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Chapter 1

Introduction

Orthonormal bases and the transformations that are related to them are useful tools
in many branches of science. Well-known examples are the trigonometric bases

which induce the various Fourier transforms, or the more recently developed orthonor-
mal wavelet bases and their associated transforms. Within the field of systems and
control theory rational orthonormal bases play an important role. These bases also
induce a transform theory which has proven to be instrumental to the analysis of sev-
eral problems that arise in system and signal theory. In this thesis various aspects
of this transform theory are worked out in detail. The analysis will be restricted to
discrete-time signals and linear time-invariant systems.

This introductory chapter reviews the background that has led us to consider ra-
tional orthonormal bases in the context of system and signal modeling problems. It
will be made clear that within the currently available theory there are still some ques-
tions to be answered. This observation leads to a detailed problem formulation which
is given in section 1.2. In section 1.3 an overview of the contents and results of the
thesis is given.

1.1 Background and motivation

The choice of the domain in which to represent systems and signals is guided by sev-
eral, sometimes conflicting, principles. Often one prefers the domain in which the
representation is the most efficient. This efficiency is usually reflected by the number
of parameters that are required to represent objects in the object class under consider-
ation with a certain level of accuracy. A finite dimensional linear time-invariant (LTI)
system can for instance be described very efficiently in the form of a rational transfer
function. Another argument for considering a specific domain of representation is that
it reveals certain important properties of the system which otherwise remain unclear.
An LTI system can for instance be represented by its impulse response coefficients,
which is sometimes quite an inefficient parameterization, but it immediately reveals
the transient characteristics of the system, which are hidden in the transfer function
description. A third reason for choosing a specific domain of representation is that it
imparts certain characteristics to the representation that are favorable for doing anal-
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2 1 Introduction

ysis. In this respect the state-space representation of finite dimensional LTI systems
has for example proven to be of fundamental importance.

Choosing a domain of representation comes down to choosing a coordinate system
for the system or signal space under consideration. In a rational transfer function
representation, for instance, the coordinates are the coefficients of the numerator and
denominator polynomials. A very general and diverse class of coordinate systems is
obtained by expanding the systems and signals in terms of basis functions. In this
case the system or signal is represented as a linear combination of functions, which
are themselves elements of the signal or system space.

With respect to the representation of signals and systems the class of rational
orthonormal basis functions has turned out to be particularly useful. Rationality of the
basis functions is an attractive feature as it can be exploited to improve the efficiency
of the representation of rational transfer functions. Orthonormality has no effect on
the efficiency of the representation but in general it leads to a great simplification of
the analysis and synthesis involved in using the basis functions.

The general goal of the research that is reported in this thesis is to investigate the
possibilities of using general rational orthonormal basis functions for the efficient rep-
resentation of signals and systems in analysis and synthesis problems that are related
to the modeling of dynamical systems.

The modeling of dynamical systems is an important topic in systems and control
theory. Modern control methods can achieve a high performance, but they require
accurate models of the system to be controlled. When the system under consideration
is complex, it in general requires a large development effort to obtain a model that
is accurate enough to be used for (high performance) control purposes. From this
point of view system identification methods are interesting as they in general produce
accurate models at the cost of only a relatively small effort. In system identification
the parameters of a mathematical model of the system are estimated on the basis of
measurements of its inputs and output signals. A major advantage of using basis
function models in system identification is that the associated parameter estimation
problem constitutes an optimization problem that has a closed form solution which
can be determined quickly and easily. Furthermore, with an appropriate choice of
rational basis functions, the number of free parameters in the optimization problem
can be kept small, without sacrificing much model accuracy.

In the following three sections we will briefly review the development of the use
of rational orthonormal bases in the context of system and signal modeling problems.
First we will consider the advantages and disadvantages of representing systems in
terms of rational orthonormal basis functions. Next we discuss the representation of
signals. Finally we consider the properties and implications of the system transforma-
tion that is induced by the use of orthonormal basis functions.

1.1.1 System modeling

The use of rational orthonormal basis functions for system modeling is mainly moti-
vated by its application in system identification. A lot of attention in this field has been
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devoted to developing methods for modeling finite dimensional LTI systems. Such
systems can accurately be described by rational transfer functions. Hence in general
the (eventual) goal is to determine the parameters of a rational transfer function model.

The direct estimation of the parameters of a rational transfer function, however,
constitutes an inherently nonlinear optimization problem. To solve it one usually has
to resort to iterative search algorithms which can get stuck in local minima that are far
from optimal. This problem is especially severe when the complexity of the system to
be modeled is large in terms of dynamics and number of inputs and outputs. A remedy
can be found in using a model parameterization that is linear-in-the-parameters. The
associated optimization problem is convex (provided that a quadratic error measure is
used) and it has a unique minimum. Furthermore, the set of minimizing parameters
can be determined unambiguously by solving a simple least-squares problem, which
can be done almost instantaneously.

One class of model structures that are linear-in-the-parameters is the class of basis
function models. In this model structure the output of the system is assumed to be
generated by a linear combination of the outputs of a set of basis functions plus an
additional (output) error signal that accounts for the modeling discrepancies. The
FIR (finite impulse response) model, is the best known model structure that is in this
class. In the FIR model structure the basis functions are the orthonormal functions
z−k , which for k ∈ N constitute the standard orthonormal basis of the space of stable,
strictly-proper transfer functions H2−. The expansion coefficients are the impulse
response coefficients of the system, denoted as g(k). In principle an infinite number
of expansion terms are required to exactly represent a given system G(z) ∈ H 2− in
this way.

An FIR model of G(z) consists of a finite number of expansion terms. Hence it
takes on the form:

Ĝ(z) =
NX

k=1

g(k)z−k, (1.1)

with N some finite number. The quality of this approximation depends on the relative
size of the impulse response coefficients that are not included in the finite expansion.
Most systems of interest have impulse responses that tend to zero at an exponential
rate, as is e.g. depicted in figure 1.1. If however the decay rate is slow while the
sampling rate is high then a very high order FIR model is required to get a good
approximation. Estimation of high order models is unattractive because it generally
implies that the variance of the parameter estimates is large.

This observation has been the motivation for considering rational orthonormal
bases of H2− for which the expansion shows a faster decay than the impulse response,
thereby increasing the efficiency of the basis function model parameterization. Let the
functions Fk(z) with k ∈ N denote the basis elements of such a general basis. Then
every transfer function G(z) ∈ H2− can be expanded as

G(z) =
∞X

k=1

ck Fk(z).
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Figure 1.1 Example of an exponentially decaying impulse response.

The aim is to choose the basis {Fk(z)}k∈Z such that the expansion coefficients ck

rapidly converge to zero. The best-known basis that is used for this purpose is the
Laguerre basis. The Laguerre basis functions are given by

Fk(z) =
p

1 − ξ2

z − ξ
�

1 − ξz

z − ξ
�k−1

.

This orthonormal basis is completely determined by the choice of the so called La-
guerre parameter ξ , which is the real pole that reoccurs in all of the Laguerre functions
Fk(z) with multiplicity k. Note that the standard basis that is used in the FIR model is
the special case of the Laguerre basis for which ξ = 0.

The convergence rate of the expansion coefficients with respect to the Laguerre
basis is dominated by the largest of the distances between the Laguerre parameter ξ
and the individual poles of the system to be modeled. This means that it is in general
possible to obtain a reasonably fast convergence rate of the expansion if the Laguerre
parameter is chosen to lie in the vicinity of the dominating poles of the system. This
approach is especially effective if the poles of the system lie in a relatively small clus-
ter. The usefulness of the Laguerre basis for system modeling was already observed in
the context of electric network synthesis in 1932 [65] and a lot of successful applica-
tions of the Laguerre basis in problems of linear system modeling and approximation
have been reported since.

In the meanwhile efforts have been undertaken to consider more general rational
bases that are better suited than the Laguerre basis for specific modeling problems.
These methods are more flexible than the Laguerre basis function model in that they
allow more than one pole to be incorporated in the basis functions. This improves
the convergence rate for systems of which the poles are not real or not in a cluster.
The 2-parameter Kautz basis, which is built from a complex pole pair, is for instance
intended for the modeling of systems with lightly damped oscillatory modes [60].

In his thesis of 1991 Peter Heuberger introduced a generalization of the Laguerre
and 2-parameter Kautz basis that allows the incorporation of any selection of poles in
the basis functions [51]. These so called Hambo basis functions are constructed using
state-space techniques. The convergence rate for the Hambo basis function expan-
sion is dominated by the largest individual difference between the poles incorporated
in the basis functions and the poles of the system that is to be modeled. Hence if
one has some (rough) prior knowledge about the dynamics of the system a very fast
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convergence rate can be obtained by choosing the poles of the basis accordingly.
The mentioned bases all are special cases of a general method of rational orthonor-

mal basis construction that was already studied in the context of interpolation prob-
lems in the 1920s by Takenaka [112] and Malmquist [72]. In the remainder of this
thesis this general basis will be referred to as the Takenaka-Malmquist basis. The
implications of using this basis in the context of system identification problems has
only recently been analyzed in detail in a series of publications by Ninness and co-
workers [78, 81, 80]. One of the main conclusions drawn from this work is that
rational orthonormal basis function models are fundamental tools in the analysis of
general (nonorthonormal) rational basis function models, and even for general non
basis-function models.

An important question that arises when using rational orthonormal bases is: how
should one choose the poles of the basis functions. Is there some optimal way to do
this? The answer to these questions depends on the nature of the prior knowledge
about the system that is available. It was shown in a series of publications by Oliveira
e Silva [85, 86, 87] that the problem can be solved if the poles of the system are
known to lie within certain regions in the unit disc. Unfortunately, the prior knowledge
is in general much too vague. A more pragmatic approach was suggested in [51]
and elaborated upon in [118] and [117]. In this approach a model is obtained as the
outcome of an iterative procedure in which a new basis function model is estimated in
each iteration step. The poles of the basis used in a certain iteration step are obtained
by applying a model reduction procedure to the basis function model that was obtained
in the previous iteration step. Such an approach appears to work well in practice but a
guarantee of convergence of such methods can in general not be given.

1.1.2 Signal modeling

A discrete-time signal is most often simply represented in terms of its time-samples.
Such a representation can however be quite inefficient if the signal has some inherent
structure, for instance if it is periodic. This observation has been the motivation to
consider alternative, more efficient ways to represent specific classes of signals. In
many cases these representations consist of an expansion of the signal in terms of
basis functions that incorporate some of the structure that is present in the signals.

The best known example of a decomposition in terms of orthonormal basis func-
tions is the Fourier series representation of periodic signals. This representation cor-
responds to the expansion of periodic signals in terms of the trigonometric basis func-
tions. The Fourier transforms of �2 signals can be viewed as a generalization of the
Fourier series representation to non-periodic signals. The underlying idea still is to
represent the signal as an infinite sum of sines and cosines. It is widely accepted
that the representation of a signal in the Fourier transform domain, better known as
the frequency domain, reveals important information about the characteristics of the
signal.

However, for many signals a representation as a sum of sines an cosines is very
inefficient. This is especially true if the signal under consideration is localized in time,



6 1 Introduction

i.e. if it only takes on values that are significantly greater than zero in a small time
span. This observation has been the principal motivation for considering so called
wavelet bases. These are bases that consist of wave-like functions that are localized
in time. An extensive theory has been developed around the representation of signals
in terms of wavelet bases [19]. The special class of orthonormal wavelets has pro-
duced a very powerful transform theory which allows very quick decomposition and
reconstruction [71].

An appropriate choice of basis for the representation of a certain class of signals
can be exploited to achieve a considerable data reduction. A sinusoid can in principle
be described with two parameters, namely amplitude and phase, while a representation
of a sinusoid in terms of time-samples in general requires many parameters. Wavelets
have been applied successfully for the purpose of data compression. An application
that is related to this compression ability is noise reduction. Consider for instance an
information bearing signal that is contaminated with some white noise. Representation
in an efficient orthonormal basis will lead to a compression of the information present
in the signal in a few relatively large expansion coefficients while the noise remains
spread out over all coefficients. In this way an effective separation of signal and noise
can be achieved by retaining only the large coefficients. This technique is known as
thresholding [32, 8, 36].

Rational orthonormal bases have mainly been used for the representation of signals
that display an exponentially decaying transient behavior. Such signals for instance
arise in electrical networks, in control systems, or as correlation sequences of stochas-
tic processes. These signals can be modeled efficiently as a linear combination of the
impulse responses of a set of rational orthonormal basis functions.

Laguerre and Kautz bases have also been applied for the purpose of signal approx-
imation, mainly in some of the earlier literature on network and circuit theory [56].
In [117] a method is proposed to use Hambo basis functions for the parameteriza-
tion of the input signals in model predictive control problems, in order to reduce the
number of free variables in the optimization problem, and thereby the computational
complexity.

The approximation of �2 signals with rational orthonormal basis functions is dual
to the approximation of stable LTI systems that was described in the previous section.
That is to say that most problems that arise in signal modeling have their equivalents
in the field of system modeling. This duality stems from the fact that the z-transform
isomorphically maps between the time- and transfer function domain. This may be
one of the reasons that there have been relatively few publications that specifically
considered the use of rational orthonormal basis functions for signal modeling. The
theory of expanding signals in terms of rational orthonormal basis functions however
becomes very interesting if these signals are inputs and outputs of LTI systems.

1.1.3 System transformation

In this thesis we will consider a system as being an operator that assigns an output
signal to an input signal. Then the choice of the basis in which the signals are repre-
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sented has immediate consequences for the representation of the system. The impulse
response representation of an LTI system, for instance, can be viewed as expressing
the relation between expansions of the input and output signals in terms of the standard
basis functions of �2. The application of a unit pulse (i.e. a standard basis function)
results in a sequence (the impulse response) that constitutes the expansion of the out-
put signal in the standard basis. Alternatively, in the case of periodic input and output
signals, we can expand these signals in terms of trigonometric basis functions. The
frequency response representation of an LTI system then reflects the relation between
the expansion coefficients of the input and output signals. This is illustrated in figure
1.2.

g(t)

G(eiω)

✲ ✲

✲ ✲

	

u(t) y(t)

U(k) Y (k)





Figure 1.2 Illustration of the concept of system transformation that is induced by representing
signals in a different domain. The system with impulse response g(t) is excited by a periodic
input u(t) with fundamental period T resulting in a periodic output y(t) with the same period.
The Fourier series representation of these signals, denoted as U(k) and Y (k) are related to
each other via the frequency response function G(eiω) of the system evaluated at the frequency
ω = 2πk

T .

In a similar vein one can represent the signals in terms of any choice of basis func-
tions and consider the map between the expansion sequence of the input signal and
that of the output signal. This gives rise to an alternative “impulse” response function
of the system that describes the expansion coefficient sequence of the output signal
that results when a basis function is applied as input to the system. This alternative
representation is referred to as the operator transform or system transform of the sys-
tem that is induced by the use of a certain orthonormal basis for the representation of
the input and output signals1.

In this respect the use of rational orthonormal bases is particularly interesting.
It turns out that for Hambo bases (which include the Laguerre and two-parameter
Kautz bases) the operator transform of a finite dimensional LTI system is again a
finite dimensional LTI system, although a “time-shift”in the transform domain has an

1Note that in figure 1.2 the convolution operation in the time domain corresponds to a simple multipli-
cation in the frequency domain. This is an exclusive property of the operator transform that is induced by
the trigonometric basis. It is due to the fact that sinusoids are eigenfunctions of LTI systems.
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interpretation that is different from the interpretation of the time-shift in the original
domain. The operator transform may have dynamic properties that are very different
from those of the original transfer function. In general it can be said that the poles of
the operator transform are “contracted” toward the origin if the poles of the original
system are close to the poles that are incorporated in the Hambo basis that was used
to generate the basis.

The operator transform that is associated with the Laguerre basis was first studied
by Nurges [84, 83]. He showed how a state-space realization of the Laguerre oper-
ator transform can be obtained from a state-space realization of the original system.
The theory was generalized to the Hambo basis in [53]. In this paper a number of
interesting properties of the Hambo operator transform were derived.

The operator transform theory that is associated with rational orthonormal bases
has turned out to be a powerful analysis tool. In [115] it was shown that the Hambo
operator transform theory is instrumental to the analysis of the asymptotic statistical
properties of basis functions models as described in section 1.1.1. In [83] it was shown
how the Laguerre operator transform theory can be used for solving the minimal par-
tial realization problem for expansions in terms of Laguerre basis functions. This latter
problem deals with the question how one can recover a state-space realization of the
system of least possible degree that is consistent with given partial knowledge of its
expansion in terms of a Laguerre basis functions. It is relevant for several reasons:

• A partial realization algorithm can be used in an identification setting. Suppose
that a finite number of expansion coefficients are estimated. Partial realization
theory can be used to extract from this partial expansion a minimal realization
of the data generating system.

• Partial realization can also be used as a method of model reduction. It is com-
mon to estimate a high order basis function model that is subsequently reduced
to a low order state-space model by means of model reduction (think for in-
stance of the iterative procedure described at the end of section 1.1.1). When
using conventional model reduction methods the extension to infinity of the es-
timated expansion is simply set to zero. Partial realization, on the other hand,
tries to infer the unknown extension from the dynamics that reveals itself in the
partial expansion. This idea is illustrated in figure 1.3.

The transform theory has further practical relevance in the context of system iden-
tification. It permits us to do “system identification in the transform domain”. This
idea has been worked out for the Laguerre basis before [120, 41]. In this setup the
input and output data are represented in terms of a Laguerre basis function expansion
and the Laguerre operator transform is identified from these data. A transfer function
of the model is then obtained by applying the inverse operator transformation. The
arguments for considering this approach are the following.

• Representation of the signals in terms of the rational orthonormal basis can re-
sult in a considerable data reduction [61]. The attainable amount of compression
of course depends on the nature of the signals that are used in the identification
experiments and the choice of basis.
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?

(a)

(b) (c)

Figure 1.3 Illustration of the realization/extension problem. Given a finite coefficient sequence
(a), we can extend the sequence with zeros (b), or with an extension obtained by means of a
realization algorithm (c).

• With an appropriately chosen basis the identification of the system in the trans-
form domain is numerically more robust [120]. This is mainly due to the fact
that the associated identification problem is in general ill-conditioned if some
of the poles of the system are close to the unit circle.

Although a lot of progress has been made in the development of the Laguerre
operator transform theory, there are many open questions concerning the transform
theory of more general rational orthonormal basis functions. In this thesis we will
provide answers to some of these questions.

1.2 Problem formulation

The overview given in the previous section shows that a great deal is already known
about the use of rational orthonormal bases in system and signal modeling problems
related to the modeling of dynamical systems. In recent years considerable progress
has been made concerning the use of generalized rational orthonormal basis function
models such as the Hambo basis and the Takenaka-Malmquist basis.

There are however still some issues that need to be explored further before model-
ing methods based on these generalized rational orthonormal bases constitute a mature
alternative for existing methods.

With respect to system modeling using orthonormal basis functions there is mainly
a need for obtaining practical guidelines for using the basis functions for system iden-
tification purposes, especially when the complexity of the system under consideration
is large in terms of its dynamics and its input/output dimension. An important ques-
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tion in this respect is how to choose the basis poles of the generalized constructions in
practical situations. These and other questions related to the use of rational orthonor-
mal basis in system identification problems have recently been analyzed in detail in
[117].

Another issue that deserves attention is the fact that there are a number of open
questions concerning the transform theory that is induced by the use of general rational
orthonormal bases. We think that a thorough understanding of the transform theory
that underlies rational orthonormal basis function expansions is crucial to get a better
grip on the mechanisms that are involved in the use of rational orthonormal basis
functions for system and signal modeling. At present, however, the transform theory
of general rational orthonormal bases has not been fully developed yet, especially
when compared to the current state of knowledge about the transform theory that is
induced by the use of Laguerre functions.

Some notable open problems with respect to the transform theory of general ratio-
nal orthonormal bases are the following.

• The operator transform theory for Hambo bases is far from complete. At present
we do not yet have convenient expressions by which the transform and its in-
verse can be computed directly in terms of minimal state-space realizations. Es-
pecially the computation of the inverse transform still requires quite elaborate
computations.

• For the Takenaka-Malmquist basis construction method, which encompasses
the Laguerre, 2-parameter Kautz and Hambo basis, the transform theory has
not yet been analyzed. It can be expected that in this general case the theory is
more involved, but it is not understood what sort of complications will arise.

• The partial realization problem for expansions in terms of general rational or-
thonormal basis functions has not been solved yet. We expect that the operator
transform theory can be used to solve this problem, but the currently available
theory is not sufficient.

These observations have inspired us to strive to achieve the following goals.

1. The development of a mature Hambo transform theory which allows us compute
the operator transform and its inverse on state-space level.

2. Investigate whether or not the Hambo transform theory can be extended to cover
even more general rational orthonormal bases, such as the Takenaka-Malmquist
basis, and to gain insight in the advantages and limitations of such an approach.

3. Solve the minimal partial realization problem for partial expansions in terms of
generalized rational orthonormal basis functions.
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1.3 Overview of thesis contents and results

• In chapter 2 a recapitulation is given of elements of system and signal theory
that are used for the development of the theory in this thesis. Basic concepts from
Hilbert space theory and state-space theory are reviewed. Attention is also paid to so-
called all-pass functions which are fundamental for the construction of general rational
orthonormal bases.

• In chapter 3 classical methods of rational orthonormal basis construction are re-
viewed. These methods are all special cases of the Takenaka-Malmquist basis con-
struction. In this chapter we also present a general state-space framework for the
construction of general rational orthonormal bases. The Hambo basis is introduced as
a special case of this general construction.

The elements of this general basis construction date back to the work on orthogonal
filter structures by Mullis and Roberts [77, 98]. The use of this basis in the context
of system identification was studied by Bodin and coworkers [10, 8]. This basis is
equivalent to the Takenaka-Malmquist construction [112, 72, 78]. As such, the theory
that is presented in this chapter and the subsequent chapters also applies to Takenaka-
Malmquist bases. A contribution of this chapter is to show how this basis construction
induces a dual orthonormal basis of the space of expansion coefficient sequences.
Further, we present an analysis of the possibilities of generating rational orthonor-
mal bases using methods that are based on the theory of orthogonal polynomials and
wavelets.

• The centerpiece of this thesis is chapter 4 in which the operator transform theory
for general rational orthonormal bases is developed and analyzed. The Hambo op-
erator transform is studied in great detail, and a number of new results are derived.
In particular it is shown how a minimal realization of the Hambo operator transform
can be computed on the basis of a minimal realization of the original system and vice
versa. It is also shown how these and other results can be extended to apply also to the
general rational orthonormal basis construction. An important insight is that, while
the Hambo operator transform of an LTI system is again an LTI system, its general
operator transform is a linear time-varying system.

The theory that is presented in this chapter extends the transform theory of Laguerre
bases [84, 83, 41] and Hambo orthogonal bases [51, 115, 53] to the general rational
orthonormal basis construction. Furthermore, the presented theory provides answers
to several open questions within the theory of Hambo transforms that were raised in
the thesis of Peter Heuberger [51, see pages 153, and 191–193].

• In chapter 5 the minimal partial realization problem for expansions in terms of
Hambo basis functions is completely solved. To solve the problem we make use of
the transform theory results that were derived in the preceding chapter. It is shown
how the finite sequence of expansion coefficients of a system corresponds to a finite
sequence of the impulse response parameters of its Hambo operator transform. A
minimal realization of the operator transform can then be computed by solving an
adapted classical realization problem. Also an attempt is made to solve the minimal
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partial realization problem for expansions in terms of general rational orthonormal
bases.

As mentioned, the partial realization problem with respect to Laguerre bases was
solved in [83]. The main contribution of this chapter is the generalization of this result
to Hambo bases. This minimal partial realization problem is equivalent to a rational
interpolation problem. As such the algorithm that solves the generalized minimal
partial realization problem also yields an original solution to the equivalent rational
interpolation problem.

• Chapter 6 is included to illustrate some of the practical implications of the theory
that is developed in this thesis. In particular it is shown how the realization algorithm
developed in the previous chapter can be used in a system identification setting. Fur-
ther an example is given of the application of system identification in the transform
domain.

The application of these ideas was previously studied in the literature for the cases of
the Laguerre basis [61, 83, 120, 42]. Extension of these ideas to general bases such
as Kautz and Hambo bases was suggested before [41] but could not be carried out
because of the lack of expressions to execute the transformations in an efficient and
reliable manner.

• Conclusions and recommendations for further research are given in chapter 7.

Most of the results that are presented in this thesis have also been published in the
form of conference and journal papers. Parts of the results of chapters 3 and 4 can also
be found in [24], [23]. Parts of the results of chapter 5 can also be found in [21], [52],
[22], and [25].



Chapter 2

Elements of system and signal
theory

In this chapter some basic elements of system and signal theory are reviewed that
are relevant for the exposition in the subsequent chapters. The explanations will

be succinct. Readers with a firm background in system theory can skip this chapter
without losing the main thread of the thesis.

The outline of this chapter is as follows. In section 2.1 we introduce a number
of basic notions about signal and system norms. Also we discuss various ways in
which to characterize and represent linear (time-invariant) systems. In section 2.2
we review some elements from Hilbert space theory, such as orthogonal bases and
transforms. Special attention is paid to the Hardy space H2 which contains the stable
proper rational transfer functions. In section 2.3 we recall topics from state-space
theory that are basic to the theoretical developments in subsequent chapters. The focus
is on Hankel operator representations and balanced state-space realizations. Finally,
we discuss properties of all-pass functions in section 2.4.

2.1 Signals and systems

The performance of a control system is usually measured in terms of properties of
the inputs and outputs of the system that is being controlled. By manipulating the
inputs to the system one attempts to keep the performance at a satisfactory level. In
mathematical terms a system can then be viewed as a mapping, or an operator, that
assigns an output signal to a certain input, as visualized by the block diagram in figure
2.1. This is also the framework that will be adopted in this thesis. It should be noted
that by taking this viewpoint we skip the question of deciding which signals are inputs
and which are outputs in terms of cause and effect, which in some cases is a difficult
task. For such cases it would be appropriate to use an implicit system definition, as is
for instance done in the behavioral approach [93].

The signals involved can be represented in a number of ways. In most real-world
applications the signals are continuous, meaning that they are defined as functions

13
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G✲ ✲u y

Figure 2.1 Block diagram of the system G.

that assign a real number to any instant on the continuous time axis that runs from
−∞ to +∞. For practical purposes a signal is often discretized and represented by a
sequence of measurements taken at equidistant time-instants. This sampling enables
the storage and processing of the data on digital computers. Subject to the condition
that the signals involved are band-limited (in terms of frequency content) continuous
signals can be recovered without approximation from these sample sequences, accord-
ing to Shannon’s sampling theorem [4]. In practice, this sampling condition turns out
to be mild because most real-world signals are band-limited already. Therefore one
can say that in most situations it is allowed to consider signals as discrete time-series.
Accordingly, systems can then be viewed as operators that map input sequences to out-
put sequences. In later chapters we will occasionally return to the issue of continuous
versus discrete signals.

In our setting an input signal u is represented by an infinite sequence:

u = {· · · , u(−2), u(−1), u(0), u(1), u(2), · · · } . (2.1)

The entries u(t) with t ∈ Z can take on values in R. Sometimes we will also allow
the signals to be complex valued, but this should become clear from the context. In
some cases a system will have multiple input signals and it is convenient to collect the
separate inputs into column vectors. In that case the entries u(t) are elements of R

m ,
with m the number of input channels. The output signals are similarly defined with in
that case y(t) ∈ Rp with p the output dimension. Such signals will be referred to as
multivariable signals. If a system has only one input and one output it is called a scalar
or SISO (single-input-single-output) system. Otherwise it is called a multivariable or
MIMO (multi-input-multi-output) system.

2.1.1 Signal and system norms

As mentioned, the performance of a system is usually measured in terms of the input
and output signals. The signal norm that is of central importance in this thesis is the
2-norm.

Definition 2.1 (Signal 2-norm, �n
2 space) The 2-norm of a signal x(t) with t ∈ J ⊂

Z is defined as

‖x‖2 =
sX

t∈J

x(t)T x(t), (2.2)
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where x(t) ∈ C
n. The space of signals for which this norm can be computed (i.e.

takes on a finite value) is denoted by �n
2(J ).

If n = 1 the superscript will usually be suppressed. For the sake of brevity we will
simply write �n

2 if the index set J is equal to Z.
The 2-norm is also called the energy norm since it has connections with the phys-

ical notion of energy. It should be noted that this norm is not defined for every signal
of the form (2.1). Specifically it is required that the signal decays to zero for t ap-
proaching minus and plus infinity.

If for all inputs u ∈ �2 the corresponding outputs y = Gu are also in �2, then the
system has a finite �2-gain.

Definition 2.2 (�2-gain) The �2-gain of the system G : �2 → �2 is defined as

‖G‖�2 = sup
u∈�2

‖Gu‖2

‖u‖2
.

This induced norm is of great importance in system theory as it measures the maxi-
mum energy amplification of a system.

In this thesis we will only consider linear systems . For such systems it holds that
they can be represented by the relation:

y(t) =
∞X

τ=−∞
gt (τ )u(t − τ ). (2.3)

Hence, the output signal measured at time t is the result of a convolution of the input
signal with the sequence gt . We will mostly consider causal systems, i.e. systems for
which it holds that the output measured at time t does not depend on future inputs.
This implies that gt (τ ) = 0 for τ < 0.

If the sequences gt are equal for all t then the system is linear time-invariant (LTI ).
Otherwise the system is called linear time-varying (LTV) [29]. A linear time-invariant
system G is therefore completely defined by a single function g, and the input-output
relation is given by

y(t) =
∞X

τ=−∞
g(τ )u(t − τ ). (2.4)

The function g is called the impulse response sequence of the system as it is equal
to the output of the system to the unit pulse δ(t). The parameters g(t) are called the
impulse response coefficients.

If the LTI system G is SISO then its impulse response is a scalar signal. The 2-
norm of the impulse response is another measure of the system G. It is denoted by
‖G‖2. For general, multivariable systems we have the following definition.
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Definition 2.3 (System 2-norm) The 2-norm of a linear time-invariant system G is
defined as

‖G‖2 =
sX
τ∈Z

tr
�

g(τ )T g(τ )
	
.

The 2-norm for linear time-invariant systems also plays a central role in systems the-
ory. One important interpretation of this norm is that it gives the measure of the power
amplification of the system in response to white noise inputs. Another interpretation

is that it is equal to
qPm

i=1 ‖yi‖2
2 where yi is the output of the system in response to

a unit pulse applied at the i -th input [105].
Another norm for causal LTI systems that we will use is the Hankel norm. This

induced norm is the �2-gain from past inputs to future outputs.

Definition 2.4 (Hankel norm) The Hankel norm of a causal linear time-invariant
system G : �2 → �2 is defined as

‖G‖H = sup
u∈�2(−∞,0]

‖P�2[1,∞)Gu‖2

‖u‖2
.

Here P�2[1,∞) represents the orthogonal projection onto the subspace � 2[1,∞) of �2.
A formal definition of the projection operator will be given in section 2.2.1.

2.1.2 Linear system representations

Instead of working with the impulse response function g directly it is often convenient
to work with its z-transform, denoted G(z) which is given by

G(z) =
∞X

t=−∞
g(t)z−t ,

with z ∈ C. G(z) is called the transfer function representation of the system G.
In many cases the matrix elements G i, j (z) of the transfer function G(z) consist of
ratios of finite order polynomials in z−1. Such systems are finite dimensional systems.
The corresponding transfer functions are called rational transfer functions. If the
coefficients of the numerator and denominator polynomial are real then the transfer
function is called real-rational. A system is called proper if lim z→∞ Gi, j <∞,∀i, j .
If limz→∞ Gi, j = 0,∀i, j then the transfer function is called strictly proper. Note that
properness coincides with causality, while strict properness implies that in addition
g(0) = 0.

If a linear time-invariant system is finite-dimensional and proper, it can also be
expressed in state-space form:

x(t + 1) = Ax(t)+ Bu(t),

y(t) = Cx(t)+ Du(t),
(2.5)
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with A ∈ R
n×n, B ∈ R

n×m ,C ∈ R
p×n and D ∈ R

p×m . A state-space representa-
tion (A, B,C, D) as in (2.5) is called a state-space realization of the system G. It is
sometimes convenient to represent a state-space realization in matrix form:�

A B
C D

�
, or

�
A B
C D

�
,

to indicate the partitioning. Given a realization of an LTI system G, its transfer func-
tion representation can be written as

G(z) = D + C(z I − A)−1 B,

while its impulse response coefficients satisfy

g(0) = D, g(t) = C At−1 B, t > 0.

Causal linear time-varying systems can also be represented in state-space form.
The difference is that in this case the state-space matrices vary with time. The corre-
sponding state equations are

x(t + 1) = At x(t)+ Bt u(t),

y(t) = Ct x(t)+ Dt u(t).
(2.6)

In section 2.3 we will come back to the state-space form and discuss some of its
main properties that are relevant for this thesis.

It is sometimes useful to view the mapping G : �2 → �2 as a matrix operator
acting on a vector representation of the input signal u. Define

u = �· · · u(−1)T u(0)T u(1)T · · ·�T
y = �· · · y(−1)T y(0)T y(1)T · · ·�T ,

then for a linear system one can write

y = Tu, (2.7)

with T a matrix of infinite dimensions. If the system is causal then T is a lower block
triangular matrix. In the case of LTI systems T becomes a (block) Toeplitz matrix,
meaning that all the elements on a given (block) (sub)diagonal are equal. One then
has for a causal LTI system:

T =

26666666664

. . .
. . .

. . .

. . . g(0) 0 0

. . . g(1) g(0) 0
. . .

g(2) g(1) g(0)
. . .

. . .
. . .

. . .

37777777775
(2.8)
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For LTI systems it is also of interest to study the Hankel operator associated with
G, which represents the restriction of T to the mapping from past inputs to future
outputs. One can write the future outputs in equation (2.7) as26664

y(1)
y(2)
y(3)
...

37775 =
26664

g(1) g(2) g(3) · · ·
g(2) g(3) g(4)
g(3) g(4) g(5)
...

. . .

37775
26664

u(0)
u(−1)
u(−2)
...

37775+
26664

g(0) 0 0 · · ·
g(1) g(0) 0
g(2) g(1) g(0)
...

. . .

37775
26664

u(1)
u(2)
u(3)
...

37775,
or in compact notation:

y f = Hup + T f u f . (2.9)

The block Hankel matrix H is called the Hankel operator representation of G. The
induced operator norm of H, with respect to the 2-norm, which is equal to the largest
singular value of H, is equal to the Hankel norm of G. Hence it holds that ‖G‖ H =
σ̄ (H), with σ̄ denoting the maximum singular value.

For LTV systems one can also consider the mappings from past inputs to future
outputs. In that case however, one has for every time instant t a different Hankel
operator due to the time-varying property of the system.

2.1.3 Stability

In this thesis we use the following definition of stability for proper finite dimensional
LTI systems.

Definition 2.5 (Stability) A finite dimensional LTI system G is stable if and only if
it allows an asymptotically stable state-space realization. A state-space realization
(A, B,C, D) is asymptotically stable if and only if all the eigenvalues of A are strictly
inside the unit disc.

A necessary and sufficient condition for stability is that all poles of G(z) are strictly
inside the unit disk. A physical interpretation of this mathematical definition of sta-
bility is that with zero inputs the outputs of the system will asymptotically converge
to zero from any (nonzero) initial state.

Considering the impulse response function of a proper finite dimensional LTI sys-
tem G, and denoting its elements by g(k), then a necessary and sufficient condition
for stability is [121]

∞X
k=0

|g(k)| <∞. (2.10)

Systems for which (2.10) holds are also called BIBO (Bounded-Input-Bounded-Out-
put) stable systems as they produce a uniformly bounded output when a uniformly
bounded input is applied.

Finally we mention that if an LTI system is stable in the sense of definition 2.5
then it also has a finite �2-gain, and a finite 2-norm.
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2.2 Basic Hilbert space theory

In mathematical terms the �n
2 space is a Hilbert space: a complete1 linear space

equipped with an inner product norm [63]. This latter property greatly simplifies the
calculations involved in the analysis of such spaces and the operators acting on them.

Definition 2.6 (Inner product in �n
2 ) The inner product between two elements x and

y of the �n
2(Z) space is defined as

〈x, y〉 =
X
k∈Z

x(k)T y(k). (2.11)

Hence the 2-norm of u ∈ �n
2(Z) satisfies ‖u‖2

2 = 〈u, u〉.

2.2.1 Orthogonality and orthonormal bases

The inner product gives a measure of the similarity between elements of a Hilbert
space. If the inner product is zero we say that the two elements are orthogonal.

Definition 2.7 (Orthogonality, orthogonal complement) Two elements x, y of a Hil-
bert space H are said to be orthogonal, x ⊥ y if 〈x, y〉 = 0. Given a set S ⊂ H we
write x ⊥ S if for all y ∈ S, x ⊥ y. The orthogonal complement of a given set S in
H , denoted S⊥, is the set of all x ∈ H such that x ⊥ S.

The inner product induces a norm on the Hilbert space H that is defined as: ‖x‖ =√〈x, x〉.
A set of functions {φk}k∈J in a Hilbert space H is an orthogonal set if all its

elements are mutually orthogonal, i.e. 〈φ i , φ j 〉 = 0, i �= j,∀ i, j ∈ J . If the functions
are normalized such that ‖φk‖ = 1,∀k then the set is called an orthonormal set.

A Hilbert space H is called separable if there exists a countable subset of which the
closure with respect to the inner product norm coincides with the space itself. Such a
set is called complete2 (a.k.a. total, maximal, fundamental, basic) in H . Completeness
of a given set S in a Hilbert space H is equivalent to stating that there exists no element
in H that is orthogonal to S other than the zero element.

