (elements of the) largest Youla parameter uncertainty as-
sociated with GY (Gx, C, W̄ν,G) is given by the exterior of the solid blue circle. It holds that
Cν(C,Wν,C)⊂CY (Gx, C, W̄Y,C).

The magnification on the right shows that the sets −C−1ν (C,Wν,C) and Gν(Gx,Wν,G) do coincide
at exactly one point on the boundary as a result of using the necessary and sufficient robust stability
condition.
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On the other hand, when allowing the nominal model and the uncertainty weighting function
to be free during identification, each uncertainty structure can describe the same identifica-
tion uncertainty set. In other words, the frequency response set of stabilizing controllers
can be described identically in each of the structures. Even under additional constraints on
the unstable poles and zeros the boundary of the frequency response set of controllers will
be reached, at each frequency, by at least one element of the set. From an identification
point of view the choice of an additive uncertainty structure in an open-loop identification
setting and the choice of a dual Youla uncertainty structure in a closed-loop setting has the
advantage of being able to ensure that the identified object is stable. For other uncertainty
structures, the guarantee that the elements of the uncertainty set satisfy the winding num-
ber condition inherent to the particular robust stability condition of the uncertainty structure
cannot be given easily.
When restricting attention to controller sets that can be described as a metric-bounded per-
turbation of a nominal/present controller, the use of a double Youla parametrization for
representing plant and controller uncertainty is shown to be less conservative than when
using gap-metric type of uncertainties. This result can be fruitfully used for studying con-
troller fragility and in controller (re-)tuning. An example has been provided to illustrate
these results.
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Appendix 7A Proofs

7A.1 Bounds on singular values

Proposition 7.7-13
σ(A)− σ̄(B) ≤ σ(A+B)

¤

Proof:
Let w be such that

k(A+B)wk
kwk = σ(A+B).

Since, with the triangle inequality we have that

k(A+B)wk = kAw +Bwk ≥ kAwk− kBwk
it follows that

σ(A)− σ̄(B) ≤ kAwkkwk −
kBwk
kwk ≤

k(A+B)wk
kwk = σ(A+B).

Proposition 7.7-14
σ(A)− σ̄(B) ≤ σ(A−B)

Proof:
Let w be such that

k(A−B)wk
kwk = σ(A−B).

Since, with the triangle inequality we have that13

k(A−B)wk = kAw −Bwk ≥ kAwk− k−Bwk = kAwk− kBwk
it follows that

σ(A)− σ̄(B) ≤ kAwkkwk −
kBwk
kwk ≤

k(A−B)wk
kwk = σ(A−B).

7A.2 Gap metric

The proof of the application of Theorem 7.6-7 to the gap metric consists of (1) showing
that there exist γ̄G and γ̄C such that the sets GY (Gx, C, I, I, γ̄G) and CY (G,C, I, I, γ̄C),
as defined in Definitions 6.7, nest sets Gδ(Gx, δG) and Cδ(C, δC) satisfying the gap sta-
bility condition of Theorem 7.6-5.2a, respectively, and (2) that GY (Gx, C, I, I, γ̄G) and
CY (G,C, I, I, γ̄C) satisfy the stability condition of Theorem 7.6-5.4, i.e. γ̄G · γ̄C ≤ 1.
13

kAwk = kAw −Bw +Bwk ≤ kAw −Bwk+ kBwk
kAw −Bwk ≥ kAwk− kBwk .
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Lemma 7.7-15 Given a nominal plant Gx = N̄xD̄
−1
x and controller C = N̄cD̄

−1
c such

that H(Gx, C) ∈ RH∞. Then every plant G∆ stabilized by C and every controller C∆
stabilized by Gx can be expressed in a (dual) Youla factorization [107], i.e.
G∆ =

¡
N̄x + D̄c∆R

¢ ¡
D̄x − N̄c∆R

¢−1 and
C∆ =

¡
N̄c + D̄x∆C

¢ ¡
D̄c − N̄x∆C

¢−1
and the Youla parameters ∆R and∆C satisfy
k∆Rk∞ ≤

°°°Λ̃−1°°°
∞
δ(Gx, G∆)

¡
1−

°°Λ−1°°∞ δ(Gx, G∆)
¢−1

k∆Ck∞ ≤
°°Λ−1°°∞ δ(C,C∆)

³
1−

°°°Λ̃−1°°°
∞
δ(C,C∆)

´−1
.

Lemma 7.7-15 follows from exploiting the freedom in coprime factorizations with respect to
a unimodular multiplication. Each G∆ can be written in a Youla factorization and in terms
of a coprime factorization related to the directed gap

−→
δ (G∆,G) of expression (6.16),∙

N̄∆
D̄∆

¸
QG =

∙
N̄x + D̄c∆R

D̄x − N̄c∆R

¸
Q. (7A.1)

HereQG denotes the minimizing argument ofQδ in expression (6.16). QG is unique (mod-
ulo unitary factors) and unimodular (i.e. QG, Q

−1
G ∈ RH∞) implying the left hand side of

(7A.1) to represent a coprime factorization indeed [91]. The unimodular matrix Q accom-
plishes the equality and is uniquely defined (modulo unitary factors) due to the normaliza-
tions of the coprime factors. From expression (7A.1) it holds that:∙

−D̄c

N̄c

¸
∆R =

∙
N̄x

D̄x

¸
−
∙
N̄x

D̄x

¸
Q−1

+

½∙
N̄x

D̄x

¸
−
∙
N̄∆
D̄∆

¸
QG

¾
Q−1. (2)

This expression is simplified bymultiplication from the left with Λ̃−1
h
− ¯̃Dx

¯̃Nx

i
, using

the fact that ¯̃DxN̄x =
¯̃NxD̄x, leading to

∆R = Λ̃
−1
h
− ¯̃Dx

¯̃Nx

i½∙ N̄x

D̄x

¸
−
∙
N̄∆
D̄∆

¸
QG

¾
Q−1, (7A.3)

where Λ̃ is as defined in (7.5)
Multiplication of expression (7A.2) from the left with Λ−1

h
¯̃Nc

¯̃Dc

i
yields

Q = I − Λ−1
h
¯̃Nc

¯̃Dc

i½∙ N̄x

D̄x

¸
−
∙
N̄∆
D̄∆

¸
QG

¾
. (7A.4)

Applying the singular value relation [63] σ(A− B) ≥ σ(A) − σ̄(B) to expression (7A.4)
and using the fact that σ̄(Q−1(ω)) = 1

σ(Q(ω)) for all ω and that
h
¯̃Nc

¯̃Dc

i
is co-inner,

results in

σ̄
¡
Q−1(ω)

¢
≤
³
1−

°°Λ−1°°∞−→δ (G,G∆)´−1 ∀ω°°Q−1°°∞ ≤ ³1− °°Λ−1°°∞−→δ (G,G∆)´−1 . (5)
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The bounds of Lemma 7.7-15 then follow easily from expressions (7A.3) and (7A.5) upon
noting that

h
− ¯̃Dx

¯̃Nx

i
is co-inner. The appearance of the gap itself in Lemma 7.7-15

follows from a similar derivation for the other directed gap
−→
δ (G,G∆) and the fact that the

gap is the maximum of both. A similar derivation can be followed for the bound on k∆Ck∞.

By the fact that the sets Gδ(Gx, δG) and Cδ(C, δC) satisfy δG + δC ≤ kT (Gx, C)k−1∞ , the
following holds
i.Lemma 7.7-15 applies, as all G∆ ∈ Gδ(Gx, δG) are stabilized by C and all C∆ ∈
Cδ(C, δC) are stabilized by Gx.

ii.With the fact that kT (Gx, C)k∞ =
°°°Λ̃−1°°°

∞
=
°°Λ−1°°∞ [90], Lemma 7.7-15 shows

that every plant G∆ ∈ Gδ(Gx, δG) has an associated Youla parameter with infinity norm
bounded by
γ̄G = δG kT (Gx, C)k∞ (1− δG kT (Gx, C)k∞)

−1 and every controllerC∆ ∈ Cδ(C, δC)
has an associated Youla parameter with infinity norm bounded by
γ̄C = δC kT (Gx, C)k∞ (1− δC kT (Gx, C)k∞)

−1.

iii.the values γ̄G and γ̄C satisfy
γ̄C ≤ (1− δG kT (Gx, C)k∞) (δG kT (Gx, C)k∞)

−1 = γ̄−1G .
From this Theorem 7.6-7 is readily seen to hold.

7A.3 ν-gap metric (Theorem 7.6-7)

For the ν-gap metric only a few specific steps will be highlighted as the line of proof is to a
large extent similar to the proof above with respect to the gap metric. From∙

N̄∆
D̄∆

¸
Q−1 =

∙
N̄x + D̄c∆R

D̄x − N̄c∆R

¸
, (7A.6)

with Q achieving the normalization, we have upon premultiplication with
h
− ¯̃Dx

¯̃Nx

i
,"

− ¯̃Dx
¯̃Nx

#T ∙
N̄∆
D̄∆

¸
Q−1 =

"
− ¯̃Dx
¯̃Nx

#T ∙
N̄x + D̄c∆R

D̄x − N̄c∆R

¸
=
³
¯̃NxD̄x − ¯̃DxN̄x

´
−
³
¯̃DxD̄c +

¯̃NxN̄c

´
∆R.

Therefore, by the definition of the ν-gap (cf. expression (6.19)) and the fact that ¯̃NxD̄x −
¯̃DxN̄x = 0, it holds that

k∆Rk∞ ≤
°°°Λ̃−1°°°

∞
δν(G∆, Gx)

°°Q−1°°∞ . (7A.7)

From expression (7A.6) and the fact that
£
N̄∆ D̄∆

¤T is inner it follows that°°Q−1°°∞ ≤ °°°°∙ N̄x

D̄x

¸°°°°
∞
+

°°°°∙ D̄c

−N̄c

¸°°°°
∞
k∆Rk∞

≤ 1 +
°°°Λ̃−1°°°

∞
δν(G∆, Gx)

°°Q−1°°∞ ,
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using expression (7A.7) in the last step. For all G∆ ∈ Gν(Gx, δν,G) satisfying the Vinni-
combe condition
δν,G + δν,C ≤ kT (Gx, C)k∞, it holds that 1 −

°°°Λ̃−1°°°
∞
δν(P∆, P ) > 0, and it follows

that

°°Q−1°°∞ ≤ ³1− °°°Λ̃−1°°°∞ δν(G∆, Gx)
´−1

(7A.8)

Expressions (7A.7) and (7A.8) lead to norm bounds of the Youla parameter as in Lemma
7.7-15. The remainder of the proof is identical to the one of the previous section.

7A.4 Λ-gap metric (Theorem 7.6-8)

The proof of Theorem 7.6-8 is only a minor adaptation to the proof of Theorem 7.6-7, after
replacing expression (7A.2) by∙

−D̄c

N̄c

¸
∆RΛ

−1 =
∙
N̄x

D̄x

¸
Λ−1 −

∙
N̄x

D̄x

¸
Λ−1Q−1Λ−1

+

½∙
N̄x

D̄x

¸
Λ−1 −

∙
N̄∆
D̄∆

¸
QG

¾
Q−1Λ−1.

Following the proof of Lemma 7.7-15 the bounds on the weighted infinity norm
°°°Λ̃∆RΛ

−1
°°°
∞

of the Youla parameter and on the norm
°°Q−1Λ−1°°∞ can be formulated.

7A.5 Winding number conditions in Definition 7.3

Consider the facts [109, p.16]

wnodet(G) = z (G)− η(G)

wnodet(AB) = wno(A) + wno(B)

wnodet(A−1) = −wnodet(A)
and, for coprime factors (N,D) of G it holds that

η(G) = η(D−1) = z (D) .

For Definition 7.3.2 it holds that P11 =
£
0 −D−1x

¤
from expression (6.14) and therefore

the following relations hold

η(G∆) = η(Gx) + wnodet (I + P11∆)⇐⇒
wnodet

¡
D̄∆

¢
= wnodet

¡
D̄x

¢
+ wnodet

¡
I −D−1x

¡
D̄x − D̄∆Q

¢¢
⇐⇒

wnodet
¡
D̄∆

¢
= wnodet

¡
D̄x

¢
+ wnodet

¡
D−1x D̄∆Q

¢
⇐⇒

0 = wnodet(Q).

Similarly, the winding condition for the third (dual Youla) definition in Definition 7.3 reads
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with P11 = −D̄−1x N̄c of expression (6.28)

η(G∆) = η(Gx) + wnodet (I + P11∆)⇐⇒
η(G∆) = wnodet

¡
D̄x

¢
+ wnodet

¡
I − D̄−1x N̄c∆G

¢
⇐⇒

η(G∆) = wnodet
¡
D̄x − N̄c∆G

¢
⇐⇒

η(G∆) = z
¡
D̄x − N̄c∆G

¢
− η(D̄x − N̄c∆G)

This implies that

η(G∆) ≤ z
¡
D̄x − N̄c∆G

¢
. (7A.9)

However, it holds that

Λ−1 ¯̃Nc

¡
N̄x + D̄c∆G

¢
+ Λ−1 ¯̃Dc(D̄x − N̄c∆G) = I (7A.10)

Λ−1 ¯̃NcG∆ + Λ
−1 ¯̃Dc =

¡
D̄x − N̄c∆G

¢−1
.(7A.11)

Since Λ−1 ¯̃Nc and Λ−1 ¯̃Dc are stable it is implied that

η(G∆) ≥ η(
¡
D̄x − N̄c∆G

¢−1
) = z

¡
D̄x − N̄c∆G

¢
. (7A.12)

The combination of expression (7A.9) and (7A.12) shows that

η(G∆) = z
¡
D̄x − N̄c∆G

¢
⇐⇒ η(D̄x − N̄c∆G) = 0

⇐⇒ ∆G ∈ RH∞,
in which the last conditions is also necessary since

¡
N̄x + D̄c∆G

¢
, (D̄x − N̄c∆G) are

coprime from expression (7A.10) and (Nc,Dc) are coprime and do not have unstable zeros
in common.