Definition 2.8 (Basis) If a set {φk}k∈J consisting of linearly independent functions φk

is complete in H it is called a basis of H . The number of basis elements is called the
dimension of H .

Given a basis B = {φk}k∈J of a Hilbert space H , there exists for any x ∈ H a unique
set of coefficients {xk}k∈J such that

‖x −
X
k∈J

xkφk‖ = 0. (2.12)

1Here completeness is defined as the property that all Cauchy sequences in the space under consideration
are convergent to an element of the space [63].

2Note that completeness of a set and completeness of a space are entirely different things, which are not
to be confused.
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These coefficients are called the expansion coefficients of x with respect to the basis
B. Usually (2.12) is simply written as

x =
X
k∈J

xkφk, (2.13)

but it should be kept in mind that the convergence of this sum should be interpreted in
the sense of (2.12).

Definition 2.9 (Orthogonal and orthonormal basis) An orthogonal basis of a Hil-
bert space H is an orthogonal set {φk}k∈J that is complete in H . If in addition the
functions φk are normalized, i.e. ‖φk‖ = 1,∀k, then it is an orthonormal basis.

A very useful property of orthonormal bases is that the expansion coefficients x k are
obtained by simply taking inner products of x with the orthonormal basis functions
φk :

xk = 〈x, φk〉. (2.14)

The expansion coefficients of x with respect to an orthonormal basis are also called
Fourier coefficients, but this latter name is generally reserved for the expansion coef-
ficients with respect to the trigonometric basis.

Any countable set of independent functions in a Hilbert space H can be trans-
formed into an orthonormal set that has the same linear span using the Gram-Schmidt
orthonormalization procedure [63]. Given the set of functions {φ k}k=1..n , an orthonor-
mal set {φ̃k}k=1..n is obtained through

φ̃1 = ‖φ1‖−1φ1,

φ̃k = ‖vk‖−1vk with vk = φk −
k−1X
j=1

〈φk , φ̃ j 〉φ̃ j , k > 1

It is obvious that any orthogonal set can be rendered orthonormal by a simple normal-
ization. Therefore, in the remainder of this thesis we will mostly consider orthonormal
rather than orthogonal sets and bases without loss of generality.

Consider a subspace S of a Hilbert space H . Then we define the orthogonal pro-
jection onto S as follows.

Definition 2.10 (Orthogonal projection) Consider an orthonormal basis {φ k}J of a
subspace S of H . The orthogonal projection of x ∈ H onto S, denoted by P Sx, is
given by

PS x =
X
k∈J

〈x, φk〉φk .

Supposing that x is a function of t it also holds that

(PSx) (t) =
*

x(t ′),
X
k∈J

φk(t
′)φk(t)

+
= 〈x(t ′), k(t, t ′)〉.
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The function k(t, t ′) ∈ S is also called the reproducing kernel of the subspace S.
The signal space of main interest in our case, �2, allows a wide variety of orthonor-

mal bases. The prime example is the set of unit pulse functions δ(t − k) with k ∈ Z.
This orthonormal basis will be referred to as the standard or canonical basis of � 2. In
the case of the multivariable signal spaces �n

2 the corresponding standard basis func-
tions are δ(t − k) · ei with k ∈ Z, i ∈ [1, .., n] and ei the i -th Euclidean basis vector of
Rn . Note that the expansion coefficients of a signal x ∈ �2 with respect to the standard
basis are in fact the samples x(k).

2.2.2 Orthonormal transform and DTFT

One can view an expansion coefficient sequence {x k}k∈J as an alternative representa-
tion of the function x . It is also called the orthonormal transform of x with respect to
the orthonormal basis {φk}k∈J . It is a well-known fact from functional analysis that
the collection of the expansion coefficient sequences of all functions x ∈ H them-
selves constitute a Hilbert space of the same dimension, namely the sequence space
�2(J ) [63]. The space of expansion coefficient sequences is called the dual space, and
a basis for it is called a dual basis. The bijective mapping that maps H into � 2(J ) is an
isomorphism, meaning that the outcome of the inner product does not change under
this mapping. This is known as Parseval’s identity. In the case of �2 the dual space is
again �2 and thus one has Parseval’s identitysX

k∈Z

x(k)y(k) =
sX

k∈Z

xk yk .

Note that equations (2.14) and (2.13) represent the forward and backward transform
associated with the isomorphism between H and �2(J ).

Another isomorphism that is of major importance is the discrete-time Fourier
transform which maps �n

2 into the Hilbert space Ln
2(T)

3.

Definition 2.11 (DTFT) The discrete-time Fourier transform (DTFT) of a signal x ∈
�n

2 is defined as

X (eiω) =
∞X

t=−∞
x(t)e−iωt . (2.15)

The inverse DTFT is given by

x(t) = 1

2π

Z 2π

0
X (eiω)eiωt dω. (2.16)

The inner product between two elements X and Y of L n
2(T) is defined as

〈X,Y 〉 = 1

2π

Z 2π

0
X (eiω)T Y (eiω)dω. (2.17)

3Strictly speaking the DTFT is only properly defined for �1 signals, i.e. absolutely summable sequences,
but we will only encounter signals that are in �2 ∩ �1.
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Hence the space Ln
2(T) consists of all functions X : C → C

n that are Lebesgue mea-
surable on the unit circle and for which 〈X, X〉 1/2 is finite. Also in this case Parseval’s
identity holds: 〈x, y〉 = 〈X,Y 〉 for all x, y ∈ �n

2.
By virtue of the fact that the DTFT is an isomorphism one can obtain an orthonor-

mal basis of L2(T) by taking the DTFT of an orthonormal basis of �2. For example,
starting with the standard basis functions of �2, we obtain the functions e ikω for k ∈ Z

which are the standard trigonometric basis functions of L 2(T).

2.2.3 H2 and related spaces

Similar to signals, LTI systems can also be embedded in a Hilbert space framework.
Supposing that an LTI system is BIBO stable it holds that its impulse response function
g is an element of the Hilbert space � p×n

2 for which the inner product between two
elements f and g is defined as

〈 f, g〉 =
X
k∈Z

tr
n

f (t)T g(t)
o
.

Note that the associated norm corresponds to the 2-norm for systems as defined in
definition 2.3.

Through the DTFT, as defined in (2.15), the space � p×m
2 is isomorphically mapped

to the space L p×m
2 (T) with the inner product defined as

〈F,G〉 = 1

2π

Z 2π

0
tr
n

F(eiω)T G(eiω)
o

dω.

The DTFT of g is called the frequency response of the system G. Note that the
frequency response is equal to the z-transform evaluated at e iω.

Transfer functions of linear time-invariant systems can also be put in a Hilbert
space framework.

Definition 2.12 (Hardy space H2) The Hardy space H p×m
2 is the space of all trans-

fer functions G(z) with m inputs and p outputs that are analytic in the region E :
|z| > 1 and for which it holds that

lim
ρ↓1

s
1

2π i

I
|z|=ρ

tr
�

G(z)T G(z)
	 dz

z
<∞. (2.18)

Again the superscript p × m will be omitted for scalar systems (m = p = 1). We
also mention that it would be more precise if we denoted this space as H p×m

2 (E)

to indicate the region of analyticity, but we use the more compact notation for this
particular space. Sometimes we will consider H2 spaces that have different regions of
analyticity. In that case the region of analyticity is indicated between brackets.

The nontangential limit function limρ↓1 G(eiρω) exists almost everywhere on T for
G ∈ H p×m

2 [100]. Hence for all practical purposes the limit operation can be removed,
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which we will do throughout this thesis. Furthermore, it holds that the limit function
is an element of the L p×m

2 (T) space, and the norm defined on H p×m
2 coincides with

the norm that is defined on the L p×m
2 (T) space. One can therefore say, with some

abuse of notation, that H p×m
2 is a subspace of L p×m

2 (T).

The space H p×m
2 is a Hilbert space with the inner product between two elements

F(z) and G(z) defined as

〈F,G〉 = 1

2π i

I
T

tr
n

F(z)T G(z)
o dz

z
(2.19)

Since G(z) ∈ H p×m
2 is analytic in the exterior of the unit disc it can be written

in terms of a Taylor series expansion around z = ∞, which is called the Laurent
expansion of G(z):

G(z) =
∞X

t=0

g(t)z−t .

As H p×m
2 ⊂ L p×m

2 (T) it follows from the z-transform isomorphism between L p×m
2 (T)

and �p×m
2 that transfer functions in H p×m

2 correspond precisely to impulse responses
that are elements of � p×m

2 [0,∞). Obviously, the orthogonal complement of H p×m
2

in L p×m
2 (T), denoted by H p×m

2
⊥

, is then equal to the space of transfer functions for
which the corresponding impulse response functions are elements of � p×m

2 (−∞, 0).
The space H p×m

2
⊥

coincides with the set of all transfer functions G that are analytic

in the region z < 1, and for which it holds that G(0) = 0. A function G(z) ∈ H p×m
2

⊥

can be expressed as

G(z) =
∞X

t=1

g(t)zt , g ∈ �p×m
2 [1,∞).

It is not difficult to see that the functions z−k with k ∈ Z are obtained from the
standard basis functions of �2 by applying the z-transform. Indeed, they form the or-
thogonal bases for the spaces H2 and H⊥

2 , and they will be referred to as the standard
basis functions for these spaces. The expansion coefficients of a stable LTI trans-
fer function G(z) with respect to these standard bases, which are also known as the
Markov parameters, are equal to the impulse response coefficients g(t), because

g(t) = 〈G(z), z−t 〉 = 1

2π i

I
T

G(z)zt dz

z
. (2.20)

Hence expression (2.20) represents the inverse z-transform.
Similar to the DTFT, the z-transform isomorphically maps the space � p×m

2 [0,∞)
into H p×m

2 . Therefore the following Parseval’s identity holds.X
t∈[0,∞)

tr
n

f (t)T g(t)
o
= 1

2π i

I
T

tr
n

F(z)T G(z)
o dz

z
.
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In some cases it is useful to consider only those functions G(z) ∈ H p×m
2 that are

strictly proper. This space will be denoted by H p×m
2− and its orthogonal complement

in L p×m
2 (T) is denoted by H p×m

2−
⊥

.

Another Hardy space that is often encountered in system theory is the H p×m∞
space. It is the space of p × m complex matrix functions that are analytic in the
region E : |z| > 1 and for which it holds that the H∞-norm

ess sup
ω∈[0,2π)

σ̄
�

G(eiω)
�
,

is bounded. Note that the H p×m∞ space is not a Hilbert space and that it holds that
H p×m∞ ⊂ H p×m

2 [100]. An important fact is that the H∞-norm of a transfer function
G(z), denoted ‖G‖∞, is equal to the �2-gain of G [132]. In the context of this thesis
the space of stable real-rational transfer functions is most relevant. This subspace,
which is contained in both H2 and H∞, will be referred to as RH2. Correspondingly,
the subspace of strictly-proper, stable, real-rational transfer functions is referred to as
RH2−.

2.2.4 Matrix inner product

For a certain class of multivariable linear time-invariant systems we introduce the
following matrix inner product.

Definition 2.13 (Matrix inner product) Given two transfer functions F ∈ L p×n
2 (T)

and G ∈ Lm×n
2 (T), the inner product �F,G� ∈ R

p×m is defined as

�F,G� =X
k∈Z

f (t)g(t)∗ = 1

2π i

Z 2π

0
F(eiω)G(eiω)∗dω.

This inner product definition differs from the usual inner product definition as it does
not result in a scalar (except for p = m = 1), and it therefore does not directly induce
a norm. It does have all the required inner product properties as is shown e.g. in
[57]. We use it mainly for notational convenience. If F and G are scalar functions
(m = p = n = 1) then the product �F,G� coincides with 〈F,G〉. In the case that F
and G are column vector functions it holds that the (i, j) element of �F,G� is equal toD

eT
i F, eT

j G
E

. Further elementary properties of the product are, with H ∈ L p×m
2 (T),

A ∈ Cp×p , and B ∈ Cm×m :

�G, F� = �F,G�∗ ,�F + H,G� = �F,G�+ �H,G� ,�AF,G� = A �F,G� ,�F, BG� = �F,G� B∗,�F, F� = 0 ⇐⇒ F = 0.
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In the analysis of systems acting on the �2 spaces the notion of the (Hilbert space)
adjoint operator is important.

Definition 2.14 (Adjoint operator) Given an operator G mapping from a Hilbert
space X to a Hilbert space Y . Then the adjoint of G, denoted by G ∗, is defined
as the operator for which it holds that

〈y,Gu〉Y = 〈G∗y, u〉X .

Given a transfer function G(z) ∈ H p×m
2 mapping from �m

2 to �p
2 it follows from

the inner product definition in (2.17) that the adjoint operator has a transfer function
representation

G∗ =
∞X

t=−∞
g(t)∗zt ,

which we will simply denote, with some abuse of notation, as G ∗(1/z). If the system
is viewed as a Toeplitz operator T, as in (2.8), then the adjoint operator is equal to
its complex conjugate transpose T∗. Note that if G ∈ H p×m

2 then its adjoint is an

element of H m×p
2

⊥
plus a constant matrix.

Given three systems F ∈ L p×n
2 (T), G ∈ Lm×n

2 (T) and H ∈ Ln×n
2 (T), it holds

that �F,G H � = �F H ∗,G� ,
with H ∗ the adjoint of H : �n

2 → �n
2.

2.2.5 Frames, Riesz bases and biorthogonal bases

In this section we discuss some topics from the theory of frames which was introduced
in [38] and which plays a major role in wavelet theory [19]. Frames can be viewed as
a generalization of the concept of Hilbert space bases. The frame elements span the
whole Hilbert space and can be used for system representation but they need not be
linearly independent.

Definition 2.15 (Frame) A set {φk}k∈J in a Hilbert space H is a frame if there exist
frame bounds A, B ∈ R with A > 0, B <∞ such that for all f ∈ H it holds that

A‖ f ‖2 ≤
X
k∈J

|〈 f, φk〉|2 ≤ B‖ f ‖2. (2.21)

The fact that A > 0 implies that the functions φk span all of H . This means that any
function f ∈ H can be represented in the form

f =
X
k∈J

ckφk . (2.22)

with {ck} a (generally nonunique) coefficient sequence. The fact that B <∞ implies
that sequences of the form {〈 f, φk〉}k∈J are elements of �2(J ). Note that the elements
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of a frame need not be linearly independent. In this respect a frame is usually a
redundant system, meaning that some elements can be removed without changing the
(closure of the) linear span. As a consequence the coefficient sequence is usually not
unique.

A sequence of coefficients {ck} that satisfies (2.22) can be computed by invoking
the use of the so-called dual frame that consists of the functions φ̃k . The dual frame
elements are obtained according to

φ̃k = (S∗S)−1φk, (2.23)

where S and S∗ are the so called frame operator and its adjoint. The system { φ̃k} also
constitutes a frame of H with frame bounds 1

B and 1
A . The frame operator is defined

as follows.

Definition 2.16 (Frame operator) The frame operator is the linear operator S from
H to �2(J ) defined as

(S f )(k) = 〈 f, φk〉.
Given any element x = {x(k)}k∈J of �2(J ) the adjoint S∗ satisfies

S∗x =
X
k∈J

x(k)φk .

A sequence of coefficients ck can then be obtained through the relation

ck = 〈 f, φ̃k〉. (2.24)

Note that, using that
P

k∈J |〈 f, φk〉|2 = 〈S f, S f 〉 = 〈S∗S f, f 〉, the frame condi-
tion (2.21) can be stated equivalently as

A Id ≤ S∗S ≤ B Id,

which implies that S∗S is indeed invertible as required by equation (2.23). The actual
computation of the dual wavelets and the expansion coefficients using the frame op-
erator is usually quite cumbersome. Details can be found in [19] and [89]. In some
special cases however, S∗S takes on a very simple form. One example of this occurs
when the frame is tight, i.e. A = B. In that case it holds that S ∗S = A Id = B Id.

Although the coefficient sequence {ck}k∈J computed using (2.24) is in general
not unique it can be shown that among all possible sequences it represents the most
“economical” decomposition in the sense that it has the smallest �2 norm [19].

Definition 2.17 (Riesz basis) A Riesz basis of a Hilbert space H is a frame of H that
consists of linearly independent elements.

A Riesz basis is also called a biorthogonal basis as it holds that

〈φi , φ̃ j 〉 = 0, i �= j.
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All Riesz bases can be obtained as the image of an orthonormal basis through a
bounded operator with a bounded inverse [19].

An orthonormal basis can alternatively be defined as a tight frame with A = B =
1. Equivalently it is a Riesz basis of which the elements are normalized and for which
φ̃k = φk , i.e. the basis is self-dual. This also follows from the fact that in this case
S∗S = 1. Hence the coefficients can be computed by taking inner products with the
basis functions themselves.

Obviously it holds, with some abuse of notation, that

orthonormal basis ⊂ Riesz basis ⊂ frame.

This ordering reflects the different levels of structure that can be imposed on a system
of functions {φk} to be used for the representation of functions f in a Hilbert space
H . Often a decrease in imposed structure will yield a considerable increase of the
computations involved in decomposition of functions f in terms of the functions φ k .
But at the same time the complexity of the functions φk themselves, e.g. measured in
terms of the number of parameters needed to describe them, will usually become less.
In chapter 3 we will see an example of this tradeoff when we discuss the possibility of
constructing rational orthonormal bases from wavelets.

2.3 State-space theory

For any given LTI system G many different state-space realizations are possible. If
the state-space dimension n of a particular realization is equal to the minimal state-
space dimension among all possible realizations of G then the realization is called
minimal and n is called the McMillan degree of G, denoted as deg(G). A minimal
realization of an LTI system is unique up to a similarity transformation: given two
minimal realizations (A1, B1,C1, D) and (A2, B2,C2, D) of the system, there exists
an invertible matrix T such that

A2 = T A1T−1, B2 = T B1, C2 = C1T−1.

Consider a state-space realization (A, B,C, D). The controllability matrix � as-
sociated with this realization is defined as

� = �B AB A2 B A3 B · · ·� .
The observability matrix � associated with this realization is defined as

� = �C∗ A∗C∗ A∗2C∗ A∗3C∗ · · ·�∗ .
Definition 2.18 (Controllability and observability) A realization (A, B,C, D) is cal-
led controllable if its controllability matrix � has full row rank. In that case we say
that the pair (A, B) is controllable. A realization (A, B,C, D) is called observable
if its observability matrix � has full column rank. In that case we say that the pair
(A,C) is observable.
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It should be mentioned that controllability as defined above is more commonly re-
ferred to as reachability in the literature4.

It is a well-known fact that a realization is minimal if and only if it is both con-
trollable and observable. If a state-space realization is stable (in accordance with
definition 2.5) then one can define the controllability Gramian

Xc =
∞X

k=0

Ak B B∗A∗k = ��∗, (2.25)

and the observability Gramian

Xo =
∞X

k=0

A∗kC∗C Ak = �∗�. (2.26)

It follows from (2.25) and (2.26) that X c and Xo are Hermitian matrices that are the
solutions of the following (discrete-time) Lyapunov 5 equations.

AXc A∗ + B B∗ = Xc, (2.27)

A∗Xo A + C∗C = Xo. (2.28)

It is clear from (2.25) and (2.26) that X c ≥ 0 and Xo ≥ 0. Further, from definition
2.18, it follows that X c > 0 if and only if (A, B) is controllable and X o > 0 if and
only if (A, B) is observable.

For all signals u ∈ �2(−∞, 0) that cause the system with minimal state-space
realization (A, B,C, D) to reach a state x0 at time t = 0 it holds that

x∗0 X−1
c x0 ≤ ‖u‖2,

and equality holds for the input u min = �∗X−1
c x0. The output y of the system in

response to an initial condition x(0) = x0, and zero input, satisfies

‖y‖2 = x∗0 Xox0.

Hence we can define the controllable set Sc = {x : x∗X−1
c x ≤ 1} which is the set of

all states that can be reached at time t = 0 by unit norm input signals in � 2(−∞, 0).
Similarly we define the observable set So = {x : x∗Xox ≤ 1} which is the set of all
initial conditions x(0) such that the corresponding free responses in � 2[0,∞) are unit
norm bounded. The sets Sc and So are ellipsoidal regions in the state-space.

4As the names indicate, the notions of controllability and observability have a deeper meaning in control
theory. A fundamental definition of these concepts can e.g. be found in [105].

5Also known as Stein or Lyapunov-Stein equations.
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2.3.1 Hankel singular values and balanced realizations

The Hankel matrix associated with an LTI system G(z) with realization (A, B,C, D),
as defined by equation (2.9), satisfies the following equation.

H =

26664
C

C A
C A2

...

37775 �B AB A2 B · · ·� = ��.
The nonzero singular values of H are called the Hankel singular values of the system
G, denoted σi (G). Given a minimal realization (A, B,C, D) of a system G with
McMillan degree n then the Hankel singular values of G are equal to the square roots
of the eigenvalues of X c Xo. Hence σi (G) = √

λi (Xc Xo) with i = 1, .., n. The
Hankel singular values are invariant under similarity transformation and hence they
are uniquely defined for a given LTI system. Proofs of these facts can be found e.g.
in [44]. In some of the signal processing and filter synthesis literature the Hankel
singular values are referred to as the second-order modes of the system [77, 74, 98].

Among all possible minimal realizations the family of so called balanced realiza-
tions is of particular interest in the context of this thesis [74].

Definition 2.19 (Balanced realizations) A realization is called internally balanced if
its Gramians satisfy Xc = Xo = � = diag {σi }, with σk+1 ≤ σk for k > 1. A
realization is called input balanced if X c = I and Xo = �2. A realization is called
output balanced if X o = I and Xc = �2.

Note that the diagonal entries of the Gramians of an internally balanced minimal re-
alization are equal to the Hankel singular values of the system. Sometimes we will
simply call a pair (A, B) input balanced if X c = I without imposing that the asso-
ciated observability Gramian be a diagonal matrix. Similarly we call a pair (A,C)
output balanced if X o = I .

Any minimal realization can be brought into a balanced form by applying a bal-
ancing transformation. An internally balanced realization is unique up to similarity
transformation with an arbitrary orthogonal matrix T that satisfies T� = �T [44].
This implies that T will be a diagonal orthogonal matrix if the Hankel singular values
are distinct.

From the definition of the Gramians it follows that

Xc =
∞X

k=0

Ak B B∗A∗k =
�
(z I − A)−1 B, (z I − A)−1 B

�
,

Xo =
∞X

k=0

A∗kC∗C Ak =
�
(z I − A∗)−1C∗, (z I − A∗)−1C∗� .

Hence the input and output balanced properties in fact imply that the row elements of
the matrix transfer functions (z I − A)−1 B and (z I − A∗)−1C∗ respectively, constitute
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an orthonormal set. It is perhaps not surprising that balanced realizations play a crucial
role in the construction of generalized orthonormal bases, as will become clear in
chapter 3.

If a realization is internally balanced then the ellipsoidal sets Sc and So, as defined
at the end of the previous section, are aligned with the coordinate system in the state-
space. The semi-axes are equal to the square roots of either the Hankel singular values
or their reciprocals. Small Hankel singular values then directly correspond to states
that are weakly controllable and weakly observable. A related aspect of balanced re-
alizations is that they produce the least possible roundoff noise among all realizations
of a given system as was shown in [77].

2.4 All-pass functions

All-pass transfer functions play an important role in many areas of system and control
theory, see e.g. [121] and [69], and related fields such as signal processing [96, 114]
and network synthesis, e.g. [28, 98]. In the context of this thesis they are indispens-
able building blocks in the construction of general rational orthonormal bases. In this
section some of the basic properties of all-pass functions are reviewed.

Definition 2.20 (All-pass function) A transfer function G(z) is called all-pass if

G(eiω)∗G(eiω) = I, ω ∈ [0, 2π). (2.29)

Stated otherwise: G(eiω) should be orthogonal for all ω 6. Note that G need not be
square, but that it can only be all-pass if the number of outputs p is at least equal to
the number of inputs m. With y = Gu, and G a stable all-pass function, it holds for
all u ∈ �2 that ‖y‖2 = ‖u‖2. For this reason all-pass functions are also called lossless
functions, or isometries. In this thesis we will only consider square all-pass functions
(m = p). For scalar all-pass functions it holds that |G(e iω)| = 1,∀ω, hence the name
all-pass. For rational all-pass functions it follows by an interpolation argument that

G∗(1/z)G(z) = I,∀z ∈ C. (2.30)

Equation (2.30) implies that the adjoint of a rational square all-pass function acting
on L2(T) functions is equal to its inverse and vice versa. In general it holds for any
F ∈ L p×n

2 [0, 2π), G ∈ Lm×n
2 [0, 2π) and all-pass function H ∈ L n×n

2 that

〈F H,G H 〉 = 〈F,G〉, and �F H,G H � = �F,G� .
An all-pass function that is an element of H p×m∞ is also called an inner func-

tion. All scalar rational inner functions can be written in the form of finite (modified)
Blaschke products [121]:

G(z) =
nY

i=1

eiθ 1 − ξi z
z − ξi , θ ∈ [0, 2π), |ξi | < 1. (2.31)

6In fact it should hold almost everywhere, but we will use this simplified definition.
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Note that in case of real-rational inner functions e iθ = ±1.
As a consequence of equation (2.30) it holds for square rational all-pass functions

that ∞X
k=0

g(k)g(k + j)∗ =
∞X

k=0

g(k)∗g(k + j) =
(

I, j = 0

0, j ≥ 0
,

which for a given minimal state-space realization is equivalent to

DD∗ + C XcC∗ = I, D∗D + B∗Xo B = I, (2.32)

DB∗ + C Xc A∗ = 0, D∗C + B∗Xo A = 0. (2.33)

Equations (2.32) and (2.33) can, together with (2.27) and (2.28), be compactly written
as �

A B
C D

� �
Xc 0
0 I

� �
A B
C D

�∗
=
�

Xc 0
0 I

�
, (2.34)�

A B
C D

�∗ �
Xo 0
0 I

� �
A B
C D

�
=
�

Xo 0
0 I

�
. (2.35)

Suppose now that the pair (A, B) is balanced, i.e. X o = I . This can always be
achieved by making an input balancing transformation, as discussed in section 2.3.1.
In this case equation (2.34) implies that that the matrix

�
A B
C D

�
is orthogonal. Conse-

quently, since the observability Gramian is unique, it follows from (2.35) that X o =
Xc = I as well. Hence the realization (A, B,C, D) is internally balanced and we
have in this case that�

A B
C D

� �
A B
C D

�∗
=
�

A B
C D

�∗ �
A B
C D

�
= I. (2.36)

Note that since the Hankel singular values are equal to
√
λi (Xc Xc) and invariant under

similarity transformation we can conclude that the Hankel singular values of a square
inner function G(z) are all equal to 1. This implies that, for any internally balanced
realization of an all-pass function, it necessarily holds that X c = Xo = I . It further
implies that an internally balanced realization of an all-pass function is unique up to
similarity transformation with an arbitrary orthogonal matrix without further restric-
tion.

We now have that for any minimal, internally balanced realization of a (square)
rational inner function it holds that the matrix

�
A B
C D

�
is orthogonal. The converse is

also true, in a broader sense even as, without assumptions on stability or minimality,
every orthogonal matrix represents an all-pass function 7. A proof of this fact can be
found in [98]. In the remainder of this thesis a state-space realization that satisfies
(2.36) will be called an orthogonal realization [94].

It was shown in [98] that any connection of orthogonal realizations that does not
introduce a delay free loop is again an orthogonal realization. The connections may

7Or even more than one, if different matrix partitions are possible.
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be of series, parallel or feedback form. In the context of this thesis the most relevant
of these is the series (or cascade) connection. Consider two orthogonal realizations
(A1, B1,C1, D1) and (A2, B2,C2, D2). If we connect the output of the first system to
the input of the second system we get the realization24 A1 0 B1

B2C1 A2 B2 D1

D2C1 C2 D2 D1

35 =
24I 0 0

0 A2 B2
0 C2 D2

3524A1 0 B1
0 I 0

C1 0 D1

35 .
Hence the cascade connection has a realization that can be viewed as the product of
two orthogonal realizations, and therefore is itself orthogonal. It is easy to see that
if the connected systems are stable and minimal then their series connection is again
stable and minimal. Using this procedure internally balanced state-space realizations
of all-pass functions of arbitrary order can be constructed starting with internally bal-
anced realizations of low order all-pass functions.

Another way to construct general all-pass functions is the method of all-pass com-
pletion in which a given input balanced pair (A, B) is completed with a pair (C, D)
such that the resulting realization is orthogonal [95]. It is straightforward to see that
this requires that the rows of

�
C D

�
constitute an orthonormal basis of the null space

of the matrix
�

A B
�
. An orthonormal basis for this null space can easily be obtained

from a singular value decomposition of the matrix. In [51] and [54] explicit expres-
sions are given for the computation of such C and D matrices.

2.4.1 Generalized shift operators and shift invariant subspaces

While the term shift operator is commonly associated with the shifts z and z−1, the
concept can be generalized as follows [99].

Definition 2.21 (Shift operator) Let X and Y be Hilbert spaces and B(X,Y ) be the
set of bounded linear operators from X to Y . Then χ ∈ B(X,Y ) is a shift operator if

‖χ f ‖ = ‖ f ‖ and
χ∗k g

→ 0 as k →∞, for all f ∈ X, g ∈ Y .

The (inner) function z−1 is the canonical shift operator in B(H2, H2). It will be de-
noted as σ in the remainder of this section. That the necessary properties of definition
2.21 hold for σ can easily be verified. It should be noted that its adjoint, viewed as a
map from H2 to H2, is equal to σ ∗ : G(z)→ z(G(z)− G(∞)).

An important other class of shift operators in B(H2, H2) are the rational inner
functions. A proof of this fact will be given in section 3.2.7, using the theory of
rational orthonormal basis construction, that is to be developed in chapter 3. For this
reason rational inner functions are sometimes called generalized or alternative shift
operators in B(H2, H2).

The canonical shift operator σ in B(H2, H2) is also called the backward-shift op-
erator because (σu)(t) = u(t − 1), which means that σu is equal to the signal u
shifted backwards by one time step. For similar reasons the operator z is also called
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the forward-shift operator. Note that the forward shift-operator is a shift operator in
B(H⊥

2 , H⊥
2 ).

We will now recall the Beurling-Lax theorem which gives a characterization of all
(canonical) shift invariant subspaces of the space H2. Proofs can be found in [50] and
[99].

Definition 2.22 (Shift-invariant subspace) A subspace S of H2 is called shift invari-
ant if it holds that σG ∈ S for every G in S.

Theorem 2.23 (Beurling-Lax) A subspace S of H2 is shift invariant if and only if
S = G H2, with G an inner function.

Two elements F , H of a shift-invariant subspace S can be written as F(z) = G(z)F ′(z)
and H (z) = G(z)H ′(z), with G(z) inner and F ′(z), H ′(z) ∈ H2. It follows that
〈F, H 〉 = 〈F ′, H ′〉. Hence given that {φk}k=1..∞ is an orthonormal basis of H2,
{Gφk}k=1..∞ constitutes an orthonormal basis of S.

An inner function induces a decomposition of the H 2 space into a countable set
of mutually orthogonal subspaces. Let S be a shift-invariant (proper) subspace and
S⊥ its orthogonal complement in H2. Then there exists an inner function G such that
S = G H2. It follows that the spaces Gk S⊥ for k ≥ 0 are orthogonal subspaces as
〈Gi F,G j F〉 = 0 for any F ∈ S⊥ if i �= j . The closure of

S
k=1..∞ Gk S⊥ is equal to

H2 because there exists no function in H2 that is orthogonal to all subspaces G k S⊥,
k ≥ 0, as can easily be verified.

The fact that any inner function induces a decomposition of H 2 is of fundamental
importance to the theory on general orthonormal basis construction which is covered
in chapter 3. Suppose that we have an orthonormal basis B for the subspace S ⊥. Then
it is straightforward that orthonormal bases of the complementary spaces G k S⊥ are
given by Gk B. In view of the discussion above it directly follows that {G k B}k=1..∞
then constitutes an orthonormal basis of the space H2.

It should be mentioned that the results presented here for shift-invariant subspaces
of the H2 space are also true for the H2− space which is often considered in this thesis.
This is to say that any shift invariant subspace of H2− can be expressed as S = G H2−
with G inner, and the H2− space can be sliced up into mutually orthogonal subspaces
Gk S⊥ as before, where S⊥ is defined as the orthogonal complement of S in H 2−.

2.5 Concluding remarks

In this chapter we have reviewed some basic concepts from signal and system theory
that we will require in the remainder of this thesis.

Since this thesis is concerned with the modeling of systems and signals with ratio-
nal orthonormal basis functions we have paid considerable attention to concepts from
Hilbert space theory, and from the theory of finite-dimensional LTI systems.

At this point we have mainly considered the standard bases of � 2 and H2 but in the
next chapter we will see how general rational orthonormal bases can be generated for
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these spaces. It will turn out that the theory of rational inner functions and balanced
state-space realizations is of vital importance in this respect.

The theory of state-space realizations and Hankel operators will also be used ex-
tensively in chapters 4 and 5 when we discuss the transform theory of rational or-
thonormal basis functions, and the problem of obtaining a minimal realization on the
basis of a finite expansion in terms of general rational orthonormal basis functions.



Chapter 3

Construction of rational
orthonormal bases

In this chapter we discuss various methods by which rational orthonormal bases can
be constructed. We revisit the classical methods of rational orthonormal construc-

tion and we present a general framework for constructing rational orthonormal bases
using state-space methods. This framework will form the basis of the transform the-
ory that is developed in the next section. Although this framework is not new in itself
we will present some novel results concerning the generation of the associated dual
basis which generates the space of expansion coefficient sequences. At the end of this
chapter we analyze the possibility of employing alternative methods of rational or-
thonormal basis construction, which are based on the use of the theories of orthogonal
polynomials and wavelets.

The outline of this chapter is as follows. In section 3.1 we review the classi-
cal methods of rational orthonormal basis construction: the Takenaka-Malmquist, the
general Kautz, the Laguerre and the 2-parameter Kautz basis constructions. In section
3.2 we will show how general rational orthonormal bases can be constructed from a
cascade of rational inner functions that are given in internally balanced state-space
form. We will also analyse the associated space of expansion coefficient sequences
which is generated in a dual way. We will pay particular attention to a special case
of this general basis construction method which has come to be known as the Hambo
basis. Finally, in section 3.3 we will discuss some alternative approaches to rational
orthonormal basis construction.

3.1 Classical basis constructions

In this section an overview is given of the classical methods of rational orthonormal
basis construction. These methods comprise the familiar Laguerre and Kautz basis
constructions that have been used extensively over the last century in the context of
system approximation and identification problems. These constructions are all special
cases of a general construction method that was originally developed in the 1920s by

35
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Satoru Takenaka and Folke Malmquist.

3.1.1 The Takenaka-Malmquist construction

It was pointed out in the introduction that FIR modeling in fact corresponds to es-
timating the expansion coefficients of a partial expansion in terms of the standard
orthonormal basis functions z−k of H2−. The main advantage of the FIR model is that
the parameters (the impulse response coefficients in this case) appear linearly in the
model structure. This leads to a simple estimation problem. The main disadvantage
of the FIR model is that in general one needs to estimate a large amount of expansion
coefficients if the impulse response decays slowly. This is due to the fact that the time
domain equivalents of the basis functions z−k are the pulse functions δ(t − k), while,
in general, system impulse responses exhibit exponential decay. This observation has
prompted the idea to use model structures that consist of a partial sum of orthonormal
basis functions that also have exponential decay.

The question therefore is: how can we generate a set of orthonormal functions that
have exponential decay. A straightforward approach to this problem is to orthonor-
malize the set of functions

fi, j (z) = 1

(z − ai ) j
, i ∈ N, 1 ≤ j ≤ mi (3.1)

where the poles ai can in principle be any complex number with modulus smaller than
one, such that ai �= ai ′ , i �= i ′. The parameter mi is the multiplicity with which the
pole ai occurs. Obviously any rational function in H2− can be described as a weighted
sum of such functions if the poles ai are chosen appropriately.

Proposition 3.1 Applying a Gram-Schmidt procedure to the sequence of functions
fi, j (z), given by equation (3.1), yields the orthonormal functions

φk(z) =
p

1 − |ξk |2
z − ξk

k−1Y
i=1

1 − ξi z
z − ξi , k ∈ N, (3.2)

where ξNi+l = ai for 1 ≤ l ≤ mi , with Ni =Pi−1
j=1 m j .

A proof of the fact that the functions φk(z) result from a Gram-Schmidt orthonormal-
ization procedure is quite involved for the general case where multiple poles a i occur.
A derivation can be found in [127]. A proof for the simpler case where m i = 1,∀i ,
can be found in the Technical Report version of [78], or in [112], [72]. In the follow-
ing we will just verify that the functions given by equation (3.2) indeed constitute an
orthonormal set.

In order to simplify notation we define the functions H k =Qk
j=1

1−ξ j z
z−ξ j

. Note that
the functions Hk are finite Blaschke products and hence all-pass functions. Further-

more, the functions Hk have a nested structure as it holds that Hk(z) = 1−ξk z
z−ξk Hk−1(z).
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The inner product 〈φk, φl 〉 can be written as

〈φk , φl〉 = 1

2π i

I
T

p
1 − |ξk |2
z − ξk Hk−1(z)

p
1 − |ξl |2

1/z − ξl Hl−1(z)
dz

z
.

Without loss of generality we may assume that l ≥ k. It then holds that

〈φk, φl〉 = 1

2π i

I
T

p
1 − |ξk |2
z − ξk

p
1 − |ξl |2
1 − ξl z

l−1Y
j=k

z − ξ j

1 − ξ j z
dz.

Using Cauchy’s integral formula (e.g. [100]) it then follows that

〈φk, φl〉 =
(

1, k = l

0, k < l
,

which establishes orthonormality of the set. Judging from [127] and [20] this se-
quence of orthonormal functions was originally derived in [112] and [72]. Takenaka
and Malmquist used these functions in connection with the problem of interpolating
bounded analytic functions at a sequence of points inside the region of analyticity 1.
These orthonormal functions are sometimes referred to as Malmquist functions in the
mathematical literature [15, 31] and Kautz functions in some of the signal processing
literature [6, 101], but this latter name is usually reserved for a certain subclass that is
to be treated in the following section. In the remainder of this thesis we will denote
the functions of equation (3.2) as Takenaka-Malmquist functions.

Definition 3.2 (Takenaka-Malmquist construction) The set of orthonormal func-
tions {φk(z)}k∈Z with φk(z) ∈ H2−, as defined by equation (3.2) is called the Takenaka-
Malmquist construction.

It is remarkable that the Takenaka-Malmquist construction has only recently been
(re)introduced into the arena of system identification in [78]. Between the 1920s and
1990s most of the research done in this area has been focused on specific cases of
the Takenaka-Malmquist construction, the best known being the Laguerre functions
which are treated in section 3.1.3.

The mutual orthonormality of the Takenaka-Malmquist functions obviously is not
sufficient to guarantee that the functions form a valid basis of the H 2− space. The
condition under which the set is complete in H2− is given in section 3.1.5.

3.1.2 The general Kautz construction

In the 1950s William Kautz proposed a method of rational orthonormal basis function
construction that is in spirit very close to the Takenaka-Malmquist construction [60] 2.

1A similar interpolation problem will be the topic of section 5.3.5.
2Kautz did not know the work of Takenaka and Malmquist so he basically reinvented those functions

independently.
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The main difference is that the functions introduced by Kautz are constrained to be
real-rational functions. This means that complex poles can only occur in conjugate
pairs. The resulting orthonormal functions, known as the general discrete-time Kautz
functions3, are defined as follows.

Definition 3.3 (General Kautz construction) The system of orthonormal functions

φ2k−1(z) = Ck,1(1 − αk,1z)

(z − βk)(z − βk)

k−1Y
j=1

(1 − β j z)(1 − β j z)

(z − β j )(z − β j )
,

φ2k(z) = Ck,2(1 − αk,2z)

(z − βk)(z − βk)

k−1Y
j=1

(1 − β j z)(1 − β j z)

(z − β j )(z − β j )
,

(3.3)

with k ∈ N is called the general Kautz construction. The parameters βk are to be
chosen from C subject to |βk| < 1 and the parameters αk,1, αk,2 ∈ R must satisfy the
constraint [124]

(1 + αk,1αk,2)

�
1 + |βk |2

�
− (αk,1 + αk,2)

�
βk + βk

� = 0.

The constants Ck,1 and Ck,2 are given by

Ck,1 =
vuut (1 − β2

k )(1 − βk
2
)(1 − βkβk)

(1 + α2
k,1)(1 + |βk |2)− 2αk,1(βk + βk)

,

Ck,2 =
vuut (1 − β2

k )(1 − βk
2
)(1 − βkβk)

(1 + α2
k,2)(1 + |βk |2)− 2αk,2(βk + βk)

.

Note that the Kautz functions look very similar to the Takenaka-Malmquist func-
tions. They also contain an all-pass part in which all the poles of the previous basis
functions are repeated. By the nature of the Kautz construction, poles can only oc-
cur in complex conjugate pairs. This implies that real poles can only occur in even
multiples. For every sequence of Kautz functions however, there exists an equivalent
sequence (in terms of the linear span) of Takenaka-Malmquist functions that is ob-
tained by taking ξ2k−1 = βk and ξ2k = βk . If some of the Kautz basis functions would
have complex poles this entails that some of the basis functions from the equivalent
Takenaka-Malmquist set would be complex-rational. This problem can be remedied
by using linear combinations of the complex-rational basis functions that together
form a real-rational function. For a thorough analysis of this problem the reader is
referred to [78].

The Takenaka-Malmquist and Kautz constructions allow the incorporation of al-
most any sequence of poles in the basis functions and are in that sense the most general

3Kautz in fact derived the continuous-time counterparts of these functions. Discrete-time versions were
originally derived in [129] and [14].
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constructions imaginable. The price to pay for this generality is the resulting complex-
ity of the basis functions. This becomes manifest when one wants to apply these func-
tions in approximation and identification problems. In general the complexity of the
computations and the analysis involved in using rational bases increases as the number
of different poles in the basis increases. From this point of view it is not surprising
that simplified basis constructions are often used. Of these simplified constructions
the Laguerre and two-parameter Kautz bases are the most familiar ones.

3.1.3 Laguerre functions and two-parameter Kautz functions

In this section we will discuss two special cases of the general constructions presented
in the previous sections which have enjoyed great popularity in the last century in the
context of approximation and identification problems. These constructions are known
as the Laguerre basis and the two-parameter Kautz basis.

The Laguerre basis functions are obtained from the Takenaka-Malmquist construc-
tion (3.2) by using only one real valued pole in the construction, i.e. ξ k = ξ, ∀k with
−1 < ξ < 1.

Definition 3.4 (Laguerre construction) The system of orthonormal functions

φk(z) =
p

1 − ξ2

z − ξ
�

1 − ξz

z − ξ
�k−1

, k ∈ N. (3.4)

is called the Laguerre construction.

Note that the Laguerre functions can be obtained by the recursion

φk+1(z) = 1 − ξz

z − ξ φk(z),

which makes it very easy to compute them. The parameter ξ is the only degree of
freedom left in the Laguerre construction. This parameter is known by the name
Laguerre parameter or scaling parameter. Note that if ξ is chosen to be 0, then the
standard basis functions of H2−, z−k, k ∈ N, are obtained. In figure 3.1 the impulse
responses of a number of the Laguerre functions are depicted for ξ = 0.5.

The name “Laguerre” derives from the relation between these functions and the
Laguerre polynomials [111]. These real-valued polynomials are orthogonal on the
continuous half-line [0,∞) with respect to the inner product 〈 f, g〉 defined as

〈 f, g〉 =
Z ∞

0
e−x f (x)g(x)dx .

The Laguerre polynomials pk(x), k ≥ 0, are given by

pk(x) =
kX

j=0

(−1) j

j !
�

k

j

�
x j . (3.5)



40 3 Construction of rational orthonormal bases

0 20 40 60 80 100 120
0

0.5

1
Laguerre functions, ξ=0.5

#1

0 20 40 60 80 100 120
−0.5

0

0.5

#5

0 20 40 60 80 100 120
−0.5

0

0.5

#10

0 20 40 60 80 100 120
−0.5

0

0.5

#20

0 20 40 60 80 100 120
−0.5

0

0.5

#35

Figure 3.1 The discrete-time Laguerre functions, φ1, φ5, φ10, φ20 and φ35 for Laguerre pa-
rameter ξ = 0.5.

The continuous-time versions of the Laguerre functions of (3.4) satisfy

φk(t) =
√

2a(−1)k−1e−at pk−1(2at), (3.6)

The Laplace transform of the continuous-time functions φ k reads

φk(s) =
√

2a

s + a

�
s − a

s + a

�k−1

.

The discrete-time Laguerre functions are then obtained by applying the bilinear trans-
form s = z−1

z+1 and defining ξ = 1−a
1+a .

The impulse responses of Laguerre functions exhibit an exponential decay (see
figure 3.1) and therefore can be expected to be better suited for modeling systems
with exponentially decaying impulse responses than the pulse basis functions that are
used in the FIR model. This explains the ongoing popularity of Laguerre functions
for use in modeling and approximation problems [65, 84, 83, 70, 123, 126, 12]. The
decay rate of the Laguerre basis functions depends on the location of the Laguerre
parameter ξ . If the pole is chosen closer to the unit circle then the decay rate of the
Laguerre functions will become slower accordingly. The question of how to choose
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the Laguerre parameter is a difficult problem to solve in general, depending on the
prior knowledge one has of the system. This problem has been considered in many
publications on the use of Laguerre functions for approximation [85, 128, 43, 17, 6,
101].

The Laguerre basis construction precludes the use of complex poles. Therefore
Laguerre functions are considered to be less suitable for modeling systems that have
complex conjugate pole pairs in their transfer functions. A simplified version of
the general Kautz bases would seem more appropriate for this. The so-called two-
parameter Kautz construction has resulted from this idea. This construction is the spe-
cial case of the Kautz construction (3.3) with βk = β, and αk,1 = α1, αk,2 = α2, ∀k.
There is some ambiguity in the precise definition of the two-parameter Kautz func-
tions as there is some freedom in the choice of the parameters α1 and α2. A definition
that is commonly encountered in the literature [124, 54, 78] is as follows.

Definition 3.5 (Two-parameter Kautz construction) The set of orthonormal func-
tions

φ2k−1 =
√

1 − c2 (z − b)

z2 + b(c − 1)z − c

 
−cz2 + b(c − 1)z + 1

z2 + b(c − 1)z − c

!k−1

,

φ2k =
p
(1− c2)(1 − b2)

z2 + b(c − 1)z − c

 
−cz2 + b(c − 1)z + 1

z2 + b(c − 1)z − c

!k−1

,

(3.7)

with k ∈ N, and −1 < b < 1 and −1 < c < 1 is called the two-parameter Kautz
construction.

Note that with respect to definition 3.3 the parameters α1 and α2 are chosen to be

α1 = 1 + |β|2
β + β , α2 = 0.

The parameters b and c are given by

b = β + β
1 + |β|2 , c = −|β|2.

Obviously the name “two-parameter” Kautz functions stems from the fact that the
basis is completely defined by the parameters b and c.

As in the Laguerre basis case the question of which parameters, or equivalently
which pole pair (β, β), to choose given a certain approximation problem is a diffi-
cult one to tackle. This problem is for instance treated in [126] (for the continuous-
time case) and [86] (both continuous-time and discrete-time) and [27],[101] (discrete-
time).
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3.1.4 Generalization of the Laguerre and two-parameter Kautz
constructions

In this section we analyze the common principle that underlies the Laguerre and two-
parameter Kautz constructions and show how it can be generalized.

Note that the Laguerre and two-parameter Kautz functions look very similar to
each other. The Laguerre functions are of the form

φk = φ1GL(z)
k−1,

and the two-parameter Kautz functions are of the form

φ2k−1 = φ1GK (z)
k−1, φ2k = φ2GK (z)

k−1,

where the functions G L(z) and G K (z) are inner functions of order 1 and 2 respec-
tively. In fact the Laguerre and two-parameter Kautz constructions can be viewed
as specific cases of the general inner function induced orthonormal bases of H 2− as
discussed at the end of section 2.4.1 on shift-invariant subspaces.

Consider for example the Laguerre functions. Supposing for the moment that
these indeed constitute an orthonormal basis of H2−4, any system G ∈ H2− can be
expressed as

G(z) =
∞X

k=1

ckφk(z) = c1φ1(z)+ GL(z)
∞X

k=1

ck+1φk(z).

Defining F(z) = G L
P∞

k=1 ck+1φk(z) we see that any function G(z) can be written
as G(z) = c1φ1(z) + F(z) with F(z) some function in the shift-invariant subspace
S = G L(z)H2−. Obviously, the function φ1(z) then spans the orthogonal complement
of S in H2−. Consequently, we know that the functions G L(z)kφ1(z) span mutually
orthogonal subspaces in H2−. In fact, as we have seen, these functions are the La-
guerre functions. So one can conclude that the Laguerre functions are orthonormal
basis functions that are induced by the inner function G L . A similar statement can
be made about the two-parameter Kautz functions which are the orthonormal basis
functions induced by the inner function G K (z). In that case the functions spanning
the orthogonal complement of the subspace G K (z)H2− are the functions φ1(z) and
φ2(z).

Of course this insight immediately suggests one way how the Laguerre and two-
parameter Kautz functions can be generalized. The key is to start with an arbi-
trary inner function G b(z) of finite McMillan degree, say nb. Then one needs to
find nb orthonormal functions φ i that completely span the orthogonal complement of
Gb(z)H2−5. Then an orthonormal basis of H2− is given by the functions φi (z)Gb(z)k ,
k ≥ 0. The Hambo basis, introduced in [51], is in fact constructed in this manner. The
Hambo basis was originally derived in a state-space framework. In section 3.2.1 it will
be shown how this framework can be used to construct general rational orthonormal
bases that encompass all the constructions presented here.

4This question will be addressed in section 3.1.5.
5A proof of why there are precisely nb independent functions can e.g. be found in section 3.1.2 of [95].
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3.1.5 Completeness

Orthonormality of the Takenaka-Malmquist functions can easily be established by
residue calculus as was shown before in section 3.1.1. A question of a more fun-
damental nature is whether the orthonormal set is complete in H 2−. The following
result, already given by [72] and [112], gives a necessary and sufficient condition for
completeness.

Theorem 3.6 (Completeness) The set of Takenaka-Malmquist functions {φk(z)}k∈N

as defined in equation (3.2) is complete in H2− if and only if

∞X
k=1

(1− |ξk |) =∞. (3.8)

This means that in order to constitute an orthonormal basis of H 2− the sequence of
poles that are incorporated in the functions φk(z) should not approximate the unit
circle too fast. A proof of the theorem can be found in [78]. It is based upon two
classical results from complex function theory (e.g. formulated as theorems 5.21 and
5.23 of [100]) on the zeros of bounded analytic functions.

Condition (3.8) is closely connected to the Müntz-Szász condition [100] which
governs completeness of the system of exponentials

�
e−akt

	
k∈N0

, with Re(ak) >

0, in L2[0,∞). For this reason the continuous-time counterparts of the Takenaka-
Malmquist functions are referred to as the Müntz-Laguerre filters in [62].

A direct consequence of theorem 3.6 is that the Laguerre and two parameter Kautz
constructions indeed deliver valid orthonormal bases, owing to the fact that the poles
of these functions all lie strictly inside the unit circle. It was pointed out before that the
general Kautz construction of (3.3) has the same linear span as a Takenaka-Malmquist
construction. Consequently, the condition for completeness becomes for the general
Kautz construction that

P∞
k=1 (1 − |βk |) =∞ [124].

The completeness result of the Takenaka-Malmquist system in fact holds true for
the general case of H p spaces with 1 < p < ∞. That is to say that, under condition
(3.8), any function G ∈ H p, with 1 < p < ∞, can be expressed as an expansion in
terms of Takenaka-Malmquist functions that converges in H p norm sense [108]. Ap-
proximation in H∞ and C(T) is considered in [108] and [81] respectively. It is shown
that, under condition (3.8), uniform convergence can be attained, using methods that
are related to Cesàro summation from classical Fourier analysis.

3.2 A state-space approach to basis construction

In this section we will discuss an approach to rational orthonormal basis construction
that relies on state-space methods. It will be shown that the results on orthogonal
realizations of all-pass functions that were presented in section 2.4 can be used to great
advantage for the construction of general rational orthonormal bases. All the basis
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constructions that were mentioned in the previous section can be viewed as special
cases of this state-space based construction. This basis construction method has its
roots in the work on orthogonal realizations in [98]. It was previously analyzed in
[10] and [8].

3.2.1 A general rational orthonormal basis construction method

In section 2.4 it was shown that a cascade connection of orthogonal realizations of
stable minimal all-pass functions results in a realization that is again orthogonal, stable
and minimal, and hence again represents an inner function. In this way minimal,
stable, orthogonal realizations of arbitrary McMillan degree can be constructed.

In the following we will consider such cascade connections of orthogonal real-
izations of all-pass functions. As stated in section 2.4 any scalar real-rational inner
function can be represented by a finite Blaschke product. We can hence define a se-
quence of inner functions G b,k(z), with k = 1, ..,∞ according to

Gb,k(z) =
nb,kY
i=1

1 − ξk,i z
z − ξk,i , (3.9)

where |ξk,i | < 1 and 1 ≤ i ≤ nb,k . Furthermore, we suppose that we have at our dis-
posal minimal, balanced (hence orthogonal) realizations of the inner functions G b,k(z)
that will be denoted as

�
Ab,k, Bb,k ,Cb,k , Db,k

�
. For these given orthogonal realiza-

tions we define the input-to-state transfer functions ψk(z) ∈ H
nb,k
2− as follows.

Definition 3.7 Given the inner function G b,k with balanced state-space realization�
Ab,k, Bb,k,Cb,k , Db,k

�
we define

ψk(z) = (z I − Ab,k)
−1 Bb,k . (3.10)

Gb,1 Gb,2 Gb,3✲ ✲✲ ✲ ✲ ....... ✲ Gb,k

Figure 3.2 Cascade connection Sk(z) of the all-pass functions Gb, j (z) for j = 1, .., k.

If the all-pass functions Gb,k(z) are connected in a cascade as in figure 3.2, the
cascaded network Sk(z) = Qk

j=1 Gb, j (z) has a minimal, and orthogonal, state-space
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realization

�
Ak Bk

Ck Dk

�
=

26666666664

Ab,1 0 · · · 0 Bb,1
Bb,2Cb,1 Ab,2 0 · · · 0 Bb,2 Db,1

Bb,3 Db,2Cb,1 Bb,3Cb,2 Ab,3
... Bb,3 Db,2 Db,1

...
. . . 0

...

Bb,k
Qk−1

j=2 Db, j Cb,1 Bb,k
Qk−1

j=3 Db, j Cb,2 · · · Bb,kCb,k−1 Ab,k Bb,k
Qk−1

j=1 Db, jQk
j=2 Db, j Cb,1

Qk
j=3 Db, j Cb,2 · · · Db,kCb,k−1 Cb,k

Qk
j=1 Db, j

37777777775
.

(3.11)
Note that this realization satisfies the recursion

Ak =
�

Ak−1 0
Bb,kCk−1 Ab,k

�
Bk =

�
Bk−1

Bb,kDk−1

�
,

Ck =
�
Db,kCk−1 Cb,k

�
Dk = Db,kDk−1,

(3.12)

with (A1,B1,C1,D1) = (Ab,1, Bb,1,Cb,1, Db,1).

Definition 3.8 Given a sequence of all-pass functions
�

Gb,k(z)
	

k∈N
and ψk(z) as in

definition 3.7, we define the vector functions Vk(z) as follows.

Vk(z) = ψk(z)
k−1Y
j=1

Gb, j (z). (3.13)

It is immediate that the input-to-state transfer function of the cascade S k(z) can be
written as

(z I −Ak)
−1Bk =

�
V1(z)T V2(z)T · · · Vk(z)T

�T
. (3.14)

By virtue of the fact that the realization of Sk is orthogonal it follows that AkA∗
k +

BkB∗
k = I , which in turn implies that the matrix inner product �Vi , Vj � satisfies the

orthonormality property

�Vi (z), Vj (z)� =
(

0, i �= j

Inb,i , i = j
.

Subsequently it follows that the elements of the vectors Vk(z) constitute an orthonor-
mal set of functions in H2−. These functions will be denoted as φk,i (z).

Definition 3.9 Given a set of vectors {Vk(z)}k∈N, as in definition 3.8, we define the
functions φk,i ∈ H2− as

φk,i (z) = eT
i Vk(z), 1 ≤ i ≤ nb,k ,

where ei represents the i -th Euclidean basis vector of Rnb,k .
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Hence, the functions φk,i with k ∈ N and 1 ≤ i ≤ nb,k form an orthonormal set. In
fact, under a condition on the locations of the poles of the all-pass functions G b,k , they
constitute an orthonormal basis of H2−.

Proposition 3.10 The functions φk,i (z), with k ∈ N and 1 ≤ i ≤ nb,k , constitute an
orthonormal basis of H2− under the condition that

P
k∈N

Pnb,k
i=1

�
1 − |ξk,i |

� = ∞,
with ξk,i as defined in (3.9).

Proof Orthonormality of the functions has already been established so it suffices
to show that the set φk,i (z), 1 ≤ i ≤ nb,k , k ∈ N is complete in H2− under the
mentioned condition. This follows from the fact that the linear span of the func-
tions φk,i is equal to the linear span of the set of Takenaka-Malmquist functions
that are constructed from the collection of poles ξk,i . This set is known to be com-
plete in H2− under the condition of theorem 3.6. The fact that the linear spans are
equal becomes obvious if one considers realizations of G b,k(z) for which eT

i ψk(z) =√
1−|ξk,i |2
z−ξk,i

Qi−1
m=1

1−ξk,m z
z−ξk,m . Such realizations are straightforwardly obtained if one con-

siders Gb,k as a series connection of single-pole all-pass functions. As a result the
functions φk,i (z) will be of Takenaka-Malmquist form. Therefore an orthonormal ba-
sis constructed with the method described above can always be transformed into an
equivalent Takenaka-Malmquist basis by means of a similarity transformation (with
an orthogonal matrix).

It is easy to see (consider also the proof given above) that the state-space based
basis construction subsumes all the basis constructions that were discussed in the pre-
vious section. Principally, the Takenaka-Malmquist basis construction is obtained
when the all-pass functions G b,k are taken to be single-pole all-pass functions of

the form 1−ξk z
z−ξk . These all-pass functions have an orthogonal state-space realization�

ξk

√
1−|ξk |2√

1−|ξk |2 −ξk

�
, as can easily be verified. The resulting basis functions are then

given by

φk,1 =
p

1 − |ξk |2
z − ξk

k−1Y
j=1

1 − ξ j z

z − ξ j
,

which are the Takenaka-Malmquist functions of equation (3.2). The equivalent of
the Kautz construction is obtained by a series connection of orthogonal realizations
second order all-pass functions. The two-parameter Kautz functions of (3.7) can be
obtained from a series connection of the all-pass function with orthogonal realization
[54] 264 b

√
1 − b2 0

c
√

1 − b2 −bc
√

1 − c2p
(1 − c2)(1 − b2) −b

√
1 − c2 −c

375 .
The Laguerre and two-parameter Kautz basis constructions, when constructed us-

ing the state-space method presented here, have in common that they are built from a



3.2 A state-space approach to basis construction 47

single orthogonal realization of a first or second order all-pass function respectively.
In section 3.1.4 we contemplated how we could generalize these methods to obtain
orthonormal bases that are constructed from arbitrary all-pass functions. Using the
state-space based construction method this becomes a trivial task. The resulting class
of basis functions are the Hambo basis functions, introduced in [51], that will be
treated in section 3.2.4.

3.2.2 Representation of systems and signals

Given the fact that the state-space based construction method generates orthonormal
bases of H2−, any system G(z) ∈ H2− can be represented as a weighted sum of the
basis functions φk,i (z), as defined in proposition 3.10. This means that we can write

G(z) =
∞X

k=1

nb,kX
i=1

lk,iφk,i (z), (3.15)

where the lk,i represent the expansion coefficients of G(z) with respect to the basis
functions φk,i (z). Note that equality in (3.15) should be interpreted in the 2-norm
sense.

It turns out to be expedient to use a vector/matrix notation to represent equation
(3.15). We then group the basis functions φk,i that have equal all-pass factors in
one column vector. Hence we obtain the previously defined vectors V k(z) ∈ H

nb,k
2− .

Grouping the coefficients accordingly we define the column vectors

Lk =
�
lk,1 lk,2 · · · lk,nb,k

�T
.

We can then express equation (3.15) more compactly as

G(z) =
∞X

k=1

LT
k Vk(z). (3.16)

In figure 3.3 the representation of a system G(z) in terms of the basis function vec-
tors Vk(z) is visualized in a block diagram. Note that the basis function vectors are
obtained as state readouts of the all-pass sections G b,k in the cascade S∞.

By the orthonormality of the basis functions it holds that the expansion coefficients
lk,i of the system G(z) are obtained as

lk,i = 〈G(z), φk,i 〉.
Similarly, using the matrix inner product as defined in section 2.2.4, it then holds that
the coefficient vectors L k of G(z) are obtained as

LT
k = �G(z), Vk(z)� , or equivalently Lk = �Vk(z),G(z)�. (3.17)

When using the vector/matrix notation for representing systems it should be kept
in mind that the coefficient vectors L k , as defined above, might have different dimen-
sions for different k. This means that the sequence of coefficients {L k}k∈N does not
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Gb,1 Gb,2 Gb,3

V2
❄

LT
1 LT

2 LT
3

u(t)

❄

❄

❄

❄

V3

❄

✲ ✲

✲ ✲
+ +

✲

states:

+ y(t)

V1

✲

✲

Figure 3.3 Representation of a system G(z) ∈ H2− in terms of the state-space bases basis
construction.

correspond to a vector valued signal in �n
2(N), with n a fixed value. Nevertheless we

will denote the collection of such sequences as �
nb,k
2 (N).

Definition 3.11 Consider a sequence of finite positive numbers {n b,k}k∈N. By �
nb,k
2 (N)

we denote the space of sequences X = {X(k)}k∈N such that X(k) ∈ C
nb,k andvuut ∞X

k=1

X(k)T X(k) <∞.

�
nb,k
2 (N) is a Hilbert space with inner product between two elements X = {X(k)}k∈N

and Y = {Y(k)}k∈N given by

〈X,Y〉 =
∞X

k=1

X(k)T Y(k). (3.18)

It should be understood that the superscript n b,k indicates that the dimension of the
vectors can change with the index k, but according to a fixed sequence of dimensions
{nb,k}.

From the z-transform isomorphism of H2− and �2(N) (see section 2.2.3), it follows
that the basis function vectors Vk(t) also form a basis for the signal space �2(N). Any
signal x(t) ∈ �2(N) can hence be represented as

x(t) =
∞X

k=1

X(k)T Vk(t).

The vector coefficient sequence X = {X(k)}k∈N is called the signal transform of x .
This transform is studied extensively in chapter 4. For now it will suffice to show that
the following Parseval’s identity holds for this transform.
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Proposition 3.12 (Parseval’s identity) For any pair x, y ∈ �2(N) and corresponding
expansion coefficient sequences X,Y, taken with respect to the basis vectors {Vk}k∈N

as in definition 3.8, it holds that

〈x, y〉 = 〈X,Y〉.

Proof

〈x, y〉 =
�X

k

X(k)T Vk,
X

k′
Y(k ′)T Vk′

�
=
X

k

X
k′

X(k)T �Vk, Vk′�Y(k ′) =
X

k

X(k)T Y(k).

This result also shows that the expansion coefficient sequence X pertaining to any
x ∈ �2(N) is an element of �

nb,k
2 .

3.2.3 A dual orthonormal basis of �
nb,k
2 (N)

One consequence of proposition 3.12 is that an orthonormal basis of �
nb,k
2 (N) can be

obtained by taking the signal transform of the standard orthonormal basis functions of
�2(N): δ(t − k), k > 0. The resulting basis functions Wl are given by

Wl (k)
T = �δ(t − l), Vk(t)� = ∞X

t=1

δ(t − l)Vk(t)
∗ = Vk(l)

∗. (3.19)

Therefore we can state the following.

Proposition 3.13 (Dual orthonormal basis) Consider the basis function vectors Vk

with k ∈ N, as defined in definition 3.8. The vector functions W t ∈ �nb,k
2 , t ∈ N,

defined by
Wt (k) = Vk(t),

constitute an orthonormal basis of the space �
nb,k
2 (N).

The basis {Wt }t∈N is dual to the basis {Vk}k∈N in the sense that, while X(k) are the
coefficient vectors of the expansion of x(t) in terms of Vk(t), x(t) are the expansion
coefficients of X(k) in terms of Wt (k):

∞X
t=1

x(t)Wt (k)
T =

∞X
t=1

x(t)Vk(t)
∗ = �x, Vk� = X(k)T ,

〈X,Wt 〉 =
∞X

k=1

X(k)Wt (k) =
∞X

k=1

 ∞X
t ′=1

x(t ′)Wt ′(k)
T Wt (k)

!
= x(t). (3.20)
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It might seem surprising that the functions Wt indeed span the whole �
nb,k
2 space.

The following simple example is included to reveal the mechanism involved.

Example 3.1 Consider the case where Gb,k is equal to z−2 for all k. Using the balanced
realization �

Ab,k Bb,k
Cb,k Db,k

�
=
24 0 0 1

1 0 0
0 1 0

35
we have in this case that Vk(z) = (z I − Ab,k)

−1 Bb,kGb,k(z)
k−1. Then, since V1(t) =

At−1
b,k Bb,k we find that

{V1(t)} =
��

1
0

�
,

�
0
1

�
,

�
0
0

�
,

�
0
0

�
, · · ·

�
, (3.21)

{V2(t)} =
��

0
0

�
,

�
0
0

�
,

�
1
0

�
,

�
0
1

�
,

�
0
0

�
,

�
0
0

�
, · · ·

�
, (3.22)

and so on. This can more simply be stated as Vk(2t −1) = e1δ(t −k) and Vk(2t) = e2δ(t −k),
with ei denoting the i-th Euclidean basis vector of R2. Hence we have that W2t−1(k) = e1δ(t−
k) and W2t (k) = e2δ(t − k), which is the canonical basis of �22(N).

In section 3.2.1 it was shown that the input-to-state transfer function of the bal-
anced all-pass function cascade Sk consists of the orthonormal basis function vectors
Vj (z), 1 ≤ j ≤ k, see (3.14). This implies that in time-domain it holds, with C k and
Dk as given by equations (3.11)–(3.12), that

Vk(t + 1) = �Bb,kCk−1 Ab,k
�
26664

V1(t)
V2(t)
...

Vk(t)

37775+ Bb,kDk−1δ(t),

where δ(t) represents the unit pulse signal. This can alternatively be stated as

Vk(t + 1) = Bb,k

k−1X
j=1

k−1Y
i= j+1

Db,i Cb, j V j (t)+ Ab,k Vk(t)+ Bb,k

k−1Y
j=1

Db, j δ(t).

This equation can be used for the computation of the basis functions in an efficient
recursive manner. Also it is useful for the construction of the orthonormal basis func-
tions Wt which span the coefficient vector sequence space �

nb,k
2 (N). Using relation

(3.19) it follows that

W1(k) = Bb,k

k−1Y
j=1

Db, j ,

Wt+1(k) = Bb,k

k−1X
j=1

k−1Y
i= j+1

Db,i Cb, j Wt ( j)+ Ab,k Wt (k), t > 1.
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These expressions imply that the dual orthonormal basis is generated by a linear time-
varying operator which we will denote as N .

Definition 3.14 Consider the orthonormal basis that is generated by the sequence of
all-pass functions {Gb,k(z)}k∈N, with Gb,k(z) having minimal balanced state-space
realization (Ab,k, Bb,k ,Cb,k , Db,k). N is defined as the causal linear time-varying
operator having state-space realization {(Db,k ,Cb,k , Bb,k , Ab,k)}k∈N.

Proposition 3.15 (Generation of the dual basis) It holds for all t ∈ N that Wt+1 =
N Wt , with N as given by definition 3.146.

Hence the dual basis functions are obtained from one and other by “filtering” with
the causal linear time-varying operator N . Defining N m as

Qm
j=1 N proposition 3.15

may alternatively be expressed as Wt = N
t−1

W1. Note that the operator N can be
thought of as the block lower triangular matrix A∞, defined as the limiting case of Ak

in (3.11).
The operator N has an “all-pass” quality in the sense that

〈N X,N Y〉 = 〈X,Y〉, or equivalently, 〈N ∗N X,Y〉 = 〈X,Y〉, (3.24)

for all X,Y ∈ �nb,k
2 (N) with the inner product as defined in (3.18). This follows

because

〈N X,N Y〉 =
*

N
X

t

x(t)Wt ,N
X

t ′
y(t ′)Wt ′

+
=
*X

t

x(t)Wt+1,
X

t ′
x(t ′)Wt ′+1

+
,

which by orthonormality of the functions W t simplifies to
P

t x(t)y(t). This in turn is
equal to 〈X,Y〉 by proposition 3.12. One consequence of equation (3.24) is that N is
an isometric or lossless operator.

3.2.4 The Hambo basis

The Hambo basis is a special case of the generalized basis construction that was pre-
sented in section 3.2.1.

Definition 3.16 (Hambo basis) The Hambo basis is the special case of the gener-
alized basis, as defined by proposition 3.10, for which it holds that the basis gen-
erating inner functions are all equal to G b(z) with balanced state-space realization
(Ab, Bb,Cb, Db).

6The fact that N appears in this expression rather than N is because in full generality the realizations
of Gb,k are allowed to be complex rational. If they are real rational (which is mostly the case), the complex
conjugation mark can be removed.
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The all-pass function Gb(z) is allowed to be any rational inner function. In most
cases Gb(z) will be real, i.e. an element of RH2, but this is not a strict requirement.
Denoting the McMillan degree of G b(z) as nb one can write

Gb(z) = ±
nbY

i=1

1 − ξi z
z − ξi .

where the ξi are the poles of Gb(z).
As the all-pass functions in the basis generating cascade are all the same it holds

that ψk(z) = (z I − Ab)
−1 Bb = V1(z), for all k. Hence it follows that the vector

functions Vk(z) satisfy
Vk(z) = V1(z)Gb(z)

k−1. (3.25)

As before the functions
φk,i (z) = eT

i Vk(z), (3.26)

with k ∈ N, 1 ≤ i ≤ nb, constitute an orthonormal basis of H2−.
Naturally, the Hambo basis generalizes the Laguerre and two-parameter Kautz

basis which are Hambo bases for nb = 1 and nb = 2 respectively. Is is important
to realize that the Hambo basis is equivalent to a Takenaka-Malmquist basis in which
the poles ξ j are repeated in a periodic pattern: ξ j+nb = ξ j , ∀ j . This becomes clear
if ones views the all-pass function G b(z) as a series connection of first order all-pass
functions. In that case the corresponding Hambo basis functions are precisely the
Takenaka-Malmquist functions that are obtained from (3.2) when taking the first n b

poles to be the poles of the all-pass function G b(z) and subsequently repeating them
in a periodic pattern according to ξ j+nb = ξ j . The diagram of figure 3.4 illustrates the
relations that exist between the different basis construction methods. The bidirectional
arrows indicate that the methods are linear-span equivalent, meaning that they can be
obtained from one another via multiplication with an orthogonal matrix operator.

The Hambo basis functions are mainly applied in the context of system identifica-
tion problems. The use of Hambo basis functions for system identification is analyzed
in [115] and [109]. As was the case for the Laguerre and the two-parameter Kautz
bases, the choice of poles to be incorporated in the basis is crucial as it determines to
a large extent the aptness of the basis for a specific system identification or approxi-
mation problem. This question is for instance considered in [87] and [88].

In conclusion of this section we would like to make reference to the fact that the
Hambo basis was originally developed in a multivariable framework in [54]. In that
setting Gb(z) might be an m × m stable all-pass function with balanced realization
(Ab, Bb,Cb, Db). The input-to-state transfer function V1(z) of this all-pass function is
nb ×m. The rows of the functions Vk(z) = V1(z)Gb(z)k−1 constitute an orthonormal
basis of the space H m

2−. Hence any system G(z) ∈ H p×m
2− can be expanded as G(z) =P∞

k=1 LT
k Vk(z) where Lk ∈ Rnb×p . This multivariable basis can also be applied in

the context of multivariable system identification as is for instance reported in [118].
In this thesis we will only consider Hambo bases that are generated by SISO all-pass
functions.
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Takenaka-Malmquist construction

Periodic pole pattern: ξ j+nb = ξ j

❄

✲✛

✲✛

General state-space construction

Hambo basis: Gb,k(z) = Gb(z)

❄

nb = 1: Laguerre
nb = 2: two-parameter Kautz

❥ ✙

Figure 3.4 Different basis construction methods and their interrelations.

3.2.5 Rational orthonormal bases of the L2(T) space

In view of the development in subsequent chapters it is useful to take notice of the
fact that the rational orthonormal bases for the H2− space can be used to generate
orthonormal bases for related spaces as well. In the first place it will be shown in
this section how the basis functions for the H2− space can be complemented with a
set basis functions that span its orthogonal complement in L 2(T), denoted as H⊥

2−.
Orthonormal bases for the �2 signal spaces are then straightforwardly obtained by
applying the inverse z-transform.

In the following we assume that we have a set of functions {φ k(z)}k∈N that forms
a rational orthonormal basis of the space H2− of strictly-proper, stable transfer func-
tions. There are two basic ways to obtain from this given information an orthonormal
basis of H2, which is the space of proper, stable transfer functions. The simplest way
is to extend the set {φk} with the constant function φ0 = 1. It is easy to verify that this
function is a unit norm element of H2 that is orthogonal to all functions φk for k > 0,
which spans the orthogonal complement of H2− in H2. Another method of generat-
ing an orthonormal basis of the H2 space is to construct the set of proper functions
zφk(z)k∈N. It can be verified, with the same arguments that were used in section 3.1.5,
that this orthonormal set is complete in H2, see also [78].

In order to find a rational orthonormal basis of the orthogonal complement of H 2−
in the L2(T) space we first observe that H⊥

2− coincides with the space of functions that
are norm bounded and analytic in the interior of the unit disk: the space H 2(D). It is
easy to see that a basis for this space can be obtained from a basis of H 2 (= H2(E))
by making a variable substitution z → 1/z, thus mapping the interior to the exterior of
the unit disk and vice versa. Starting with the basis {zφk(z)}k∈N of H2 derived from
the Takenaka-Malmquist functions φk(z) we then have that the set {1/z φk(1/z)}k∈N
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forms an orthonormal basis of H ⊥
2−. These functions then look like

1/z φk(1/z) =
p

1 − |ξk |2
1 − ξk z

k−1Y
j=1

z − ξ j

1 − ξ j z
. (3.27)

As in the case of the bases of the H2 and H2− spaces, the parameters ξk can be
chosen freely as long as it holds that

P
k∈N (1 − |ξk |) is unbounded. In principle

one can therefore construct orthonormal bases of H 2− and H⊥
2− that are built from

completely unrelated sequences of parameters {ξk}. Interesting cases however occur
if these parameters are taken from the same set. In that case one can construct rational
orthonormal bases of the L 2(T) space using a limited number of parameters. In the
Laguerre case for instance, one can construct the orthonormal basis {φ k}k∈Z of L2(T)

according to

φk(z) =
p

1 − ξ2

z − ξ
�

1 − ξz

z − ξ
�k−1

, k ∈ Z.