7A.6 Proof of Proposition 7.6-10

First recall the results of Chapter 6 in which the ν-gap uncertainty set was described in
a Youla parameter uncertainty structure using the complex conjugate G∗x of the nominal
model as auxiliary controller. In particular, Proposition 6.4-6 stated that the set of frequency
responses of all plants G∆ ∈ Gν(Gx,Wν) with

Gν(Gx,Wν) :=
©
G∆ |

°°¡N̄∆D̄x − D̄∆N̄x

¢
W−1ν

°°
∞ ≤ 1

ª
(7A.13)

is equivalently described by the Youla parameter structured set Gν(Gx,Wν) defined as

Gν(Gx,Wν) :=

½
G∆ | G∆ =

N̄x + D̄G∗x∆ν

D̄x − N̄G∗x∆ν
,°°°°°°°°

r³
1− |Wν |2

´
|Wν |

∆ν

°°°°°°°°
∞

≤ 1

⎫⎪⎪⎬⎪⎪⎭ , (7A.14)

with
¡
N̄x, D̄x

¢
and

¡
N̄G∗x , D̄G∗x

¢
normalized coprime factorizations of Gx and G∗x, respec-

tively.

Under the condition that the nominal controllerC stabilizes each plantG∆ ∈ Gν(Gx,δν,G, I),
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it holds that for all G∆ ∈ Gν(Gx,δν,G, I) that

G∆ =
N̄x + D̄c∆G

D̄x − N̄c∆G

for some∆G ∈ RH∞. With expression (7A.14) it holds that for all G∆ ∈ Gν(Gx,δν,G, I)

G∆ =
N̄x + D̄c∆G

D̄x − N̄c∆G
=

N̄x + D̄G∗x∆ν

D̄x − N̄G∗x∆ν

for some∆ν and∆G, which are related as¡
N̄x + D̄c∆G

¢ ¡
D̄x − N̄G∗x(s)∆ν

¢
=

¡
D̄x − N̄c∆G

¢ ¡
N̄x + D̄G∗x∆ν

¢
∆G =

¡
D̄xD̄G∗x + N̄xN̄G∗x

¢
∆ν¡

D̄cD̄x + N̄cN̄x

¢
+
¡
N̄cD̄G∗x − D̄cN̄G∗x

¢
∆ν

.

The nesting Youla parameter set is then given by that amplitudeWY of∆G such that

WY = max
∆v

¯̄̄̄
¯

¡
D̄xD̄G∗x + N̄xN̄G∗x

¢
∆ν¡

D̄cD̄x + N̄cN̄x

¢
+
¡
N̄cD̄G∗x − D̄cN̄G∗x

¢
∆ν

¯̄̄̄
¯

for

°°°°°°°°
r³

1− |Wν |2
´

|Wν |
∆ν

°°°°°°°°
∞

≤ 1

The maximum is readily seen to be given by

WY =

¯̄
D̄xD̄G∗x + N̄xN̄G∗x

¯̄ |Wν |r³
1− |Wν |2

´
¯̄
D̄cD̄x + N̄cN̄x

¯̄
−
¯̄
N̄cD̄G∗x − D̄cN̄G∗x

¯̄ |Wν |r³
1− |Wν |2

´ (7A.15)

since the phase of∆ν is free to vary.

Expression (7A.15) is simplified using the following:
1. The term

¯̄
D̄xD̄G∗x + N̄xN̄G∗x

¯̄
= 1, since¯̄

D̄xD̄G∗x + N̄xN̄G∗x

¯̄
=

¯̄¡
D̄x + N̄xG

∗
x

¢¯̄ ¯̄
D̄G∗x

¯̄
(7A.16)

=
¯̄¡
D̄xD

∗
x + N̄xN

∗
x

¢¯̄ ¯̄̄̄D̄G∗x
D∗x

¯̄̄̄

=

¯̄̄̄
D̄G∗x
D∗x

¯̄̄̄
=

¯̄̄̄
¯̄̄
³
1 + |Gx|2

´ 1
2

³
1 + |Gx|2

´ 1
2

¯̄̄̄
¯̄̄ = 1, (7A.17)

where expression (6.12) is used in the last row.



254 Chapter 7. Model uncertainty and stability

2. Similarly, it follows that¯̄
N̄cD̄G∗x − D̄cN̄G∗x

¯̄
=

¯̄¡
N̄cD

∗
x − D̄cN

∗
x

¢¯̄ ¯̄̄̄D̄C∗

D∗c

¯̄̄̄
=

¯̄¡
N̄xD

∗
c − D̄xN

∗
c

¢¯̄
=

¯̄
D̄∗c N̄x − N̄∗c D̄x

¯̄
(7A.18)

3. Recalling expression (6.10) on unitary matrices induced by normalized coprime fac-
tors, it is seen that the matrix∙

N̄∗c N̄∗x + N̄∗c D̄∗x
N̄cD̄

∗
x − D̄cN̄

∗
x

¸
=

∙
N̄∗c D̄∗c
−D̄c N̄c

¸ ∙
N̄∗x
D̄∗x

¸
is inner. In other words, it holds that°°°°∙ N̄∗c D̄∗c

−D̄c N̄c

¸ ∙
N̄∗x
D̄∗x

¸°°°°
∞

= 1⇐⇒°°°°∙ N̄∗c N̄
∗
x + N̄∗c D̄

∗
x

N̄cD̄
∗
x − D̄cN̄

∗
x

¸°°°°
∞

= 1⇐⇒¯̄
N̄∗c N̄

∗
x + N̄∗c D̄

∗
x

¯̄2
+
¯̄
N̄cD̄

∗
x − D̄cN̄

∗
x

¯̄2
= 1,

from which we can conclude that¯̄
N̄cD̄G∗x − D̄cN̄G∗x

¯̄
=

¯̄
D̄∗c N̄x − N̄∗c D̄x

¯̄
=

q
1−

¯̄
N̄cN̄x + N̄cD̄x

¯̄2

Combining these results leads expression (7A.15) to be simplified, with Λ := N̄cN̄x +
N̄cD̄x as

WY =
|Wν |

|Λ|
r³

1− |Wν |2
´
− |Wν |

r³
1− |Λ|2

´ .
7A.7 Proof of Theorem 7.6-11

Given a set Gν(Gx,Wν,G) and the largest ν-gap set of stabilizing controllers Cν(C,Wν,C)
with

Wν,C = sin
³
arcsin

³
σ̄ (T (Gx, C))

−1´− arcsin (Wν,G)
´

= sin (arcsin (|Λ|)− arcsin (Wν,G)) ,

where the fact that σ̄ (T (Gx, C))
−1 = |Λ| follows from expression (7.4). With Proposition

7.6-10 it holds that
1. Gν(Gx,Wν,G) ⊂ GY (Gx, C,WY,G) with

WY,G =
|Wν,G|

|Λ|
r³

1− |Wν,G|2
´
− |Wν,G|

r³
1− |Λ|2

´
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2. Cν(C,Wν,C) ⊂ CY (C,Gx,WY,C) with

WY,C =
|Wν,C |

|Λ|
r³

1− |Wν,C |2
´
− |Wν,C |

r³
1− |Λ|2

´

It has to be shown thatWY,G =W−1Y,C .

It holds that the condition

arcsinWν,C = arcsin (|Λ|)− arcsin (Wν,G)

is equivalent to the condition [84, p. 15]

|Wν,C |2 + 2 |Wν,C | |Wν,G|
q
1− |Λ|2 + |Wν,G|2 − |Λ|2 = 0.

The positive solution to this expression are given by

|Wν,C | = − |Wν,G|
q
1− |Λ|2

±
r
|Wν,G|2

³
1− |Λ|2

´
− |Wν,G|2 + |Λ|2

= − |Wν,G|
q
1− |Λ|2 + |Λ|

r³
1− |Wν,G|2

´
. (7A.19)

Similarly, it holds that

|Wν,G| = − |Wν,C |
q
1− |Λ|2 + |Λ|

r³
1− |Wν,C |2

´
. (7A.20)

With expression (7A.19) and (7A.20) the proof is concluded, since

|WY,C | |WY,G| =
|Wν,G|

|Λ|
r³

1− |Wν,G|2
´
− |Wν,G|

r³
1− |Λ|2

´ ·
|Wν,C |

|Λ|
r³

1− |Wν,C |2
´
− |Wν,C |

r³
1− |Λ|2

´
=

|Wν,G|
|Wν,C |

· |Wν,C |
|Wν,G|

= 1.

7A.8 Proof of Corollary 7.6-12

Condition (7.18) of Proposition 7.6-10 can be rewritten into an explicit expression for
|Wν,G| by the following manipulations:
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¯̄
W̄Y,G

¯̄
=

|Wν,G|

|Λ|
r³

1− |Wν,G|2
´
− |Wν,G|

r³
1− |Λ|2

´
¯̄
W̄Y,G

¯̄
|Λ|
r³

1− |Wν,G|2
´

= |Wν,G|
Ã
1 +

¯̄
W̄Y,G

¯̄r³
1− |Λ|2

´!
¯̄
W̄Y,G

¯̄2 |Λ|2 ³1− |Wν,G|2
´

= |Wν,G|2
Ã
1 +

¯̄
W̄Y,G

¯̄r³
1− |Λ|2

´!2
¯̄
W̄Y,G

¯̄2 |Λ|2 = |Wν,G|2
⎛⎝Ã1 + ¯̄W̄Y,G

¯̄r³
1− |Λ|2

´!2
−
¯̄
W̄Y,G

¯̄2 |Λ|2
⎞⎠

|Wν,G| =

¯̄
W̄Y,G

¯̄
|Λ|vuutÃµ1 + ¯̄W̄Y,G

¯̄r³
1− |Λ|2

´¶2
−
¯̄
W̄Y,G

¯̄2 |Λ|2!



Chapter 8

Model uncertainty and robust
performance

This chapter deals with the properties of a model uncertainty set in the context of robust
performance. To motivate the choice of model uncertainty structure for robust performance
analysis, analytical expressions are derived for the robust performance of a controller over an
uncertainty set in the additive, dual Youla and ν-gap uncertainty structure. While the results
of Chapter 6 on the mapping of an uncertainty set under a linear fractional transformation
are applicable for one-block performance functions, a new derivation is followed to analyze
multi-block performance functions. By explicitly describing the set of robustly performing
controllers for a nominal model, the differences between the additive, dual Youla and ν-gap
uncertainty structure are highlighted, revealing that both the size and the location of the un-
certainty set in the frequency domain are crucial in the context of a worst-case performance
analysis. The results are then extended to discuss the issue of robust performance synthesis
with different model uncertainty structures.

8.1 Introduction
A controller is said to perform robustly for a set of plants if a certain performance level is
reached for all plants in the uncertainty set. A robust performance analysis comes down to a
worst-case performance evaluation over the uncertainty set. To this end, nonlinear optimiza-
tion or LMI based procedures are available for general (LFT based) uncertainty structures
[111]. For SISO systems with a one dimensional uncertainty block, bounded in amplitude,
these tools provide for a nonconservative answer. However, in the following analytical
expressions will be derived since this will allow for more insight. In case non-circular un-
certainty regions are considered, in some cases an adapted µ-analysis could be employed,
as for ellipsoidal regions [10], but in general standard techniques are not applicable. Here
non-circular regions will not be considered.
It will follow that analytical expressions can be derived for the performance of a circular
uncertainty set, when considering a particular norm-bounded performance cost. Such ex-
pressions reveal how the worst-case performance at each frequency can be made explicit
analytically and how robust stability conditions appear naturally in the robust performance

257
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cost function. Moreover, they show how the set of performance functions changes with
increasing model uncertainty and how particular properties of an uncertainty structure in-
fluence the worst-case performance.
In this thesis a frequency-dependent control performance measure is considered (cf. Chapter
2) given by

J(G∆, C, V,W ) := σ̄ (V (iω)T (G∆(iω), C(iω))W (iω)) , (8.1)

with σ̄ the maximum singular value and

T (G∆, C) :=

∙
G∆
1

¸
(1 +G∆C)

−1 £ C 1
¤
. (8.2)

The weighting matrices V andW are diagonal. These diagonal weighting functions allow
for a large range of performance specifications, such as weighted sensitivity or comple-
mentary sensitivity function [111], loop-shaped performance [77][109] and more general
versions [24].

8.2 One-block performance functions
In this section scalar performance specifications are considered. That is, the weighting
functions V andW of the performance measure (8.1) are such that only one element of the
function matrix T (G∆, C) of expression (8.2) is selected. The performance of a (circular)
uncertainty set with a particular controller will be analyzed using the results of Chapter 6
on the mapping of circles by a linear fractional transformation.

8.2.1 Analytical expressions for performance over an uncertainty set

The discussion is facilitated by considering a particular example. Consider a plant Gx con-
trolled by a controller C, and in the performance cost (8.1) consider V =W = diag(0, 1),
such that

J(Gx, C) =

¯̄̄̄
1

1 +Gx(iω)C(iω)

¯̄̄̄
,

i.e. the performance cost is the magnitude of the sensitivity function. In the following the
effect of an, say additive, uncertainty in Gx on the performance with C is studied.

Proposition 6.3-1 provides an exact description of a one-block performance of all elements
of a circular uncertainty set. In particular, the set of all sensitivity functions induced by a
controller C and an additive uncertainty set Ga (Gx,Wa) is given by

S∆ =
1

1 + (Gx +∆a)C
,

¯̄
W−1a ∆a

¯̄
≤ 1 , or (8.3)

= (1 +GxC)
−1 − (1 +GxC)

−2C∆a

1 + (1 +GxC)−1C∆a
,

¯̄
W−1a ∆a

¯̄
≤ 1.
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Proposition 6.3-1 then provides the following alternative description of this set,

S∆ = Scentre +∆S , |∆S | ≤ |WS | with (8.4)

Scentre =
(1 + CGx)

−1

1−
¯̄̄
(1 + CGx)

−1
CWa

¯̄̄2 and
WS =

(1 + CGx)
−2C

1−
¯̄̄
(1 + CGx)

−1CWa

¯̄̄2Wa,

which follows from the fact that the set of sensitivity functions in expression (8.3) equals
the LFT F (P,∆) of Proposition 6.3-1 with the entry P containing both the controller C
and the nominal plant Gx, i.e. P22 = (1 + GxC)

−1, P12P21 = (1 + GxC)
−2C and

P11 = (1 +GxC)
−1C.