Note that this simple equation holds due to the fact that the function G b(z) = 1−ξ z
z−ξ is

all-pass and hence satisfies Gb(z)−1 = Gb(1/z).
Another interesting case is the Hambo basis that was presented in section 3.2.4.

The Hambo basis of H2− is generated by the orthogonal realization
h

Ab Bb
Cb Db

i
of the

all-pass function Gb(z). To construct a complementary orthogonal basis of H ⊥
2− we

consider the all-pass function G b(z) which naturally has an orthogonal realizationh
A∗b C∗

b
B∗

b D∗
b

i
. Orthonormal basis functions for H ⊥

2− are then given by

eT
i 1/z

�
1/z I − A∗b

�−1
C∗

b Gb(1/z)k−1, (3.28)

with k ranging from one to infinity. The expression on the right hand side of this
equation can be simplified using the following lemma.

Lemma 3.17 Let Gb(z) be an inner function with orthogonal realization
h

Ab Bb
Cb Db

i
and let V1(z) be equal to (z I − Ab)

−1 Bb. Then

V1(z)Gb(1/z) = 1/z
�
1/z I − A∗b

�−1
C∗

b .

Proof V1(z)Gb(1/z) can be expressed as
∞X

k=1

∞X
l=1

Ak−1
b Bb B∗

b A∗b
l−1C∗

b zl−k +
∞X

k=1

Ak−1
b Bb D∗

b z−k .

We put the last term aside for a moment. Making use of the fact that A b A∗b+Bb B∗
b = I

we can restate the first term as
∞X

k=1

∞X
l=1

A∗b
k−1 A∗b

l−1C∗
b zl−k −

∞X
k=1

∞X
l=1

Ak
b A∗b

lC∗
b zl−k .
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Most terms cancel out and it simplifies to

∞X
l=0

A∗b
lC∗

b zl +
∞X

k=0

Ak
bC∗

b z−k .

With AbC∗
b+Bb D∗

b = 0 it follows that the last term in this equation is equal to the sum
−P∞

l=0 Ak−1
b Bb D∗

b z−k which cancels against the term we set aside before. Hence we
eventually find that

V1(z)Gb(1/z) =
∞X

l=0

A∗bC∗
b zl = 1/z

�
1/z I − A∗b

�−1
C∗

b .

Note that lemma 3.17 implies that the functions e T
i V1(z)Gb(1/z), 1 ≤ i ≤ nb, are

elements of the H⊥
2− space. The combination of lemma 3.17 and equation (3.28) fur-

thermore shows, that an orthonormal basis of the H ⊥
2− space is given by the functions

eT
i V1(z)Gb(1/z)k,

with 1 ≤ i ≤ nb and k ∈ N. Given the fact that G b(1/z) = Gb(z)−1 we can therefore
state the following proposition which generalizes the Hambo basis construction to
cover the entire L2(T) space.

Proposition 3.18 With the vector functions Vk(z) ∈ L2(T), defined as Vk(z) = (z I −
Ab)

−1 BbGb(z)k−1 it holds that the functions φk,i = eT
i Vk(z) with 1 ≤ i ≤ nb and

k ∈ Z constitute an orthonormal basis of L 2(T). Specifically it holds that the functions
φk, j (z) with k > 0 constitute an o.n. basis of H2− and the functions φ−k, j with k ≥ 0
constitute an o.n. basis of H ⊥

2−.

The z-transform isomorphically maps the �2 space into the L2(T) space. Moreover
it maps the subspaces �2[1,∞) and �2(−∞, 0] into the H2− and H⊥

2− spaces respec-
tively. One can therefore apply the previously discussed basis construction methods
without modification for the construction of orthonormal bases for these � 2 spaces, by
applying the inverse z-transform.

3.2.6 The dual Hambo basis of Lnb
2 (T)

In section 3.2.3 it was shown how a dual basis of �
nb,k
2 (N), the space of expansion

coefficient sequences, can be associated with the general state-space based basis con-
struction. A Hambo basis is generated by a single all-pass function G b with McMil-
lan degree nb using a single balanced realization (Ab, Bb,Cb, Db). Consequently the
dual Hambo basis spans the space �nb

2 (N) which is a regular �2 space, in accordance
with proposition 2.1. This sequence space is isomorphic to the H nb

2− space via the
z-transform. Hence we can state the following.



56 3 Construction of rational orthonormal bases

Proposition 3.19 Consider a Hambo basis generated by the all-pass function G b(z)
with minimal balanced state-space realization (Ab, Bb,Cb, Db). The functions {Wt (z)},
with t ∈ N, defined as

Wt (z) =
∞X

k=1

Wt (k)z
−k,

with Wt (k) as in proposition 3.13, constitute an orthonormal basis of H nb
2−.

It was shown in proposition 3.15 that, in the general case, the basis functions W t are
generated by repeated application of the operator N . This is a causal linear operator
that has a state-space realization

�
Db,k ,Cb,k , Bb,k , Ab,k

�
, where

�
Ab,k, Bb,k,Cb,k , Db,k

�
are the state-space realizations of the basis generating all-pass functions G b,k . There-
fore in the Hambo basis case, where the all-pass functions are all equal to G b(z) with
realization (Ab, Bb,Cb, Db), the dual basis is generated by a linear time-invariant
system, which we will denote as N(z).

Definition 3.20 Consider a Hambo basis generated by the all-pass function G b(z)
with minimal balanced state-space realization (Ab, Bb,Cb, Db). N(z) ∈ RH nb×nb

2 is
defined as the transfer function having state-space realization (D b,Cb, Bb, Ab).

The realization of N(z) is orthogonal as
h

Db Cb
Bb Db

i
is obtained from the orthogonal ma-

trix
h

Ab Bb
Cb Db

i
, through pre- and post-multiplication with permutation matrices. N(z)

is a stable transfer function as |Db| < 1. This latter fact follows because |Db|2 =
1−CbC∗

b = 1−B∗
b Bb. Hence |Db| ≤ 1 and |Db| = 1 would imply that Cb = Bb = 0,

which cannot be true as by assumption G b(z) has McMillan degree> 0. Hence N(z)
is an inner function.

Proposition 3.21 Consider a Hambo basis generated by the all-pass function G b(z)
with minimal balanced state-space realization (Ab, Bb,Cb, Db). It holds that Wt+1(z) =
N(z)Wt (z) for t > 0, with N(z) as given by definition 3.20.

Note that this proposition is the Hambo basis equivalent of proposition 3.15.
We will now show that the dual Hambo basis of H nb

2− can be complemented with a

set of basis functions of H nb
2−

⊥ such that a basis of Lnb
2 (T) is obtained. In section 3.2.5

it was shown how a complementary Hambo basis of H ⊥
2− is generated by the all-pass

function Gb(1/z) with orthogonal realization
h

A∗b C∗
b

B∗
b D∗

b

i
. Applying the theory on dual

basis construction, as developed in section 3.2.3, shows that a dual basis of H nb
2−

⊥ is
given by the functions

W−t (z) = NT (1/z)
t
W0(z), t > 0,

with W0(z) given by C T
b 1/z (1/z I−DT

b )
−1. The vector W0(z) can be related to W1(z)

(the first basis element of the dual basis of H nb
2−) as follows.
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Lemma 3.22 With N(z) a square inner function with orthogonal realization
h

Db Cb
Bb Ab

i
and W1(z) = Bb

�
z I − Db

�−1
it holds that

W0(z) = CT
b 1/z

�
1/z I − DT

b

�−1 = N(1/z)T W1(z).

Proof The proof is a copy of that of lemma 3.17. N T (1/z)W1(z) can be expressed as

∞X
k=1

∞X
l=1

CT
b DT

b
k−1

BT
b Bb Db

l−1
zl−k + AT

b

∞X
k=1

Bb Db
k−1

z−k .

We put the last term aside for a moment. Making use of the fact that B T
b Bb+DT

b Db =
1 we can restate the first term as

∞X
k=1

∞X
l=1

CT
b DT

b
k−1

Db
l−1

zl−k −
∞X

k=1

∞X
l=1

CT
b DT

b
k

Db
l
zl−k .

Most terms cancel out and it simplifies to

∞X
l=0

CT
b DT

b
l
zl +

∞X
k=0

CT
b Db

k
z−k .

With CT
b Db + AT

b Bb = 0 it follows that the last term in this equation is equal to

the sum −P∞
l=0 AT

b Bb Db
k−1

z−k which cancels against the term we set aside before.
Hence we eventually find that

V1(z)Gb(1/z) =
∞X

l=0

CT
b DT

b
l
zl = 1/z CT

b

�
1/z − DT

b

�−1
.

As a consequence the inner function N(z) generates a basis of L nb
2 (T) in the same

way that Gb(z) generates a basis of L2(T). We use that N(z)T is the inverse of the
inner function N (z).

Proposition 3.23 The vector functions Wk(λ) ∈ Lnb
2 (T), which are defined as Wk(λ) =

N(λ)k−1(λI −Db)
−1 Bb, with k ∈ Z, constitute an orthonormal basis of L nb

2 (T). Spe-
cifically it holds that the functions Wk with k > 0 constitute an o.n. basis of H nb

2− and

the functions W−k(z) with k ≥ 0 constitute an o.n. basis of H nb
2−

⊥
.

These dual bases will turn out to be most useful for the development of the Hambo
operator transform theory in chapter 4.
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3.2.7 Generalized shift interpretation of the Hambo basis

To conclude section 3.2 we use the instruments developed thus far to show that rational
inner functions are generalized shift operators on the H 2− space in accordance with
definition 2.21, as was stated before in section 2.4.1. We make use of the fact that a
system G(z) ∈ H2− can be represented as a series expansion in terms of a Hambo
basis generated by an arbitrary rational inner function G b(z).

The adjoint operator of the all-pass function G b(z) that generates the basis, viewed
as a map from H2− to H2−, is given by

G∗
b : G(z)→ Gb(1/z)

�
G(z)− LT

1 V1(z)
�
, (3.29)

where L1 represents the first coefficient vector of the system G(z) with respect to
the Hambo basis generated by G b(z). This can be understood as follows. We know
from equation (2.30) that 〈G(z),G b(z)F(z)〉 = 〈Gb(1/z)G(z), F(z)〉. The function
Gb(1/z)G(z) is however not in H2− for all G ∈ H2−. The adjoint operator of G b(z)
must map from H2− to H2−. This can be achieved by making an orthogonal projection
onto H2−. Hence we have that

G∗
b : G(z)→ PH2−Gb(1/z)G(z) = PH2−Gb(1/z)

∞X
k=1

LT
k Vk(z).

From lemma 3.17, we know that G b(1/z)Vk(z) = Vk−1(z) for all k > 1. Hence
it follows that PH2−Gb(1/z)G(z) = Gb(1/z)

�
G(z)− LT

1 V1(z)
�
, which proves the

validity of equation (3.29).
It is then also clear that it holds that ‖GbG‖2 = ‖G‖2 and that ‖G∗

b
k G‖ = ‖G −Pk

j=1 LT
j Vj‖ → 0 as k goes to infinity for all G ∈ H2−, implying that the inner

function Gb(z) is indeed a generalized shift operator. Therefore the Hambo basis
functions vectors Vk(z) are obtained from the function V1(z) by repeated application
of the generalized shift operator G b(z). In this sense the Hambo basis generalizes the
standard basis {z−k}k∈N of H2− which is generated by the canonical shift operator z−1.
For this reason Hambo bases, which contain the Laguerre and 2-parameter Kautz bases
as special cases, are sometimes referred to as orthonormal bases that are generated by
generalized or alternative shift operators, see e.g. [41] and [109].

In a similar way it can be shown that the all-pass function N(z) which generates
the dual Hambo basis, is a shift operator on H nb

2−.
In the general state-space based basis construction method it no longer holds that

the basis function vectors are obtained from V1(z) by a single shift operator. Rather
they are generated by a sequence of generalized shift operators G b,k(z). In the sub-
sequent chapters we will see that this fact somewhat complicates the analysis of these
types of basis functions.
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3.3 Alternative approaches to rational orthonormal
basis construction

In this section we consider some alternative basis construction methods that can be
used to obtain orthonormal bases of the H2 spaces of interest in this thesis. We will
consider two alternative methods, that are related to theories that are widely used to-
day in many branches of science. The first category are bases that are derived from
classical orthogonal polynomials. The second category are the wavelet bases, which
have gained tremendous popularity in recent years, mainly in the signal processing
field. As we have set out to use rational orthonormal bases for system modeling prob-
lems, our main focus will be on determining whether these alternative constructions
give rise to rational orthonormal bases.

3.3.1 Bases derived from classical orthogonal polynomials

It was shown in section 3.1.3 that the Laguerre basis functions are closely related
to the orthogonal Laguerre polynomials. Naturally, one then wonders whether it is
possible to derive rational orthonormal basis functions from other classical orthogonal
polynomials, such as the well-known Hermite, Chebyshev, and Jacobi polynomials
[111].

The classical orthogonal polynomials consist of sequences of polynomials that
are defined on a continuous domain, and that are orthogonal with respect to a certain
kernel, or weighting function. Such polynomials p k(x) satisfyZ b

a
pi (x)p j (x)w(x)dx =

(
0, for i �= j,

ci , for i = j,
(3.30)

where w(x) is the kernel function, and ci is some positive constant. It is also possible
to define orthogonal polynomials on a discrete domain, see e.g. [6], but we will focus
on the continuous-time polynomials here.

The orthogonal polynomials are classified according to the interval [a, b] on which
they are defined and the kernel function with respect to which they are orthogonal.
They are derived by applying a Gram-Schmidt orthogonalization procedure to a se-
quence of monomials. The Laguerre polynomials for instance, as given in equation
(3.5), are defined on the continuous interval [0,∞) with respect to the kernel function
e−x . An overview of the classical orthogonal polynomials, and the orthogonality in-
tervals and kernel functions with respect to which they are defined, can be found in
e.g. [111], [20], [63], and [6].

It was shown in section 3.1.3 how the continuous- and discrete-time Laguerre
functions are obtained from the Laguerre polynomials. That the functions φ k as de-
fined in (3.6) have rational Laplace transforms is due to the fact that the kernel function
e−x has a rational Laplace transform. Most of the other classical polynomials can not
similarly be converted into rational orthogonal functions because their kernel func-
tions do not have rational Laplace transforms. The Hermite polynomials, for instance,
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are continuous time polynomials that are defined on the interval (−∞,∞) with re-
spect to the kernel function e−x2

, which does not have a rational Laplace transform.
The only class of classical orthogonal polynomials, other than the Laguerre poly-

nomials, that allows the derivation of a set of rational orthonormal functions for H 2
are the Legendre polynomials, [66, 82, 6]. The Legendre polynomials, which form
a subclass of the Jacobi polynomials, are defined on the interval [−1, 1] with respect
to the kernel function w(x) = 1. The Legendre polynomials L k(x) can be obtained
from the differential equation

Lk(x) = 1

2kk!
dk

dxk

�
1 − x2

�k
,

which is the so called Rodrigues’ formula for the Legendre polynomials [63, 20].
It can be verified that the Legendre polynomials satisfy condition (3.30), with c k =q

2
2k+1 . The Legendre polynomials can be converted to functions that are orthogonal

on the interval [0,∞] by making the variable substitution x = 2e−αt − 1, with α > 0.
In that case we find that the functions Lk(2e−αt − 1) are orthogonal on the positive
half-line with respect to the kernel function e−αt . As this kernel has a rational Laplace
transform a set of rational orthonormal functions can subsequently be derived. These
so called “Legendre” functions are defined as

φk(t) =
p
α(2k − 1)e−αt/2Lk(2e−αt − 1).

The Legendre functions constitute an orthonormal basis of the space L 2[0,∞) with
respect to the usual inner product. It can be shown [66, 6, 82] that the Laplace trans-
forms of the functions φk(t) are given by

φk(s) =
√

2ak

s + ak

k−1Y
j=0

s − a j

s + a j
,

where ak = α(k + 1
2 ). The functions φk(s) are in fact the continuous-time equivalents

of the Takenaka-Malmquist functions of section 3.1.1, for a particular choice of poles
ξk . These functions can be converted to their discrete-time counterparts by applying
the bilinear transform s = z−1

z+1 and taking ξk = 1−ak
1+ak

. We then get the discrete-time
Legendre functions

φk(z) =
q

1 − ξ2
k

z − ξk
k−1Y
j=0

1 − ξkz

z − ξk ,

with

ξk = 2 − α(2k + 1)

2 + α(2k + 1)
. (3.31)

It is then clear that the Legendre functions are in fact a special case of the Takenaka-
Malmquist construction in which the poles ξk are progressed according to formula
(3.31).
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Apparently, of the classical orthogonal polynomials only the Laguerre and the
Legendre polynomials give rise to sets of rational orthonormal basis functions. Also
we notice that the resulting functions are special cases of the Takenaka-Malmquist
construction method that was discussed in section 3.1.1.

It should be noted that the theory of orthogonal polynomials has much more to of-
fer than just to serve as a method of rational basis construction. Many elements of the
theory on orthogonal polynomials such as reproducing kernels, Christoffel-Darboux
formulas, recurrence relations, have equivalents in the theory of rational orthonor-
mal functions. In this respect the theory of orthogonal polynomials continues to be
a source of inspiration when considering approximation and interpolation problems
involving rational functions [15].

3.3.2 Bases derived using wavelet theory

The tumultuous development of wavelet theory has drawn a lot of attention in recent
years. For a large part the appeal of wavelet theory is based on the multiresolution
approach to approximation problems. In this approach a sequence of approximations
is computed such that one approximation is equal to the previous approximation plus
some additional fine details, thus increasing the “resolution”7 step by step. The small
details are added in the form of wavelet-like functions. The end product is a “high
resolution” approximation that consists of a weighted sum of wavelet functions. Some
of the more interesting wavelet systems in fact constitute bona fide orthonormal bases.
The wavelet approach to approximation has proven to be very successful and it has
pervaded many branches of science. Data compression has been one of the most
successful applications of wavelets. It turns out that information from many different
sources, such as sounds, images, seismic data, et cetera, can often be represented very
efficiently in terms of wavelet functions.

This raises the question whether it is possible to use wavelet theory for the con-
struction of rational orthonormal bases, with the intention of applying them for the
purpose of system approximation. This question is not as straightforward as it seems.
This is because the field of wavelet theory is so broad and diverse that it is hard to
state precisely what is a wavelet and what not [106]. The following statement should
therefore rather be seen as a minimal collection of properties that a (discrete) wavelet
system must have, than a formal definition.

Definition 3.24 (Essential wavelet properties) Consider a normed space F of func-
tions f : X → C with X some (continuous or discrete) domain. A wavelet is a
function ψ ∈ F from which a family of functions ψa,b ∈ F is generated by dilation
(i.e. scaling) and translation, with a ∈ Ja and b ∈ Jb denoting the dilation and trans-
lation levels. This family of functions, called a discrete wavelet system, can be used to

7The term resolution refers to the minimum separation distance that can be detected. The smaller this
distance the higher the resolution.
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represent any function f ∈ F according to

f =
X
a,b

ca,bψa,b, ca,b ∈ C (3.32)

where the convergence should be in the sense of the norm on F . The function ψ(x) is
called the mother wavelet.

It should be mentioned that it is also possible to define a continuous wavelet system
in which the parameters a and b are taken from continuous domains. In that case
equation (3.32) is replaced by an integral formula [19]. We will only consider discrete
wavelet systems.

The translation and dilation operations are commonly chosen such that

ψa,b(x) = |a|−1/2ψ

�
x − b

a

�
,

where the leading term is used to make the 2-norm invariant under scaling. It is also
possible to consider generalized definitions of translations that are based on gener-
alized shift operators, as is done with the Laguerre generalized shift in [40]. It is
common to take a = am

0 and b = nb0am
0 , where m and n range over the integers. The

parameters a0 > 1 and b0 > 0 represent the unit stepsizes in scale and translation
level. The dependence of b on m is such that the collection of wavelets at scale m
cover X just like the ψ(x − nb0) do.

Definition 3.24 contains only very general statements about the system of func-
tions ψa,b and the space F in which it is embedded. In particular there are no as-
sumptions on how the coefficients ca,b are obtained and whether these are unique.
To find out about these properties, more structure has to be imposed on the functions
ψa,b and the space F . In most situations the assumption is made that the space F is a
Hilbert space. With regard to the wavelet system itself one can require the following
properties, ordered according to the level of imposed structure.

1. The wavelet system constitutes a frame.

2. The wavelet system constitutes a Riesz basis.

3. The wavelet system constitutes an orthonormal basis.

See section 2.2.5 for details on frames and Riesz bases. In the context of this the-
sis the orthonormal wavelet system is the most interesting as we want to construct
rational orthonormal bases. However, the construction of rational wavelet frames is
much more straightforward. It is not difficult to find a rational mother wavelet ψ
and stepsizes a0 and b0 such that the wavelet system satisfies the frame condition
(2.21). In [89], [90] and [37] it is shown how a rational wavelet frame of the space
of continuous-time transfer functions, i.e. H2(C

+) (contained in L2(R)), can be con-
structed from simple rational mother wavelets, that satisfy the so called admissibility

condition:
R∞

0
|ψ(t)|2

t dt < ∞, where ψ(t) represents the inverse Fourier transform
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of ψ(iω). Simple examples of such functions are ψ(s) = 1
(s+a)p with p = 2, 3, . . .

and a > 0. In [89] the stepsizes a0 and b0 are such that the frame is almost tight. As
a result the dual wavelets by which expansion coefficients can be calculated can be
approximated with ψ̃a,b ≈ A−1ψa,b, with A the frame bound.

These wavelet frames do not constitute orthonormal sets as the functions that re-
sult from the dilation-translation scheme are not orthogonal. This is mainly due to the
fact that for two rational functions to be orthogonal, the poles of one function usually
reappear in “mirrored” form as zeros of the next. Of course it is possible to orthog-
onalize the functions using a Gram-Schmidt procedure but the resulting orthogonal
functions are no longer wavelets in the sense of definition 3.24.

Another approach that comes close to constructing rational (bi)orthogonal wavelet
bases of H2 was suggested in [82]. It relies on the theory of multiresolution analysis
(MRA) that was introduced by [71]. MRA theory can be seen as the mathematical
foundation of the main idea behind wavelet bases, namely the approximation of func-
tions at successive levels of resolution. In general the space under consideration is the
L2(R) space.

In MRA an approximation at a certain resolution level j corresponds to an or-
thogonal projection onto a subspace V j ⊂ L2(R), that consists of the linear span of
translates of the so called scaling function φ j . These scaling functions are obtained
from a function φ(x), (sometimes called the father wavelet) by dyadic scaling, i.e. it
holds that φ j = 2− j/2φ(2− j x). The translates of φ j are denoted as φ j,k and given by

φ j,k = 2− j/2φ(2− j x − k).

Note that the translation steps considered are integers and that by construction the
translation stepsize at a scale level j is b0 = 2− j .

The subspaces of different resolution are such that it holds that

· · · ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ · · · . (3.33)

The orthogonal complement of V j in Vj−1 is denoted by W j . W j is assumed to be
spanned by the wavelets ψ j,k , which are also obtained by dyadic scaling and integer
translation from the mother wavelet ψ . The scaling function should be such that
Vj → L2(R) as j → −∞. In that case L2(R) can be written as the direct sum

L2(R) = · · · ⊕ W1 ⊕ W0 ⊕ W−1 ⊕ · · · .
Given the fact that V j−1 = Vj ⊕ W j the following two-scale relations hold.

φ j (x) =
X

k

hkφ j−1,k, ψ j (x) =
X

k

gkφ j−1,k . (3.34)

The sequences h = {hk} and g = {gk} are elements of �2. Their z-transforms are
denoted as H (z) and G(z). Similar relations hold for the dual wavelets and scaling
functions. Note that the sequences {h k} and {gk} are obtained using the dual functions
as

hk = 〈φ j (x), φ̃ j−1,k〉, gk = 〈ψ j (x), φ̃ j−1,k〉. (3.35)
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Equation (3.34) can be generalized to apply to all translates. A straightforward calcu-
lation gives [19]

φ j,k(x) =
X

n

hn−2kφ j−1,n, ψ j,k(x) =
X

n

gn−2kφ j−1,n. (3.36)

Suppose a function f ∈ L 2(R) is approximated at the scale level j = 0 by the
function f0 ∈ V0, such that

f0(x) =
X

k

c0,kφ0(x − k). (3.37)

Since V0 = V1 ⊕ W1 it holds with (3.34) that f0 can be broken down into

f0(x) =
X

k

c1,kφ1,k +
X

k

d1,kψ1,k ,

with coefficients c1,k = 〈 f0, φ̃1,k〉 and d1,k = 〈 f0, ψ̃1,k〉. With (3.36) it follows that
equivalently

c1,k =
X

n

hn−2k 〈 f0, φ0,n〉 =
X

n

hn−2k c0,n, (3.38)

d1,k =
X

n

gn−2k〈 f0, φ0,n〉 =
X

n

gn−2kc0,n . (3.39)

One interpretation of these formulas is that the coefficients c1,k and d1,k are obtained
by filtering the sequence {c0,n} with the filter G(1/z) and then retaining only the even
samples, i.e. applying a downsampling. This procedure can be repeated to compute
the wavelet and scaling coefficients at each coarser level from the scaling coefficients
of the preceding finer level. The result is a decomposition of f 0 into scaling and
wavelet coefficients at the coarsest level considered plus the wavelet coefficients per-
taining to the intermediate levels. The collection of coefficients is called the wavelet
transform (WT) of f0. The decomposition can be implemented very efficiently in the
form of a multirate filter bank [114].

Note that since f0 can equivalently be represented by the �2 sequence {c0,k} one
can view the WT as a map from �2 to �2. In case the wavelet functions are orthonormal
this map corresponds to an orthonormal transform which can be represented by an or-
thogonal matrix operator mapping from � 2 to �2. An alternative orthonormal basis of
�2 can therefore be obtained by applying an orthonormal WT to the standard orthonor-
mal basis of �2 given by the functions δ(t − k). In fact the hence obtained functions
can be viewed as the discrete-time equivalent of the L 2(R) wavelet basis [97]. An
orthonormal basis of the L 2(T) space can then be obtained from this �2 orthonormal
wavelet basis through the isomorphism of the DTFT.

One cannot say that the resulting orthonormal bases of � 2 and L2(T) are rational
like for instance the Takenaka-Malmquist functions, but they can be computed with
straightforward filtering and downsampling operations. In order for the computations
to be finite it is required that the filters are rational. An important class of filters in
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this category are the Daubechies FIR filters that generate wavelets of finite support
[19]. More general rational wavelet and scaling filters were e.g. presented in [91] and
[103]. A problem with these filters is that they are not elements of H 2. In some cases
this problem can be remedied by shifting the filters with the canonical shift until they
fall inside H2. This approach is suggested by [82] with respect to the FIR Daubechies
filters. This idea is also employed in [33] and [34] in which the use of wavelet bases of
�2(N) generated by scaling and wavelet filters is studied, for the purpose of modeling
H2 transfer functions.

The main conclusion to be drawn from the analysis in this section is that wavelet
theory does not provide a means to generate rational orthonormal bases of H 2. Two
approaches that come close are:

• Rational wavelet frames of H2 [89, 37]. These are easy to construct but the
resulting rational functions are not orthogonal.

• Wavelet orthonormal bases of �2(N) that are generated using shifted versions
of rational wavelet and scaling filters [82, 34]. The resulting functions are not
rational but they are generated with a multirate filter bank.

The fact that wavelets cannot be applied directly for the construction of rational or-
thonormal bases does not mean that wavelets have no relevance to the field of system
theory as a whole. An interesting other application in the context of system identifi-
cation for instance is the use of wavelets for smoothing frequency response estimates
as is reported in [35], [36], [75], and [11].

3.4 Concluding remarks

The focus of this chapter has been on the question how rational orthonormal bases
of the space of stable transfer functions and the space of finite energy signals can
be constructed. We have made a distinction between classical methods in which the
bases are generated using a transfer function language, and a “modern” method which
makes use of state-space methods. In essence these construction methods are equally
general, in the sense that all known rational bases can be generated used either the
classical method or the state-space based method.

A common ground for these construction methods is that the bases can be viewed
as being generated by a cascade connection of inner functions. These inner functions
can be taken to be different in terms of poles (and McMillan degree in the case of the
state-space based construction) but interesting special cases occur if they are identical.
In that case we get familiar bases such as the Laguerre basis, the 2-parameter Kautz
basis and the more recently introduced Hambo basis.

In the following chapters we will mainly consider the state-space based framework
for the further analysis of general rational orthonormal bases. It turns out that this
framework is especially useful for analyzing the properties of the transforms that are
induced by the use of general rational orthonormal bases.





Chapter 4

Transform theory of rational
orthonormal bases

In this chapter we present the transform theory that underlies expansions of sig-
nals and systems in terms of the generalized rational basis functions introduced in

the previous chapter. This theory can be viewed as a generalization of the Laguerre
transform theory for signals and systems that was developed in [84] and [83]. A gen-
eralization of the Laguerre transform theory to the Hambo basis case was presented
in [51] and [53]. In this chapter it is shown how the theory can be extended further
to cover the general basis construction presented in section 3.2.1. Also a number of
new results are given for the specific case of the Hambo transforms. We will initially
only consider scalar systems. Possibilities of extending the results to the multivari-
able case are considered in a later section. It is assumed throughout the chapter that
input and output signals are real valued, as are the impulse responses and state-space
realizations of the systems considered (usually denoted as G(z)). The basis generat-
ing all-pass functions Gb,k(z) are allowed to be complex-rational in order to be fully
general, i.e. to also allow for the Takenaka-Malmquist construction.

The outline of this chapter is as follows. In section 4.1 we give the formal defini-
tions of the signal and operator transforms that arise when general rational orthonor-
mal bases are used for the representation of the input and output signals of stable LTI
systems. It is shown that the operator transform is in general a causal linear time-
varying system. A detailed analysis of the properties of the operator transform is
given in section 4.2. It is demonstrated how a state-space realization of the operator
transform can be derived on the basis of a state-space realization of the original LTI
system. These state-space expressions can also be used for the computation of the ex-
pansion coefficients of a given system in terms of general rational orthonormal bases
as is shown in section 4.2.5. In section 4.3 we zoom in on an important special case of
the general basis construction: the Hambo basis. Due to the special structure of this
basis the Hambo operator transform of an LTI system is again an LTI system. We will
derive expressions by which the Hambo operator transform and it inverse can be com-
puted by making use of the isomorphic properties of the Hambo signal transforms.
In section 4.4 we have assembled a large number of properties of Hambo operator
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transforms. In section 4.5 we consider some extensions of Hambo operator transform
theory. In particular we discuss the issue that the Hambo operator transform of an
LTI system can be interpreted as a time-lifted version of a linear periodically time-
varying system. Further, we consider possibilities of extending the theory of Hambo
transforms to multivariable systems. Finally, in section 4.6 we briefly discuss some
connections with other transform analyses known from the literature.

4.1 The signal and operator transforms

In section 3.2.2 it was shown how �2 signals can be expanded in terms of general ra-
tional orthonormal basis functions that are generated by a sequence of inner functions
Gb,k(z) in balanced state-space form. Let {Vk(z)} be the set of vectors containing the
basis functions, as in definition 3.8, then a signal x ∈ �2(N) can be expanded in terms
of these basis function vectors as

x(t) =
∞X

k=1

X(k)T Vk(t), (4.1)

where the vector sequence X = {X(k)}k∈N is unique. It was already mentioned in
section 3.2.2 that the sequence of expansion coefficients is referred to as the signal
transform of x .

Definition 4.1 (Signal transform) Consider the basis {Vk}k∈N, as given by definition
3.8. The vector sequence X = {X(k)}k∈N that satisfies equation (4.1) is called the
signal transform of x, with respect to the basis {Vk}k∈N.

The signal transform is an element of the sequence space �
nb,k
2 (N) (see section 3.2.2

for a definition of this space). The coefficients X(k) are obtained from

X(k)T = �x, Vk� . (4.2)

Equation (4.2) can alternatively be expressed as

X(k) =
∞X

t=1

x(t)Wt (k),

which reveals that {x(t)}t∈N represents the expansion coefficient sequence of X in
terms of the dual basis {Wt }t∈N of �

nb,k
2 (N), as discussed in section 3.2.3.

Note that the sequence of expansion coefficient vectors L k pertaining to the ex-
pansion of a system G ∈ H2−, as given in equation (3.16), can be viewed as the signal
transform of the impulse response of G. Another transform of the system G that is
closely related to the signal transform but essentially different is the so called operator
transform, which describes the relationship between the signal transforms of the input
and output signals of a stable and causal system.
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Proposition 4.2 Given G ∈ H2 and u, y ∈ �2(N) such that y = Gu, it holds that

Y(k) =
kX

j=1

Mk, j U( j), (4.3)

where

Mk, j =
��ψk(z), ψ j (z)

k−1Y
i= j

Gb,i (1/z)G(z)

	
 , (4.4)

with ψk as defined in (3.10).

Proof Y(k) can be expressed as

Y(k) =
��Vk,G

∞X
j=1

UT ( j)Vj

	
 =
∞X
j=1

�Vk, Vj G�U( j).

Using (3.13) one finds Y(k) = P∞
j=1

�
ψk
Qk−1

i=1 Gb,i , ψ j
Q j−1

i=1 Gb,i G
�
U( j). Con-

sider the inner product term for the case where j ≤ k. Use is made of the fact that
the adjoint of Gb,k(z) is equal to Gb,k(1/z) which by its all-pass property is equal to

Gb,k(z)−1. Hence �Vk, Vj G� = �
ψk(z), ψ j (z)

Qk−1
i= j Gb,i (1/z)G(z)

�
. Now consider

the inner product term for the case where j > k. Then with the same argument one

finds that it holds that �Vk, Vj G� = �
ψk(z), ψ j (z)

Q j−1
i=k Gb,i (z)G(z)

�
. This latter

expression is equal to zero, which follows from the fact that the elements of the trans-
fer function ψk(z) constitute an orthonormal set which exactly spans the orthogonal
complement in H2− of the shift-invariant subspace G b,k(z)H2−. The right hand side
argument of the inner product is an element of that subspace.

We see that the signal transform Y is linked to the signal transform U via a causal
linear operator, that can be represented by the parameters M k, j , with k ∈ Z, j ≤ k.
This operator will be referred to as the operator transform.

Definition 4.3 (Operator transform) Consider the basis {Vk}k∈N, as given by defi-
nition 3.8. The operator transform of a system G ∈ H2 with respect to this basis,
denoted as G̃, is defined as the operator that maps the signal transform U into the
signal transform Y, for all inputs u ∈ �2(N) with y the corresponding outputs, as
expressed in equation (4.3).

By its definition and by the fact that the signal transform preserves the 2-norm it holds
that the �2-gain of G̃ is equal to the �2-gain of G.

Figure 4.1 illustrates the operator transform. Taking a rather abstract point of view
one can say that the impulse response of a system G ∈ H2− is in fact the operator
transform of G with respect to expansions of the input and output signals in terms of
the pulse basis functions. Also the impulse response can be seen as the expansion of
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Figure 4.1 Scheme to illustrate the definition of the operator transform that is induced by the
orthonormal basis. The single arrow indicates the signal transform, while the double arrow
indicates the operator transform.

the system in terms of the basis functions Vk(z) = z−k , which are the z-transforms
of the pulse basis functions. So in the case of the standard basis the signal and the
operator transform representations of G coincide. For any other instance of the gen-
eral orthonormal basis construction, including the Laguerre basis, this is no longer
true and a clear distinction has to be made between the signal and operator transform
representations of that system. There does exist a close relationship between these
transforms as will be shown in section 4.2.5 and further explored in chapter 5.

Since G̃ is a causal linear operator it can be represented by a block triangular
matrix (of infinite dimension), in which the block indexed (k, j) is equal to M k, j and
has dimension nb,k × nb, j . It can also be viewed as a causal (linear) time-varying
system for which the dimension of the input and output vectors can change in time. In
the Hambo basis case it even holds that G̃ is a time-invariant operator (with respect to
the index k).

Corollary 4.4 Consider a Hambo basis {Vk}k∈N generated by the all-pass function
Gb(z). Then the operator transform associated with this basis, in the sense of defini-
tion 4.3, is a linear time-invariant system, i.e. it holds that Mk, j = Mk+m, j+m for all
k, j and m.

This can easily be verified using the fact that in this case
Qk−1

i= j Gb,i (1/z) = Gb(1/z)k− j .
Note that corollary 4.4 implies that Mk, j depends only on the difference k − j . In the
Hambo case one therefore usually writes Mk− j instead of Mk, j . It should be noted that
in this case the matrix representation of G̃ becomes block lower triangular Toeplitz.
Also in that case all the blocks have dimension n b × nb .

We will come back to the specific case of the signal and operator transforms per-
taining to the Hambo basis in section 4.3. The results presented in the following
sections were initially derived in less general form for the Hambo basis case in [53]
and [22].
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4.2 Operator transform expressions

In this section the operator transform that is induced by the use of the general or-
thonormal basis construction introduced in section 3.2.1 will be discussed in detail. It
was already shown that the operator transform of a system G ∈ H 2 is a causal, linear
operator. We will now derive expressions by which the operator transform can actu-
ally be computed. First it is shown that an expression for G̃ is obtained by making a
variable substitution in the Laurent expansion of G. Next it is shown how a state-space
realization of G̃ can be derived on the basis of a state-space realization of G.

4.2.1 Variable substitution property

The operator transform, as defined in 4.3, can be obtained from the original transfer
function G(z) ∈ H2 by applying a variable substitution in its Laurent expansion,
which is given by

G(z) =
∞X
τ=0

g(τ )z−τ . (4.5)

This variable substitution consists of a replacement of the shift operation z −1 by the
causal linear time-varying operator, denoted N .

Proposition 4.5 (Variable substitution property) The operator transform G̃ of a gi-
ven system G ∈ H2 is equal to

G̃ =
∞X
τ=0

g(τ )N
τ
, (4.6)

with N as in definition 3.14 .

Proof Take any input u ∈ �2(N) and corresponding output y of the system G. It
follows from (4.2) and propositions 3.13 and 3.15 that the expansion coefficients of
these signals satisfy

U(k) =
∞X

t=1

(N
t−1

W1)(k)u(t), Y(k) =
∞X

t=1

(N
t−1

W1)(k)y(t).

When we suppose that G has Laurent expansion (4.5), the expression for Y, can be
phrased as

Y(k) =
∞X

t=1

(N
t−1

W1)(k)
tX
τ=0

g(τ )u(t − τ ) =
∞X
τ=0

g(τ )
∞X

t=τ+1

(N
t−1

W1)(k)u(t − τ ).

Substituting t ′ = t − τ one gets

Y(k) =
∞X
τ=0

g(τ )
∞X

t ′=1

(N
t ′+τ−1

W1)(k)u(t
′).
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By linearity of the operator N this can be expressed as

Y(k) =
∞X
τ=0

g(τ )

 
N
τ

∞X
t ′=1

N
t ′−1

W1u(t ′)
!
(k).

Since it holds that
P

t ′=1 N
t ′−1

W1u(t ′) = U this expression can more concisely be
written as (4.6).

An immediate consequence of proposition 4.5 is that the operator transform of the
canonical shift z−1 is equal to N . This means that a shift in the time-domain corre-
sponds to the application of the operator N in the signal transform domain. Another
immediate consequence of this proposition is that N and G̃ are commuting operators.

4.2.2 State-space expressions for the operator transform

In this section it is shown how a state-space realization of the operator G̃ can be
derived on the basis of a state-space realization of the LTI system G. The derivation
is straightforward but it requires a rather large number of algebraic manipulations.
To make the derivation more presentable it is broken down into several intermediate
results, proofs of which are mainly given in appendix 4.A. In section 4.3.4 we will
derive expressions for the special case of the Hambo operator transform and its inverse
using a Hankel operator framework, which provides more insight in the structure of
that particular transformation.

The main result of this section is now stated.

Proposition 4.6 Given a stable linear-time invariant system G with state-space real-
ization (A, B,C, D), it holds that, with Mk, j as defined by equation (4.3), that

Mk, j = D̃k, j = k, (4.7)

Mk, j = C̃k

k−1Y
i= j+1

Ãi B̃ j , j < k, (4.8)

where Ãk, B̃k, C̃k and D̃k are given by the equations

Ãk =
∞X

l=0

gb,k(l)A
l, (4.9)

AB̃k Ab,k + BCb,k = B̃k, (4.10)

Ab,kC̃k A + Bb,kC = C̃k, (4.11)

D̃k =
∞X
τ=0

g(τ )Aτb,k, (4.12)

with gb,k(l) defined by Gb,k(z) =P∞
l=0 gb,k(l)z−l . Hence the operator transform G̃,

as defined in definition 4.3 has state-space realization {( Ãk, B̃k, C̃k, D̃k)}k∈N.
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We will now proceed with the proof of proposition 4.6.

Proof The expression D̃k = Mk,k follows from proposition 4.5. Given the fact that
N can be represented by the block lower triangular matrix A∞ of (3.11) it holds that
the terms Mk,k , which are the diagonal terms of the matrix representation of G̃, are
given by

Mk,k =
∞X
τ

g(τ )Aτb,k, (4.13)

under the assumption that G is real.
The expression for Mk,k−1 is a direct result of the following observation.

Lemma 4.7 Given F(z) ∈ H2 with state-space realization (A, B,C, D), it holds for
all k, j that

�
ψk(z), ψ j (z)Gb, j (1/z)F(z)

� = ∞X
t=1

At−1
b,k Bb,kC At−1

∞X
l=0

Al BCb, j Al
b, j . (4.14)

A proof of this lemma is given in appendix 4.A.
If the function F(z) in lemma 4.7 is equal to the system G(z) in proposition 4.6

then it follows from (4.4) that, with j = k − 1, the inner product expression (4.14)
is equal to Mk,k−1. This result then directly yields expressions for C̃k and B̃k−1,
because the summations in (4.14) can alternatively be expressed as the solutions to
the Sylvester equations (4.11) and (4.10) for C̃k and B̃k−1 respectively.

We proceed with the proof of the expression for M k, j , j < k − 1, for which it
holds that, with (4.4),

Mk, j =
��ψk(z), ψ j (z)Gb, j (1/z)

k−1Y
i= j+1

Gb,i (1/z)G(z)

	
 . (4.15)

Because the left argument of the inner product in (4.15) is an element of H 2−, the right
argument can be replaced by its projection onto H 2−. Now it follows from lemma 3.17
that ψ j (z)Gb, j (1/z) ∈ H⊥

2−. Therefore it holds that

PH2−ψ j (z)Gb, j (1/z)
k−1Y

i= j+1

Gb,i (1/z)G(z) =

PH2−ψ j (z)Gb, j (1/z)

0@PH2−

k−1Y
i= j+1

Gb,i (1/z)G(z)

1A .
Choosing F(z) = PH2−

Qk−1
i= j+1 Gb,i (1/z)G(z) we can now write the expression for

Mk, j as

Mk, j =
�
ψk(z),PH2−ψ j (z)Gb, j (1/z)F(z)

� = �
ψk(z), ψ j (z)Gb, j (1/z)F(z)

�
.
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This equation can be solved with lemma 4.7 if a state-space realization of F(z) ∈ H 2−
is known. Such realizations are provided by the following lemma.

Lemma 4.8 Given G(z) ∈ H2 with state-space realization (A, B,C, D), it holds for

all j that PH2−
Qk−1

i= j+1 Gb,i (1/z)G(z) has state-space realizations
�

A,
Qk−1

i= j+1 Ãi B,C
�

,

and
�

A, B,C
Qk−1

i= j+1 Ãi

�
, with

Ãi =
∞X

l=0

gb,i(l)A
l , (4.16)

where gb,i(l) are the impulse response coefficients of the all-pass function G b,i (z).

A proof of this lemma is given in appendix 4.A. Applying the first realization with
lemma 4.14 we find

Mk, j =
∞X

t=1

At−1
b,k Bb,kC At−1

∞X
l=0

Al
k−1Y

i= j+1

Ãi BCb, j Al
b, j .

From equation (4.16) it follows that the matrices Ãi commute with A and therefore
one can alternatively write

Mk, j =
∞X

t=1

At−1
b,k Bb,kC At−1

k−1Y
i= j+1

Ãi

∞X
l=0

Al BCb, j Al
b, j .

This concludes the proof of proposition 4.6.

The question arises how equations (4.9) through (4.12) can actually be solved.
The expressions for B̃k and C̃k , are in Sylvester equation form, and can therefore be
solved with standard numerical routines. Existence of solutions to these equations
is guaranteed because of stability of A and A b. The explicit expressions for Ãk and
D̃k , require some more attention. Consider expression (4.9). If the matrix A allows a
diagonal eigenvalue decomposition, A = T�T −1, with � = diag {ai }, ai being the
eigenvalues of A, then we can write (4.9) as

Ãk = T
∞X
τ=0

gb,k(τ )�
τT−1 = T−1diag

�
G(z)|z−1=ai

	
T−1.

A similar approach can be followed for computing D̃k , if Ãb,k is diagonalizable. Alter-
natively, expressions (4.9) and (4.12) can also be formulated in the form of Sylvester
equations, as is shown in the following lemmas.

Lemma 4.9 Consider G(z) ∈ RH2 with state-space realization (A, B,C, D) and the
inner function Gb,k(z) = P∞

l=0 gb,k(l)z−l with realization (Ab,k, Bb,k ,Cb,k , Db,k).
Let Ãk be given by:

Ãk =
∞X

l=0

gb,i (l)A
l, (4.17)
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then it holds that Ãk satisfies

AT Xo Ãk A + CT
�

Cb,k C̃k A + Db,k C
�
= Xo Ãk, (4.18)

with C̃k given by (4.11), and X o the observability matrix associated with (A,C).
Conversely, if (A,C) is observable and Ãk the solution to (4.18), then Ãk satisfies
(4.17).

A proof of this lemma is given in appendix 4.A. It should be noted that although equa-
tion (4.18) holds for general realizations of G(z), it can only be solved unambiguously
for Ãk if (A,C) is an observable pair1. The next lemma gives a similar expression for
D̃k .

Lemma 4.10 Consider G ∈ RH2 with state-space realization (A, B,C, D) and the
inner function Gb,k(z) with balanced realization (Ab,k, Bb,k ,Cb,k , Db,k). Let D̃k be
given by:

D̃k =
∞X
τ=0

g(τ )Aτb,k, (4.19)

then it holds that D̃ satisfies

Ab,k D̃k A∗b,k +
�

Bb,k D + Ab,kC̃k B
�

B∗
b,k = D̃k, (4.20)

with C̃k given by (4.11). Conversely, if D̃k is the solution to (4.20), then D̃k satisfies
(4.19).

A proof of this lemma is given in appendix 4.A. Note that equations (4.19) and (4.20)
are equivalent, without further restrictions on the observability of (A,C).

Expressions (4.18), (4.10), (4.11), and (4.20) can be combined to form one Syl-
vester equation as follows.

Proposition 4.11 If the pair (A,C) is observable then the solutions Ãk, B̃k, C̃k, and

D̃k to equations (4.18), (4.10), (4.11), and (4.20) are equivalently obtained from�
AT CT Cb,k

0 Ab,k

�"
Xo Ãk Xo B̃k

C̃k D̃k

# �
A B B∗

b,k
0 A∗b,k

�
+
�

CT Db,k

Bb,k

� �
C DB∗

b,k

� = "Xo Ãk Xo B̃k

C̃k D̃k

#
,

(4.21)
where Xo is the observability Gramian associated with (A,C). Hence, if (A,C) is
an observable pair, a realization {( Ãk, B̃k, C̃k, D̃k)}k∈N that satisfies equations (4.7)–
(4.8) can be obtained by solving equation (4.21).

1In fact a stronger formulation of lemma 4.9 is possible in which C can be taken to be any matrix for
which (A,C) is an observable pair.
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A proof is given in appendix 4.A.
It should be noted that this expression takes on an even simpler form when X o = I ,

i.e. when the pair (A,C) is output balanced.
Dual formulations of lemmas 4.9 and 4.10 and proposition 4.11 that require con-

trollability are also possible. These formulations are included in appendix 4.A for
completeness.

The transformation that is defined by equations (4.9) through (4.12) has some
remarkable properties. In particular it holds that the Gramians of the state-space real-
izations ( Ãk, B̃k, C̃k, D̃k) are equal to the Gramians of (A, B,C, D).

Proposition 4.12 Consider a state-space realization (A, B,C, D) of G(z) ∈ RH2
with controllability, resp. observability Gramian X c and Xo, and let {( Ãk, B̃k, C̃k, D̃k)}k∈N

be the realization of G̃ obtained with equations (4.9) through (4.12). Then it holds for
all k ∈ N that

Ã∗k Xo Ãk + C̃∗
k C̃k = Xo, (4.22)

Ãk Xc Ã∗k + B̃k B̃∗
k = Xc. (4.23)

A proof is given in appendix 4.A.
Let us consider for a moment the specific case of the Hambo basis. In that case a

single all-pass function Gb(z) with state-space realization (Ab, Bb,Cb, Db) is used to
generate the basis. Consequently the resulting operator transform is an LTI system, as
was observed in section 4.1. In this case proposition 4.12 has the following immediate
consequence.

Corollary 4.13 The Hambo operator transform, calculated with equations (4.9)–
(4.12), leaves the following properties invariant.

• McMillan degree

• Controllability and observability Gramians

• Hankel singular values

These properties will be further investigated in section 4.3.

4.2.3 The Takenaka-Malmquist operator transform

In the previous section, a set of expressions was given by which a state-space real-
ization of the operator transform can be computed for the general basis construction
presented in section 3.2.1. We will now consider the special case of this general con-
struction in which the all-pass functions G b,k(z) all have McMillan degree 1, which
is equivalent to the classical Takenaka-Malmquist construction that was described in
section 3.1.1. In this case Ab,k , Bb,k,Cb,k , and Db,k , which constitute the state-space
realization of Gb,k(z) are all scalars. This permits us to simplify the operator transfor-
mation expressions (4.9) through (4.12) as follows.
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Corollary 4.14 Consider a general orthonormal basis of H 2 generated by a se-
quence of inner functions G b,k(z) with balanced realizations (Ab,k, Bb,k ,Cb,k , Db,k)

and with deg Gb,k(z) = 1. Then the operator transform of a system G(z) ∈ RH2 with
minimal state-space realization (A, B,C, D) is a linear time-varying system that has
a state-space realization {( Ãk, B̃k, C̃k, D̃k)}k∈N given by

Ãk = Db,k + Cb,k A(I − Ab,k A)−1 Bb,k, (4.24)

B̃k = Cb,k(I − Ab,k A)−1 B, (4.25)

C̃k = C(I − Ab,k A)−1 Bb,k, (4.26)

D̃k = D + C Ab,k(I − Ab,k A)−1 B. (4.27)

Proof Equations (4.25) and (4.26) follow directly from proposition 4.6, using the fact
that Ab,k , Bb,k,Cb,k , and Db,k are scalars. The inverse (I − Ab,k A)−1 is guaranteed
to exist because |1/Ab,k | > 1 and hence 1/Ab,k cannot be an eigenvalue of A, which

is assumed stable. Equation (4.27) follows directly from (4.12), which equals D̃k =
G(z)|z−1=Ab,k

. Equation (4.24) follows by pre- and post-multiplying equation (4.9)
with Ab,k and A respectively to get

Ab,k Ãk A = Ãk − Db,k(I − Ab,k A)− Cb,k Bb,k A,

which can be rewritten as (4.24).

We have seen in section 3.2.1 that the general basis construction coincides with the
Takenaka-Malmquist construction if one uses a sequence of all-pass functions G b,k =
1−ξkz
z−ξk with balanced realizations given by�

Ab,k Bb,k

Cb,k Db,k

�
=
"

ξk
p

1 − |ξk |2p
1 − |ξk |2 −ξk

#
.

It is easy to verify that for this construction the operator transform equations (4.24)
through (4.27) can be written as

Ãk = (A − ξk I )(I − ξk A)−1 B̃k =
p

1 − |ξk |2(I − ξk A)−1 B, (4.28)

C̃k =
p

1 − |ξk |2C(I − ξk A)−1 D̃k = D + ξkC(I − ξk A)−1 B. (4.29)

These expressions look very similar to the state-space expressions that were derived
for the Laguerre operator transform in [84], see also [83]. In fact they are exactly the
same if we consider a Laguerre basis with ξk = ξ for all k, and 0 < ξ < 1.

It is interesting to note that the state-space expressions for the Laguerre operator
transform derived in [84] also apply to multivariable systems. This should be inter-
preted as follows. The Laguerre signal transforms of scalar signals are again scalar
signals. A vector signal can then be transformed to a vector signal of the same di-
mension by applying the Laguerre signal transform to the channels separately. The
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corresponding Laguerre operator transform is then defined as the operator that maps
signal transforms of vector input signals to signal transforms of the corresponding out-
put vector signals. Obviously the input/output dimension of this operator transform
is then equal to that of the original system. It was shown in [84] that if (A, B,C, D)
constitutes a multivariable system then the Laguerre transformation defined by equa-
tions (4.28) and (4.29), for the case where ξ k = ξ,∀k, produces the Laguerre operator
transform of that system.

Because the signal transform associated with the Takenaka-Malmquist basis also
transforms scalar signals into scalar signals we can similarly define an operator trans-
form for multivariable systems, of which the input/output dimension is equal to that
of the original system. In section 4.5.2 we will consider this option, when we discuss
the possibilities to extend the transform theory to multivariable systems.

4.2.4 The inverse operator transform

In this section we consider the problem of deriving expressions for the computation
of a minimal realization of G on the basis of a state-space realization of G̃. This is
a much harder problem than the one treated in section 4.2.2, mainly because G̃ is in
general a time-varying system. In section 4.3.4 it will be shown that for the specific
case of the Hambo operator transform such inverse relations can easily be deduced as
this transform is also an LTI system.

The derivation of inverse transform expressions proceeds along lines similar to
the derivation of the expressions for the forward transform. For the general case we
require the following lemma which is the equivalent of lemma 3.22.

Lemma 4.15 With N as in definition 3.14, W1 as defined in (3.19) and using propo-
sition 3.15 it holds that N

∗
W1 = 0.

Proof Consider the inner product of N
∗
W1 with any X ∈ �nb,k

2 .

〈N ∗
W1,X〉 = 〈W1,N X〉 =

*
W1,N

∞X
t=1

x(t)Wt

+
= 0,

where the last equation follows from proposition 3.15. Since this is true for all X ∈
�

nb,k
2 it must hold that N

∗
W1 is equal to the zero element.

We can now state the equivalent of proposition 4.2.

Proposition 4.16 Given the operator transform G̃ of a system G(z) =P∞
k=0 g(k)z−k,

the impulse response parameters g(k) satisfy

g(k) =
D

G̃W1,N
k
W1

E
. (4.30)
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Proof From equation (3.20) we know that

y(t) = 〈Y,Wt 〉 = 〈G̃U,Wt 〉 =
*

G̃
∞X

t ′=1

u(t ′)W ′
t ,Wt

+
=

∞X
t ′=1

D
G̃Wt ′ ,Wt

E
u(t ′).

Hence it holds that g(t − t ′) =
D

G̃Wt ′,Wt

E
. Using the fact that, by proposition 4.5,

N and G̃ are commuting operators, one can write

g(t − t ′) =
D

G̃N
t ′−1

W1,N
t−1

W1

E
=
D

G̃W1,N
∗t ′−1

N
t−1

W1

E
.

With the all-pass property 3.24 of N it then follows that for all t ′ > t we get

g(t − t ′) =
D

G̃W1,N
∗t ′−t

W1

E
.

which is zero by lemma 4.15. For t ′ ≤ t we find

g(t − t ′) =
D

G̃W1,N
∗t ′−1

N
t−1

W1

E
=
D

G̃W1,N
t−t ′

W1

E
.

Similar to the forward transform case one can now proceed to derive expressions
for G on the basis of a state-space realization of G̃ using proposition 4.16. We have
not pursued this idea in detail. The resulting expressions will inevitably be much more
complex that their forward transform counterparts, due to the fact that the systems G̃
and N are time-varying. To illustrate this we have included the following example
which gives an expression for g(0) = D.

Example 4.1 From proposition 4.16 it follows that g(0) = 〈G̃W1,W1〉. It further follows from
equation (4.3) that (G̃W1)(k) =

Pk
j=1 Mk, j W1( j). Hence we can write

g(0) =
∞X

k=1

0@ kX
j=1

Mk, j W1( j)

1AT

W1(k) =
∞X
j=1

W1( j)T
∞X

k= j

MT
k, j W1(k).

By definition we have that Mk,k = D̃k and Mk, j = C̃k
Qk−1

i= j+1 Ãi B̃ j for 1 ≤ j < k. Further
it follows from equation (3.19) together with equation (3.14) that

W1( j) = Vk( j) = Bb, j

j−1Y
i=1

Db,i .

Therefore we find that

g(0) =
∞X
j=1

j−1Y
i=1

Db,i B∗b, j

0B@D̃T
k Bb, j

j−1Y
i=1

Db,i +
∞X

k= j+1

B̃T
j

0@ k−1Y
i= j+1

Ãi

1AT

C̃T
k Bb,k

k−1Y
i=1

Db,i

1CA .
(4.31)
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Expression (4.31) is not very useful from a practical point of view as it requires knowledge
of ( Ãk, B̃k, C̃k , D̃k), Bb,k and Db,k , for k up to infinity. In some cases however, it simplifies
to an expression that can be handled with finite computations. Specifically this happens when
the sequence of basis generating all-pass functions is periodic with period p. In that case the
operator transform will be a periodically time-varying system with period p. Another example
is the case where the basis generating all-pass functions are all equal for k ≥ k0, with k0 some
finite integer value. In that case the operator transform is time-invariant from k = k0 onward.

It will be shown in section 4.3 that in the Hambo transform case it is much easier
to derive convenient inverse operator transform expressions, owing to the fact that the
Hambo operator transform of an LTI system is itself an LTI system.

We will come back to the question of computing the inverse of the general operator
transform in chapter 5 when we discuss the partial realization problem for expansions
in terms of general rational orthonormal basis functions.

4.2.5 The relation with the signal transform

In this section we apply the results obtained in section 4.2.2 to gain insight in the
relation between the signal and operator transforms of H 2− systems.

It has been established before that any system G ∈ H2− can be expanded in terms
of the general basis functions vectors V j (z) as

G(z) =
∞X
j=1

LT
j Vj (z).

The coefficient sequence {L j } j∈N constitutes the signal transform of G. Given a state-
space realization (A, B,C) of G it is possible to derive closed form expressions for
the computation of the L j . A straightforward method follows from the observation
that �

V1(z)T V2(z)T · · · Vk(z)T
�T = (z I −Ak)

−1Bk, (4.32)

with Ak and Bk as in equation (3.11). Given the fact that L T
j = �G, Vj � it follows

that the vector
LT

k = �LT
1 LT

2 · · · LT
k

�
can be obtained as

LT
k =

�
G, (z I −Ak)

−1Bk

�
= C

∞X
t=1

At−1BB∗
k A∗

k
t−1 = C Xk .

The sum Xk can alternatively be expressed as the solution to a Sylvester equation:

AXkA
∗
k + BB∗

k = Xk . (4.33)

An obvious drawback of this approach to computing L j , j ≤ k, is that for large
values of k, solving equation 4.33 directly is not very practical. As the dimension
of Xk increases, the computational load will grow dramatically while the sensitivity
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to roundoff errors increases as well. Fortunately, equation (4.33) can be solved in
an efficient recursive manner making use of the specific structure of this problem.
This structure is a result of the recursive procedure by which the vectors V j (z) are
constructed. An example of a recursive algorithm that makes use of this structure is
given in [9].

The operator transform theory presented in section 4.2.2 also gives rise to a sim-
plified method of computing the coefficients L k . This follows from the observation
that the coefficients Lk are obtained as the impulse response coefficients of a linear
time-varying system that is closely related to G̃.

Proposition 4.17 Suppose G ∈ H2− has a minimal state-space realization (A, B,C).
Then the coefficients Lk of the expansion of G in terms of the general orthonormal
basis functions as given in (4.32) satisfy

Lk = C̃k

0@k−1Y
j=1

Ã j

1A B, (4.34)

with Ã j and C̃k the solutions to equations (4.9) and (4.11).

A proof is given in appendix 4.A. This result shows that in order to compute L k one
needs only to solve equations (4.9) and (4.11). In the Hambo basis case the procedure
for computing L k simplifies even further because then it holds that ( Ãk, C̃k) = ( Ã, C̃)
for all k. Hence in that case it holds that L k = C̃ Ãk−1 B, and one has to solve the
equations only once. This last result also shows that the rate of decay of a Hambo
basis function expansion of a system is governed by the poles of the Hambo operator
transform of that system. We will come back to this issue in section 4.4.2.

4.3 The Hambo transforms

In this section we zoom in on the special case of the Hambo basis. This is the case
where it holds that the all-pass functions used to generate the basis are all equal to
the same function Gb with balanced state-space realization (Ab, Bb,Cb, Db). The
McMillan degree of this function is denoted as n b. Hence the basis function vectors
Vk(z) are of dimension nb × 1.

All the results derived in the previous section remain valid for the Hambo case but
they tend to simplify considerably. In the first place the Hambo operator transform of a
proper finite dimensional LTI system is itself a proper finite dimensional LTI system.
This greatly facilitates the analysis of this transform and its inverse as we can now
make use of transfer function notation in the signal and operator transform domains.

4.3.1 The Hambo signal transform

It will turn out to be expedient to have a definition of the Hambo signal transform
that also applies to multivariable signals. Also, we will need a definition that not only
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applies to the Hambo basis of �2(N) but also to the Hambo bases of �2(−∞, 0] and
�2(Z), as introduced in section 3.2.5. Therefore the definitions in this section will be
given for �2(J ) signals where J is either N,Z or (−∞, 0].

Consider a vector signal x(t) ∈ �n
2(J ) such that

x(t) = �x1(t) x2(t) · · · xn(t)
�T
.

Each scalar signal xi can be expanded in the corresponding Hambo basis, yielding the
expansion sequences Xi which are elements of �nb

2 (J ). Hence it holds that

x(t) =
∞X

k=1

26664
X1(k)T

X2(k)T

...

Xn(k)T

37775 Vk(t) =
X
k∈J

X(k)T Vk . (4.35)

Definition 4.18 (Multivariable Hambo signal transform) Given a signal x ∈ �n
2(J ),

its Hambo signal transform is defined as the matrix sequence {X(k)}k∈J , with X(k) ∈
Rnb as in equation (4.35).

It can easily be verified that the coefficient matrices X(k) satisfy

X(k) = �x, Vk� . (4.36)

Obviously, the Hambo signal transform is an element of � nb×n
2 (J ), which can be iso-

morphically mapped to a function in L nb×n
2 (T) by applying the z-transform. This

alternative representation of the signal transform of x will be denoted as óx and it is
defined as follows.

Definition 4.19 (λ-domain representation of the Hambo signal transform) Given a
signal x ∈ �n

2(J ), and its Hambo signal transform X as in definition 4.18 thenóx(λ) ∈ Lnb×n
2 (T) is defined as

óx(λ) =X
k∈J

X(k)λ−k .

Note that óx(λ) is simply the z-transform of X(k) with z replaced by λ to avoid confu-
sion. As óx is just a representation of the Hambo signal transform X(k) in an alternative
domain, it is also commonly called the Hambo signal transform [53].

A system G(z) ∈ Ln
2(T) is uniquely described by its impulse response {g(k)} ∈

�n
2. Hence we can take the Hambo signal transform of a system in L n

2(T) as follows.

Definition 4.20 Consider a system G(z) ∈ Ln
2(T) and a Hambo basis {Vk(z)}k∈Z

such that G(z) =P∞
k=1 LT

k Vk(z). Then the Hambo signal transform of G(z), denoted

as ôG(λ), is defined as ôG(λ) = ∞X
k=−∞

Lkλ
−k .
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Example 4.2 In this example we consider the Hambo signal transform of the basis function
vector G(z) = Vj (z). Obviously, in this simple case, the expansion vector coefficients are
given by L(k) = δ(k − j)I . Hence it holds that the Hambo signal transform of Vj (z) is equal

to λ− j I .

With the multivariable signal transform as defined above, the following isomor-
phism relation holds.

Proposition 4.21 (Multivariable Hambo signal transform isomorphism) With x ∈
Lnx

2 (T) and y ∈ L
ny
2 (T) it holds that

�x(z), y(z)� = �óx(λ)T , óy(λ)T �
.

Proof The (i, j) element of �x(z), y(z)� is equal to



xi (z), y j (z)
�
. By the isomor-

phism of the Hambo signal transform for scalar signals (which is inherited from the
general basis construction) it holds that this is equal to


óxi (λ), óy j (λ)
�
. Then, withóx(λ) and óy(λ) as defined before, it follows that

�x(z), y(z)� = 1

2π

I
T

óx(eiω)T óy(eiω)dω =
�óx(λ)T , óy(λ)T �

.

This result will turn out to be very helpful in the analysis of the Hambo operator
transform in the next sections.

4.3.2 The Hambo operator transform

The definition of the Hambo operator transform is the same as that of the general oper-
ator transform, but taken with respect to the Hambo signal transform. It is important to
note that the definition is only given for SISO systems. The treatment of multivariable
systems is deferred to section 4.5.2.

It was already shown in section 4.1 that the operator transform G̃ of an LTI system,
taken with respect to a Hambo basis, is a causal linear time-invariant system. In
other words, it holds that the parameters Mk, j of equation (4.3) depend only on the
difference k − j . Defining Mk− j = Mk, j , one can therefore write

Y(k) =
∞X

j=0

Mk− j U( j). (4.37)

It follows from equation (4.4) that the parameters M τ are given by

Mτ = �V1(z)Gb(z)
τ , V1(z)G(z)� . (4.38)
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Applying the signal transform of definition 4.19 to Y(k) (with J = N) reveals that
it holds that óy(λ) =  ∞X

τ=0

Mτ λ
−τ
!óu(λ). (4.39)

The term between brackets is the transfer function representation of the Hambo trans-
form G̃. It will be denoted as G̃(λ). A precise definition is now given.

Definition 4.22 (Hambo operator transform) Consider signals u, y ∈ �2(N) and a
system G ∈ H2 such that y = Gu. With the parameters Mτ as given by (4.37) we
define G̃(λ) as

G̃(λ) =
∞X
τ=0

Mτ λ
−τ .

We can hence, using equation (4.39), state the following.

Proposition 4.23 Consider signals u, y ∈ �2(N) and a system G(z) ∈ H2 such that
y = Gu. With G̃(λ) the Hambo operator transform of G(z) it holds thatóy(λ) = G̃(λ)óu(λ).
The parameters Mτ are matrices of dimension nb × nb. They can be viewed as the
Markov parameters of the transfer function G̃(λ), which is a multivariable transfer
function with nb inputs and nb outputs.

The Hambo operator transform of the system G b(z) has a particularly simple form.
It holds for all u(z) ∈ H2− that

Gb(z)u(z) =
∞X

k=1

U(k)T Vk(z)Gb(z) =
∞X

k=1

U(k)T Vk+1(z).

Hence with y(z) = Gb(z)u(z) =P∞
k=1 Y(k)T Vk(z) it follows that Y(k) = U(k − 1)

for k > 1 and Y(1) = 0. Therefore it holds in this case that M1 = I and Mτ = 0 for
all τ �= 1, and consequently ÝGb(λ) = λ−1 I. (4.40)

We can hence conclude that a multiplication with G b(z) in the z-domain corresponds
to applying a canonical shift in the λ-domain.

Although the Hambo operator transform is only defined for SISO systems, there
is a simple multivariable case in which it can also be used.

Proposition 4.24 Consider a multivariable signal u(z) ∈ �m
2 (J ), and a SISO system

G(z) ∈ H2. Let y(z) ∈ �m
2 (J ) be given by y(z) = G(z) · I u(z) = u(z)G(z). Then it

holds that óy(λ) = G̃(λ)óu(λ).
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Proof Denoting the elements of u(z) and y(z) as u i (z) and yi (z) according to u(z) =�
u1(z) u2(z) · · · um(z)

�T and y(z) = �
y1(z) y2(z) · · · ym(z)

�T , we have
that yi(z) = G(z)ui(z), for 1 ≤ i ≤ m. Then the Hambo signal transform of y i(z)
satisfies, by definition of the Hambo operator transform, ôyi (λ) = G̃(λ)ôui (λ). The
result then follows from the fact that

óy(λ) = �ôy1(λ) ôy2(λ) · · · õym(λ)
� = G̃(λ)óu(λ).

We now restate the variable substitution property of the Hambo operator trans-
form. This result was originally derived in [115].

Proposition 4.25 (Variable substitution property in the Hambo case) The Hambo
operator transform G̃(λ) of a system G ∈ H2 is given by

G̃(λ) =
∞X
τ=0

g(τ )N(λ)τ , (4.41)

with N(λ) as in definition 3.20 .

This proposition can be proved in the same manner as proposition 4.5, using the trans-
fer function notation.

With slight abuse of notation, equation (4.41) is sometimes stated as

G̃(λ) = G(z)|z−1=N (λ) = G(z)|z=N(1/λ)T , (4.42)

where the last equality follows from the fact that N(λ) is all-pass. It should be re-
membered that equation (4.42) is to be interpreted in the sense of equation (4.41).

A consequence of proposition 4.25 is the following relation between the Hambo
signal transform and the Hambo operator transform.

Corollary 4.26 The Hambo signal transform ôG(λ) and Hambo operator transform
G̃(λ) of a given system G(z) ∈ H2−, are related through

ôG(λ) = G̃(λ)W0(λ),

with W0(λ) ∈ H nb
2

⊥
equal to C T

b 1/λ (1/λ I − DT
b )

−1, in accordance with proposition
3.23.

Proof As the functions {Wt (λ)}t∈N constitute the dual Hambo basis, ôG(λ) satisfies

ôG(λ) = ∞X
t=1

g(t)Wt (λ),
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with g(t) the impulse response coefficients of G(z). By proposition 3.21 and the fact
that N(λ) is all-pass we can write

ôG(λ) = ∞X
t=1

g(t)N (λ)t N(1/λ)T W1(λ).

By lemma 3.22 and proposition 4.25 it then follows that

ôG(λ) = ∞X
t=1

g(t)N(λ)t W0(λ) = G̃(λ)W0(λ).

It was shown in [53] that, inversely, G(z) can also be obtained from G̃(λ) by
means of a variable substitution.

Proposition 4.27 (Inverse transform variable substitution property) Consider the
system G(z) ∈ H2 and its Hambo operator transform G̃(λ) =P∞

τ=0 Mτ λ
−τ . It holds

that

G(z) = zV1(z)
T

∞X
τ=0

MτGb(z)
τ

∞X
t=1

W1(t)Gb(z)
t−1,

or in compact notation:

G(z) = zV1(z)
T G̃(λ)W1(λ)λ

���
λ−1=Gb(z)

. (4.43)

Proof From (4.30) we have that gk = 〈G̃W1,Wk+1〉. This can consecutively be
written as

gk =
* ∞X
τ=0

Mτ λ
−τW1(λ),Wk+1(λ)

+
=

∞X
τ=0

∞X
t=1

W1(t)
T MT

τ Wk+1(t + τ ).

Using Wk(t) = Vt (k) and taking z-transforms on both sides gives

G(z) =
∞X

t=1

W1(t)
T

∞X
τ=0

MT
τ zVt+τ (z) =

∞X
t=1

Gb(z)
t−1W1(t)

T
∞X
τ=0

MT
τ Gb(z)

τ zV1(z).

Taking the transpose yields the result.

For the Laguerre basis case the inverse variable substitution property takes on a
very simple form. This follows from the following lemma, which holds for general
Hambo bases.
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Lemma 4.28 Consider a Hambo basis generated by an all-pass function G b(z) with
balanced realization (Ab, Bb,Cb, Db). It then holds that

zV1(z)
T W1(λ)λ|λ−1=Gb(z) = 1, ∀z /∈ σ(Ab) (4.44)

Proof The expression on the left hand side of equation (4.44) equals

zV1(z)
T

∞X
t=1

W1(t)Gb(z)
t−1.

Using W1(t) = Bb Db
t−1

and zV1(z) = AbV1(z)+ Bb this expression equals

(AbV1(z)+ Bb)
T

∞X
t=1

Bb Db
t−1

Gb(z)
t−1.

Using AT
b Bb = −CT

b Db and BT
b Bb = 1− Db Db gives

∞X
t=1

Db
t−1

Gb(z)
t−1 − (CbV1(z)+ Db)

T
∞X

t=1

Db
t
Gb(z)

t−1.

Since CbV1(z)+ Db = Gb(z) we then find that this equals

∞X
t=1

Db
t−1

Gb(z)
t−1 −

∞X
t=1

Db
t
Gb(z)

t = (DbGb(z))
0 = 1.

Since for Laguerre bases the operator transform G̃(λ) is scalar, it follows from propo-
sition 4.27 and lemma 4.28 that in the Laguerre basis case it holds that

G(z) =
∞X
τ=0

MT
τ Gb(z)

τ = G̃(λ)
���
λ−1=Gb(z)

. (4.45)

Using the multivariable signal transform definition 4.18 one can establish an iso-
morphism relation that involves the Hambo operator transform.

Proposition 4.29 (Hambo operator transform isomorphism) Consider the Hambo
basis of L2(T), generated by an all-pass function G b(z). Hence we have that Vk(z) =
V1(z)Gb(z)k−1 and Wk(λ) = N(λ)k−1W1(λ). Then for all G1,G2 ∈ H2, k ∈ Z

�Vk(z)G1(z), Vk(z)G2(z)� = �
G̃1(λ)

T , G̃2(λ)
T
�
, (4.46)

and
〈G1(z),G2(z)〉 =

D
G̃1(λ)Wk(λ), G̃2(λ)Wk(λ)

E
. (4.47)
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Proof We will prove both assertions for the case k = 1. The other cases fol-
low immediately from the all-pass property of G b(z) and N(λ). By proposition

4.21 it holds that �V1G1, V1G2� =
ùV1G1

T
,ùV1G2

T
�

. The elements of the vec-

tor V1(z)Gk(z), k ∈ N, are equal to Gk(z)φ1,i (z), 1 ≤ i ≤ nb, where φ1,i (z) are
the first nb scalar basis functions. The Hambo signal transform of G k(z)φ1,i (z) is,
by definition of the operator transform, equal to G̃k(λ)÷φ1,i (λ) = G̃k(λ)eT

i λ
−1. By

definition 4.18 it then follows that ùV1Gk = G̃k(λ)λ
−1. Hence �V1G1, V1G2� =�

G̃1(λ)
T λ−1, G̃2(λ)

T λ−1
�
=

�
G̃T

1 , G̃T
2

�
. The second assertion is proved as fol-

lows. It holds that 〈G1,G2〉 = 〈G1z−1,G2z−1〉 =
�ýG1(z)z−1,ýG2(z)z−1

�
. The last

equality follows from the isomorphism of the signal transform. Using the fact that
W1(λ) is the Hambo signal transform of z−1 and by definition of the Hambo operator
transform, the result follows.