The circular representation (8.4) allows for a straightforward robust performance analysis.
1. The minimal and maximal (worst-case) performance cost at each frequency can be ex-

pressed analytically by

max
∆a, |W−1a ∆a|≤1

|S∆| = |Scentre|+ |WS | (8.5)

min
∆a, |W−1a ∆a|≤1

|S∆| = |Scentre|− |WS | . (8.6)

2. From the discussion after Proposition 6.3-1 it can be concluded that an increase of
the uncertainty (Wa) at a particular frequency will always lead to an increase of the
worst-case performance cost at that same frequency. Expression (8.4) provides the
exact amount of performance degradation (increase of worst-case performance) with
growing uncertainty.

3. The example also shows that part i. of the robust stability condition given in Section
7.4.1 appears naturally in the denominators of the centre and the weighting function.
That is, to maintain a finite performance cost for all elements in the additive uncertainty
set considered here, the associated (small gain) condition

¯̄̄
(1 + CGx)

−1
CWa

¯̄̄
< 1

has to be satisfied.
4. Finally, note that the nominal sensitivity Sx = (1 + CGx)

−1 is not the centre of the set
of sensitivity functions S∆. This property becomes critically important when consid-
ering non-circular boundaries and/or probability density functions over the uncertainty
set (see the discussion in Sections 6.3.2 and 6.3.3 ).

All of the above observations hold true for any of the three uncertainty structures (additive,
Youla and ν-gap) and a one-block performance measure (8.1) with a particular controller
C.

8.2.2 Robust performance analysis and the Youla parameterization

The Youla parameter uncertainty structure plays a special role in case we consider the ro-
bust performance of the auxiliary controller C used in the parametrization itself (i.e. the
“present” controller). For this auxiliary controller all four scalar entries of T (G∆, C) over
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the set GY (Gx, C,Q,Qc,WY ) are affine in the uncertainty ∆G. With the coprime factors
ofG∆,Gx and C as in the dual Youla expression (6.24), the performance matrix T (G∆, C)
of expression (8.2) becomes [101]

T (G∆, C) =

∙
N∆
D∆

¸ ¡
D̄cD∆ + N̄cN∆

¢−1 £
N̄c D̄c

¤
=

∙
N̄x + D̄c∆G

D̄x − N̄c∆G

¸
·

(D̄cD̄x − D̄cN̄c∆G + N̄cN̄x + N̄cD̄c∆G)
−1 £ N̄c D̄c

¤
= T (Gx, C) +

∙
D̄c

N̄c

¸
∆G(D̄cD̄x + N̄cN̄x)

−1 £ N̄c D̄c

¤
.

This implies that the nominal performance will be the centre of the set of one-block per-
formance functions associated with GY (Gx, C,Q,Qc,WY ). Moreover, probability density
functions and non-circular uncertainty structures (e.g. boxed/ellipsoidal/irregular) maintain
their shape under the mapping from GY to the performance cost functions.

8.2.3 Set of robust performing plants with fixed controller

The worst-case performance of a circular uncertainty set can be calculated analytically, at
each frequency, using Proposition 6.3-1. An alternative interpretation of the worst-case
performance follows from considering the set of all plants achieving a certain performance
cost with the controller C which is formalized in the following proposition.

Proposition 8.2-1 1. All plants G∆ with which a particular C achieves

|S| =
¯̄̄̄

1

1 + CG∆

¯̄̄̄
< |WS |

are described by

G∆ = −
1

C
+∆S , |∆S | >

1

|WS | |C|
.

2. All plants G∆ with which a particular C achieves

|T | =
¯̄̄̄

CG∆
1 + CG∆

¯̄̄̄
< |WT |

are described by

G∆ = −
1

C
+
1

C

1

1− |WT |2
+∆T , |∆T | >

¯̄̄̄
1

C

¯̄̄̄
|WT |

1− |WT |2
.

3. All plants G∆ with which a particular C achieves

|Ti| =
¯̄̄̄

G∆
1 + CG∆

¯̄̄̄
< |WTi |
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are described by

G∆ = −
1

C
+
1

C

1

1− |C|2 |WTi |
+∆Ti , |∆T | >

|WTi |
1− |C|2 |WTi |

.

4. All plants G∆ with which a particular C achieves

|Si| =
¯̄̄̄

C

1 + CG∆

¯̄̄̄
< |WSi |

are described by

G∆ = −
1

C
+∆Si , |∆Si | >

1

|WSi |
.

¤

Proof : See appendix 8A. ¤

The Proposition shows the properties of the sets of plants corresponding to any of the one-
block performance cost functions of expression (8.2) with a controller C. The proposition
shows that these sets change with |W | in a fixed ratio between the location of the centre and
the size of the radius. Moreover, the centre is seen to move along a line between the origin
and −C−1.
The worst-case performance of a plant uncertainty set can be interpreted as that value of |W |
for which the set of Proposition 8.2-1 is just large enough to contain the plant uncertainty
set. The proposition shows that the location of the plant uncertainty set with respect to
−C−1 and the direction of expansion of the set of Proposition 8.2-1 with increasing |W |
(with a centre along the line between origin and −C−1) is of essential importance for the
worst-case performance over the set. This point is further explored in the next section when
dealing with multi-block performance cost functions.

8.3 Multi-block performance function
For non-scalar performance functions, i.e. for general diagonal weighting functions V and
W in the performance measure (8.1), Proposition 6.3-1 cannot be used. Still, an analytical
expression can be formulated for the worst-case performance of a controller over a circular
uncertainty set.

8.3.1 Analytical expressions for performance over an uncertainty set

To derive an analytical expression for the performance over a circular uncertainty set eval-
uated in terms of the performance cost function (8.1) with general weighting functions,
first the following lemma is presented in which the performance cost J(G∆, C, V,W ) is
expressed in terms of the sensitivity function of the closed loop of G∆ and C. A similar re-
sult but without the inclusion of weighting matrices is derived in [109] in connection with
loop-shaping.
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Lemma 8.3-2 For the performance measure J(G∆, C, V,W ) of expression (8.1) it holds
that at each frequency ω

J(G∆, C, V,W )2 = σ̄ (V T (G∆, C)W )
2
=µµ

S∆ − |V1|2
(|V1|2+|V2|2|C|2)

¶µ
S∆ − |V1|2

(|V1|2+|V2|2|C|2)

¶∗
+

|V1|2|V2|2|C|2
(|V1|2+|V2|2|C|2)2

¶
(|V1|2+|V2|2|C|2)(|W2|2+|W1|2|C|2)

|C|2 , (8.7)

where S∆ = (1 + CG∆)
−1, V = diag(V1, V2) andW = diag(W1,W2).

Proof See appendix 8A. ¤

Analyzing expression (8.7) it is seen that the performance measure J(G∆, C, V,W )2 can
be interpreted as the ’height’ of a three-dimensional paraboloid over the (complex) variable
S∆. Figure 8.3-1 depicts the paraboloid centred at |V1|2

(|V1|2+|V2|2|C|2) . Note that the value of

J(G∆, C, V,W )2 increases whenever S∆ is moving away from the centre |V1|2
(|V1|2+|V2|2|C|2)

and that all S∆ at an equal distance from the centre induce the same value J(G∆, C, V,W )2.
In other words, given a set of sensitivity functions S∆ for a particular controller C, the
sensitivity function SWC associated with the largest (worst-case) performance cost is easily
identified as the one most removed from the centre |V1|2

(|V1|2+|V2|2|C|2) .
A result similar to Lemma 8.3-2 can also be derived in terms of the complementary sensi-
tivity or any of the other terms in T (G∆, C). However, the specific formulation in terms of
the sensitivity function is chosen because expression (8.7) is such that the plant G∆ enters
in none of the terms other than the term S∆, which facilitates the explicit expression of the
performance cost; for example the centre of the paraboloid is G∆-independent which prop-
erty is lost in the other cases.

The worst-case performance can now be calculated following a two-step approach:
- In the first step the set of plants G is mapped with the controllerC into a set of sensitivity

functions S(G, C).
- The second step is provided by Lemma 8.3-2 which shows that the worst-case perfor-

mance is achieved for that particular SWC ∈ S(G, C) most removed from the ’centre’
|V1|2/

³
|V1|2 + |V2|2 |C|2

´
.

For a (circular) uncertainty set G the set S(G, C) can be given an additive structure by appli-
cation of Proposition 6.3-1, i.e. S(G, C) := {S∆ | S∆ = Scentre +∆S ,

¯̄
W−1S ∆S

¯̄
< 1

ª
(cf. expression (8.4)), allowing for an analytical computation of SWC and the associated
worst-case performance value. This is illustrated in Figure 8.3-2 and formalized in the fol-
lowing corollary.

Corollary 8.3-3 Let there be a set of plants G in either the additive, dual Youla or ν-gap
uncertainty structure and consider the performance cost J(G∆, C, V,W ) of (8.1). For a
given controller C the set of plants G is mapped into a set of sensitivity functions S(G, C),



8.3 Multi-block performance function 263

+

V

V V C

2
1
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1 2

Re( )S∆

Im( )S∆

2, ,( , )J G C V W∆

Figure 8.3-1: The performance cost J(G∆, C, V,W )2 at a given frequency ω can be interpreted as
the ’height’ of a three-dimensional paraboloid over the (complex) variable S∆. The projection of
the level sets of the parabola onto the plane of Re(S∆) and Im(S∆) is circular and centred around
|V1|2 |V1|2 + |V2|2 |C|2 −1

.
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centreS

WCS

+

V

V V C

2
1

22 2
1 2

Figure 8.3-2: 2-D projection of the performance cost J(G∆, C, V,W ) depicted in Figure 8.3-1 illus-
trating the worst-case performance calculation. An uncertainty set G induces with a controller C a
set of sensitivity functions S(G, C) (blue dashed-dotted circle). Lemma 8.3-2 shows that the worst–
case performance is achieved for that particular SWC ∈ S(G, C) most removed from the ’centre’

|V1|2
|V1|2+|V2|2|C|2 .

which can be described in an additive structure using Proposition 6.3-1 as

S(G, C) :=
©
S∆ | S∆ = Scentre +∆S ,

¯̄
W−1S ∆S

¯̄
≤ 1

ª
.

At each frequency the particular SWC ∈ S(G, C) that yields the worst-case performance
cost of J(G∆, C, V,W ) over all G∆ ∈ G, is given by

SWC = Scentre

+ |WS | exp

⎛⎜⎝i tan−1

⎛⎜⎝ Im (Scentre)

Re (Scentre)− |V1|2
(|V1|2+|V2|2|C|2)

⎞⎟⎠
⎞⎟⎠ .

The exact value of the worst-case performance cost follows from inserting SWC in expres-
sion (8.7) of Lemma 8.3-2.

Proof The corollary follows from the circular nature of the three uncertainty structures
(Corollary 6.4-5 and Proposition 6.4-7), the fact that the boundary of a circular region at
each frequency is reached for at least one member of the uncertainty set (Propositions 6.5-
10 and 6.5-11), from the application of Proposition 6.3-1 and Lemma 8.3-2 and standard
geometric considerations. ¤
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8.3.2 Set of robust performing plants with fixed controller

Lemma 8.3-2 can be read as to give a description of all sensitivity functions achieving
σ̄ (V T (G∆, C)W ) < γ. Figure 8.3-1 illustrates that the projection of a horizontal intersec-
tion of the paraboloid, depicted by the solid circle in Figure 8.3-2, is the set of all sensitivity
functions achieving the performance corresponding to the level of the intersection. This is
formalized in the following corollary.

Corollary 8.3-4 The set of all sensitivity functions S∆ = (1 + CG∆)
−1 for which a C

and a G∆ achieve the performance σ̄ (V T (G∆, C)W ) < γ is given by

S∆ = Scentre +∆S ,
¯̄
W−1S ∆S

¯̄
≤ 1, (8.8)

with

Scentre =
|V1|2

|V1|2 + |V2|2 |C|2

|WS |2 = |C|2γ2
(|V1|2+|V2|2|C|2)(|W2|2+|W1|2|C|2) −

|V1|2|V2|2|C|2
(|V1|2+|V2|2|C|2)2

= |C|2
(|V1|2+|V2|2|C|2)2

µ
(|V1|2+|V2|2|C|2)γ2
(|W2|2+|W1|2|C|2) − |V1|

2 |V2|2
¶
.

¤

Proof : With Lemma 8.3-2 it follows that all sensitivity functions S∆ satisfying
σ̄ (V T (G∆, C)W )

2
< γ2 are described byµµ

S∆ − |V1|2
(|V1|2+|V2|2|C|2)

¶µ
S∆ − |V1|2

(|V1|2+|V2|2|C|2)

¶∗
+

|V1|2|V2|2|C|2
(|V1|2+|V2|2|C|2)2

¶
(|V1|2+|V2|2|C|2)(|W2|2+|W1|2|C|2)

|C|2 < γ2,

which directly leads to (8.8). ¤

Using the fact that G∆ = 1−S∆
CS∆

, all plants achieving σ̄ (V T (G∆, C)W ) < γ with C must
have their frequency responses in the region described by the following corollary.