In section 4.2.2 it was shown how in the general case, a state-space realization of
G̃ can be derived on the basis of an observable or controllable state-space realization
of the transfer function G(z) by solving a sequence of Sylvester equations. Since
the Hambo operator transform G̃(λ) is an LTI system, a state-space realization of
the Hambo operator transform G̃(λ), denoted as ( Ã, B̃, C̃, D̃), is obtained by solving
equation (4.21) only once. In section 4.3.4 we will make use of the transfer function
notation introduced in the previous section to re-derive equation (4.21). Also a dual
version of this equation will be derived by which a state-space realization of G(z)
can be computed on the basis of a minimal state-space realization of G̃(λ). Owing
to the Hambo signal transform isomorphism established in this section, the derivation
involves only a few steps. It however relies on some basic insights into the Hankel
operator representations of G and G̃, which we will first unfold.

4.3.3 Hankel operator representations

The Hankel operator associated with an LTI system G can be represented in a number
of ways, depending on the (orthonormal) coordinate systems that are used for the
input and output signal spaces. As discussed in section 2.1.2 the Hankel operator of a
scalar system maps from �2(−∞, 0] to �2[1,∞). Usually, the canonical bases of these
spaces are employed to represent the input and output signals. In that case the Hankel
operator can be represented as a Hankel matrix that contains the Markov parameters
g(k), k > 0 of G(z), as follows.

y =

26664
y(1)
y(2)
y(3)
...

37775 =
26664

g(1) g(2) g(3) · · ·
g(2) g(3) g(4)
g(3) g(4) g(5)
...

. . .

37775
26664

u(0)
u(−1)
u(−2)
...

37775 = Hu. (4.48)

Alternative representations of the Hankel operator would be obtained if one were to
use other orthonormal bases for the representation of the input and output signals. A
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particularly interesting case occurs when we use a Hambo basis for the output space
�2[1,∞), and the complementary Hambo basis for �2(−∞, 0] (as introduced in sec-
tions 3.2.3 and 3.2.6) for the input space. First consider the expansion of the output
signal y ∈ �2[1,∞) in terms of a Hambo basis. We then obtain the coefficients
Y(k) = �y, Vk�T , with k ∈ N. We collect these coefficients in one column vector óy
defined as óyT = �Y(1)T Y(2)T Y(3)T · · ·� . (4.49)

Next we consider the expansion of the input signal u ∈ �2(−∞, 0]. We obtain the
coefficient sequence U(k) = �u, Vk�T , with k = 0,−1,−2, . . .. Note that the basis
functions Vk with k < 1 are as defined in proposition 3.18. These coefficients are
collected in the vector óu as in

óuT = �U(0)T U(−1)T U(−2)T · · ·� (4.50)

Defining the block row vectors vk , with k ∈ Z as

vk =

8><>:
h
Vk(1) Vk(2) Vk(3) · · ·

i
, k ≥ 1,h

Vk(0) Vk(−1) Vk(−2) · · ·
i
, k < 1.

we can write

óy =
26664

v1
v2
v3
...

37775 y = V f y, and óu =

26664
v0

v−1
v−2
...

37775 u = Vpu. (4.51)

It is clear that the infinite dimensional matrices V f and Vp are unitary (orthogonal)
matrices as their rows are orthogonal vectors: V pV∗

p = V f V∗
f = Id. It hence follows

that we can also write
y = VT

f óy, and u = VT
póu.

Substituting this in equation (4.48) gives the relation

VT
f óy = HVT

póu.
Again using the fact that V f is orthogonal this can be rephrased as

óy = V f H VT
póu = H̃óu.

The matrix operator H̃ = V f H VT
p is an alternative representation of the Hankel oper-

ator of G. If we partition the matrix H̃ in blocks of dimension nb × nb corresponding
to the partitioning of óu and óy then we find that the (i, j) block element equals

H̃(i, j) = vi H vT− j+1,

with vk the vector representations of the basis functions Vk as defined above. It is then
clear that H̃(i, j) is equal to the matrix inner product between Vi (z) and the z-transform
expression for the vector HvT− j+1. This leads to the following proposition
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Proposition 4.30 Let H̃ be the matrix representation of the Hankel operator of a sys-
tem G(z) ∈ H2 such that óy = H̃óu,
where óy and óu are as defined by equations (4.49) and (4.50). Let H̃ be partitioned in
blocks of dimension nb × nb and let H̃(i, j) denote the (i, j)-th block element. Then it
holds that

H̃(i, j) =
�

Gb(z)
i+ j−1V1(z),G(z)V1(z)

�
= Mi+ j−1,

where Mk represents the k-th Markov parameter of G̃(λ).

Proof By definition of the Hankel map, the term Hv T− j+1 is the output of the system G

in response to the input V− j+1 ∈ �nb
2 (−∞, 0], restricted to the space of future signals

�
nb
2 [1,∞). In z-transform notation this output can be expressed as

PH
nb
2−

G(z)V− j+1(z)
T = PH

nb
2−

G(z)G− j
b V1(z)

T .

The last equality follows from the fact that Vk(z) = Gb(z)k−1V1(z) for all k ∈ Z as
was shown in section 3.2.5. It then follows that

H̃(i, j) =
�

Vi (z),PH
nb
2−

G(z)Gb(z)− j V1(z)
�
= �

Gb(z)i−1V1(z),G(z)Gb(z)− j V1(z)
�
.

Because Gb(z) is inner, this expression simplifies to

H̃(i, j) =
�

Gb(z)i+ j−1V1(z),G(z)V1(z)
�
,

which is equal to Mi+ j−1 as was established earlier, see equation (4.38).

Proposition 4.30 shows that H̃ has the following block Hankel form

H̃ =

26664
M1 M2 M3 · · ·
M2 M3 M4
M3 M4 M5
...

. . .

37775 , (4.52)

which coincides with the standard block Hankel matrix representation of the Hambo
operator transform G̃(λ). One consequence of this observation is that Hankel singu-
lar values and McMillan degree are invariant under Hambo operator transformation,
which was already observed at the end of section 4.2.2 on the basis of the transform
expressions derived there.

4.3.4 State-space expressions for the Hambo operator transform
and its inverse

In this section we will derive the expressions by which a minimal realization of the
Hambo operator transform can be obtained from a minimal state-space realization of
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the original system and vice versa. The derivation is based on the isomorphic relation
that exists between such state-space realizations. We will first establish this relation.

Consider the (block) Hankel matrix representation H of the Hankel operator of
an LTI system G. It is a well-known result from realization theory that any full rank
decomposition H = �� corresponds to a minimal realization of G(z) [55, 59]. That
is, there exists a minimal realization (A, B,C, D) of G(z) such that

� =

26664
C

C A
C A2

...

37775 , and � = �B AB A2 B · · ·� .

Taking �(k) = C Ak−1, k ≥ 1 and �(−k) = Ak B, k ≥ 0 we define the transfer
functions �(z) ∈ H n

2− and�(z) ∈ H n
2−

⊥ as

�(z) =
∞X

k=1

�(k)z
−k = C(z I − A)−1,

�(z) =
∞X

k=0

�(−k)z
k = 1/z (1/z I − A)−1 B.

From the analysis in the previous section it follows that, given a full rank factor-
ization H = ��, a full rank factorization of H̃ can be obtained according to

H̃ = (V f �)(�VT
p ).

Hence, defining V f � = �̃ and�VT
p = �̃, we have that H̃ = �̃�̃.

In the following we will denote the minimal state-space realization of G̃(λ) that
corresponds to this realization by ( Ã, B̃, C̃, D̃). As before, we then define �̃(k) =
C̃ Ãk−1, k ≥ 1 and �̃(−k) = Ãk B̃, k ≥ 0. It holds that

�̃(k) = vk�, k ≥ 1,

�̃(k) = �vT
k k < 1.

With �(z) and�(z) as defined above we then see that

�̃(k) =
�
�(z)T , Vk(z)

�
, k ≥ 1,

�̃(k) = ��(z), Vk(z)�, k < 1,

where the last equation holds under the assumption that the realization of�(z) is real.
This shows, using equation (4.36), that {�̃(k)} and {�̃(k)} constitute the multivariable
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Hambo signal transforms of �(z)T and�(z) respectively. If we define

�̃(λ) =
∞X

k=1

�̃(k)λ
−k = C̃(λI − Ã)−1,

�̃(λ) =
∞X

k=0

�̃(−k)λ
k = 1/λ (1/λ I − Ã)−1 B̃,

we find that
�̃(λ) =

�ù�(z)T� (λ), and �̃∗(λ) =
�ø�(z)� (λ).

Since any minimal realization of G(z) corresponds to a full rank factorization of H,
we can state the following.

Lemma 4.31 Consider a system G(z) ∈ RH2 with minimal realization (A, B,C, D).
Let �(z) and�(z) be defined as

�(z) = C(z I − A)−1, �(z) = 1/z (1/z I − A)−1 B. (4.53)

Then the Hambo operator transform G̃(λ) of G(z) has a minimal state-space realiza-
tion ( Ã, B̃, C̃, D̃) such that it holds that

�̃(λ) =
�ù�(z)T� (λ), and, �̃∗(λ) =

�ø�(z)� (λ), (4.54)

with �̃(λ) and �̃(λ) defined as

�̃(λ) = C̃(λI − Ã)−1, �̃(λ) = 1/λ (1/λ I − Ã)−1 B̃. (4.55)

Conversely, any Hambo operator transform G̃(λ) with minimal state-space realization
( Ã, B̃, C̃, D̃) has a pre-image G(z) with minimal realization (A, B,C, D) such that
(4.54) holds.

The last statement follows from the fact that the Hambo signal transform is a bijective
map. Lemma 4.31 is a very powerful result as it permits us to derive very compact
expressions for computing the Hambo operator transform and its inverse, using the
isomorphism relation for the multivariable Hambo signal transform given in proposi-
tion 4.21.

Suppose that the realizations (A, B,C, D) and ( Ã, B̃, C̃, D̃) are linked to each
other via the Hambo signal transform as described in lemma 4.31. Let us denote the
controllability Gramians associated with these realizations as X c and X̃c and the ob-
servability Gramians as Xo and X̃o respectively. Then, by the Hambo signal transform
isomorphism it holds that

Xo =
�
�(z)T , �(z)T

�
=

�
�̃(λ)T , ˜�(λ)T

�
= X̃o, (4.56)

Xc = ��(z),�(z)� = �
�̃(λ), �̃(λ)

�
= X̃c. (4.57)
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This shows that the Gramians of the aforementioned realizations are equal except for
a complex conjugation. In particular it holds that if (A, B,C, D) is balanced then
so will be ( Ã, B̃, C̃, D̃). Since (A, B,C, D) is assumed to be real, it must hold that

X̃o = X̃o and the complex conjugation might as well be omitted.
Using the Hambo signal transform isomorphism we can further establish a matrix

inner product expression for the realization ( Ã, B̃, C̃, D̃), as follows.

Proposition 4.32 With �(z) and ( Ã, B̃, C̃, D̃) as defined in lemma 4.31 it holds that�
Xo 0
0 I

��
Ã B̃
C̃ D̃

�
=

�
�(z)T Gb(z)

V1(z)

�
,

�
�(z)T

V1(z)G(z)

��
. (4.58)

Proof Consider the system G̃(λ)T which is described by the equation�
x(λ)λ
y(λ)

�
=
�

ÃT C̃T

B̃T D̃T

� �
x(λ)
u(λ)

�
.

It holds that �
x(λ)
u(λ)

�
,

�
x(λ)λ
y(λ)

��
=

�
x(λ)
u(λ)

�
,

�
x(λ)
u(λ)

��"
Ã B̃

C̃ D̃

#
.

Let the input u(t) be equal to eiδ(t), with ei the i -th Euclidean basis vector of Rnb .
Then this last equation can be written as�

�̃(λ)T ei

ei

�
,

�
�̃(λ)T eiλ

G̃(λ)T ei

��
=

�
�̃(λ)T ei

ei

�
,

�
�̃(λ)T ei

ei

��"
Ã B̃

C̃ D̃

#
.

Because this holds for all i such that 1 ≤ i ≤ nb we can also write�
�̃(λ)T

I

�
,

�
�̃(λ)T λ

G̃(λ)T

��
=

�
�̃(λ)T

I

�
,

�
�̃(λ)T

I

��"
Ã B̃

C̃ D̃

#
=
"

X̃o 0
0 I

# "
Ã B̃

C̃ D̃

#
.

The term on the left hand side of this equation equals�
�̃(λ)T λ−1

Iλ−1

�
,

�
�̃(λ)T

G̃(λ)T λ−1

��
.

We observe that λ−1 I is equal to the Hambo operator transform of G b(z) (as follows
from proposition 4.25). Further, λ−1 I is the Hambo signal transform of V1(z), as
was demonstrated in example 4.2. Also we know from lemma 4.31 that �̃(λ) is equal
to the Hambo signal transform of �(z)T . From proposition 4.24 it then follows that
λ−1 I �̃(λ) is the Hambo signal transform of �(z)G b(z). Similarly, G̃(λ)λ−1 I is
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the signal transform of V1(z)G(z). Using the Hambo signal transform isomorphism
(proposition 4.21) it therefore holds that�

�̃(λ)T λ−1

Iλ−1

�
,

�
�̃(λ)T

G̃(λ)T λ−1

��
=

�
�(z)T Gb(z)

V1(z)

�
,

�
�(z)T

V1(z)G(z)

��
.

The result follows using X̃o = Xo.

Obviously, a dual formulation of this proposition is possible that uses expressions
involving�(z) and X c. It is given in appendix 4.A.

Proposition 4.32 can also be formulated in the form of a Sylvester equation.

Corollary 4.33 Consider a system G ∈ RH2, with minimal realization (A, B,C, D)
and observability Gramian X o. Then G̃(λ) has a minimal realization ( Ã, B̃, C̃, D̃)
that satisfies the following Sylvester equation.�

AT CT Cb

0 Ab

� "
Xo Ã Xo B̃

C̃ D̃

# �
A B B∗

b
0 A∗b

�
+
�

CT Db

Bb

� �
C DB∗

b

� = "Xo Ã Xo B̃

C̃ D̃

#
.

(4.59)

A proof is given in appendix 4.A. Existence of a solution to this equation is guaranteed
if the systems in the inner product expression in (4.58) are stable. This is true by
assumption for �(z) and G(z) and by definition for G b(z) and V1(z).

Note that equation (4.59) can be simplified further in the case where X o = I , i.e.
when the realization (A, B,C, D) is output balanced. The equation then becomes�

AT CT Cb

0 Ab

� �
Ã B̃
C̃ D̃

��
A B B∗

b
0 A∗b

�
+
�

CT Db

Bb

� �
C DB∗

b

� = � Ã B̃
C̃ D̃

�
.

Using the Hambo signal transform isomorphism it is equally simple to derive a
matrix inner product expression for the realization (A, B,C, D) that involves �̃(λ).

Proposition 4.34 With �(z) and (A, B,C, D) as defined in lemma 4.31 it holds that"
X̃o 0
0 1

# �
A B
C D

�
=

�
�̃(λ)T N∗(λ)

W1(λ)
T

�
,

�
�̃(λ)T

W1(λ)
T G̃(λ)T

��
. (4.60)

Proof Consider the system G(z)T , which is described by the state equation�
x(z)z
y(z)

�
=
�

AT CT

BT DT

��
x(z)
u(z)

�
.

It holds that �
x(z)
u(z)

�
,

�
x(z)z
y(z)

��
=

�
x(z)
u(z)

�
,

�
x(z)
u(z)

�� �
A B
C D

�
.
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Let the input u(t) be equal to δ(t). Then this last equation can be written as�
�(z)T

1

�
,

�
�(z)T z
G(z)T

��
=

�
�(z)

1

�
,

�
�(z)

1

�� �
A B
C D

�
=
�

Xo 0
0 1

��
A B
C D

�
.

The term on the left hand side of this equation equals�
�(z)T z−1

z−1

�
,

�
�(z)T

G(z)T z−1

��
.

We observe that z−1 is equal to the inverse Hambo operator transform of N (λ) (as
follows from proposition 4.25). At the same time z−1 is the inverse Hambo signal
transform of W1(λ). Then it follows from proposition 4.24 that z−1 I �(z) is the
Hambo inverse signal transform of N(λ)�̃(λ). Similarly, by definition of the Hambo
operator transform, G(z)z−1 is then the inverse signal transform of G̃(λ)W1(λ). Using
the Hambo signal transform isomorphism (proposition 4.21) it therefore holds that�

�(z)T z−1

z−1

�
,

�
�(z)T

G(z)T z−1

��
=

�
�̃(λ)T N∗(λ)

W1(λ)
T

�
,

�
�̃(λ)T

W1(λ)
T G̃(λ)T

��
.

The result follows using that X o = X̃o.

Again a dual formulation of this proposition is possible that uses expressions involv-
ing �(z) and Xc. It is given in appendix 4.A. Expression (4.60) can also be put in
Sylvester equation form.

Corollary 4.35 Consider a Hambo transform G̃(λ) of a system G(z) ∈ RH2, with
minimal state-space realization ( Ã, B̃, C̃, D̃) and observability Gramian X̃o. Then
G(z) has a minimal-state space realization (A, B,C, D) that satisfies the following
Sylvester equation.�

ÃT C̃T C∗
b

0 D∗
b

� �
X̃o A X̃o B

C D

� "
Ã B̃ Bb

0 Db

#
+
�

C̃T A∗b
B∗

b

� h
C̃ D̃Bb

i
=
�

X̃o A X̃o B
C D

�
.

(4.61)

A proof is given in appendix 4.A. Existence of a solution to this Sylvester equation is
guaranteed if the systems in the inner product expression in (4.60) are stable. That this
is true for �̃(λ) follows from the assumption that G(z) is stable and the fact that �̃(λ)
is the Hambo signal transform of �(z)T . Consequently G̃(λ) is also stable. W1(λ)

and N∗(λ) are stable by definition.
Note that when ( Ã, B̃, C̃, D̃) is output balanced, equation (4.61) simplifies to�
ÃT C̃T C∗

b
0 D∗

b

� �
A B
C D

� "
Ã B̃ Bb

0 Db

#
+
�

C̃T A∗b
B∗

b

� h
C̃ D̃Bb

i
=
�

A B
C D

�
. (4.62)
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Note that formulas (4.59) and (4.61) look very similar. Also note that the for-
mulas are reciprocal: using a realization (A, B,C, D) in equation (4.59) results in
a realization ( Ã, B̃, C̃, D̃) which, when used in equation (4.61) yields the original
(A, B,C, D) back again. This follows from the fact that the functions �(z) T and
�̃(λ) correspond uniquely through the Hambo signal transform.

Note that equation (4.59) is equal to equation (4.21) derived earlier for the general
basis construction substituting (Ab,k, Bb,k,Cb,k , Db,k ) −→ (Ab, Bb,Cb, Db). An
interesting consequence of this fact is that, when a state-space realization of a general
operator transform G̃ has been computed with equation (4.21), the original state-space
realization of G(z) is reobtained when we apply formula (4.61) to one instance of this
time-varying state-space realization of G̃. This does not mean that equation (4.61)
constitutes an expression for computation of the general inverse operator transform.
Apparently however, it can be used for a restrictive class of state-space realizations of
G̃, namely the class of realizations that are in the range of (4.59). This of course raises
the question how we can obtain an appropriate realization of G̃ that is in this class.
We will come back to this issue in chapter 5 when we discuss the partial realization
problem for the general basis case (section 5.4).

To conclude this section, we mention that an alternative method for computing
a minimal state-space realization of a Hambo operator transform was given in [53].
Supposing that G(z) = B(z)/A(z) proposition 4.25 is applied to find a matrix fraction
description of G̃(λ):

G̃(λ) = � A(z)|z−1=N(λ)

�−1
B(z)|z−1=N(λ) .

In [53] it is shown how this approach can be used to obtain a minimal state-space
realization of G̃(λ).

4.4 Properties of Hambo transforms

We now proceed with demonstrating (and in some cases recollecting) a number of
important properties of Hambo transforms that ensue from the theory developed in
the preceding sections. These properties are of interest because they are instrumental
to the application of the basis function theory in the context of system modeling.
The topics are divided in five parts. We first present some elementary properties of
the Hambo operator transform that are useful for doing calculations. Secondly, we
will discuss the pole map of the Hambo operator transform and its consequences for
system representation. Thirdly, we give some results on the eigenvalue distribution of
the Hambo operator transform. Fourthly, we review some of the system properties that
are invariant under Hambo operator transformation. Finally, we consider the question
which systems in H nb×nb

2 constitute valid Hambo operator transforms.
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4.4.1 Calculation rules

The Hambo operator transform obeys the following simple rules.å(αG1 + βG2) = αÝG1 + βÝG2 (4.63)ßG1G2 =ÝG1ÝG2 =ÝG2ÝG1, (4.64)ÞG−1 = ÜG−1, (4.65)

where G1,G2,G,G−1 ∈ H2 and α, β ∈ C.

Proof (4.63): Follows trivially from the definition of the Hambo operator transform
and linearity of the Hambo signal transform.

(4.64): Let y(z) = G1(z)G2(z)u(z). Define x(z) = G2(z)u(z). By definition of
the operator transform it holds that óy(λ) = ÝG1(λ)óx(λ) = ÝG1(λ)ÝG2(λ)óu(λ). Since
this holds for all u, y, equation (4.64) follows. The second equality follows from the
fact that the scalar systems G1 and G2 commute.

(4.65): Assuming that G−1 ∈ H2 we have by definition of the Hambo transform

that óu(λ) = ÞG−1(λ)óy(λ). We also know that óy(λ) = G̃(λ)óu(λ). Hence
�

G̃(λ)
�−1 =ÞG−1(λ).

On the basis of these properties, for instance, it holds thatå�G(1+ G)−1
� = G̃(I + G̃)−1 = (I + G̃)−1G̃,

assuming that (1 + G)−1 ∈ H2.
These properties imply that parallel and series interconnections of systems remain

unchanged under Hambo operator transformation. Feedback interconnections also
remain unchanged under the condition that the inverse taken is also in H 2.

4.4.2 Pole locations

It was established in section 4.3.3 that the McMillan degree of a Hambo operator
transform is equal to the McMillan degree of the original system. Hence the number
of (uncanceled) poles of G̃(λ) is equal to that of G(z). The locations of the poles of
G̃(λ) are determined as follows.

Proposition 4.36 Consider a system G(z) ∈ RH2 and a Hambo basis generated by
an inner function Gb(z). Then it holds that if G(z) has a pole at z = ai , its Hambo
operator transform G̃(λ) will have a pole at µi = Gb(1/ai ) = Gb(ai )

−1.

Proof This assertion can be proved on the basis of proposition 4.6 and lemma 4.16.
That is, if G(z) has a state-space realization (A, B,C, D), G̃(λ) will have a state-
space realization ( Ã, B̃, C̃, D̃) with

Ã =
∞X

k=0

gb(k)A
k, (4.66)
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where gb(k) represents the impulse response sequence of G b(z). Consider any eigen-
value ai of A and a corresponding eigenvector x i ∈ Cn: Axi = xi ai . If we multiply
equation (4.66) from the right with x i we find

Ãxi = xi

∞X
k=0

gb(k)a
k
i = xi Gb(1/ai ) = xi Gb(ai )

−1.

Therefore Ã has eigenvalue Gb(1/ai ) with corresponding eigenvector x i .

Corollary 4.37 The Hambo operator transform G̃(λ) of a system G(z) ∈ H2 is sta-
ble.

Proof By the maximum modulus theorem [100] any function G ∈ H 2 that is not
constant attains its maximum in the region |z| ≥ 1 on the unit circle |z| = 1. As
Gb(z) is inner (and not constant) it holds that |G b(z)| < 1 outside the unit disk. Hence
|Gb(1/a)| < 1 for all a < 1. Hence the stable poles of G(z) are mapped to stable poles
of G̃(λ). The McMillan degrees of G(z) and G̃(λ) are equal. Consequently G̃(λ) is
stable if G(z) is stable.

It follows from proposition 4.17 that the Hambo basis expansion coefficients L k

of a system G(z) ∈ H2− with state-space realization (A, B,C) satisfy

Lk = C̃ Ãk−1 B, (4.67)

with Ã and C̃ obtained from equation (4.59). As the Hambo signal transform ôG(λ) is
equal to

P∞
k=1 Lkλ

−k we can immediately conclude that the poles of ôG(λ) constitute
a subset of the poles of G̃(λ)

Corollary 4.38 Let G(z) ∈ H2− have McMillan degree n with poles at ai with 1 ≤
i ≤ n. Then the Hambo signal transform ôG(λ) is stable and its poles form a subset of
{µi }1≤i≤n with µi = Gb(1/ai ). Hence the McMillan degree of ôG(λ) is smaller than
or equal to n.

Corollary 4.26 showed that ôG(λ) = G̃(λ)W0(λ). It therefore must hold that the un-
stable pole of W0 which lies at 1/Db is canceled by a zero at 1/Db of det G̃(λ).

Corollary 4.38 states that the McMillan degree of a Hambo signal transform can
be smaller than that of the original system. The following simple example illustrates
this.

Example 4.3 Consider a Hambo basis that is generated by an all-pass function Gb(z) with
McMillan degree nb and poles ξi , 1 ≤ i ≤ nb. A balanced state-space realization of Gb(z) is
chosen such that

φ1,i (z) =
p

1 − |ξi |2
z − ξi

i−1Y
j=1

1 − ξ j z

z − ξ j
.

Obviously φ1,i (z) has McMillan degree i . The Hambo signal transform of φ1,i (z) is equal to
eiλ

−1, with ei representing the i-th Euclidean basis vector of Rnb . Hence the McMillan degree
of the functions÷φ1,i (λ) is equal to 1 for all i .
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On the basis of corollary 4.38 one can make the following statement about the
convergence rate of an expansion in terms of Hambo basis functions [53].

Proposition 4.39 Let a Hambo basis function expansion of G(z) ∈ H 2− be given by

G(z) =
X
k∈N

LT
k Vk(z) =

X
k∈N

nbX
i=1

lk,iφk,i (z).

Further, let G(z) have McMillan degree n and poles ai , 1 ≤ i ≤ n. Then with µ
defined as

µ = max
1≤i≤n

|Gb(1/ai )|,

it holds that there exists a positive constant c ∈ R such that

max
1≤i≤nb

|lk,i | ≤ cµk−1.

This is simply a result of the well-known fact that the convergence of an impulse
response sequence is dominated by the pole with the largest modulus. If the poles of
G(z) are a subset of the poles ξ j , 1 ≤ j ≤ nb of Gb(z) then it holds that Gb(1/ai ) = 0,
for 1 ≤ i ≤ n. Hence it follows that in this case L k = 0 for all k > 1, and the basis
function expansion converges to zero in one step. This illustrates the mechanism that
the convergence becomes very fast when the poles in the basis generating all-pass
function lie close to the poles of G(z).

4.4.3 Eigenstructure of Hambo operator transforms

In this section we analyze some of the structural properties of Hambo operator trans-
forms. A direct relation between the eigenvalues of a Hambo operator transform G̃(λ)
and its pre-image G(z) is established. It is further shown how G̃(λ), evaluated on
the unit circle, can be diagonalized by means of a similarity transformation with an
orthogonal matrix, thus revealing information about the singular values of the Hambo
operator transform.

We first observe the following result which was previously shown to hold in [125].

Lemma 4.40 Given a Hambo basis generating all-pass function G b(z) and its corre-
sponding dual basis generating all-pass function N(λ), the following expression holds
true for all z /∈ σ(Ab).

zV1(z)
T N(λ)

��
λ−1=Gb(z)

= V1(z)
T . (4.68)
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Proof The proof follows by direct evaluation of N(G b(z))V1(z) using Gb(z) =
Cb(z I − Ab)

−1 Bb + Db , making the assumption that z /∈ σ(Ab):

N(Gb(z))V1(z) =
�

Ab + Bb(Gb(z)− Db)
−1Cb

�
(z I − Ab)

−1 Bb.

= Ab(z I − Ab)
−1 Bb + Bb

�
Cb(z I − Ab)

−1 Bb

�−1
Cb(z I − Ab)

−1 Bb

= Ab(z I − Ab)
−1 Bb + Bb = V1(z)z.

By the all-pass property of N(λ) and G b(z) this latter equation can be rephrased as
(4.68).

We see that for z �= 0, V1(z)T is a left eigenvector of N (λ)
��
λ−1=Gb(z)

, with z−1 the
corresponding eigenvalue. This has the following consequence.

Proposition 4.41 Consider a Hambo basis generated by the all-pass function G b(z)
and a transfer function G(z) ∈ H2. Then the Hambo operator transform G̃(λ) satisfies

V1(z)
T G̃(λ)

���
λ−1=Gb(z)

= G(z)V1(z)
T , (4.69)

for all z �= 0, z /∈ σ(Ab).

Proof It follows by direct substitution of lemma 4.40 in proposition 4.25:

V1(z)
T G̃(λ)

���
λ−1=Gb(z)

=
∞X
τ=0

g(τ )V1(z)
T N (λ)τ

��
λ−1=Gb(z)

=
∞X
τ=0

g(τ )z−τV1(z)
T .

Consider a certain fixed value of λ denoted as λ0. Because Gb(z) is an inner
function of McMillan degree n b, the equation λ0

−1 = Gb(z) will have nb solutions
which we will denote as zi . Defining the matrix X ({zi }) as

X ({zi }) =
�
V1(z1) V1(z2) · · · V1(znb )

�
,

one can write, using proposition 4.41,

X ({zi })T G̃(λ0) = diag {G(zi )} X ({zi })T .
If the solutions zi to λ0

−1 = Gb(z) are distinct, it holds that V1(zi )
T V1(1/z j ) = 0,

for zi �= z j . This follows directly from the following result, which is known as the
Christoffel-Darboux formula [20] for the Hambo basis. It gives an expression for the
reproducing kernel of the subspace spanned by the functions φ 1,i(z), 1 ≤ i ≤ nb,

which is equal to k(z, z ′) = V1(z′)T V1(1/z).

Lemma 4.42 (Christoffel-Darboux formula) Consider a Hambo basis generating
all-pass function Gb(z). It holds for all z1, z2 ∈ C/σ(Ab), z1 �= z2 that

V1(z1)
T V1(1/z2) = Gb(z1)Gb(1/z2)− 1

1− z1/z2
. (4.70)
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Proof It follows from the properties of the orthogonal realization (A b, Bb,Cb, Db).
Using that zV1(z) = AbV1(z)+ Bb we have that

z1V1(z1)
T V1(1/z2) 1/z2 = (V1(z1)

T AT
b + BT

b )(AbV1(1/z2)+ Bb) =
V1(z1)

T AT
b AbV1(1/z2)+ V1(z1)

T AT
b Bb + BT

b AbV1(1/z2)+ BT
b Bb.

Substituting AT
b Ab = I − CT

b Cb, AT
b Bb = −CT

b Db and BT
b Bb = 1 − Db Db results

in
z1V1(z1)

T V1(1/z2) 1/z2 = V1(z1)
T V1(1/z2)− Gb(z1)Gb(1/z2)+ 1.

which can be rephrased as (4.70).

We now have that, if the solutions z i to λ−1
0 = Gb(z) are distinct, it holds that

X ({zi })T G̃(λ0)X({1/zi }) = diag {G(zi )} diag
n

V1(zi )
T V1(1/zi )

o
.

The case where |λ0| = 1 is a simple but important situation for which it holds that the
solutions zi to λ−1

0 = Gb(z) are all distinct. This can be understood as follows. If
|λ0| = 1 it must hold that |zi | = 1 as well, by the all-pass property of G b(z). From
the Christoffel-Darboux formula we can derive an expression for V 1(z)T V1(1/z) that
holds for all z such that |z| = 1:

V1(z)
T V1(1/z) = lim

δ→0

(Gb(z + δ)− Gb(z))Gb(1/z)

1 − (z + δ)/z = z
dGb(z)

dz
Gb(1/z).

In the case that Gb(z) = λ−1
0 has a multiple solution at zi it holds that dGb(z)

dz

���
z=zi

= 0.

Hence it should hold in that case that V1(zi )
T V1(1/zi )

T = 0. This would require
that |φ1, j (zi )| = 0 for all 1 ≤ j ≤ nb, meaning that all Hambo basis functions
φk, j (z), k ∈ Z would be zero at zi , which cannot be true because these functions
constitute a basis. Consequently λ−1

0 = Gb(z) cannot have multiple solutions at z i if
|λ0| = 1.

A further consequence of the observation that V1(z)T V1(1/z) > 0 if |z| = 1 is that

for |λ0| = 1, the matrix X({1/zi })
�

diag
np

V1(zi )T V1(1/zi )

o�−1
is an orthogonal

matrix. This brings us the following diagonal decomposition of G̃(λ0).

Proposition 4.43 Let zi , with 1 ≤ i ≤ nb, be the solutions to λ−1
0 = Gb(zi ) with

|λ0| = 1. Then, defining R = diag
np

V1(zi )T V1(1/zi )

o
, it holds that

R−1 X ({zi })T G̃(λ0)X({1/zi })R−1 = diag {G(zi )} .
X({1/zi })R−1 is an orthogonal matrix. Hence the singular values of G̃(λ0) are equal
to |G(zi )|.
This proposition also shows that G̃(λ) is Hermitian when |λ| = 1.
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4.4.4 Norm invariance under Hambo operator transformation

It was shown before that the Hambo transforms of scalar stable finite dimensional
LTI systems are again stable finite dimensional LTI systems, albeit that they have
input/output dimension nb × nb . For the particular case of the Hambo operator trans-
form it was further shown that McMillan degree, Hankel singular values, and � 2-gain
are also invariant under Hambo operator transformation. This leads to the following
observations.

Corollary 4.44 The Hankel and H∞ norms of a system G(z) ∈ H∞ are invariant
under Hambo operator transformation.

The assertion for the Hankel norm follows from invariance of the Hankel singu-
lar values. Invariance of the H∞ norm follows from the fact that the H∞ norm is
equal to the �2-gain. Alternatively, it follows from proposition 4.43 which shows that

supω∈[0,2π) σ̄
�

G̃(eiω)
�
= supω∈[0,2π) |G(eiω)|. Given the definition of the Hambo

operator transform it is not surprising that these norms are invariant as they are both
norms that are induced by the �2-norm for signals which is invariant under Hambo
signal transformation as e.g. follows from proposition 4.21.

It is important to take notice of the fact that the H2 norm is not invariant under
Hambo operator transformation. On the basis of proposition 4.29 we can however
conclude the following.

Corollary 4.45 The H2 norm of the Hambo operator transform of G(z) ∈ H2 satis-
fies

‖G̃(λ)‖2 = ‖Vk(z)G(z)‖2, ∀k ∈ Z.

Proof Follows by taking the trace of both sides of equation (4.46) with G 1(z) =
G2(z) = G(z).

4.4.5 The subspace of Hambo operator transforms

It is a consequence of corollary 4.45 that the Hambo operator transform of a system
G(z) ∈ H2 is an element of H nb×nb

2 . However, not every transfer matrix in H nb×nb
2 is a

valid Hambo operator transform. The space of Hambo transforms can be characterized
as follows.

Proposition 4.46 A system G̃(λ) ∈ H nb×nb
2 is a Hambo operator transform of a sys-

tem G(z) ∈ H2, with respect to a basis generated by the inner function G b(z) with
McMillan degree nb, if and only if

G̃(λ)N (λ) = N(λ)G̃(λ), (4.71)

with N(λ) as given by definition 3.20, i.e. G̃(λ) should commute with N (λ).
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Proof That (4.71) is a necessary condition for G̃(λ) to be a Hambo operator trans-
form is an immediate consequence of proposition 4.25. That it is also sufficient can
be seen as follows. Consider the proof of proposition 4.16. Suppose that we do not
know beforehand that G̃(λ) is a valid operator transform. Instead we make the as-
sumptions that G̃(λ) ∈ H nb×nb

2 and that it commutes with N (λ). We see that under
these assumptions equation (4.30) still holds, i.e. there exists a sequence g(t) such
that y(k) = P∞

t=0 g(t)u(k − t), where {y(k)} and {u(k)} represent the inverse signal
transforms of Y and U. As the signal transform is a bijective mapping between � 2 and
�

nb
2 it inversely holds that for any input/output pair u, y such that y = Gu we have

that Y = G̃U. Hence any system G̃(λ) in H nb×nb
2 that commutes with N(λ) is a valid

Hambo transform.

For nb > 1 the space of systems that satisfy condition (4.71) is a proper subspace of
H nb×nb

2 . If nb is 1, which corresponds to the Laguerre case, the subspace of Hambo
transforms coincides with H2 because all scalar systems commute.

We have seen in section 4.3.2 that the Hambo operator transform of a strictly
proper system G(z) satisfies ôG(λ) = G̃(λ)W0(λ), which implies that det G̃(λ) must
have a zero at the unstable pole of W0(λ) at 1/Db . Therefore we can conclude that
a Hambo operator transform of a strictly proper system, G̃(λ) necessarily satisfies
det G̃(1/Db) = 0 in addition to condition (4.71).

The Hambo theory developed in this chapter offers the possibility to do system ma-
nipulations in the operator transform domain. One could for instance think of applying
model reduction in the Hambo operator transform domain (in view of the invariance
of McMillan degree) or directly identify a Hambo operator transform on the basis of
expansion coefficient sequences of inputs and outputs. This latter idea will be further
explored in chapter 6. A difficulty is that most of these techniques apply to general
H nb×nb

2 systems. This means that the outcome of a model reduction or identification
procedure will not necessarily be a valid Hambo transform. There are basically two
ways to deal with this problem. One option is to adapt the reduction or identification
methods in such a way that they result in valid Hambo transforms. The other option
is to approximate the outcome of the identification with a valid Hambo transform.

A simple way to implement the last option is by applying a projection onto the
space of Hambo transforms. The transformation formulas that were derived in sec-
tion 4.3.4 provide a straightforward way to accomplish this. The following result is
essential for this approach to work.

Lemma 4.47 Given an observable state-space realization ( Ã, B̃, C̃, D̃) of a system
G̃(λ) ∈ RH nb×nb

2 . The realization (A, B,C, D) that is obtained by solving equation
(4.61) using ( Ã, B̃, C̃, D̃) is stable.

Proof The expression for A reads

X̃o A =
�
�̃(λ)T N∗(λ), �̃(λ)T

�
.
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Suppose that x �= 0 is an eigenvector of A and a the corresponding eigenvalue. We
consider

xT X̃o Ax =
�

x T �̃(λ)T N∗(λ), x T �̃(λ)T
�
=
D

N (λ)�̃(λ)x, �̃(λ)x
E
.

We can apply the Cauchy-Schwarz inequality to obtain���x T X̃o Ax
��� < ‖N (λ)�̃(λ)x‖2‖�̃(λ)x‖2 = ‖�̃(λ)x‖2

2.

Strict inequality holds due to the fact that N (λ)�̃(λ)x �= c�̃(λ)x for some c ∈ C

except for �(λ)x = 0, which cannot be true because ( Ã, C̃) is observable. Given that
x is an eigenvector, we can alternatively write:

|a||x T X̃ox| < x T
�
�̃(λ)T , �̃(λ)T

�
x = x T X̃ox .

The positive definiteness of X̃o then implies that |a| < 1. Consequently all eigenval-
ues of A lie inside the unit circle.

This result implies that the outcome of equation (4.61) will be an H 2 system even if
G̃(λ) ∈ H nb×nb

2 is not a valid Hambo transform. Hence we can use the transformation
formulas (4.61) and (4.59) for projection onto the subspace of Hambo transforms.

Algorithm 4.48 (Projection onto the space of Hambo transforms) A given system
G̃(λ) ∈ H nb×nb

2 can be projected onto the space of Hambo transforms generated by
the inner function Gb(z) as follows.

1. Compute an observable realization ( Ã, B̃, C̃, D̃) of G̃(λ).

2. Solve equation (4.61) for (A ′, B ′,C ′, D) using ( Ã, B̃, C̃, D̃).

3. Compute an observable realization (A, B,C) of the system C ′(z I − A′)−1 B ′.

4. Solve equation (4.59) for ( ÃP , B̃P , C̃P , D̃P ) using (A, B,C, D).

The system G̃ P(λ) with realization ( ÃP , B̃P , C̃P , D̃P ) is a valid Hambo transform.

Note that step 3 can be omitted if (A ′,C ′) is an observable pair. It is easy to verify that
the above algorithm constitutes a projection. It for instance holds that if ( Ã, B̃, C̃, D̃)
already constitutes a valid Hambo transform then the outcome of the projection algo-
rithm will again be ( Ã, B̃, C̃, D̃).

Of course it is desired to have an upper bound on the distance between G̃(λ) and
its projection as computed with algorithm 4.48, measured in some relevant system
norm. We have not yet been able to derive such a bound.
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4.5 Extensions of Hambo transform theory

In this section we discuss three advanced topics concerning the Hambo operator trans-
form theory developed in this chapter. First we look into the fact that the Hambo basis
can alternatively be viewed as a Takenaka-Malmquist basis generated by a periodi-
cally repeated sequence of single pole all-pass functions. From that point of view
the Hambo operator transform is a linear periodically time-varying system with in-
put/output dimension 1 × 1, rather than an LTI system with input/output dimension
nb × nb. In the second part of this section we consider ways in which the Hambo
operator transform theory can be extended to apply to multivariable systems. In the
third and final part we briefly consider the possibility of extending transform theory
so that it also applies to unstable systems, i.e. systems that are not in H2.

4.5.1 Time-varying transforms

The Hambo basis construction can be viewed as a special case of the general basis
construction that was introduced in chapter 3, in two ways. First, it is simply the
case in which the all-pass functions G bk (z) are all equal to the same function G b(z)
that has McMillan degree nb. Alternatively, the Hambo basis can be viewed as a
special case of the general construction in which the all-pass functions G b,k(z) all
have McMillan degree 1 but they are repeated in a periodic pattern with period n b,
hence Gb,k+nb (z) = Gb,k(z) for all k.

If the nb poles used in these constructions are the same, the resulting orthonormal
bases are equivalent in the sense that they are related via a unitary matrix. Let us give
an example to illustrate this.

Example 4.4 Consider two balanced single-pole all-pass functions Gb,1(z) and Gb,2(z) given
by

Gb,i = 1 − ξi z

z − ξi , i = 1, 2.

Balanced state-space realizations of these functions are given by

(Ab,i , Bb,i ,Cb,i , Db,i ) = (ξi ,
p

1 − |ξi |2,
p

1 − |ξi |2,−ξ i ).

Suppose that we generate an orthonormal basis according to the general construction method
developed in section 3.2.1, with Gb,k = Gb,1 for k odd and Gb,k = Gb,2 for k even. In
other words: the sequence of all-pass functions consists of a periodic repetition of the all-
pass functions of the functions Gb,1 and Gb,2. The thus obtained basis functions, denoted
φk(z), k ∈ N, satisfy:

φ2k−1(z) =
p

1 − |ξ1|2
z − ξ1 Gk−1

b,1 Gk−1
b,2 ,

φ2k (z) =
p

1 − |ξ2|2
z − ξ2 Gk

b,1Gk−1
b,2 .
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Now consider the second order all-pass Gb(z) that is given by Gb(z) = Gb,1(z)Gb,2(z). It
is easy to see that it has a balanced state-space realization

�
Ab Bb
Cb Db

�
=
24 ξ1 0

p
1 − |ξ1|2p

1 − |ξ2|2
p

1 − |ξ1|2 ξ2 −ξ1
p

1− |ξ2|2
−ξ2
p

1 − |ξ1|2
p

1 − |ξ2|2 ξ1ξ2

35 .
The basis function vectors that result when we construct a Hambo basis with Gb(z) are

given by Vk(z) = (z I − Ab)
−1 Bb. It is easy to see that these vectors satisfy

Vk(z) =
24 √

1−|ξ1|2
z−ξ1√

1−|ξ2|2
z−ξ2 Gb,1(z)

35Gb,1(z)
k−1Gb,2(z)

k−1.

Hence the basis functions φ2k−1 and φ2k appear as the elements of the basis function vectors
Vk(z). The bases therefore coincide. Since all orthogonal realizations of Gb(z) can be converted
into each other by a similarity transformation with a unitary matrix, the basis {φ j (z)} j∈N is
equivalent to any Hambo basis that is generated with Gb(z).

Although the Hambo basis is equivalent to a general basis generated with periodic
single-pole all-pass function repetition it makes a difference which point of view we
take when we talk about the transforms that are induced by these bases. For example,
the Hambo operator transform of a scalar LTI system is again an LTI system with
input/output dimension nb × nb . The operator transform, induced by an equivalent
periodic sequence of all-pass functions, of that system is a scalar system that is linear
periodically time-varying with period n b. As the bases are equivalent it should hold
that the transforms are also equivalent. This is indeed the case.

It is a well-known fact that a scalar linear periodically time-varying (LPTV) sys-
tem with period p can be converted to an equivalent multivariable linear time-invariant
(LTI) system of input/output dimension p × p by a procedure that is called “time-
lifting” or “blocking” [73, 7]. In the lifting procedure the input and output sequences
are blocked, i.e. grouped, in batches of p samples. The multivariable system (i/o di-
mension p × p) that maps the input sequence batches to the output sequence batches
is a linear time-invariant system.

It is precisely this blocking mechanism which relates a basis generated by a pe-
riodic sequence of all-pass functions to an equivalent Hambo basis. Example 4.4
illustrates that the Hambo basis function vectors Vk(z) can be viewed as blocked ver-
sions of a basis generated by a periodic sequence of all-pass functions. Consequently
also the coefficient vector sequence pertaining to a Hambo basis can be viewed as a
blocked representation of a scalar coefficient vector sequence. Thus the Hambo op-
erator transform can alternatively be computed by applying the lifting method to the
equivalent periodically time-varying operator transform. In [73] it is described how,
on the basis of a given state-space realization of a periodically time-varying system, a
state-space realization of its time-lifted LTI version can be obtained.

Given the insight that the Hambo operator transform is equivalent to a scalar trans-
form that is periodically time-varying, the question comes up which of these represen-
tations is to be preferred. In general it is much easier to work with LTI systems. On the
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other hand, this convenience is obtained at the cost of an increase of the input/output
dimension, which can be substantial if n b is large. This increase in i/o dimension is
the major obstacle to overcome when we want to generalize the Hambo transform the-
ory to multivariable systems as we will see in the next section. Computing a Hambo
transform, using equation (4.59), requires the solution to a Sylvester equation that has
dimension (n + nb)

2. On the other hand, computation of the state-space realization
of the equivalent LPTV operator transform can be done with the explicit expressions
(4.24) through (4.27), which requires n b inversions of matrices of dimension n × n.

4.5.2 Transformation of multivariable systems

In this section we consider the possibility to extend the Hambo transform theory such
that it also applies to multivariable systems. It contains some tentative suggestions for
approaching this problem. The generalization to multivariable systems is essentially
straightforward but the notational complexity increases considerably.

The most straightforward extension of the Hambo transform theory to multivari-
able systems is obtained when we simply view a multivariable system as a collection
of m × p scalar systems. Consider the system G(z) ∈ H p×m

2 given by

G(z) =

26664
G11(z) G12(z) · · · G1m(z)
G21(z) G22(z) G2m(z)
...

. . .
...

G p1(z) G p2(z) · · · G pm(z)

37775 . (4.72)

Suppose that this system has a state-space realization (A, B,C, D)with A ∈ Rn×n , B ∈
Rn×m ,C ∈ Rp×n and D ∈ Rp×m . We further assume that B,C and D can be written
as follows.

B = �B1 B2 · · · Bm
�
, C =

26664
C1
C2
...

Cp

37775 , D =

26664
D11 D12 · · · D1m

D21 D22 D2m
...

. . .
...

Dp1 Dp2 · · · Dpm

37775 ,
where B j and Ci are column and row vectors respectively, and Dij are scalars. Hence
it holds that (A, B j ,Ci , Dij ) is a state-space realization of the system Gij (z):

Gij (z) = Ci (z I − A)−1 B j + Dij . (4.73)

Note that although (A, B,C) is minimal, it might be that the realizations (A, B j ,Ci )

are not minimal.
We denote a pair of input and output signals u ∈ �m

2 and y ∈ �p
2 such that y = Gu,

with u(t) and y(t) partitioned as

u(t) = �u1(t) u2(t) · · · um(t)
�T
, y(t) = �y1(t) y2(t) · · · yp(t)

�T
.

(4.74)
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The Hambo signal transforms of the scalar components u j and yi are denoted as óu j

and óy j which are elements of L nb
2 (T), with nb the McMillan degree of the basis gen-

erating all-pass function. It is obvious that, in this setup, it holds that26664
óy1(λ)óy2(λ)
...óyp(λ)

37775 =
26664

G̃11(λ) G̃12(λ) · · · G̃1m(λ)

G̃21(λ) G̃22(λ) G̃2m(λ)
...

. . .
...

G̃ p1(λ) G̃ p2(λ) · · · G̃ pm(λ)

37775
26664
óu1(λ)óu2(λ)
...óum(λ)

37775 , (4.75)

with G̃i j (λ) the Hambo operator transform of G ij (z). Hence the Hambo operator
transform of a multivariable system with dimensions p × m can be represented by
a multivariable system that has dimensions (nb p × nbm). Clearly the input/output
dimensions of this Hambo operator transform can blow up considerably for large n b, p
and/or m.

For the computation of the state-space matrices of the systems G̃i, j , use can be
made of expressions (4.9) through (4.12). It holds that G̃i, j = D̃i j + C̃i (z I − Ã)−1 B̃ j

where ( Ã, B̃ j , C̃i , D̃i j ) are given by the equations

Ã =
∞X

l=0

gb,k(l)A
l , (4.76)

AB̃ j Ab + B j Cb = B̃ j , (4.77)

AbC̃i A + BbCi = C̃i , (4.78)

D̃i j =
∞X
τ=0

gij (τ )A
τ
b, (4.79)

with gij (τ ) representing the impulse response of G ij (z). As explained in section 4.2.2,
Ã also satisfies the Sylvester equations

AT Xo,i ÃA + CT
i

�
CbC̃i A + DbCi

�
= Xo,i Ã,

with Xo,i the observability Gramian associated with the pair (A,Ci ). Hence Ã can
easily be calculated if one of the pairs (A,Ci ), with 1 < i < p is observable.

Alternatively we can use the insights of the previous section to invoke the use
of an operator transform that does not blow up the input/output dimension. In this
approach we use a periodic sequence of single-pole all-pass functions with period n b

to generate a basis that is equivalent to a Hambo basis. In this setup scalar signals are
transformed to scalar expansion sequences. The corresponding operator transforms
are scalar systems that are linear periodically time-varying with period n b.

Again consider the multivariable system G(z) as given by (4.72), and let u ∈
�m

2 (N) and y ∈ �p
2 (N) be such that y(z) = G(z)u(z). Further, let u(t) and y(t) be

partitioned as in (4.74). We denote the signal transforms of y i and u j as Yi and U j
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respectively. Then we can write

26664
Y1
Y2
...

Yp

37775 =
26664

G̃11 G̃12 · · · G̃1m

G̃21 G̃22 G̃2m
...

. . .
...

G̃ p1 G̃ p2 · · · G̃ pm

37775
26664

U1
U2
...

Um

37775 , (4.80)

with G̃i j representing the operator transform of G ij (z) for all i, j . In this framework
the “Hambo operator transform” is represented by a multivariable periodically time-
varying system with dimension p×m. State-space realizations of the elements G̃i j of
this operator transform are obtained by solving the explicit expressions (4.24) through
(4.27) without any difficulty. In view of the structure of these equations it is not
difficult to see that the entire multivariable operator transform with dimension p × m
has a periodically time-varying state-space realization {( Ãk, B̃k, C̃k , D̃k)}k∈N given
by

Ãk = Db,k + Cb,k A(I − Ab,k A)−1 Bb,k, (4.81)

B̃k = Cb,k(I − Ab,k A)−1 B, (4.82)

C̃k = C(I − Ab,k A)−1 Bb,k, (4.83)

D̃k = D + C Ab,k(I − Ab,k A)−1 B, (4.84)

with (A, B,C, D) the state-space realization of the multivariable system G(z).
This analysis shows that the Hambo transform of a multivariable system can also

be represented by a linear periodically time-varying system of which the input/output
dimension is equal to that of the original system. In addition, the computation of this
time-varying transform can be done easily and unambiguously by means of the explicit
expressions (4.81) through (4.84). If so desired, the transform can be converted to an
LTI system of input/output dimension n b p × nbm via the lifting method. This would
deliver the multivariable Hambo operator transform of equation (4.75).

The question arises which of the two representations is to be preferred. A choice
has to be made between a dramatic increase of input/output dimension, or accepting
that the transform is time-varying. In either case, there is an increase in notational
complexity. Considering the computations involved it appears that the LPTV repre-
sentation is more convenient as it requires the computation of less parameters. This
can be motivated as follows. The matrices Ã, B̃ j , C̃i and D̃i j that are required to
represent the multivariable Hambo transform of equation (4.75) together constitute a
matrix of dimension (n + nb p) × (n + nbm). The matrices Ãk, B̃k, C̃k and D̃k that
represent the LPTV version of the Hambo transform constitute n b matrices of dimen-
sion (n + p) × (n + m). This shows that in the LPTV representation the number of
parameters increases linearly with nb while in the other case the increase is quadratic.
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4.5.3 Transformation of unstable systems

In this section we look at the possibility of applying the Hambo operator transforma-
tion to unstable systems, that is, to rational transfer functions having poles that lie
outside the unit disk. The definition of the operator transform, as given in section
4.3.2, is induced by applying the signal transform to the input and output signals of
the system. Naturally, if the system is unstable, the system response to a given input
will (in general) grow unbounded. Hence the outputs in this case are not elements of
�2. Strictly speaking, the operator transform is not defined in this case.

We can however adopt a slightly more abstract point of view by considering the
system not as an operator acting on time-domain signals but merely as a transfer func-
tion that is an element of L 2(T). In this case, with u(z) a function in L 2(T), it holds
that the function y(z) given by

y(z) = G(z)u(z),

is also an element of L2(T). In this setting the Hambo operator transform of G(z),
induced by expanding u(z) and y(z) in terms of the Hambo basis {V k(z)}k∈Z of L2(T),
is well-defined. Moreover, much of the theory developed in sections 4.3 and 4.4 still
applies in this case. An important advantage of this setting is that the class of L 2(T)

systems also contains all rational transfer functions that do not have poles on the unit
circle. Hence it also admits systems which have poles that lie outside the unit disk,
and which are in this sense “unstable”.

For example, it holds that the Hambo operator transform G̃(λ) of any given system
G(z) ∈ L2 is an element of Lnb×nb

2 (T) which satisfies

G̃(λ) =
∞X

k=−∞
g(k)N(λ), (4.85)

with g(k) being the inverse DTFT of G(z). This is proved by using arguments that
are similar to those used to prove proposition 4.25 (cf. also proposition 4.53, given in
appendix 4.A).

Further, if the poles of G(z) are not on the unit circle, one can derive an inner
product expression for the state-space matrices of the operator transform similar to
propositions 4.32 and 4.34, without modification. However, the formulation of these
expressions in terms of Sylvester equations presents some numerical difficulties. Let
the system G(z) ∈ L2(T) have a minimal state-space realization (A, B,C, D), and
consider a Hambo basis generated by an all-pass function with state-space realization
(Ab, Bb,Cb, Db). Then the difficulty stems from the fact that a Sylvester equation of
the form �

AT ∗
0 Ab

�
X

�
A ∗
0 A∗b

�
+ Y = X,

where the ∗’s can be replaced by any matrix of appropriate dimensions, only has a
solution if

λµ �= 1 for all λ,µ ∈ (σ (A) ∪ σ(Ab)) , (4.86)
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i.e. A should not have an eigenvalue at both a i and 1/ai or at 1/ξi , with ξi being an
eigenvalue of Ab. Such a situation cannot be excluded if the A has eigenvalues both
in- and outside the unit disc. If A has all its eigenvalues inside the unit disc, this
problem cannot arise. Hence in order to formulate the expression for the state-space
realization of the Hambo operator transform in terms of a Sylvester equation some
extra measures have to be taken. One can for instance factorize G(z) in a stable and
an anti-stable part and transform these factors separately. The operator transform of
G(z) is then obtained by recombining the separate transforms. If A does not have
eigenvalues on the circle and is such that (4.86) holds, then the Hambo forward and
transform formulas can still be applied without modification. A similar result holds
for the inverse transform formula.

Although, in this way, much of the Hambo operator transform theory can be ex-
tended to rational functions in L 2(T) one should be aware that this setting is entirely
frequency domain based. The impulse response of the corresponding system, is not
obtained by simply applying the inverse DTFT to G(z). Hence, one should be care-
ful when drawing conclusions about the time-domain behavior of the corresponding
system.

4.6 Related transforms in the literature

In this section we briefly discuss a number of related transform analyses that have
been proposed in the literature.

In [125] an analysis is made of Hambo transform theory that has connections with
the analysis given in section 4.4.3. The conceptual starting point of that paper, how-
ever, is not the expansion of input and output signals in terms of Hambo bases, but
the idea to transform a system G(z) ∈ H2 to a system G̃(λ), with a faster decaying
impulse response, by means of a variable transformation z → λ. The Hambo bases
are then in fact obtained as results of this transform analysis. The variable transfor-
mation should be such that it maps D to D, thus preserving stability of the system. A
simple example of such a transformation is the conformal mapping λ = z−ξ

1−ξ z
, which

maps z = ξ to λ = 0. This bilinear transform coincides with the variable substitution
property of the inverse Laguerre operator transform which, as was shown in section
4.3.2, is equal to

G(z) = G̃(λ)
���
λ=Gb(1/z)

. (4.87)

Wahlberg shows that this simple case can be generalized by using a variable substitu-
tion

λ = Gb(1/z), with Gb(z) =
nbY

i=1

1 − ξi z
z − ξi .

This transformation is however not one-to-one: for every λ there are n b corresponding
values of z, denoted as zi , i = 1, .., nb. This problem can be remedied by making use
of the fact that these values zi are the eigenvalues of the all-pass function N(1/λ)T as
follows from lemma 4.40. For a detailed analysis see [125].
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Figure 4.2 Plot of the frequency transformation ϑ = β(ω) induced by the use of an all-pass
function Gb(z) with poles at 0.5, 0.75 + 0.25i, 0.75 − 0.25i.

The variable substitution of equation (4.87) is sometimes referred to as a frequency
transformation, as it maps T to T. With z = e iω and λ = eiϑ , it holds that this transfor-
mation, defined as ϑ = β(ω), constitutes a continuously differentiable nondecreasing
(hence bijective) mapping from ω ∈ [0, 2π) to ϑ ∈ [0, 2n bπ). In figure 4.2 an exam-
ple of such a β function is shown for a particular choice of G b(z).

The properties of this β mapping, and in particular its inverse β −1, are analyzed
in [102], where it is used in a frequency domain approach to Hambo basis function
modeling. A discrete set of equidistantly distributed frequency points in the ϑ domain
is mapped by β−1 to a non-equidistantly distributed set of frequency points in the ω
domain. This frequency distortion, or “warping” property is exploited in [122] for the
case nb = 1 to enable the application of the fast Fourier transform (FFT) algorithm to
nonuniformly spaced samples of a DTFT.

In [76] the effect of a variable substitution

G̃(λ) = G(z)|z=F(1/λ) , with F(λ) =
nbY

i=1

1 − ξiλ
λ− ξi ,

is studied in a state-space framework in the context of filter synthesis problems. It is
shown that this variable substitution results in a system representation with state-space
dimension n · nb where n is the state-space dimension of G(z). The Hankel singular
values of this system are nb copies of the Hankel singular values of the original sys-
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tem. As the Hankel singular values determine the minimal attainable sensitivity to
roundoff noise of a given filter, this transform can be exploited to generate a family
of filters that have a prescribed sensitivity to roundoff. Although this transformation
is decidedly different from the Hambo operator transform, in which a variable sub-
stitution z = N (1/λ)T takes place, it seems that there exists a close connection. The
expressions for computing the state-space realization of the transformed system are
very reminiscent of the expressions for computation of the Laguerre operator trans-
form (cf. equations (4.28) and (4.29)). Furthermore, Hankel singular values are also
invariant under Hambo operator transformation.

4.7 Concluding remarks

In this chapter a detailed analysis was presented of the transform theory of signals and
systems that is induced by the use of rational orthonormal bases.

It was shown that if the input and output signals of an LTI system are expanded
in terms of rational orthonormal bases then the corresponding expansion sequences,
called the signal transforms, are mapped to each other via a causal linear operator,
which we call the operator transform of the system. For general rational orthonormal
bases, such as the Takenaka-Malmquist basis and bases constructed using the general
framework of section 3.2, this operator transform is a linear time-varying system.

For the specific case of the Hambo bases, which encompass the Laguerre and the
2-parameter Kautz bases, we have made a thorough analysis of the isomorphic prop-
erties of both the signal and the operator transform. The Hambo operator transform
leaves a number of interesting system properties invariant such as: controllability and
observability Gramians, Hankel singular values, and H∞ norm.

Central results in this chapter are the transform formulas by which general operator
transforms and the special cases of Hambo operator transforms can be computed on
state-space level. Such relations were previously only available for the Laguerre basis
[84, 83].

In the next chapter it will be shown how these transform results provide a solution
to a generalization of the classical minimal partial realization problem: how to obtain
a minimal realization of a system G(z) that matches a finite number of given Hambo
basis function expansion coefficients.



114 4 Transform theory of rational orthonormal bases

4.A Appendix

This appendix contains the deferred proofs of chapter 4 plus some additional results, such as
the dual formulations of the operator transform expressions.

4.A.1 Proofs and additional results for section 4.2

Proof of lemma 4.7 Given F(z) ∈ RH2 with realization (A, B,C, D), it is to be shown that
for all k, j

�
ψk(z), ψ j (z)Gb, j (1/z)F(z)

� = ∞X
t=1

At−1
b,k Bb,kC At−1

∞X
l=0

Al BCb, j Al
b, j . (4.A.1)

We first observe that from lemma 3.17 it follows that for all j ∈ N

ψ j (z)Gb, j (1/z) =
∞X

l=0

A∗b, j
lC∗

b, j zl .

Hence the right argument of the inner product in (4.A.1) can be expressed as

∞X
t=0

∞X
l=0

f (t)A∗b, j
lC∗

b, j z−t+l .

As the left argument of the inner product is an element of H2−, the right argument can be
replaced by its projection onto H2− without changing the outcome. This projection equals

∞X
t=1

t−1X
l=0

f (t)A∗b, j
lC∗

b, j z−t+l =
∞X

l=0

∞X
t=l+1

C At−1 B A∗b, j
lC∗

b, j z−t+l .

Substituting t ′ = t − l this becomes

∞X
l=0

∞X
t ′=1

C At ′+l−1 B A∗b, j
lC∗

b, j z−t ′ =
∞X

l=0

∞X
t ′=1

A∗b, j
lC∗

b, j C At ′+l−1 Bz−t ′ .

Taking the inner product with φk(z) =
P∞

t ′=1 At ′−1
b,k Bb,kz−t ′ then produces the desired result.

Proof of lemma 4.8 We will show that, given a system G(z) ∈ RH2 with state-space realiza-
tion (A, B,C, D), it holds that PH2−G(z)Gb,i (1/z) has a state-space realizations (A, Ãi B,C)

and (A, B,C Ãi ) with

Ãi =
∞X

l=0

Al gb,i (l), , (4.A.2)

where gb,i (l) are the impulse response coefficients of Gb,i . We first observe that

PH2−G(z)Gb,i (1/z) = PH2−
�

PH2−G(z)
�

Gb,i (1/z),
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so we only have to bother with the strictly-proper part of G(z). Therefore

PH2−G(z)Gb,i (1/z) = PH2−

∞X
t=1

t−1X
l=0

C At−1 Bgb,i (l)z
−t+l .

Substituting t ′ = t − l and interchanging the summations yields that

PH2−G(z)Gb,i (1/z) =
∞X

l=0

∞X
t ′=1

C At ′+l−1 Bgb,i (l)z
−t ′ ,

which, under the assumption that the Ai are real, can be rephrased as

∞X
t ′=1

C At ′−1
∞X

l=0

Al gb,i (l)Bz−t ′ or
∞X

t ′=1

C
∞X

l=0

Al gb,i (l)A
t ′−1 Bz−t ′,

demonstrating the desired property. Lemma (4.8) now straightforwardly follows by repeated
application of this result.

Proof of lemma 4.9 The first assertion is proved by pre- and post-multiplying equation (4.17)
with AT Xo and A respectively to get

AT Xo Ãk A =
∞X

l=0

gb,k (l)A
T Xo AAl =

∞X
l=0

gb,k (l)(Xo − CT C)Al ,

which, using equation (4.11), can be expressed as

AT Xo Ãk A = Xo Ãk − CT Cb,k C̃k A − Db,kCT C.

The converse assertion is proved as follows. Equation (4.18) can be written as

AT
�

Xo Ãk − Db,k Xo

�
A + CT Cb,kC̃k A = Xo Ãk − Db,k Xo. (4.A.3)

Since C̃k satisfies (4.11) it holds that

CT Cb,kC̃k A = CT Cb,k

∞X
l

Al−1
b,k Bb,kC Al−1 A = CT

∞X
l=1

gb,k (l)C Al ,

which, again using AT Xo A + CT C = Xo, can be written as

Xo

∞X
l=1

gb,k (l)A
l − AT

 ∞X
l=1

gb,k (l)A
l Xo

!
A.

Substituting this in (4.A.3) yields

AT

 
Xo Ãk − Xo

∞X
l=0

gb,k(l)A
l

!
A = Xo Ãk − Xo

∞X
l=0

gb,k (l)A
l .
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Stability of A implies that Xo Ãk − Xo
P∞

l=0 gb,k(l)A
l = 0. If (A,C) is an observable pair,

then Xo is invertible and expression (4.17) follows.

Proof of lemma 4.10 The first assertion is proved by pre- and post-multiplying equation (4.12)
with Ab,k and A∗b,k respectively to get

Ab,k D̃k A∗b,k =
∞X
τ=0

g(τ)Aτb,k Ab,k A∗b,k =
∞X
τ=0

g(τ)Aτb,k(I − Bb,k B∗b,k),

which, using (4.11), can be expressed as

Ab,k D̃k A∗b,k = D̃k − Ab,k C̃k B B∗b,k − DBb,k B∗b,k .

The converse assertion is proved as follows. Using Ab,k A∗b,k + Bb,k B∗b,k = I , equation (4.20)
can be written as

Ab,k

�
D̃k − DI

�
A∗b,k + Ab,kC̃k B B∗b,k = D̃k − DI (4.A.4)

Since C̃k satisfies (4.11) it holds that

Ab,kC̃k B B∗b,k = Ab,k

∞X
τ

Aτ−1
b,k Bb,kC Aτ−1 B B∗b,k =

∞X
τ=1

Aτb,k Bb,k g(τ)B∗b,k,

which, again using Ab,k A∗b,k + Bb,k B∗b,k = I , can be written as

∞X
τ=1

g(τ)Aτb,k − Ab,k

 ∞X
τ=1

g(τ)Aτb,k

!
A∗b,k .

Substituting this in (4.A.4) yields

Ab,k

 
D̃k −

∞X
τ=0

g(τ)Aτb,k

!
A∗b,k = D̃k −

∞X
τ=0

g(τ)Aτb,k .

Stability of Ab,k then implies that D̃k −
P∞
τ=0 g(τ)Aτb,k = 0.

Proof of proposition 4.11 First of all it is observed that evaluating the elements in matrix
equation (4.21) separately reveals that expressions (4.18), (4.11) and (4.20) are immediately
obtained. It remains to show that expression (4.10) is equivalent to the upper right element of
the matrix expression (4.21). For this we need some additional results.

Equations (4.10) and (4.11) can alternatively be expressed as

B̃k =
∞X

l=1

Al−1 BCb,k Al−1
b,k , (4.A.5)

C̃k =
∞X

l=1

Al−1
b,k Bb,kC Al−1. (4.A.6)
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From equations (4.A.5) and (4.A.6) together with equations (4.9) and (4.12) one can immedi-
ately deduce the following relations.

AB̃k Bb,k = Ãk B − B Db,k , (4.A.7)

C B̃k Ab,k = Cb,k D̃k − DCb,k, (4.A.8)

C B̃k Bb,k = Cb,kC̃k B, (4.A.9)

Cb,kC̃k A = C Ãk − Db,kC, (4.A.10)

Ab,kC̃k B = D̃k Bb,k − Bb,k D (4.A.11)

Post-multiplying (4.A.9) with B∗b,k and making use of the fact that Ab,k A∗b,k + Bb,k B∗b,k =
I gives

C B̃k = Cb,kC̃k B B∗b,k + C B̃k Ab,k| {z } A∗b,k .

Substituting (4.A.8) for the under-braced part and using that Cb,k A∗b,k = −Db,k B∗b,k then
produces the relation

C B̃k = Cb,kC̃k B B∗b,k + Cb,k D̃k A∗b,k + DDb,k B∗b,k . (4.A.12)

Now consider equation (4.10). Post-multiplying with A∗b,k and using Ab,k A∗b,k+Bb,k B∗b,k =
I gives

AB̃k − AB̃k Bb,k| {z } B∗b,k + BCb,k A∗b,k = B̃k AT
b,k .

Substituting (4.A.7) for the under-braced part and using Db,k B∗b,k + Cb,k A∗b,k = 0 then gives
the expression

AB̃k − Ãk B B∗b,k = B̃k A∗b,k .
Pre-multiplying this expression with AT Xo and using AT Xo A + CT C = Xo gives

Xo B̃k − CT C B̃k|{z}−AT Xo Ãk B B∗b,k = AT Xo B̃k A∗b,k .

Finally, substituting (4.A.12) for the under-braced part delivers the expression

AT Xo Ãk B B∗b,k + CT Cb,kC̃k B B∗b,k + AT Xo B̃k A∗b,k+
CT Cb,k D̃k A∗b,k + CT DDb,k B∗b,k = Xo B̃k,

which is equal to the upper right element in the matrix equation (4.21).

Lemma 4.49 (Dual formulation of lemma 4.9) Consider G ∈ RH2, with state-space realiza-
tion (A, B,C, D), and the inner function Gb,k (z) =

P∞
l=0 gb,k (l)z

−l , with balanced realiza-

tion (Ab,k , Bb,k,Cb,k , Db,k). Let Ãk be given by:

Ãk =
∞X

l=0

gb,i (l)A
l , (4.A.13)

then it holds that Ã satisfies

A Ãk X̃c AT +
�

AB̃k Bb,k − B Db,k

�
BT = Ãk Xc, (4.A.14)
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with B̃k given by (4.10), and Xc the controllability matrix associated with (A, B). Conversely,
if (A, B) is controllable and Ãk the solution to (4.A.14), then Ãk satisfies (4.A.13).

Proof The proof is virtually the same as that of lemma 4.9, this time using the relation
AXc AT + B BT = Xc.

Lemma 4.50 (Dual formulation of lemma 4.10) Consider G ∈ RH2, with state-space real-
ization (A, B,C, D), and the inner function Gb,k(z) =

P∞
l=0 gb,k (l)z

−l , with balanced real-

ization (Ab,k , Bb,k,Cb,k , Db,k). Let D̃k be given by:

D̃k =
∞X
τ=0

g(τ)Aτb,k , (4.A.15)

then it holds that D̃ satisfies

A∗b,k D̃k Ab,k + C∗
b,k

�
C B̃k Ab,k + DCb,k

�
= D̃k , (4.A.16)

with B̃k given by (4.10). Conversely, if D̃k is the solution to (4.A.16), then D̃k satisfies (4.A.15).

Proof The proof is virtually the same as that of lemma 4.10, this time using the relation
A∗b,k Ab,k + C∗

b,kCb,k = I .

Proposition 4.51 (Dual formulation of proposition 4.11) If (A, B) is a controllable pair, then

the solutions (Ãk , B̃k, C̃k, D̃k) to (4.A.14), (4.10), (4.11), and (4.A.16) are equivalently ob-
tained from�

A 0
C∗

b,kC A∗b,k

�"
Ãk Xc B̃k

C̃k Xc D̃k

#�
AT 0

Bb,k BT Ab,k

�
+
�

B
C∗

b,k D

� �
Db,k BT Cb,k

� = " Ãk Xc B̃k

C̃k Xc D̃k

#
,

(4.A.17)
where Xc is the controllability Gramian associated with (A, B). Hence, if (A, B) is a con-
trollable pair, a realization {(Ãk, B̃k, C̃k, D̃k)}k∈N that satisfies equations (4.7)–(4.8) can be
obtained by solving equation (4.A.17).

Proof Evaluating the elements in matrix equation (4.A.17) separately reveals that expressions
(4.A.14), (4.10), and (4.A.16) are immediately obtained. It remains to show that expression
(4.11) is equivalent to the lower left element of the matrix expression (4.A.17).

Pre-multiplying equation (4.A.9) with C∗
b,k and using that A∗b,k Ab,k +C∗

b,kCb,k = I gives

C∗
b,kC B̃k Bb,k = C̃k B − A∗b,k Ab,k C̃k B| {z } .

Substituting (4.A.11) for the under-braced part and making use the fact that A∗b,k Bb,k = −C∗
b,k Db,k

then produces the relation

C̃k B = C∗
b,kC B̃k Bb,k + A∗b,k D̃k Bb,k + C∗

b,k Db,k D. (4.A.18)
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Now consider equation (4.11). Pre-multiplying with A∗b,k and making use of the fact that
A∗b,k Ab,k + C∗

b,kCb,k = I gives

C̃k A − C∗
b,k Cb,k C̃k A| {z }+A∗b,k Bbk C = A∗b,kC̃k .

Substituting (4.A.10) for the under-braced part and using A∗b,k Bb,k +C∗
b,k Db,k = 0 then gives

the expression

C̃k A − C∗
b,kC Ãk = A∗b,kC̃k .

Post-multiplying this expression with Xc AT and using AXc AT + B BT = Xc gives

C̃k Xc − C̃k B|{z} BT − C∗
b,kC Ãk Xc AT = A∗b,kC̃k Xc AT .

Finally, substituting (4.A.18) for the under-braced part delivers the expression

A∗b,kC̃k Xc AT + C∗
b,kC B̃k Bb,k BT + C∗

b,kC Ãk Xc AT+
A∗b,k D̃k Bb,k BT + C∗

b,k DDb,k BT = C̃k Xc,

which is equal to the lower left element in the matrix equation (4.A.17).

The following intermediate result will be needed in the proof of proposition 4.12

Lemma 4.52 Let Ãk , B̃k, and C̃k be the solutions to equations (4.9) through (4.11) then the
following equations hold.

D∗
b,kC Ãk + B∗b,kC̃k = C, (4.A.19)

Ãk B D∗
b,k + B̃kC∗

b,k = B. (4.A.20)

Proof Pre-multiply equation (4.A.10) with D∗
b,k and equation (4.11) with B∗b,k to obtain

D∗
b,kCb,kC̃k A = D∗

b,kC Ãk − D∗
b,k Db,kC,

B∗b,k Ab,kC̃k A = B∗b,kC̃k − B∗b,k Bb,kC.