Corollary 8.3-5 All plants G∆ achieving σ̄ (V T (G∆, C)W ) < γ are characterized by

G∆ =
Dc |V2|2 |C|2 +Dc∆

Nc |V1|2 −Nc∆
, with |∆| ≤WY and

WY = |C|

vuuut
⎛⎝
³
|V1|2 + |V2|2 |C|2

´
γ2³

|W2|2 + |W1|2 |C|2
´ − |V1|2 |V2|2

⎞⎠
Due to the LFT structure, this set can also be described in an additive structure using
Proposition 6.3-1,

G∆ = Gcentre +∆a ,
¯̄
W−1a ∆a

¯̄
≤ 1
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2

2 *
2

1

V
C

V

1C−−

Figure 8.3-3: Illustration of the sets of plant models that achieve a certain performance cost
J(G∆, C) < γ for increasing values of γ. For increasing γ the circular set expands with its cen-
tre moving along the line through |V2|2

|V1|2C
∗ and−C−1, starting from |V2|2

|V1|2C
∗ and moving away from

−C−1.

Gcentre = C−1
|WY |2 + |V2|2 |C|2 |V1|2

|V1|4 − |WY |2

Wa = C−1
|V2|2 |C|2 + |V1|2

|V1|4 − |WY |2
WY .

Note again that the set equals the exterior of the circle in case |V1|4 < |WY |2. ¤

Proof : See appendix 8A. ¤

Given a controller C and weighting functions V and W the corollary describes the set of
all plants achieving the performance measure σ̄ (V T (G∆, C)W ) < γ. This set turns out
to be circular at each frequency and is independent of a particular uncertainty structure and
determined by C,V ,W and γ only.
When γ increases, indicating the allowance of a larger performance cost, this set of plants
naturally becomes larger (WY increases). But note that the set increases with γ in a par-
ticular direction. By comparison with the dual Youla uncertainty set and its depiction in
Figure 6.4-6.c note that the centre of the (circular) set always moves along the line between
|V2|2
|V1|2C

∗ and −C−1, starting from |V2|2
|V1|2C

∗ (for γ corresponding to WY = 0) and moving
away from −C−1. This is illustrated in Figure 8.3-3. At |WY |2 = |V1|4 , the centre passes
through infinity after which it continues to move alone the line through |V2|2

|V1|2C
∗ and −C−1

now towards −C−1. In this case, the set is given by the exterior of the boundary circle
whose radius is now seen to decrease with increasing performance cost γ.
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8.3.3 Alternative analytical expression for the worst-case performance

Corollary 8.3-5 can serve to derive an explicit expression for the worst-case performance
evaluated in terms of (8.1) over a general LFT model uncertainty structures. This provides
an alternative to the implicit analytical expression in Corollary 8.3-3

Proposition 8.3-6 Given a controller C and a general model uncertainty set
G(α1, α2, α3, α4,W ) defined by

G(α1, α2, α3, α4,W ) =

½
G∆ | G∆ =

α1 + α2∆G

α3 + α4∆G
,
°°W−1∆G

°°−1 ≤ 1,∆G ∈ C
¾
.

The worst case performance γWC over G(α1, α2, α3, α4,W ) evaluated in terms of the cost
σ̄ (V T (G∆, C)W ) of expression (8.1) is given by

γWC =

vuuut³|WY,WC |2 |C|−2 + |V1|2 |V2|2
´ ³|W2|2 + |W1|2 |C|2

´
³
|V1|2 + |V2|2 |C|2

´ (8.9)

where
|WY,WC | = |Fcentre|+ |Wa|

with

Fcentre =

³
α1Nc |V1|2 − α3Dc |V2|2 |C|2

´
(α3Dc + α1Nc)

1

1−
¯̄̄
(α4Dc+α2Nc)
(α3Dc+α1Nc)

W
¯̄̄2

−

³
α2Nc |V1|2 − α4Dc |V2|2 |C|2

´
(α4Dc + α2Nc)

¯̄̄
(α4Dc+α2Nc)
(α3Dc+α1Nc)

W
¯̄̄2

1−
¯̄̄
(α4Dc+α2Nc)
(α3Dc+α1Nc)

W
¯̄̄2

and

Wa =

µ
(α1Nc|V1|2−α3Dc|V2|2|C|2)

(α3Dc+α1Nc)
− (α2Nc|V1|2−α4Dc|V2|2|C|2)

(α4Dc+α2Nc)

¶
(α4Dc + α2Nc)

(α3Dc + α1Nc)

1−
¯̄̄
(α4Dc+α2Nc)
(α3Dc+α1Nc)

W
¯̄̄2 W

¤

Proof : The result follows from noting that nesting the set G(α1, α2, α3, α4,W )with the set
of robustly performing plants of Corollary 8.3-5 involves finding the maximum value
of∆ such that

Dc |V2|2 |C|2 +Dc∆

Nc |V1|2 −Nc∆
=

α1 + α2∆G

α3 + α4∆G
(8.10)

for
°°W−1∆G

°°−1 ≤ 1. It holds from expression (8.10) that³
Nc |V1|2 −Nc∆

´
(α1 + α2∆G) =

³
Dc |V2|2 |C|2 +Dc∆

´
(α3 + α4∆G) ,
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which can be solved for∆ as

∆ =

³
α1Nc |V1|2 − α3Dc |V2|2 |C|2

´
+
³
α2Nc |V1|2 − α4Dc |V2|2 |C|2

´
∆G

(α3Dc + α1Nc) + (α4Dc + α2Nc)∆G
.

The last expression represents ∆ in terms of a linear fractional transformation of ∆G.
To determine the maximum of ∆ for

°°W−1∆G

°°−1 ≤ 1 this linear fractional trans-
formation can be rewritten with Corollary 6.3-3 into an additive structure, i.e. ∆ ∈
G(Fcentre,Wa). The maximum value of an additive circular uncertainty set is readily
determined asWY,WC = |Fcentre| + |Wa|. With the expression of γ in terms ofWY

in Corollary 8.3-5 condition (8.9) is obtained. ¤

The proposition shows that the worst-case performance of a controller C over a circular
uncertainty set can be determined analytically point-wise in frequency. This serves as an
alternative to the existing computational methods based on a formulation of the problem in
LMI’s [87]. And more important, the results provide more insight.
As an example of the application of Proposition 8.3-6 consider the worst-case performance
of the additive set G(Gx,Wa) and the controller sensitivity function, i.e. W2 = V1 = 0 and
W1 = V2 = 1 and α1 = Gx and α4 = 0, α3 = 1, α2 = 1,

Fcentre =
−Dc |C|2

(Dc +GxNc)

1

1−
¯̄̄̄

Nc

Dc +GxNc
Wa

¯̄̄̄2 = − |C|2

(1 +GxC)

1

1−
¯̄̄̄

C

1 +GxC
Wa

¯̄̄̄2

Wa =

Ã
−Dc |C|2

Dc +GxNc

!
Nc

Dc +GxNc

1−
¯̄̄̄

Nc

Dc +GxNc
Wa

¯̄̄̄2 Wa =

Ã
− |C|2

1 +GxC

!
C

1 +GxC

1−
¯̄̄̄

C

1 +GxC
Wa

¯̄̄̄2 Wa

The worst-case performance is then evaluated as

WWC = |Fcentre|+ |Wa|

=
|C|2

|1 +GxC|

⎛⎜⎜⎜⎝
1 +

¯̄̄̄
C

1 +GxC
Wa

¯̄̄̄
1−

¯̄̄̄
C

1 +GxC
Wa

¯̄̄̄2
⎞⎟⎟⎟⎠

=
|C|2

|1 +GxC|

⎛⎜⎜⎝ 1

1−
¯̄̄̄

C

1 +GxC

¯̄̄̄
|Wa|

⎞⎟⎟⎠ .



8.3 Multi-block performance function 269

and it holds withW2 = V1 = 0 andW1 = V2 = 1 that

γWC = |WWC | |C|−1

=
|C|

|1 +GxC|

⎛⎜⎜⎝ 1

1−
¯̄̄̄

C

1 +GxC

¯̄̄̄
|Wa|

⎞⎟⎟⎠
=

Ã¯̄̄̄
C

1 +GxC

¯̄̄̄−1
− |Wa|

!−1
This result shows directly how the worst-case performance depends on the nominal perfor-

mance
¯̄̄̄

C

1 +GxC

¯̄̄̄
and on the degree of robustness reflected in the robust stability condition¯̄̄̄

C

1 +GxC

¯̄̄̄
|Wa| < 1.

8.3.4 Analytical expression for the loop-shaped worst-case perfor-
mance

For the loop-shaped performance function σ̄
¡
T (WG∆,W

−1C)
¢
[77] an elegant analytical

expression exist in the literature for the ν-gap uncertainty structure. This known result is
recalled in the following proposition.

Proposition 8.3-7 [109]. Let there be a ν-gap set Gν(Gx,Wv) as defined in (6.23). Con-
sider the so-called loop-shaped performance measure σ̄

¡
T (WG∆,W

−1C)
¢
. Then the

worst-case performance cost over the set is given by

γWC = max
G∆∈Gν(Gx,Wv)

σ̄
¡
T (WG∆,W

−1C)
¢

(8.11)

=
³
sin
³
arc sin

¡
σ̄
¡
T (WGx,W

−1C
¢¢−1 − arc sin (Wv)

´´−1
.

¤

The proposition allows for a robust performance analysis, but more importantly for a robust
performance synthesis as well, which will be further explored in Section 8.6.
The result can be understood from interpreting the worst-case performance γWC as the
smallest possible size γ of the set of all plants G∆ satisfying σ̄

¡
T (WG∆,W

−1C)
¢
< γ

such that this set contains the plant uncertainty set Gν(Gx,Wv). From the discussion on
robust stability in Section 7.3 it is known that the set of all plants G∆ satisfying
σ̄
¡
T (WG∆,W

−1C)
¢
< γ equals the set of all plants that stabilize all controllers C∆

such that δν(C,C∆) ≥ γ−1. In other words, the worst-case performance corresponds to
the largest possible set of controllers C∆ (measured in the ν-gap from C) stabilized by
the plant uncertainty set Gν(Gx,Wv). In Section 7.6 on simultaneous plant and controller
perturbation it was recalled from [108] that this largest possible radius of the controller set
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is achieved for

δν,C,WC = γ−1WC = sin
³
arcsin

³
kT (Gx, C)k−1∞

´
− arcsin (Wv)

´
,

from which the proposition follows.

Also in Section 7.6 it was shown that mutually stabilizing Youla parameter uncertainty
sets around a nominal model Gx and a nominal controller C have a special relationship
with mutually stabilizing ν-gap uncertainty sets around Gx and C. In Corollary 7.6-12
a robust stability condition was provided for the maximum size of a ν-gap set of con-
trollers Cν(C,Wν,C) such that all its elements stabilize all plants in a Youla uncertainty
set GY (Gx, C, I, I,WY,G, I). Following the same line of reasoning which lead to Proposi-
tion 8.3-7, the following proposition is seen to hold.

Proposition 8.3-8 [109]. Let there be a Youla set GY (Gx, C, I, I,WY,G, I). Consider the
so-called loop-shaped performance measure σ̄

¡
T (WG∆,W

−1C)
¢
. Then the worst-case

performance cost over the set is given by

γWC = max
G∆∈GY (Gx,C,I,I,W̄Y,G,I)

σ̄
¡
T (WG∆,W

−1C)
¢

(8.12)

=
³
sin
³
arc sin

¡
σ̄
¡
T (WGx,W

−1C
¢¢−1 − arc sin (Wv)

´´−1
.

where

|Wν | =
|WY,G| |Λ|vuutÃµ1 + |WY,G|

r³
1− |Λ|2

´¶2
− |WY,G|2 |Λ|2

! (8.13)

¤

Proof: The worst-case performance γWC is the smallest possible size γ of the set of all
plants G∆ satisfying σ̄

¡
T (WG∆,W

−1C)
¢
< γ such that this set contains the plant

uncertainty set GY (Gx, C, I, I,WY,G, I). This is identical to the requirement that the
ν-gap set of controllers Cν(C, γ−1) is made as large as possible while still maintaining
mutual robust stability over the plant uncertainty set GY (Gx, C, I, I,WY,G, I). The
proof then follows directly from Corollary 7.6-12. ¤

8.4 Comparing uncertainty sets in terms of performance
cost

The previous sections provided an analytical approach of calculating the worst-case perfor-
mance of a controller C over a particular plant uncertainty set. In this section an opposite
approach is taken in order to study the differences between the three uncertainty sets of
Section 6.2. Starting from a given performance cost J(G∆, C, V,W ) all plants are char-
acterized achieving this cost with a given controller C using Corollary 8.3-5. The three
uncertainty sets are then compared with this set of all plants achieving the particular perfor-
mance cost.
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Figure 8.4-4: Embedding an uncertainty region and the effect on the worst-case performance. The
worst-case performance at a particular frequency is determined by that γ for which the set of Corollary
8.3-5 (red solid circle) is just large enough to contain the embedding set G (blue dashed-dotted circle).
Therefore, the positioning of the uncertainty set with respect to C−1is of crucial importance. Here a
more conservative embedding (bottom) still leads to a better worst-case performance due to a more
conducive orientation of the embedding set.

The set of Corollary 8.3-5 offers an alternative interpretation of the worst-case performance
of a particular uncertainty set G. The worst-case performance over an uncertainty set G
is determined by the smallest possible value of γ for which the set of Corollary 8.3-5 is
just large enough to contain all the members G∆ of the set G. This interpretation of the
worst-case performance also served as the basis for the proof of Proposition 8.3-6.
It is clear that when the uncertainty in G increases, the worst-case performance (the required
γ) increases. But, Corollary 8.3-5 reveals that also the positioning of the uncertainty set G
with respect to −C−1 is of crucial importance, since the set of Corollary 8.3-5 is bound to
increases with γ along a particular line.
Figure 8.4-4 illustrates an example in which a larger uncertainty region still leads to a
smaller worst-case performance cost as a result of this dependence of the positioning of the
uncertainty region with respect to −C−1. The figure illustrates an identified uncertainty re-
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gion (grey region) and two possible nesting regions (top and bottom dashed circles). While
the nesting region in the top figure is much smaller than the nesting region in the bottom fig-
ure, the resulting worst-case performance is smaller for the larger uncertainty. This results
from a more conducive positioning with respect to −C−1.
As another extreme example, Corollary 8.3-5 reveals that a certain nominal performance
with Gx is achieved by many a plant G∆. The set of all these plants (with Gx on the
boundary) could be taken as an uncertainty around Gx for free, i.e. without changing the
worst-case performance.

The centre of the set of plants performing robustly with the controller C lies along a line
through −C−1 and moves away from this point for increasing performance costs. This
indicates a direction in which the performance cost is most sensitive to an increase in un-
certainty. In other words, the closer a plant uncertainty set comes to −C−1, the higher the
performance cost. The Youla parametrization was shown to expand away from the nega-
tive inverse of the auxiliary controller Caux used in the parametrization itself along a line
through the nominal model Gx and −C−1 (cf. Corr. 6.4-5). In case the auxiliary con-
troller Caux is close to the controller C to be evaluated, the Youla parameter uncertainty is
’pushed’ in the right direction, i.e. in the direction being least sensitive to an increase in the
worst-case performance.

8.5 Identification
In this section the choice of uncertainty structure in the context of robust performance analy-
sis is evaluated from a system identification point of view.

8.5.1 Identification and robust performance analysis

From the equivalence of the uncertainty structures and the fact that the boundary of the cir-
cular region at each frequency is reached for at least one member of the uncertainty set
(Propositions 6.5-10 and 6.5-11), it is clear that robust performance analysis is independent
of the particular structure of the uncertainty. That is, robust performance analysis can be
done without conservatism on the basis of the union of circles in the frequency domain. In
other words, robust performance analysis is with respect to the set of frequency responses
and not with respect to a particular nominal model and uncertainty structure. From this
perspective system identification for control should therefore be directed towards the iden-
tification of the smallest possible plant uncertainty set rather than towards identifying a
low-order nominal model and (over)bounding its uncertainty. Secondly, experiment design
should be directed towards achieving this smallest uncertainty at the most relevant frequen-
cies. Even if a low order model is required for controller design, the controller validation
(robust performance analysis) should be based on the smallest possible uncertainty set that
identification can provide based on the available measurement data.
In the previous sections it was shown that the worst-case performance of a controller with
a (circular) plant uncertainty set can be calculated analytically. An application hereof in
system identification for control is in the design of appropriate identification experiments
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to decrease the worst-case performance cost at a particular frequency. The analytical ex-
pressions for the worst-case performance explicitly give the amount of additional power
required at each frequency to reduce the performance cost. Note, however, that the new ex-
periment will generally also yield a new nominal model and associated controller. Related
experiment design approaches for identification are elaborated in [67, 56, 11].
Section 8.4 gives a motivation for system identification in the dual Youla structure. The
uncertainty region resulting from identification of the Youla parameter will be such that it
induces a small worst-case performance cost for all controllers close to the present con-
troller.

8.5.2 Tailor-made model uncertainty structure for performance
analysis

The worst-case performance for a controllerC with a set of plants G was given by the small-
est possible size γ of the set of all plants G∆ satisfying σ̄

¡
T (WG∆,W

−1C)
¢
< γ such

that this set contains the plant uncertainty set G. In the previous sections it was seen that the
size and the location of the plant uncertainty set with respect to the set of plants which sat-
isfy σ̄

¡
T (WG∆,W

−1C)
¢
< γ essentially determine the worst-case performance. Clearly,

if the plant uncertainty set G were represented in the same structure as the set of all plants
which satisfy σ̄

¡
T (WG∆,W

−1C)
¢
< γ this would be optimal from a performance analy-

sis point of view.
Therefore, to evaluate the performance σ̄

¡
T (WG0,W

−1C)
¢
of a present controller C on

the basis of measurement data, the system is best estimated in a model structure which cor-
responds to the structure of the set of all plantG∆ which satisfy σ̄

¡
T (WG∆,W

−1C)
¢
< γ

as given in Corollary 8.3-5. The size WY of the estimated uncertainty ∆ is then directly
related to the worst-case performance γWC by

WY = |C|

vuuut
⎛⎝
³
|V1|2 + |V2|2 |C|2

´
γ2WC³

|W2|2 + |W1|2 |C|2
´ − |V1|2 |V2|2

⎞⎠
which is solved for γWC as

γWC =

vuuut³|WY,WC |2 |C|−2 + |V1|2 |V2|2
´ ³|W2|2 + |W1|2 |C|2

´
³
|V1|2 + |V2|2 |C|2

´ . (8.14)

Corollary 8.3-5 shows that the to be estimated term∆ corresponds to a Youla parametriza-
tion with nominal model Gx given by

Gx =
Dc |V2|2 |C|2

Nc |V1|2
.

and the associated Youla parameter ∆ can be identified directly for data. This fact is for-
malized in the following proposition, showing how a multi-block performance measure
σ̄ (V T (G∆, C)W ) can be identified from data directly.



274 Chapter 8. Model uncertainty and robust performance

Proposition 8.5-9 Consider a closed loop interconnection T (G∆, C) given by the follow-
ing relationsµ

y
u

¶
=

µ
G∆
1

¶
(1 + CG∆)

−1 ¡ C 1
¢µ r2

r1

¶
+

µ
1
−C

¶
(I +G∆C)

−1
Hoe.

(8.15)
And consider the robust performance measure

σ̄ (V T (G∆, C)W ) < γ

and the associated parametrization of all plants achieving this norm for this particular C,
given by

G∆ =
Dc |V2|2 |C|2 +Dc∆

Nc |V1|2 −Nc∆
, with |∆| ≤WY and

WY = |C|

vuuut
⎛⎝
³
|V1|2 + |V2|2 |C|2

´
γ2³

|W2|2 + |W1|2 |C|2
´ − |V1|2 |V2|2

⎞⎠.

Define the following signals obtained from filtering the measured signals (y, u) with known
filters based on the coprime factors (Nc,Dc) of the present controller C.

z : =
¡
Nc |V1|2 Dc |V2|2 |C|2

¢µ y
u

¶
w : =

¡
−Nc −Dc

¢µ y
u

¶
Then the following holds

z = ∆w +D∆Hoe,

and the estimation of the term ∆ is an open-loop identification problem in which w and e
are uncorrelated if r1and r2 are uncorrelated with e. ¤

Proof: A proof is provided in Appendix 8A.4. ¤

To conclude, it follows that the performance of a present controller C is best estimated
from data by estimating a plant model set in the structure given by Corollary 8.3-5. In
particular, the Youla parameter ∆ is estimated from the measurement data according to
Proposition 8.5-9. The worst-case performance over this estimated plant uncertainty set is
directly related to the maximum amplitude WY of the estimated uncertainty set D for the
Youla parameter ∆ (cf. expression (8.14)). In other words, this procedure estimates the
worst-case performance directly from data.

Example 8.5-1 The closed loop interconnection T (G∆, C) is given by the following re-
lationsµ

y
u

¶
=

µ
G∆
1

¶
(1 + CG∆)

−1 ¡ C 1
¢µ r2

r1

¶
+

µ
1
−C

¶
(I +G∆C)

−1
Hoe.

(8.16)
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Consider the one-block robust performance measure¯̄̄̄
G∆C

1 +G∆C

¯̄̄̄
< V,

i.e. W1 = 1, W2 = 0, V2 = 0, and the associated parametrization of all plants achieving
this norm for this particular C is given by

G∆ =
Dc∆a

−Nc −Nc∆a
, with |∆a| ≤

1

|V1|
.

Define the following signals obtained from filtering the measured signals (y, u) with known
filters based on (Nc,Dc) of the present controller C.

z : =
¡
Nc 0

¢µ y
u

¶
w : =

¡
−Nc −Dc

¢µ y
u

¶
Then the following holds

z = ∆aw +D∆Hoe.

And it holds in this case that the worst-case performance is given by

VWC = |∆a| .

This result does not come as a surprise when we realize that

w : =
¡
−Nc −Dc

¢µ y
u

¶
= −

¡
Nc Dc

¢µ r2
r1

¶
,

from which we seen that with r1 = 0, the identification amounts to identifying ∆a from the
mapping r2 → y, which simply is the complementary sensitivity. In other words, the perfor-
mance is directly estimated from data. Of course, Proposition 8.5-9 is more important for
multi-block performance measures. ¤

The identification for a new controller can be done in the same way. But in this case the
input w is not uncorrelated with the measurement noise. Still, the resulting bias can be
bounded or even avoided when the noise model can be estimated properly.

8.6 Robust performance synthesis
The final goal in identification for control is designing a controller achieving a certain worst-
case performance over a set of plants. For SISO systems with a one-dimensional uncertainty
block, this problem can be solved quite well with standard µ-synthesis (DK-iteration or
LMI) [111][87]. However, such computational methods do not lend themselves for un-
derstanding the influence of uncertainty (structures) on the attainable performance of such
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methods. The analytical expressions of the previous section can provide for more insight.

Some particular combinations of uncertainty structure and performance cost function have
special properties in the context of robust performance synthesis. In particular, for a particu-
lar choice of uncertainty structure of a plant set G with nominal modelGx and performance
measure J it can hold that

argmin
C

sup
G∆∈G

J(G∆, C) = argmin
C

J(Gx, C), (8.17)

i.e. the minimization of the worst-case performance of a set G over controllers C can sim-
ply be achieved by the minimization of the nominal performance of the nominal model Gx

over controllers C.

For one-block performance cost functions, this property (8.17) holds true for an additive
and multiplicative uncertainty structure in combination with the controller times sensitivity
function C/ (1 + CG∆) as performance measure and for the inverse multiplicative uncer-
tainty structure in combination with the plant times sensitivity functionG∆/ (1 + CG∆) as
performance measure.
In particular, consider the amplitude of the controller times sensitivity function as perfor-
mance cost, i.e.

J(G∆, C) =

¯̄̄̄
C

1 + CG∆

¯̄̄̄
and consider the additive plant uncertainty set Ga(Gx, γa). Then the minimization of the
worst-case performance over controllers C is given by

min
C

sup
G∆∈Ga

¯̄̄̄
C

1 + CG∆

¯̄̄̄
=

µ
max
C

inf
G∆∈Ga

¯̄̄̄
1 + CG∆

C

¯̄̄̄¶−1
=

µ
max
C

inf
|∆a|≤γa

¯̄̄̄
1 + CGx + C∆a

C

¯̄̄̄¶−1
=

µ
max
C

inf
|∆a|≤γa

¯̄̄̄
1 + CGx

C
+∆a

¯̄̄̄¶−1
=

µ
max
C

¯̄̄̄
1 + CGx

C

¯̄̄̄
− γa

¶−1
.

Note that the solution of C = 0 only holds when Gx is stable. The same derivation can be
followed for a multiplicative uncertainty structure G∆ = Gx(1 +∆m), with |∆m| ≤ γm
by replacing γa with |Gx| γm in the above.
Similarly, consider the amplitude of the plant times sensitivity function as performance cost,
i.e.

J(G∆, C) =

¯̄̄̄
G∆

1 + CG∆

¯̄̄̄
and consider the inverse multiplicative plant uncertainty set Gim(Gx, γa),

Gim(Gx, γa) :=
©
G∆ | G∆ = Gx(1 +∆im)

−1 , |∆im| ≤ γim
ª
.
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Then the minimization of the worst-case performance over controllers C is given by

min
C

sup
G∆∈Gim

¯̄̄̄
G∆

1 + CG∆

¯̄̄̄
=

µ
max
C

inf
|∆a|≤γa

¯̄̄̄
(1 +∆im) + CGx

Gx

¯̄̄̄¶−1
=

µ
max
C

inf
|∆a|≤γa

¯̄̄̄
1 + CGx

Gx
+G−1x ∆im

¯̄̄̄¶−1
=

µ
max
C

¯̄̄̄
1 + CGx

Gx

¯̄̄̄
−
¯̄
G−1x

¯̄
γim

¶−1
.

For the loop-shaped multi-block performance function σ̄
¡
T (WG∆,W

−1C)
¢
[77] property

(8.17) holds true for plant uncertainty sets described in the ν-gap uncertainty. This follows
directly from Proposition 8.3-7 which stated

max
G∆∈Gν(Gx,Wv)

σ̄
¡
T (WG∆,W

−1C)
¢

= sin
³
arc sin

¡
σ̄
¡
T (WGx,W

−1C
¢¢−1 − arc sin (Wv)

´−1
,

which expresses the worst-case performance of a controller C with a ν-gap set Gν(Gx,Wv)
in terms of the performance of C with the nominal model Gx and the chordal distanceWv.
The proposition shows that minimization of the worst-case performance
maxG∆∈Gν(Gx,Wv) σ̄

¡
T (WG∆,W

−1C)
¢
over the controller C is achieved by minimiza-

tion of the nominal performance σ̄
¡
T (WGx,W

−1C
¢
over C. Since for nominal perfor-

mance optimization many techniques are available [48][77][111], robust performance opti-
mization of a ν-gap set with the loop-shaped performance measure is straightforward. Note
that the result for the Youla parameter uncertainty of Proposition 8.3-8 cannot be used for
robust performance synthesis, because in this case the term Wv is dependent on the con-
troller C.
The analysis in Chapter 6 shows that this result can be generalized to other uncertainty
structures. Because of the fact that any of the considered uncertainty sets can be equiva-
lently described in a ν-gap structure, Proposition 8.3-7 can be applied to the other structures
as well. In particular, on combining Proposition 6.4-9 and Proposition 6.3-1 all (circular)
uncertainty structures can be transformed into a ν-gap uncertainty description. This in turn
allows for the application of Proposition 8.3-7. While the proposition can be applied di-
rectly for robust performance analysis purposes, in robust performance synthesis care has
to be taken of robust stability. That is, while the worst-case performance as a function of C
is to be optimized for the ν-gap nominal model Gν of Lemma 6.4-9, the controller C will
have to stabilize the original nominal model Ga.

The loop-shaping performance cost considered in Proposition 8.3-7 is not as general as the
general function in (8.1). For more general weighting functions V andW , we have to resort
to the dual form of Corollary 8.3-5. That is, for a particular plantG∆ the set of all controllers
achieving a certain performance can explicitly be given. The intersection of all these con-
trollers when evaluated over a set of plants G is the set of all robustly performing controllers
for that set. Figure 8.6-5 illustrates this interpretation of the set of robustly performing
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controllers at one particular frequency. For each point of an additive set Ga (Gx,Wa) the
(circular) set of controllers achieving a certain performance is given with Corollary 8.3-5.
The intersection of these sets (thick solid circle) is the set of robustly performing controllers.
The thin outer circle depicts the region of all controllers satisfying the robust stability condi-
tion

¯̄̄
C

1+CGx

¯̄̄
< |Wa|, showing that this robust stability condition is automatically satisfied

when using σ̄ (V T (G∆, C)W ) as performance measure. The union of such intersections
over frequency contains the frequency responses of all robustly performing controllers.
This interpretation could find a practical application as well. Given an identified uncertainty
region (ellipsoidal, boxed or a set of multiple measurements of a nonparametric identifica-
tion experiment), one could consider not to embed this region in a particular uncertainty
structure, in terms of fitting a nominal plant and constructing an uncertainty region. Instead,
given an a priori specified performance measure, the identified uncertainty could be trans-
formed directly with Corollary 8.3-5 into a frequency domain region in which the frequency
response of robustly performing controllers has to be contained. Then a controller could be
’identified’ by fitting a model into this region of frequency responses. Such an approach has
close connections to the Quantitative Feedback Theory approach of [64][65] and the Vir-
tual Reference Feedback Tuning of [19]. In the latter approach, plant input and output data
are mapped with an a priori performance function into "controller input and output data",
i.e. data from which a controller can be identified satisfying the required performance. The
approach described here is quite similar, though formulated in the frequency domain and
incorporating robustness issues by starting from a model uncertainty instead of one real-
ization of plant input and output data. In the QFT method (logarithmic) frequency domain
regions (called templates) are provided for the loop transfer function CGx instead of for C.
The results in this paper provide for exact quantitative templates for a broad class of perfor-
mance measures and uncertainty structures. The identification of a parametrized controller,
given a set of regions over a frequency grid, could be done by using a nonlinear optimiza-
tion procedure or simply by using the engineering method of trial and error based on the
visual information provided by the bode or Nyquist plot.

8.7 Conclusions
The choice for particular uncertainty structures in identification for robust control has been
analyzed for general frequency dependent performance functions. An amplitude-bounded
(circular) uncertainty set following from system identification can equivalently be described
in terms of an additive, Youla parameter and ν-gap uncertainty. However the equivalence is
only valid when allowing nominal models and weighting functions to vary, pointing towards
a desired identification setup that identifies model uncertainty sets, rather than bounding the
model uncertainty around a prefixed nominal model.
Closed-loop performance functions based on the uncertainty sets are again bounded by cir-
cles in the frequency domain, allowing for analytical expressions for worst-case perfor-
mance evaluation, and for the evaluation of the consequences of uncertainty for robust con-
trol design. The uncertainty structure not only determines the distribution over frequency
of the amplitude of the model uncertainty set, but also determines the location of the un-
certainty set in the frequency domain. Both the size and the location are crucial for the
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Figure 8.6-5: Depiction at one frequency of the set of frequency responses of robustly performing
controllers. For each point of an additive set Ga (Gx,Wa) the (circular) set of controllers achieving
a certain performance is given with Corollary 8.3-5. The intersection of these sets (thick solid circle)
is the set of robustly performing controllers. The thin outer circle depicts the region of all controllers
satisfying the robust stability condition C

1+CGx
< |Wa|.
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worst-case performance of the set with a controller.
For the analysis of the performance of a present controller the performance itself should
be identified from data. While this is can easily be done for one-block performance cost
functions, a new result is presented showing how a multi-block performance cost can be
identified from data directly.
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Appendix 8A Proofs

8A.1 Proof of Proposition 8.2-1

1. Since S = 1
1+CG∆

, we have that

G∆ =
1− S

SC
= − 1

C
+

1

SC
, |S| < γS

which can be written in an additive setting using Proposition 6.3-1 with A = 1, B =
−1, C = 0 andD = S.

2. Since T = CG∆
1+CG∆

, we have that

G∆ =
T

C − CT
=
1

C

T

1− T
, |T | < γT

which can be written in an additive setting using Proposition 6.3-1 withA = 0,B = 1,
C = C andD = −C.

3. Since Ti = G∆
1+CG∆

, we have that

G∆ =
Ti

1− CTi
, |Ti| < γTi

which can be written in an additive setting using Proposition 6.3-1 withA = 0,B = 1,
C = 1 andD = −C.

4. Since Si = C
1+CG∆

, we have that

G∆ =
C − Si
SiC

= − 1
C
+
1

S
, |S| < γSi

which can be written in an additive setting using Proposition 6.3-1 with A = C, B =
−1, C = 0 andD = C. ¤

8A.2 Proof of Lemma 8.3-2

For SISO plants and controllers the proof can be based on the fact that the squared maximum
singular value of a rank one matrix equals the sum of squares of the elements (Frobenius
norm), i.e.

σ̄ (V T (G∆, C)W )
2

=
³
|V2|2 + |V1|2 |G∆|2

´ ¯̄̄̄ 1

1 + CG∆

¯̄̄̄2 ³
|W2|2 + |W1|2 |C|2

´
.

Since S∆ =
1

1 + CG∆
it holds that G∆ =

1− S∆
S∆C

and straightforward rewriting with
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respect to S∆ results in

σ̄ (V T (G∆, C)W )2

=

Ã
|V2|2 + |V1|2

¯̄̄̄
1− S∆
S∆C

¯̄̄̄2!
|S∆|2

³
|W2|2 + |W1|2 |C|2

´
,

=
³
|V2|2 |S∆|2 + |V1|2

|C|2 |1− S∆|2
´³
|W2|2 + |W1|2 |C|2

´
=

³³
|V2|2 |C|2 + |V1|2

´
|S∆|2 − |V1|2 (S∆ + S∗∆ − 1)

´
|W2|2+|W1|2|C|2

|C|2

=
³
|S∆|2 − |V1|2

|V2|2|C2|+|V1|2 (S∆ + S∗∆)+

|V1|2
|V2|2|C2|+|V1|2

´
(|V2|2|C2|+|V1|2)(|W2|2+|W1|2|C|2)

|C|2 ,

which upon completion of the squares leads to expression (8.7). ¤

8A.3 Proof of Corollary 8.3-5

The first part of the corollary follows from Corollary 8.3-4 and the fact that

G∆ =
1− S∆
S∆C

=
1− Scentre −∆S

ScentreC +∆SC

=

³
|V1|2 + |V2|2 |C|2

´
− |V1|2 −

³
|V1|2 + |V2|2 |C|2

´
∆S

|V1|2C + C
³
|V1|2 + |V2|2 |C|2

´
∆S

=
1

C

|V2|2 |C|2 + ∆̃S

|V1|2 − ∆̃S

, ∆̃S = −
³
|V1|2 + |V2|2 |C|2

´
∆S .

The second part is obtained by application of Proposition 6.3-1. For, the above expression
can be rewritten as

G∆ =
1

C

|V2|2 |C|2 + ∆̃S

|V1|2 − ∆̃S

=
1

C

|V2|2
|V1|2 |C|

2
+ 1

|V1|2 ∆̃S

1− 1
|V1|2 ∆̃S

= − 1
C

− |V2|
2

|V1|2 |C|
2
(1− 1

|V1|2 ∆̃S)−
³

1
|V1|2 +

|V2|2
|V1|2 |C|

2
´
∆̃S

1− 1
|V1|2 ∆̃S

=
1

C

|V2|2

|V1|2
|C|2 −

1
C
|V1|2+|V2|2|C|2

|V1|4 ∆̃S

1− 1
|V1|2 ∆̃S

.

Therefore, with P22 = 1
C
|V2|2
|V1|2 |C|

2 , P12P21 =
1
C
|V1|2+|V2|2|C|2

|V1|4 and P11 = 1
|V1|2 direct
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application of Proposition 6.3-1 leads to

Gcentre =
1

C

|V2|2

|V1|2
|C|2 +

− 1
C
|V1|2+|V2|2|C|2

|V1|2 |WY |2

|V1|4 − |WY |2

=
1

C

|V2|2
|V1|2 |C|

2 |V1|4 −
³
|V2|2
|V1|2 |C|

2 − |V1|2+|V2|2|C|2
|V1|2

´
|WY |2

|V1|4 − |WY |2

=
1

C

|V2|2
|V1|2 |C|

2 |V1|4 + |V1|2
|V1|2 |WY |2

|V1|4 − |WY |2

and

Wa =
1

C

|V1|2+|V2|2|C|2
|V1|4

1− 1
|V1|4 |WY |2

WY .

¤

8A.4 Proof of Proposition 8.5-9

Even in closed loop the basic equation

y = G∆u+Hoe

holds true. This can easily be rewritten into ¡
I −G∆

¢µ y
u

¶
= Hoe

D∆
¡
I −G∆

¢µ y
u

¶
= D∆Hoe¡

D∆ −N∆
¢µ y

u

¶
= D∆Hoe¡

Nc |W1|2 +Nc∆a Dc |W2|2 |C|2 +Dc∆a

¢µ y
u

¶
= D∆Hoe

which yields¡
Nc |W1|2 Dc |W2|2 |C|2

¢µ y
u

¶
=
¡
−Nc −Dc

¢µ y
u

¶
∆a +D∆Hoe

Moreover, the signal
¡
−Nc −Dc

¢µ y
u

¶
is uncorrelated with the noise term e.
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For, pre-multiplication of equation (6C.1) with
¡
−Nc −Dc

¢
, results in¡

−Nc −Dc

¢µ y
u

¶
=

¡
−Nc −Dc

¢µ N∆
D∆

¶
(D∆ + CN∆)

−1 ¡ C I
¢µ r2

r1

¶
+
¡
−Nc −Dc

¢µ Dc

−Nc

¶
D−1c (I +G∆C)

−1
Hoe.

=
¡
−Nc −Dc

¢µ N∆
D∆

¶
(D∆ + CN∆)

−1 ¡ C I
¢µ r2

r1

¶
.

¤



Chapter 9

Conclusions and Recommen-
dations

In this Chapter the contributions of this thesis are summarized and conclusions are drawn in
the context of the aim and objectives formulated in Chapter 1. Additionally, recommendations
for future research are made.

9.1 Contributions of this thesis and conclusions

9.1.1 Introduction

This thesis aims to contribute to the development of a solid theoretical and practical frame-
work for the total controller design procedure spanning the entire scope from data to per-
formance. With this respect the first objective was formulated in Chapter 1 as to provide
insight in the mechanisms behind various steps in the total control design procedure and
insight in the effect of assumptions and choices made within existing methodologies. The
second objective was to compare available methodologies with the clear intention of pro-
viding motivated choices between the methods. The third objective was to improve upon
the existing methods and to motivate the optimality of certain choices within the total con-
trol design procedure using both available and new improved methods. All three objectives
were focused around the topic of estimating model sets from data and choosing the struc-
ture in which the uncertainty is represented in the context of robust performance analysis
and synthesis. The discussion in the thesis can be divided in three groups each of which
will be dealt with in the following sections. Throughout the thesis only linear time-invariant
systems are considered.

9.1.2 A new approach to prediction error model uncertainty bounding

The purpose of a model uncertainty set is to replace the unattainable description of the true
process under investigation. The very first requirement on a model uncertainty set, there-
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fore, is that the set contains the true process under investigation at a prescribed level of
probability. As motivated in Chapter 2, we consider the construction of a model uncertainty
set on the basis of bounding the error in a nominal model estimated within the prediction
error framework. The errors which are taken into account are the measurement noise, the
effect of undermodelled dynamics and the effect of initial conditions.

Previously, methods for bounding the undermodelled dynamics were only available for gen-
eralized FIR models [80],[50]. When estimating the nominal model in an ARX, OE or BJ
model structure only the effect of the measurement noise, reflected in a variance error, could
be taken into account. In classical prediction error identification the effect of measurement
noise is bounded by considering an estimated parameter covariance matrix, in conjunc-
tion with an asymptotic Gaussian distribution of the parameters. Besides being based on
asymptotic results, the standard derivation of the asymptotic distribution and the asymp-
totic covariance matrix is based on quite a number of approximations. Particularly in the
context of system identification for robust control, the asymptotics, approximations and the
assumption that the system is in the model class are very disadvantageous.
To overcome the limitations of classical prediction error parameter uncertainty bounding,
new results for parameter uncertainty bounding of the ARX, OE and BJ model class were
derived in Chapters 3. The new results are based on a new paradigm for uncertainty bound-
ing. The classical approach to uncertainty bounding is based on evaluating the statistics
of the parameter estimator. While this approach is certainly correct, it often leads to the
evaluation of complex functions resulting in the aforementioned approximations and as-
ymptotic assumptions. In the new approach an efficient use is made of the information that
is available from the measurement data. In particular, the statistics are evaluated of a data-
dependent mapping of the parameter estimator. It turns out that this approach has a number
of advantages.

By following the new conceptual approach many of the standard results can be derived anew
but requiring much less approximations and asymptotic assumptions. In other words, it fol-
lows that many of the standard results are more exact than suggested by the standard way of
deriving the results. For example, for the ARX model structure the standard practical bound
on the parameter estimate of the prediction error framework reappears again as the end re-
sult. However, the bound is now derived along a line of reasoning based on less assumptions
and less approximations. On the other hand, the model uncertainty regions suggested in this
thesis are different from the standard results for the OE and BJ model structures and for the
situation in which regressors are correlated with the measurement noise (e.g. closed-loop
data). The new theoretical results and extensive Monte Carlo simulations suggest strongly
that the derived results hold true even for finite data sets.
And most importantly, the new derivation allowed for the application of the undermodelling
bounding techniques as in [80],[50] also to the ARX, OE and BJ model class. This was
explored in Chapter 4. The error between a least-squares model estimate and the true system
results from the structural limitations of the model class and from the estimation errors in the
estimated parameters. The estimation errors are the result of the influence of measurement
noise, initial conditions and the undermodelling. All the errors can be accounted for under
either a stochastic assumption or a norm-bounded assumption. When considering model
structures which are not linear in the parameters the effect of undermodelling is extended
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by the linearization error induced when approximating the nonlinear mapping of parameters
to models by a linear mapping.
To conclude, Chapter 3 and 4 provide for a solid theoretical framework which allows
the identification of a model uncertainty set which is guaranteed to contain the true data-
generating system at a prescribed level of probability. This satisfies the first requirement on
an model uncertainty set.

9.1.3 User-choices in prediction error uncertainty bounding

In the context of system identification for robust control, the model uncertainty set is used
to analyze the performance of a designed controller or the model uncertainty set is used di-
rectly to design a robustly performing controller. In both cases, it is clear that the optimal
model uncertainty set is such that it induces the smallest possible worst-case performance,
while containing the true system (at a prescribed level of probability). That is, given the
data, the smallest possible model uncertainty set should be constructed. If it turns out that
the model uncertainty set has little effect on the worst-case performance in certain frequency
regions, new data could be collected on the basis of an input which emphasizes the control-
relevant regions. But given the data the smallest possible model uncertainty set should be
constructed.

The size of the model uncertainty set depends on the estimated (or assumed) bounds on
the undermodelling and on the estimated noise model. A standard approach to estimating
a noise model uses the residuals of the estimated plant model under consideration. The
analysis of Section 5.2 showed that this approach can have severe disadvantages. The main
problem lies with the fact that the residuals of the estimated plant model are often not a good
representative of the actual measurement noise. This results from the fact that the residuals
contain the effect of unmodelled dynamics and the effect of fitting part of the measurement
noise in the plant model estimate. Two new approaches are presented based on a repeated
input and on the use of a high order auxiliary model, respectively.

Methods for estimating bounds on undermodelling are presented in Hakvoort and Van den
Hof (1997), De Vries and Van de Hof (1995) and Goodwin, Gevers and Ninness (1992)
[50][26][49]. While the first two papers estimate the bound on the undermodelling by es-
timating the decay rate of the impulse response on the basis of the estimated parameters,
the last paper suggest the estimation of the undermodelling bound from the residuals of the
model. Alternatively, the literature provides the Model Error Model approach [69]. The
method of [80] can be interpreted as a Model Error Model approach in which a first order
OE model is used to estimate the undermodelling from the residuals of the nominal model.
The analysis of the existing methods leads to the formulation of a new approach, basically
combining a model order selection procedure with estimating the undermodelling bound
from data following the approach of Hakvoort and Van den Hof (1997) [50].

The choice of model order determines the trade-off between bias and variance. As such, the
model order of the nominal model determines the size of the model uncertainty set. Early
research in the field of system identification for control showed that a low order model can
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be satisfactory from a nominal control design point of view if the model approximates the
true system sufficiently well in the control-relevant frequency domain region. In a practical
situation, however, it has to be verified whether the nominal model indeed approximates the
system sufficiently well in a control-relevant manner. This verification can only be done
on the basis of a model set. Therefore, the purpose of the nominal model in this thesis is
primarily to serve as a carrier for the model set. The choice of model order is therefore
also to be based on the properties of the model uncertainty set. That is, that model order
should be chosen which results in the smallest total model error. If the resulting model
order happens to be too large for the application of the existing control design methods,
a nominal model of lower order can be fitted within the optimal model uncertainty set.
Still, the performance of a designed controller should be analyzed using the optimal model
uncertainty set.
The model order selection criterion of Akaike yields the required optimal trade-off between
bias and variance. Following the uncertainty bounding approach of Chapter 3, this order
selection criterion is derived anew following less approximations for nonlinear model struc-
tures. The newly derived result is now also seen to hold true for any model order, i.e. even
in case unmodelled dynamics is strongly present.

An alternative conceptual approach to model uncertainty bounding and model order selec-
tion is to use a model validation test to justify the assumption that the system is in the model
class. If the model estimate passes the validation test it is said that the data provides no
evidence that undermodelling is present. Subsequently, model errors are analyzed as result-
ing from the measurement noise only. While this is a general practice, it can be questioned
whether the residuals of the nominal model are sufficiently informative of the unmodelled
dynamics. Anyway, it is of paramount importance that the validation procedure that is used
is correct. It turns out that the existing model validation test based on a cross-correlation
test is valid only under exactly those assumptions it intends to verify. In particular, the
bounds on the cross-correlation between the residual and the input should correspond to
the measurement noise only. Instead, in the existing model validation test these bounds
are estimated from the residuals of the nominal model and contain, therefore, also the ef-
fect of unmodelled dynamics. The bounds will be too large when unmodelled dynamics are
present, thereby allowing many models with severe undermodelling to pass the test incor-
rectly. A new improved test is suggested in which the key point lies with a proper estimation
of the noise properties.

To conclude, with a proper estimation of the noise model, with the model order chosen
such that the smallest total model error is achieved for the particular measurement data
and with the undermodelling bounds estimated from the data and estimated parameters,
the theoretical framework of Chapters 3 and 4 can correctly be applied for the practical
application of robust control analysis and design. The resulting model uncertainty set can
be guaranteed to contain the data-generating system at a prescribed level of probability.
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9.1.4 Model uncertainty structures and their effect on worst-case
performance

The model uncertainty set essentially depends on the uncertainty structure in which the
uncertainty around the nominal model is described. From a standard prediction error iden-
tification setting the uncertainty structure follows directly from the choice of the object that
is identified. In particular, an open-loop identification of the plant itself will yield an addi-
tive uncertainty structure, while a closed-loop identification of a closed-loop object, such as
the dual Youla parameter, will yield a dual Youla uncertainty structure. Alternatively, the
coprime factors of the plant can be identified. From control design theory other uncertainty
structures are considered in the literature, such as general linear fractional transformation
based uncertainty structures (e.g. inverse multiplicative) and gap metric and ν-gap uncer-
tainty structures.

In Chapter 6 the ν-gap uncertainty structure and general linear fractional transformation
based uncertainty structures (in particular the additive and dual Youla uncertainty structure)
are analyzed for unstructured (SISO) amplitude-bounded uncertainty. Important is the fact
that the properties of the linear fractional transformation not only influence the distribution
and the size of the uncertainty set over frequency, but also determine the location of the
uncertainty set. In general, the centre of the mapped uncertainty set moves along a fixed
line with increasing amplitude of the uncertainty.
While the ν-gap, dual Youla and additive uncertainty structures appear very distinct, it turns
out that their frequency domain properties are quite similar. In particular, each of the three
sets can be transformed into one another if the nominal model and the uncertainty weight-
ing functions are allowed to be free to achieve this. Analytical results are presented which
describe the transformation of one uncertainty structure into another. The ν-gap uncertainty
structure relates to the coprime perturbation uncertainty, which with the two-block uncer-
tainty appears to be different from the other general one-block linear fractional transforma-
tion based uncertainty structures. However, it is shown explicitly how the ν-gap uncertainty
set can be represented in terms of a linear fractional transformation as well. In particular, it
corresponds to a dual Youla representation with the inverse of the complex conjugate of the
nominal model as controller.
When the nominal model is fixed each uncertainty structure yields different uncertainty sets.
The size and the location of the set at each frequency point is characteristically determined
by the uncertainty structure.

From a robust stability point of view the different uncertainty structures cannot be compared
to one another when the nominal model is fixed. Robust stability conditions induce sets of
mutually stabilizing plants and controllers. The use of different uncertainty structures for
describing the plant uncertainty set leads to different sets of robustly stabilizing controllers.
These controller sets generally intersect, and therefore a “best” choice cannot be made.
On the other hand, when allowing the nominal model and the uncertainty weighting function
to be free during identification, each uncertainty structure can describe the same identifica-
tion uncertainty set. In other words, the frequency response set of stabilizing controllers can
be described identically in each of the structures. Even under additional constraints on the
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unstable poles and zeros the boundary of the frequency response set of controllers will be
reached, at each frequency, by at least one element of the set.
From an identification point of view the choice of an additive uncertainty structure in an
open-loop identification setting and the choice of a dual Youla uncertainty structure in a
closed-loop setting has the advantage of being able to ensure that the identified object is
stable. For other uncertainty structures, the guarantee that the elements of the uncertainty
set satisfy the winding number condition inherent to the particular robust stability condition
of the uncertainty structure cannot be given easily.
When restricting attention to controller sets that can be described as a metric-bounded per-
turbation of a nominal/present controller, the use of a double Youla parametrization for
representing plant and controller uncertainty is shown to be less conservative than when us-
ing gap-metric type of uncertainties.

The choice for particular uncertainty structures in identification for robust control has been
analyzed for general frequency dependent performance functions. Closed-loop performance
functions based on the uncertainty sets are again bounded by circles in the frequency do-
main, allowing for analytical expressions for worst-case performance evaluation, and for
the evaluation of the consequences of uncertainty for robust control design. The uncertainty
structure not only determines the distribution over frequency of the amplitude of the model
uncertainty set, but also determines the location of the uncertainty set in the frequency do-
main. Both the size and the location are crucial for the worst-case performance of the set
with a controller. In this context, the dual Youla parametrization has the advantage of locat-
ing the model uncertainty set conducively with respect to the worst-case performance.
For the analysis of the performance of a present controller the performance itself should be
identified from data. While this can be done easily for one-block performance cost func-
tions, a new result is presented showing how a multi-block performance cost can be identi-
fied from data directly.

To conclude, much insight has been gained into the properties of the different uncertainty
structures. On the one hand, the structures are not as different as the appear to be when the
nominal model and the amplitude weighting functions are left free. On the other hand, the
structures are essentially different for fixed nominal models. The size and the location of the
model uncertainty set are determined by the uncertainty structure. Both size and location
are crucial in the context of robust performance.

9.2 Recommendations for future research
1. The new approach to parameter uncertainty bounding of Chapter 3 seems to relate to

maximum likelihood based confidence regions. Alternatively, the approach can be ex-
plained in terms of hypothesis tests in which there is a degree of freedom in the choice
of the test statistic, which corresponds to the degree of freedom in data-dependent
mappings of the estimator. At this point in time the exact connections are not yet clear.

2. The uncertainty regions derived according to the new approach are exact in terms of
their probability. However, the resulting uncertainty sets could become very large as
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was seen in the example of Section 3.4.6. It should be investigated under what circum-
stances the resulting uncertainty sets have a satisfactory size and whether guarantees
can be provided a priori.

3. The practical difference between the OE model uncertainty bound in terms of the clas-
sical covariance matrix with Ψ and the new matrix in terms of Ψ and Φ should be
investigated using Monte Carlo simulations. While the classical result introduces a
bias error, the new result induces a variance error (cf. 3.5.7). The difference between
the uncertainty sets resulting from the classical and new results did not appear sig-
nificant in a small number of Monte Carlo simulations, but thorough research is still
required.

4. The alternative to the Steiglitz-McBride iteration for solving the OE least-squares min-
imization as formulated in Section 3.5.8 requires further evaluation.

5. The effect of the additional approximation which is required in derivation of the BJ
model uncertainty bound should be investigated (cf. Section 3.6).

6. The OE results for uncertainty bounding seem easily extendable to bounding the pa-
rameter uncertainty in any nonlinearly parametrized model structure. The first order
Taylor-approximation can be used to result in a regression type of expression for the
estimated parameters, similar to the results in Section 3.5.6. For models estimated by
subspace methods uncertainty bounds can be obtained by using the estimated para-
meters in a one step iteration of expression (3.88), after which the OE results can be
applied.

7. The method of estimating the noise model independently from the estimation of the
plant model as suggested in Section 5A should be compared with the method of esti-
mating the plant and noise model simultaneously in an BJ model structure. Important
here is the possibility of properly determining the required model order.

8. The undermodelling bounding techniques described in Chapter 5 still require much
Monte Carlo simulation studies to be properly evaluated.

9. The cross-correlation model structure validation test (particularly the vector-valued
test) provides an alternative to the model order selection of Akaike. The two methods
should be compared more extensively to one another.

10. The ν-gap can be represented in a linear fractional transformation structure similar to
the dual Youla structure with auxiliary controller given by the complex conjugate of
the nominal model and parameter ∆G (cf. Proposition 6.4-6). It was shown that the
set of plants G∆(s) ∈ Ḡν(Gx,Wν) satisfying ∆G ∈ RH∞ forms at least a subset of
the set of transfer functions G∆ ∈ Gν(Gx,Wν). It should be investigated whether the
condition ∆G ∈ RH∞ is only sufficient and if so, what the necessary condition is to
let the two sets Ḡν(Gx,Wν) and Gν(Gx,Wν) be identical.

11. It would be interesting to compare the analytical expression for the worst-case perfor-
mance of Chapter 6 with the available computational approaches [42][77].

12. It would be interesting to investigate the use of the analytical expressions for the worst-
case performance in an QFT design framework.
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13. The design of a new input in an iterative identification and control procedure is very
important. The analytical expressions for the worst-case performance and the use of the
Tailor-made parametrization of Section 8.5.2 could be used to design a new experiment
with an input minimizing the worst-case performance.
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βu(t) undermodelling part in measurement y(t), i.e.

βu(t) = Ḡ0(q)u(t) = φT∆(t)θ∆
β̄u(t) upper amplitude bound in βu(t)
β̄u upper 2-norm bound: kβk2 ≤ β̄u
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δΛ,G, δΛ,C upper bound on the Λ-gap
∆(q) uncertainty block / approximation error
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∆R dual Youla parameter
κ (Gx, G∆) chordal distance
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γG, γC upper bound on theH∞ norm bounded dual Youla parameter
Υ hypothesis
Γ inverse spectral vector
Λv covariance matrix Λv = E

£
vvT

¤
µx mean of random variable x
ν-gap Vinnicombe gap
ω frequency
Ω1(q) polynominal vector in q−1

ψ(t, θ∗) ψ(t, θ∗) := dε(t,θ)
dθ

¯̄̄
θ=θ∗

σ2x variance of random variable x
θ parameter vector
θ0 parameter vector corresponding to the true system G0(q)

θ̂N least-squares parameter estimate based on a data set {y, u}N
θ∗ optimal parameter
θ∆ undermodelling parameters
τ time lag
φ(t) regressor vector
φ∆(t) undermodelling regressor vector
Φ regression matrix
Φx(ω) spectral density function of random variable x
Φx,n,nk regression matrix defined in (3.26) on page 51
Πθ spectral vector
Ψ (θ) regression matrix corresponding to ψ(t, θ)
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b(k) parameter of plant model numerator polynomial B(q, θb)
B(q, θb) plant model numerator polynomial in q−1 with parameters θb
Bk(q) generalized FIR model k-th basis function
cχ(α, n) if x ∈ χ2(n) =⇒ Pr (x ≤ cχ(α, n)) = α.
C controller
C(q, θ) noise model numerator polynomial in q−1 with parameters θ
Cyu(τ) cross-covariance function
D(q, θ) (noise model) denominator polynomial in q−1 with parameters θ
e(t) white noise sequence
ε(t, θ̂) residual sequence corresponding to a model with parameters θ̂
f(k) parameter of plant model denominator polynomial F (q, θf )
F (q, θf ) plant model denominator polynomial in q−1 with parameters θf
fG(ω) frequency response point vector, fG(ω) :=

£
Re
¡
G(eiω)

¢
Im
¡
G(eiω)

¢¤T
F (P,C) lower linear fractional transformation of interconnection P and controller C
Fu(P,C) upper linear fractional transformation of interconnection P and controller C
G system operator
G(s) system operator in continuous time
G(z) system operator in discrete time
G(eiω) frequency response of a rational transfer function G(z)
G(ω) a point in the frequency domain corresponding to frequency ω
G0(q) true system
G̃0(q) part of true system mapping the measured input u to the output y.
Ḡ0(q) undermodelling, i.e. part of true system not corresponding

to the model classM
G (q, θ) discrete-time plant model with parameters θ
G∆ plant set member
Gx nominal model
g0(t) pulse response of the true system
ḡ(t) amplitude bound on pulse response coefficients
ḡ upper bound on

°°Ḡ0(q)°°2
H0(q) true noise model
H(q, θ) discrete-time noise model with parameters θ
H(G,C) closed-loop interconnection of plant G and controller C
In×m identity matrix of size n×m
J performance cost function
N(q, θ) numerator polynomial in q−1 with parameters θ
N data length
n number of parameters
nb number of parameters in plant model numerator polynomial B(q, θ)
nc number of parameters in noise model numerator polynomial C(q, θ)
nd number of parameters in noise model denominator polynomialD(q, θ)
nf number of parameters in plant model denominator polynomial F (q, θ)
n∆ number of parameters in θ∆, representing the undermodelling
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On×nk zero matrix of dimensions (n× nk)

p(N, θ̂N , Z
N ) penalty factor

px(x) probability density function
pg,h(x1, x2) joint probability density function
P closed-loop interconnection structure
Pθ parameter covariance matrix
q shift operator qkx(t) := x(t+ k)
Q asymptotic covariance matrix (Ch. 3,4) / unimodular matrix (Ch. 6,7,8)
r reference signal
Ryu(τ) cross-correlation function
S sensitivity function S = (1 + CG)−1

t time
ts starting time of regressors used to minimize effect of initial conditions
T complementary sensitivity function T = CG(1 + CG)−1

T (q, θ0, θ̂N ) model error transfer function
Tn selector matrix (see Definition (4.16) on page 88)
T (G,C) particular closed-loop mapping (see (7.1) on page 223)
u control input
u− past input
ū− upper amplitude bound on u−1
v noise sequence
VN
¡
θ, ZN

¢
least-squares identification criterion

V (θ) asymptotic expected least-squares cost function
V (q) weighting function matrix
W (q) weighting function matrix
w generalized disturbance
X, Y , X̃, Ỹ Bezout identity matrices
y measurement output
y− past output
z controlled variable
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Samenvatting

From data to performance
System identification uncertainty and robust control design

Dit proefschrift richt zich op het leveren van een bijdrage aan de ontwikkeling van een
solide theoretisch en praktisch raamwerk voor de totale regelaarontwerpprocedure in haar
gehele reikwijdte van data tot prestatie. Het onderwerp van dit proefschrift is de identifi-
catie van modelonzekerheidssets op basis van data en de keuze van de structuur waarin de
onzekerheid wordt beschreven in de context van de analyse en synthese van robuuste rege-
laarprestatie.

Een nieuwe benadering van prediction-error modelonzekerheidsbegrenzing
In dit proefschrift wordt de constructie van een modelonzekerheidsset op basis van het be-
grenzen van de fout in een nominaal model, geschat binnen het prediction-error raamw-
erk, opnieuw geëvalueerd. In de klassieke prediction-error identificatie wordt het effect
van meetruis begrensd met behulp van een geschatte covariantie matrix in combinatie met
een asymptotisch Gaussische verdeling van de parameters [70][92]. Nog afgezien het feit
dat gebruik gemaakt wordt van asymptotische resultaten, is de standaard afleiding van de
asymptotische verdeling en de asymptotische covariantie matrix gebaseerd op een aantal
benaderingen. Bovendien waren methodes voor het begrenzen van ongemodelleerde dy-
namica alleen beschikbaar voor zogenaamde generalized FIR models [80],[50].
Vanwege de bovengenoemde beperkingen zijn nieuwe resultaten afgeleid voor het begren-
zen van parameteronzekerheid voor de ARX, OE en BJ modelklasses. De resultaten zijn
gebaseerd op een nieuwe kijk op onzekerheidsbegrenzing. De klassieke benadering van
onzekerheidsbegrenzing is gebaseerd op de evaluatie van de statistische eigenschappen van
de parameterschatter. In de nieuwe benadering wordt efficient gebruik gemaakt van de infor-
matie die beschikbaar is in de meetdata door het evalueren van de statistische eigenschappen
van een data-afhankelijke transformatie van de parameterschatter.
Als deze conceptueel nieuwe benadering wordt gevolgd kunnen vele van de standaard resul-
taten opnieuw afgeleid worden, maar nu onder veel minder benaderingen en asymptotische
aannames. Aan de andere kant kunnen ook nieuwe resultaten worden verkregen voor de
OE en BJ modelstructuur en voor het geval waarin de regressoren gecorreleerd zijn met de
meetruis (bv gesloten-lus data). Het meest van belang is het feit dat de nieuwe afleiding
ertoe leidt dat de technieken voor het begrenzen van ondermodellering zoals in [80],[50]
nu ook toepasbaar zijn voor de ARX, OE and BJ modelklasse. De nieuwe theoretische
resultaten en uitgebreide Monte Carlo simulaties suggereren ten sterkste dat de afgeleide
resultaten geldig zijn zelfs voor eindige data sets.
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Gebruikerskeuzen bij prediction-error onzekerheidsbegrenzing
In de context van systeemidentificatie voor robuust regelaarontwerp wordt een modelonzek-
erheidsset gebruikt voor het analyseren van de prestatie van een ontworpen regelaar of de
modelonzekerheidsset wordt direct gebruikt om een robuust presterende regelaar te ontwer-
pen. Een optimale onzekerheidsset leidt tot de kleinst mogelijke "worst-case" prestatie ter-
wijl de set het echte systeem bevat (bij een voorgeschreven kansniveau). De grootte van de
modelonzekerheidsset hangt af van het ruismodel, de geschatte (of aangenomen) grenzen
op de ondermodellering en van de modelorde van het procesmodel.
Het is een standaard aanpak voor het schatten van een ruismodel om gebruik te maken
van de residuen van het geschatte procesmodel. Echter, de residuen zijn niet een goede
represtatie van de werkelijke meetruis omdat zij zowel de effecten van ondermodellering
bevatten als ook de effecten van het deels modelleren van de ruis door het procesmodel.
Twee alternatieve methoden voor het schatten van een ruismodel worden gepresenteerd. De
ene methode maakt gebruik van het herhalen van de ingang terwijl de ander gebruik maakt
van een hoge-orde hulpmodel.
De methoden van Hakvoort and Van den Hof (1997), Ljung (1999) and Goodwin, Gev-
ers and Ninness (1992) [50][69][49] voor het begrenzen van ondermodelleren worden met
elkaar vergeleken. Deze analyse leidt tot het formuleren van een nieuwe benadering gebaseerd
op het combineren van een modelordeselectieprocedure met het schatten van een ondermod-
elleringsgrens uit data zoals in de aanpak van Hakvoort and Van den Hof (1997) [50].
De modelorde van het nominale model bepaalt de afweging tussen bias en variantie en
bepaalt als zodanig de grootte van de modelonzekerheidsset. Het modelordeselectiecri-
terium van Akaike leidt tot de benodigde optimale afweging. Akaike’s modelordeselec-
tiecriterium wordt opnieuw afgeleid door gebruik te maken van de nieuwe aanpak voor
onzekerheidsbegrenzing, met als resultaat dat het criterium geldig is voor alle modelordes
en afgeleid kan worden met veel minder benaderingen ook voor niet-lineaire modelstruc-
turen.
Een conceptueel alternatieve benadering voor modelonzekerheidsbegrenzing en modelorde-
selectie is het gebruik maken van een modelvalidatietest om de aanname te rechtvaardigen
dat het systeem in de modelklasse valt. Het blijkt dat de bestaande modelvalidatietest,
gebaseerd op een kruiscorrelatietest, alleen geldig is onder juist die aannamen die de test
moet valideren. De test gebruikt geschatte grenzen die te groot zijn als ondermodellering
aanwezig is, waardoor veel modellen met forse ondermodellering de test onterecht kunnen
passeren. Een nieuwe verbeterde test wordt voorgesteld waarin de nadruk ligt op het cor-
rect schatten van de eigenschappen van de meetruis.

Modelonzekerheidsstructuren en hun effect op de "worst-case" prestatie
Demodelonzekerheidsset hangt essentieel af van de onzekerheidsstructuur waarin de onzek-
erheid in een nominaal model wordt beschreven. In dit proefschrift worden de ν-gap onzek-
erheidsstructuur en algemene linear-fractional-transformation gebaseerde onzekerheidstruc-
turen (in het bijzonder de additive and dual-Youla onzekerheidsstructuur) geanalyzeerd voor
zogenaamde unstructured (SISO) amplitude-bounded onzekerheden. Van belang is het feit
dat de eigenschappen van de linear fractional transformation niet alleen de kansdichthei-
dsverdeling en de grootte van de onzekerheidsset bepalen maar ook de locatie van de onzek-
erheidsset in het frequentiedomein.
De ν-gap, dual-Youla en de additive onzekerheidsstructuur lijken op het eerste gezicht zeer
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verschillend, maar in het frequentiedomein kan elk van de drie sets naar elkaar getrans-
formeerd worden als het nominale model (en weegfactoren) vrijgelaten worden. Analytis-
che resultaten worden gegeven die de transformatie beschrijven tussen de drie onzekerhei-
dsstructuren. Als het nominale model is gefixeerd resulteren de verschillende onzekerhei-
dsstructuren in verschillende onzekerheidssets. De grootte en de locatie van de set bij iedere
frequentiepunt is karakteristiek bepaald door de onzekerheidsstructuur.
In het licht van robuuste stabiliteit kunnen de verschillende onzekerheidsstructuren niet met
elkaar vergeleken worden voor een vast nominaal model, omdat de verschillende robuuste-
stabiliteitscondities leiden tot elkaar snijdende sets van stabiliserende procesmodellen en
regelaars. Als het nominal model wordt vrijgelaten tijdens de identificatie van de onzeker-
heidsset, dan kan de set van frequentieresponses van stabiliserende regelaars identiek wor-
den beschreven in ieder van de structuren. Zelfs met additionele restricties op onstabiele
polen en nulpunten wordt de grens van de set van frequentieresponses van regelaars toch al-
tijd bereikt, op iedere frequentie, door minstens één element van de set. Verder kan wordern
aangetoond dat, als we de aandacht beperken tot regelaarsets die kunnen worden beschreven
als een metriekbegrensde perturbatie op een nominale/huidige regelaar, het gebruik van de
double-Youla parametrizatie minder conservatief is dan het gebruik van gapmetriek-achtige
types van onzekerheid.
De keuze van specifieke onzekerheidsstructuren bij identificatie voor robuuste-regelaar-
ontwerp wordt geanalyseerd voor algemene frequentieafhankelijke prestatiematen. Presta-
tiefuncties van de gesloten-lus gebaseerd op de onzekerheidssets zijn ook weer begrensd
door cirkels in het frequentiedomein, waardoor analytische uitdrukkingen kunnen worden
afgeleid voor de "worst-case" prestatie en waardoor de gevolgen van onzekerheid voor
robuuste-regelaar-
ontwerp kunnen worden geëvalueerd. De onzekerheidsstructuur bepaald niet alleen de
verdeling van de amplitude van de modelonzekerheidsset per frequentiepunt, maar ook de
locatie van de onzekerheidsset in het frequentiedomein. Zowel de grootte als de locatie zijn
cruciaal voor de "worst-case" prestatie van de modelonzekerheidsset met een regelaar.
Voor de analyse van de prestatie van een huidige regelaar zou de prestatie direct geïdenti-
ficeerd moeten worden op basis van meetdata. Dit kan makkelijk gedaan worden voor zoge-
naamde one-block prestatiematen. Voor multi-block prestatiematen is een nieuw resultaat
afgeleid waarmee deze prestatiematen ook direct uit data kunnen worden geïdentificeerd.
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