Adding these equations and using D∗b,kCb,k + B∗b,k Ab,k = 0 and D∗
b,k Db,k + B∗b,k Bb,k = 1,

produces equation (4.A.19).
Next, post-multiply equation (4.A.7) with D∗

b,k and equation (4.10) with C∗
b,k to get

AB̃k Bb,k D∗
b,k = Ãk B D∗

b,k − B Db,k D∗
b,k ,

AB̃k Ab,kC∗
b,k = B̃kC∗

b,k − BCb,kC∗
b,k .

Adding these equations and using Bb,k D∗
b,k + Ab,kC∗

b,k = 0 and Db,k D∗
b,k + Cb,kC∗

b,k = 1,
produces equation (4.A.20).

Proof of proposition 4.12 Let the observability Gramian of the pair (Ãk, C̃k) be given by
X̃o,k . Then it holds, using A∗b,k Ab,k + C∗

b,kCb,k = I , that

ÃT
k X̃o,k Ãk + C̃T

k A∗b,k Ab,kC̃k + C̃T
k C∗

b,kCb,kC̃k = X̃o,k .
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Pre- and post-multiplying this equation with AT and A respectively yields

AT ÃT
k X̃o,k Ãk A + AT C̃T

k A∗b,k Ab,kC̃k A + AT C̃T
k C∗

b,kCb,kC̃k A = AT X̃o,k A.

With expressions (4.11) and (4.A.10) this equation becomes

AT ÃT
k X̃o,k Ãk A + ÃT

k CT C Ãk −
�

ÃT
k CT Db,k + C̃T

k Bb,k
�

C + C̃k C̃k−
CT
�

D∗
b,kC Ãk + B∗b,kC̃k

�
+ CT �D∗

b,k Db,k + B∗b,k Bb,k
�

C = AT X̃o,k A,

which with D∗
b,k Db,k + B∗b,k Bb,k = 1 and equation (4.A.19) can be written as

AT ÃT
k X̃o,k Ãk A + ÃT

k CT C Ãk + C̃k C̃k = AT X̃o,k A + CT C.

Because by equation (4.9) Ã commutes with A we can alternatively express this equation as

ÃT
k

�
AT X̃o,k A + CT C

�
Ãk + C̃T

k C̃k = AT X̃o,k A + CT C,

which implies that X̃o,k = Xo. This proves (4.22).
The proof of equation (4.23) proceeds along similar lines making use of the fact that

Ab,k A∗b,k + Bb,k B∗b,k = I and (4.A.20).

Proof of proposition 4.17 We have that

Lk = �Vk,G� =
��ψk

k−1Y
i=1

Gb,i ,G

�� =
��ψk(z),PH2−

k−1Y
i=1

Gb,i (1/z)G(z)

�� .
With lemma 4.8 it holds that the right argument of this inner product has a state-space realization
(A,
Qk−1

i=1 Ãi B,C). Using that A and C are real valued, the inner product is equal to

Lk =
∞X

t=1

At−1
b,k Bb,kC At−1

k−1Y
i=1

Ãi B = C̃k

k−1Y
i=1

Ãi B,

where the last equality follows from (4.11).

4.A.2 Proofs and additional results for section 4.3

Proof of corollary 4.33 The Sylvester equation is obtained by formulating (4.58) in the time-
domain using straightforward state-space realizations of the transfer functions that appear in the
inner product. Consider the systems shown in figure 4.3. State equations of these systems are:�

x1,1(t + 1)
x1,2(t + 1)

�
=
�

AT CT Cb
0 Ab

��
x1,1(t)
x1,2(t)

�
+
�

CT Db
Bb

�
u(t),

and �
x2,1(t + 1)
x2,2(t + 1)

�
=
�

AT 0
Bb BT Ab

��
x2,1(t)
x2,2(t)

�
+
�

CT

Bb DT

�
u(t),
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Gb GT✲ ✲

❄❄

✲u1 y1,1

x1,2

y1,2

x1,1

GT Gb✲ ✲

❄❄

✲u2 y2,2

x2,2

y2,1

x2,1

Figure 4.3 Systems for proof of corollary 4.33

N∗ G̃T✲ ✲

❄❄

✲u3 y3,1

x3,2

y3,2

x3,1

G̃T N∗✲ ✲

❄❄

✲u4 y4,2

x4,1

y4,1

x4,2

Figure 4.4 Systems for proof of corollary 4.35

respectively. The solution of equation (4.58) is then equal to

	�
x1,1
x1,2

�
,

�
x2,1
x2,2

�

, which results

in equation (4.59).

Proof of corollary 4.35 The proof is similar to that of corollary 4.33. Consider the systems
shown in figure 4.4. State equations of these systems are:�

x3,1(t + 1)
x3,2(t + 1)

�
=
�

ÃT C̃T C∗
b

0 D∗
b

��
x3,1(t)
x3,2(t)

�
+
�

C̃T A∗b
B∗b

�
u(t),

and �
x4,1(t + 1)
x4,2(t + 1)

�
=
�

ÃT 0
B∗b B̃T D∗

b

��
x4,1(t)
x4,2(t)

�
+
�

C̃T

B∗b D̃T

�
u(t),

respectively. The solution of equation (4.60) is then equal to

	�
x3,1
x3,2

�
,

�
x4,1
x4,2

�

, which results

in equation (4.61).

In the next proofs we make use of the Hambo signal transform isomorphism between H⊥
2−

and Hnb
2−

⊥
. In addition we make use of an extension of the Hambo operator transform theory

for (anti-causal) systems in H2(D) that map from H⊥
2− to H⊥

2−. Note that in our definition H⊥
2−

is equal to H2(D).

Proposition 4.53 Consider a system G(z) ∈ H2 and u, y ∈ �2(−∞, 0] such that y(z) =
G(1/z)u(z). Let óy(λ) and óu(λ) be the Hambo signal transforms of y and u, as in definition
4.18. Then it holds that

óy(λ) = ∞X
k=0

g(k)N(1/λ)T
k = G̃∗(1/λ)óu(λ),

where G̃(λ) is the Hambo operator transform of G(z) as in definition 4.22.
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Proof We have that óy(λ) =P∞
t=0 y(−t)W−t (λ). Then, with y(−t) =Pt

k=0 u(−t + k), we
can write

óy(λ) = ∞X
t=0

tX
k=0

g(k)u(−t + k)W−t (λ) =
∞X

k=0

g(k)
∞X

k=t

u(−t + k)W−t (λ).

Using that W−t (λ) = N(1/λ)T
−k

W−t+k (λ), as follows from proposition 3.23, we get

óy(λ) = ∞X
k=0

g(k)N(1/λ)T
k
∞X

k=t

u(−t + k)W−t+k (λ) =
∞X

k=0

g(k)N(1/λ)T
kóu(λ).

Using proposition 4.25 it follows that
P∞

k=0 g(k)N(1/λ)T
k

can alternatively be expressed as

G̃∗(1/λ).

Proposition 4.54 (Dual formulation of proposition 4.32) With �(z) and (Ã, B̃, C̃, D̃) as de-
fined in lemma 4.31 it holds that�

Ã B̃
C̃ D̃

��
Xc 0
0 I

�
=

	�
�(z)

V0(z)G(1/z)

�
,

�
�(z)Gb(1/z)

V0(z)

�

. (4.A.21)

Proof Consider the system G̃(1/λ) which is described by the equation�
x(λ)1/λ

y(λ)

�
=
"

Ã B̃

C̃ D̃

#�
x(λ)
u(λ)

�
.

It holds that 	�
x(λ)1/λ

y(λ)

�
,

�
x(λ)
u(λ)

�

=
"

Ã B̃

C̃ D̃

#	�
x(λ)
u(λ)

�
,

�
x(λ)
u(λ)

�

.

Let the input u(t) be equal to ei δ(t), with ei the i-th Euclidean basis vector of Rnb . Then this
last equation can be written as��" �̃(λ)ei

G̃(1/λ)ei

#
,

�
�̃(λ)eiλ

ei

��� =
"

Ã B̃

C̃ D̃

#	�
�̃(λ)eiλ

ei

�
,

�
�̃(λ)eiλ

ei

�

.

Because this holds for all i such that 1 ≤ i ≤ nb we can also write��" �̃(λ)
G̃(1/λ)

#
,

�
�̃(λ)λ

I

��� =
"

Ã B̃

C̃ D̃

#	�
�̃(λ)λ

I

�
,

�
�̃(λ)λ

I

�

=
"

Ã B̃

C̃ D̃

#�
X̃c 0
0 I

�
.

We observe that λI is equal to the Hambo operator transform of Gb(1/z) and G̃∗(1/λ) is equal
to the Hambo operator transform of G(1/z), as follows from proposition 4.53. Further, λI is
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G Gb
✲ ✲

❄❄

✲u5 y5,2

x5,1

y5,1

x5,2

Gb G✲ ✲

❄❄

✲u6 y6,1

x6,2

y6,2

x6,1

Figure 4.5 Systems for proof of corollary 4.55

the Hambo signal transform of V0(z). Also, �̃∗(λ) is equal to the Hambo signal transform of
�(z). Using the Hambo signal transform isomorphism it therefore holds that��" �̃(λ)

G̃(1/λ)

#
,

�
�̃(λ)λ

I

��� =
	�

�(z)
G(1/z)V0(z)

�
,

�
Gb(1/z)�(z)

V0(z)

�

.

The result follows using X̃c = Xc.

Corollary 4.55 Consider a system G ∈ RH2, with minimal realization (A, B,C, D) and con-
trollability Gramian Xc. Then G̃(λ) has a minimal realization (Ã, B̃, C̃, D̃) that satisfies the
following Sylvester equation.�

A 0
C∗

b A∗b

�"
ÃXc B̃

C̃ Xc D̃

#�
AT 0

Bb BT Ab

�
+
�

B
C∗

b D

� �
Db BT Cb

� = " ÃXc B̃

C̃ Xc D̃

#
. (4.A.22)

Proof Again the Sylvester equation is obtained by formulating (4.A.21) in the time-domain
using straightforward state-space realizations of the transfer functions that appear in the inner
product. Note that V0(z) = 1/z (1/z I − A∗b)−1C∗

b . Consider the systems shown in figure 4.3.
State equations of these systems are:�

x5,1(t)
x5,2(t)

�
=
�

A 0
C∗

b A∗b

��
x5,1(t + 1)
x5,2(t + 1)

�
+
�

B
C∗

b D

�
u(t),

and �
x6,1(t)
x6,2(t)

�
=
�

A B B∗b
0 A∗b

��
x6,1(t + 1)
x6,2(t + 1)

�
+
�

B D∗
b

C∗
b

�
u(t),

respectively. The solution of equation (4.A.21) is then equal to

	�
x5,1
x5,2

�
,

�
x6,1
x6,2

�

, which

results in equation (4.A.22).

Proposition 4.56 (Dual formulation of proposition 4.34) With�(z) and (A, B,C, D) as de-
fined in lemma 4.31 it holds that�

A B
C D

��
X̃c 0
0 1

�
=

��" �̃(λ)

W0(λ)
T G̃(1/λ)

#
,

�
�̃(λ)N(1/λ)

W0(λ)
T

��� (4.A.23)
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G̃ N✲ ✲

❄❄

✲u7 y7,2

x7,1

y7,1

x7,2

N G̃
✲ ✲

❄❄

✲u8 y8,1

x8,2

y8,2

x8,1

Figure 4.6 Systems for proof of corollary 4.57

Proof Given G(z) ∈ RH2, consider the system G(1/z)which is described by the state equation�
x(z)1/z

y(z)

�
=
�

A B
C D

��
x(z)
u(z)

�
.

It holds that 	�
x(z)1/z

u(z)

�
,

�
x(z)z
y(z)

�

=
�

A B
C D

�	�
x(z)
u(z)

�
,

�
x(z)
u(z)

�

.

Let the input u(t) be equal to δ(t). Then this last equation can be written as	�
�(z)

G(1/z)

�
,

�
�(z)z

1

�

=
�

A B
C D

�	�
�(z)z

1

�
,

�
�(z)z

1

�

=
�

A B
C D

��
Xc 0
0 1

�
.

It follows from proposition 4.53 that z is equal to the inverse Hambo operator transform of
N(1/λ)T and G(1/z) is the inverse Hambo operator transform of G̃∗(1/λ). Further, the inverse
Hambo signal transform of W0(λ) is equal to 1. Using the Hambo signal transform isomorphism
it therefore holds that	�

�(z)
G(1/z)

�
,

�
�(z)z

1

�

=

��" �̃(λ)

W0(λ)
T G̃(1/λ)

#
,

�
�̃(λ)N(1/λ)

W0(λ)
T

��� .
The result follows using that Xc = X̃c .

Corollary 4.57 Consider a Hambo transform G̃(λ) of a system G(z) ∈ RH2, with minimal
state-space realization (Ã, B̃, C̃, D̃) and observability Gramian X̃c. Then G(z) has a minimal-
state space realization (A, B,C, D) that satisfies the following Sylvester equation."

Ã 0

CbC̃ Db

#"
AX̃c B

C X̃c D

#�
ÃT 0

B∗b B̃T D∗
b

�
+
"

B̃

Cb D̃

# �
A∗b B̃T C∗

b

� = "AX̃c B

C X̃c D

#
.

(4.A.24)

Proof The proof is similar to that of corollary 4.55. Note that W0(λ)
T = 1/λ (1/λ I−Db)

−1Cb.
Consider the systems shown in figure 4.4. State equations of these systems are:�

x7,1(t)
x7,2(t)

�
=
"

Ã 0

CbC̃ Db

#�
x7,1(t + 1)
x7,2(t + 1)

�
+
"

B̃

Cb D̃

#
u(t),
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and �
x8,1(t)
x8,2(t)

�
=
�

Ã B̃ Bb
0 Db

��
x8,1(t + 1)
x8,2(t + 1)

�
+
�

B̃ Ab
Cb

�
u(t),

respectively. The solution of equation (4.A.23) is then equal to

	�
x7,1
x7,2

�
,

�
x8,1
x8,2

�

, which

results in equation (4.A.24).





Chapter 5

Realization from generalized
orthonormal basis function
expansions

In this chapter the problem of realizing a state-space model from a finite expansion
in terms of generalized basis functions is considered. This problem generalizes the

classical realization problem which deals with expansions in terms of the standard
basis functions.

The generalized realization problem is an interesting system theoretic problem in
its own right, but the associated realization algorithms can also be used in a (prac-
tical) system identification context. Similar to the classical case one can apply the
realization algorithms in an approximate sense by making use of coefficient estimates
instead of actual coefficients. Such a generalized approximate realization scheme can
also be used as a method of model reduction. In chapter 6 we will explore some of
these possibilities.

The treatment of the realization problem is limited to scalar systems. Generaliza-
tion to multivariable systems should present no great difficulties other than that the
notational complexity increases.

The outline of this chapter is as follows. We will first formally state which realiza-
tion problems we are considering in section 5.1. In section 5.2 we will review some
results from classical realization theory. In section 5.3 the realization problems for
expansions in terms of Hambo basis functions are analyzed in detail. This results in
algorithms that solve the exact and minimal partial realization problems. The minimal
partial realization problem is equivalent to a certain rational interpolation problem.
We analyze this equivalence in some detail. The section is concluded with a brief
discussion on the application of the realization algorithms in an approximate sense,
e.g. in a system identification setting. In section 5.4 we analyze the exact realization
problem for rational bases that are constructed with the general state-space framework
that was presented in section 3.2.1.

127
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5.1 Definition of the generalized realization problems

Consider a general rational orthonormal basis {Vk(z)}k∈N of H2− as described in chap-
ter 3. Any system G(z) in H2− can be expanded in this general basis as follows.

G(z) =
∞X

k=1

LT
k Vk(z).

Suppose that we only know the first N0 coefficient vectors Lk of this expansion. We
can now formulate the following problems.

Problem 5.1 (Exact minimal realization problem) Given a sequence of expansion
coefficient vectors {Lk}k=1,..,N0 , with N0 ∈ N ∪ {+∞}, of a system G(z) ∈ H2−, find
a minimal state-space realization (A, B,C) of G(z).

This problem is called the exact minimal realization problem as it delivers an exact
realization of the underlying system G(z). Note that in the above problem N 0 can be
finite or infinite. The latter case is sometimes referred to as the complete realization
problem, to indicate that the complete set of expansion coefficients is assumed to be
known.

An important assumption in the exact realization problem is that the McMillan
degree of the underlying system is known a priori. This is a stringent condition which
in practical situations, e.g. when the expansion coefficients have been determined
from experimental data, is hardly ever met. However, if the McMillan degree is not
known a priori we can consider a less stringent realization problem which is known as
the minimal partial realization problem.

Problem 5.2 (Minimal partial realization problem) Given a finite sequence of ex-
pansion coefficient vectors {L k}k=1,..,N0 , with N0 ∈ N a finite number, find a minimal
realization (A, B,C) such that the first N0 expansion coefficient vectors of the system
G(z) = C(z I − A)−1 B, exactly match the given sequence, and such that A has the
smallest possible dimension.

Note that the solution to this problem is not necessarily an exact realization of the
system from which the expansion coefficients were obtained. We are only certain that
the first N0 coefficients of the realization match those of the original system.

For the case in which the standard basis is used, i.e. the case where Vk(z) = z−k ,
the above realization problems have been studied extensively in the literature. These
problems are called the classical realization problems in the remainder of this chapter.

In this chapter we will show how and when the above problems can be solved
for general rational orthonormal basis functions, using the operator transform theory
that was developed in the previous chapter. It will be shown that in this case the
generalized realization problems are related to classical realization problems in the
operator transform domain. Hence, use can be made of the same tools that are used
for the solution of the classical realization problems such as the Ho-Kalman algorithm.
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Before analyzing the generalized realization problems we will therefore first reca-
pitulate some theory related to the classical realization problems.

5.2 Classical realization theory

The classical realization problem deals with the question how to obtain a minimal
state-space realization of a given system G(z) ∈ RH2 on the basis of (partial) knowl-
edge of the Markov parameters of that system. A very elegant solution to this problem
was provided by [55]. In this classic paper it was shown how a minimal realization of
G(z) may be obtained from a full-rank factorization of a (block) Hankel matrix built
from the Markov parameters.

5.2.1 The Ho-Kalman algorithm

The Ho-Kalman algorithm is partly based on a famous result by Kronecker which,
in modern terms, asserts that an infinite sequence of Markov parameters allows a
minimal realization of McMillan degree n if and only if the Hankel matrix built from
these parameters has rank n [95]. The following theorem shows how a state-space
realization of G(z) can be obtained from the infinite Hankel matrix.

Theorem 5.3 Consider a system G(z) = P∞
k=0 g(k)z−k ∈ H p×m

2 and let H be the
infinite block Hankel matrix built according to

H =

26664
g(1) g(2) g(3) · · ·
g(2) g(3) g(4)
g(3) g(4) g(5)
...

. . .

37775 .
Let H� denote the infinite block Hankel matrix that is obtained by removing the first
block column of H. Further let H have a factorization H = ��, where � has full
column rank and� has full row rank. Then G(z) has a minimal state-space realization
(A, B,C, D) given by

A = �†H��†, (5.1)

B = �Ep, (5.2)

C = ET
m�, (5.3)

D = g(0),

where �† is a left-inverse of � and �† is a right-inverse of �, and Ei is the matrix
given by

ET
i = �Ii 0 0 · · ·� . (5.4)
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Proof We define the matrix �� as the matrix that is obtained when the first block row
of � is removed. Similarly, we define the matrix �� that is obtained when the first
block column of� is removed. Hence we have that

� =
�

C
��

�
, � = �B ��

�
. (5.5)

It is easy to see that H� = ��� = ���. Hence substituting these expressions in
(5.1) shows that

A = �†�� = ���†.

The rowspace of�� is contained in the rowspace of�. This implies that there exists a
matrix� such that�� = ��. As� is full row rank one solution is� = ���† = A.
Therefore it holds that A� = ��. By a similar argument it follows that �� = �A.
Substituting these expressions in (5.5) gives the recursive relations

� =
�

C
�A

�
, � = �B A�

�
,

which show that the matrices � and� are the observability and controllability matri-
ces of the realization (A, B,C). Hence (A, B,C, D) is a minimal realization of G(z).

Theorem 5.3 gives insight in the realization problem but it cannot be implemented
in practice because the matrices involved have infinite dimensions. In [55] it was
shown that if the infinite matrix H has a finite rank, it can be replaced by a finite
sub-matrix that has the same rank. In principle this sub-matrix can be constructed by
selecting any combination of rows and columns that yields a matrix with the required
rank. In most practical cases one will use a sub-matrix of the form

HN,N ′ = ET
pN HEmN ′ . (5.6)

The matrix H� is then replaced by

H�
N,N ′ = ET

pN H�EmN ′ . (5.7)

Observe that to construct the matrices H N,N ′ and H�
N,N ′ one requires precisely the

Markov parameters g(k) for k ≤ N + N ′.

Lemma 5.4 Let HN,N ′ and H�
N,N ′ be as defined by equation (5.6) and (5.7). Further

let HN,N ′ have a full rank factorization �N�N ′ . If

rank HN,N ′ = rank H,

then H has a full rank factorization H = �� such that

ET
pN� = �N ,

�EmN ′ = �N ′ ,

�†H��† = �†
N H�

N,N ′�†
N ′ .
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A proof is given in appendix 5.A.
The Ho-Kalman algorithm, also known as Ho’s algorithm, now follows immedi-

ately by substituting this result in equations (5.1) through (5.3).

Algorithm 5.5 (Ho-Kalman algorithm) Consider the proper p×m transfer function
G(z). Let G(z) have finite McMillan degree n. Let the matrix H N,N ′ , as given by
equation (5.6), have a full rank factorization H N,N ′ = �N�N ′ . If rank HN,N ′ = n
then G(z) has a minimal state-space realization (A, B,C, D) given by

A = �†
N H�

N,N ′�†
N ′ , (5.8)

B = �N ′Ep,N , (5.9)

C = ET
m,N�N , (5.10)

D = g(0), (5.11)

where Ek,N = ET
N Ek =

�
Ik · · · 0

�T ∈ RN×k .

The Ho-Kalman algorithm delivers an exact minimal realization of the system
G(z) under the assumption that the matrix H N,N ′ containing the partial knowledge
of the impulse response sequence has rank equal to the McMillan degree of G(z).
In many practical situations the McMillan degree of the underlying system G(z) is
not known a priori. In that situation one cannot be certain that the outcome of the
Ho-Kalman algorithm is an exact realization.

The algorithm can however also be applied for the solution of a less stringent
realization problem which is known as the minimal partial realization problem.

Problem 5.6 (Classical minimal partial realization problem) Given a sequence of
p×m matrices {g(k)}k=1,..,N0 , with N0 finite, find a triple (A, B,C) such that g(k) =
C Ak−1 B for k = 1, .., N0 and such that A has the smallest possible dimension.

The minimal partial realization problem is an interpolation problem: an extension to
the sequence {g(k)}k=1,..,N0 is sought in the form of a transfer function (of the smallest
McMillan degree possible) that matches the given parameters. The extension might
be completely different from the actual extension of the system from which the data
was obtained.

It was shown in [59] that the Ho-Kalman algorithm can be applied to find a solu-
tion to problem 5.6 under a rank condition, which is given in the following proposition.

Proposition 5.7 Consider a finite sequence of matrices {g(k)}k=1,..,N0 . A solution to
problem 5.6 can be obtained via the Ho-Kalman algorithm, if and only if

∃ N, N ′ > 0 such that N + N ′ = N0 and

rank HN,N ′ = rank HN+1,N ′ = rank HN,N ′+1.
(5.12)

The solution has McMillan degree equal to rank H N,N ′ .
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A proof can be found in [59]. It was shown in [113] that condition (5.12) is also a
necessary and sufficient condition for uniqueness of the solution (modulo similarity
transformation) to problem 5.6. That is, if condition (5.12) is satisfied, there exists
only one solution to the minimal partial realization problem and it may be obtained
via the Ho-Kalman algorithm.

If condition (5.12) is not satisfied then problem 5.6 cannot be solved with the Ho-
Kalman algorithm. It is easy to see that a solution to the problem always exists. A
partial realization of finite McMillan degree is readily constructed (think for instance
of the zero extension), and hence there will also exist a realization of least possible
degree. There may however exist more than one solution in this case. The question of
how the class of all possible solutions to problem 5.6 can be parameterized has been
the subject of many papers, see e.g. [58], [130], [13], and [47]. We will not consider
this issue in this thesis.

It should be stressed that a solution to problem 5.6, found through application of
the Ho-Kalman algorithm, need not be stable even if the parameters g(k) represent
the actual impulse response parameters of a stable system. Condition (5.12) simply
implies that a triple (A, B,C) exist such that g(k) = C Ak−1 B for k = 1, .., N0. There
are however no restrictions imposed on the location of the eigenvalues of A. This fact
somewhat complicates the application of the Ho-Kalman algorithm in an identification
setting, in which one is mostly interested in stable models.

It is well-known that the classical minimal partial realization problem is equivalent
to a rational interpolation problem. Suppose for instance that the first N 0 Markov
parameters of two transfer functions F(z) and G(z) in H2− are equal. Then, with
E(z) = F(z)− G(z), it holds that

E(z) =
∞X

k=N0+1

( f (k)− g(k)) z−k = z−N0

∞X
k=1

( f (k + N0)− g(k + N0)) z−k .

It is then easy to see that dk E(z)
dzk

���
z=∞ is zero for k = 0, .., N0 − 1. Hence the function

F(z) interpolates to the first N0 − 1 derivatives of G(z) at z = ∞. The classical
minimal partial realization problem can therefore also be stated as follows. Given the
first N0 Markov parameters of a function G(z) ∈ H2−, find the strictly-proper rational
function F(z) of least possible McMillan degree that interpolates to the first N0 − 1
derivatives of G(z) evaluated at infinity.

5.2.2 Approximate realization

Application of the Ho-Kalman algorithm requires exact knowledge of (a finite number
of) the Markov parameters of the underlying system. In most practical situations
the knowledge of the Markov parameters will however be imprecise. In some cases
we might only have estimates of the Markov parameters at our disposal, for instance
obtained through an identification procedure. In other cases the source of imprecision
may be roundoff errors or measurement noise.

The use of approximations of the Markov parameters in the Ho-Kalman algorithm
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instead of actual Markov parameters causes some difficulties in the implementation.
The Ho-Kalman algorithm requires the computation of a full rank factorization of
the matrix HN,N ′ . If noise corrupted Markov parameters are used then H N,N ′ will
in general have full rank, even if the system underlying the data has a low McMillan
degree. Hence, straightforward application of the Ho-Kalman algorithm would result
in a very high order model (namely of order equal to rank H N,N ′ ).

Therefore, in order to arrive at useful models in the situation where the knowledge
of the Markov parameters is imprecise, one has to somewhat adapt the Ho-Kalman
algorithm. A pragmatic solution to this problem was proposed by [64]. It is based
on a numerically robust method of implementing the Ho-Kalman algorithm that was
suggested in [131]. This latter method makes use of singular value decomposition
(SVD) to obtain a full rank factorization of H N,N ′ .

Let the singular values σi ≥ 0 of HN,N ′ be ordered according to σ1 ≥ σ2 ≥ . . ..
Consider an SVD of HN,N ′ given by

HN,N ′ = �U1 U2
� ��1 0

0 �2

� �
VT

1
VT

2

�
,

where �1 = diag {σ1, . . . , σr } and �2 = diag {σr+1, σr+2, . . .} with σi > l for 1 ≤
i ≤ r , and l ≥ 0 some specified threshold level. If l = 0 then H N,N ′ has a full rank
factorization

HN,N ′ = (U1�
1/2
1 )(�

1/2
1 VT

1 ), (5.13)

where �
1/2
1 is such that �

1/2
1 �

1/2
1 = �1. This factorization can directly be used in the

Ho-Kalman algorithm. This is in fact the favored method of implementing the Ho-
Kalman algorithm in practice as the computation of an SVD is a numerically robust
operation.

As mentioned, in practice the singular values will all be greater than zero. In [64]
it is argued that the presence of the smaller nonzero singular values may be attributed
to noise, provided that this noise is comparatively small. Hence it is suggested to set
the threshold level l just above the largest of the singular values that are believed to
be caused by noise. This amounts to approximating the matrix H N,N ′ by the matrix

(U1�
1/2
1 )(�

1/2
1 VT

1 )
1 which has rank r . Then the Ho-Kalman algorithm can be applied

using � = (U1�
1/2
1 ) and� = (�1/2

1 VT
1 ). This procedure is also called Kung’s method

of approximate realization as it yields an approximate solution to the exact or minimal
partial realization problem.

Kung’s method has a number of shortcomings. First of all the approximation
Ĥ = U1�1VT

1 is in general not a (block) Hankel matrix. This causes an error to be
made in the computation of the realization. Another problem is that it is in general
difficult to decide where to put the threshold level. This problem is especially severe
if the noise is substantial and it is difficult to discriminate between singular values that
are due to noise and those that are due to system dynamics.

1In fact it is a well-known result that this approximation is the best rank r approximation of HN,N ′
possible, measured in any unitarily invariant matrix norm, with the error equal to ‖�2‖ [131, 44].
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To conclude this section, we mention that Kung’s method can also be used as a
method of model reduction. Suppose for instance that the system G(z) which under-
lies the data has a high McMillan degree (possibly even > N0, or infinite). In that
case Kung’s method can be applied to yield a low order approximation of G(z) by
truncation of the smaller singular values of H N,N ′ and application of the Ho-Kalman
algorithm.

5.3 Realization from Hambo basis function expansions

In this section we consider the problem of realizing state-space models on the basis
of (partial) expansions in terms of Hambo basis functions, as introduced in chapter 3.
Recapitulating from section 3.2.2, any transfer function G(z) ∈ H 2− can be expanded
in terms of the Hambo basis functions as

G(z) =
∞X

k=1

LT
k Vk(z) =

∞X
k=1

nbX
i=1

lk,iφk,i (z), (5.14)

with Vk(z) and φk,i (z) as defined by equations and (3.25) and (3.26).
We will make a distinction between two realization problems.

Problem 5.8 (Exact minimal realization problem, Hambo basis case) Given a se-
quence of Hambo basis expansion coefficient vectors {L k}k=1,..,N0 , with N0 ∈ N ∪
{+∞}, of a system G(z) ∈ RH2−, find a minimal state-space realization (A, B,C) of
G(z).

Note that in the above problem N0 can be finite or infinite. The latter case is sometimes
referred to as the complete realization problem, to indicate that the complete set of
expansion coefficients is assumed to be known.

Problem 5.9 (Minimal partial realization problem, Hambo basis case) Given a se-
quence of expansion coefficient vectors {L k}k=1,..,N0 , with N0 ∈ N a finite number, find
a minimal realization (A, B,C) such that the first N0 Hambo basis expansion coeffi-
cient vectors of the system G(z) = C(z I − A)−1 B, exactly match the given sequence,
and such that A has the smallest possible dimension.

This problem is the Hambo basis equivalent of the classical minimal partial realization
problem that was treated in section 5.2.1 (problem 5.6).

To solve these problems we will use the theory that was developed in chapter
4. We first show that the complete realization problem can be solved by exploiting
the unitary equivalence of Hankel operators representations with respect to different
bases as discussed in section 4.3.3. This insight leads to a realization theorem that
was previously derived in [107] and [110]. The minimal partial realization problem is,
under some conditions, equivalent to a classical minimal partial realization problem
in the Hambo operator transform domain. The sought minimal realization can then
be obtained through application of the inverse Hambo operator transform. In [83] a



5.3 Realization from Hambo basis function expansions 135

similar approach is used to solve the minimal partial realization problem for Laguerre
basis function expansions, using Laguerre operator transform theory.

In both cases the solutions revolve around the fact that on the basis of a sequence
of expansion coefficients {L k}k=1,..,N0 of a system G(z) ∈ H2− one can exactly deter-
mine the Markov parameter sequence {Mk}k=1,..,N0−1 of the Hambo operator trans-
form of G(z). This relationship is first explored in the next section.

5.3.1 Expansion coefficients and Markov parameters

In section 4.3.2 the Hambo operator transform was introduced. It was shown that the
Hambo operator transform of a system G(z) ∈ H2 can be represented by a transfer
function G̃(λ) of which the Laurent expansion is expressed as

G̃(λ) =
∞X

k=0

Mkλ
−k .

G̃(λ) is a multivariable system of input/output dimension n b × nb.
We will now derive a relation between the Markov parameters M k of the Hambo

operator transform and the Hambo basis expansion coefficients L k of a given system
G(z) ∈ H2−. This relationship forms the basis of the solution to the generalized
exact and minimal partial realization problems. The following result is the key to this
relationship. A proof is added in appendix 5.A.

Lemma 5.10 Consider a Hambo basis generated by an inner function with minimal
balanced realization (Ab, Bb,Cb, Db). Let Vk(z) and φ1,i (z) be as defined by equa-
tions (3.25) and (3.26). The product Vk(z)φ1,i(z), k ∈ Z, 1 ≤ i ≤ nb satisfies

Vk(z)φ1,i (z) = Pi Vk(z)+ Qi Vk+1(z), (5.15)

where the matrices Pi , Qi ∈ Cnb×nb for i = 1, .., nb are obtained as the solutions to
the Sylvester equations

Ab Pi A∗b + BbeT
i A∗b = Pi , (5.16)

A∗b Qi Ab + C∗
b eT

i = Qi , (5.17)

with ei the i -th Euclidean basis vector of Rnb .

The matrices Pi and Qi have some remarkable properties, of which the most important
ones are summarized in appendix 5.A.

We can now state the main result of this section.

Proposition 5.11 Let G ∈ H2− have a Hambo basis expansion as in equation (5.14).
Then the Markov parameters Mk of the Hambo operator transform G̃(λ) satisfy

Mk =
(Pnb

i=1 lk+1,i PT
i + lk,i QT

i , k ≥ 1,Pnb
i=1 l1,i PT

i , k = 0.
. (5.18)
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Proof Combining equations (5.14) and (4.38) gives

Mk =
��Vk+1(z), V1(z)

∞X
j=1

nbX
i=1

l j,iφ j,i (z)

	
 ,
which using φ j,i (z) = φ1, j Gb(z) j−1 and V1(z)Gb(z) j−1 = Vj (z) can be written as

Mk =
��Vk+1(z),

∞X
j=1

nbX
i=1

l j,i V j (z)φ1,i (z)

	
 .
Using equation (5.15) this can be expressed as

Mk =
��Vk+1(z),

∞X
j=1

nbX
i=1

l j,i
�

Pi Vj (z)+ Qi Vj+1(z)
�	
 .

By the mutual orthonormality of the basis function vectors Vk , equation (5.18) follows.

The following example considers the special case of the standard basis of H 2−.

Example 5.1 Consider the all-pass function Gb(z) = z−1, with balanced state-space realiza-
tion (0, 1, 1, 0). This choice corresponds to the standard basis of H2−, i.e. the case in which
Vk(z) = z−k . We then see from lemma 5.10 that P1 = 0 and Q1 = C∗

b eT
1 = 1. Hence it

follows that in this special case it holds that M0 = 0 and Mk = Lk for k > 0, as expected.

An immediate consequence of proposition 5.11 is the so called two-parameter
property of the Hambo operator transform of the Hambo basis functions φ k,i (z), de-
noted by  ̃k,i (λ):

Corollary 5.12 (Two-parameter property) With Pi , Qi as in lemma 5.10 it holds
that

φ̃k,i (λ) = PT
i λ

−(k−1) + QT
i λ

−k .

Proof We can write φk,i (z) ∈ H2− as the infinite sum φk,i (z) =P∞
l=1
Pnb

j=1 ll, jφl, j (z).
The expansion coefficients of the function φk,i (z) are: ll, j = δ(k − l)δ(i − j). The
operator transform φ̃k,i (λ) is given by φ̃k,i (λ) = P∞

τ=0 Mτ λ
−1. Using proposition

5.11 it then follows that

φ̃k,i (λ) =
∞X
τ=0

0@ nbX
j=1

δ(k − (τ + 1))δ(i − j)PT
j + δ(k − τ )δ(i − j)QT

j

1A λ−τ ,
and the result follows.

The main implication of proposition 5.11 is that the Markov parameters of G̃(λ)
can be derived directly from the expansion coefficients. More precisely, M k solely
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depends on the coefficient vectors L k and Lk+1. Hence, on the basis of the first N0
coefficient vectors Lk one can precisely determine the partial Markov parameter se-
quence {Mk}k=0,..,N0−1.

Since the parameters Mk are Markov parameters of the underlying Hambo trans-
form G̃(λ) we can apply classical realization theory to obtain a minimal realization of
that system (cf. theorem 5.3, and algorithm 5.5).

5.3.2 Realization on the basis of the complete expansion

In this section we consider the problem of finding a minimal state-space realization of
a given system on the basis of knowledge of its complete expansion in terms of Hambo
basis functions. Hence we consider the exact minimal realization problem for Hambo
bases (problem 5.8) for the case where the expansion coefficients L k of a given system
G(z) ∈ H2− are known for k up to infinity. In this case proposition 5.11 can be used
to determine the Markov parameters {Mk}k=1,..,∞ which allows us to build the infinite
block Hankel matrix H̃ that is associated with the Hambo transform G̃(λ).

It was seen in section 4.3.3 that this block Hankel matrix is related to the Hankel
matrix H (which contains the impulse response coefficients) via the unitary matrices
V f and Vp. Specifically we have that

H = VT
f H̃Vp. (5.19)

This latter relation shows how, in principle, the Hankel matrix H can be determined
on the basis of the matrix H̃. In section 5.2.1 it was shown how a minimal realization
of G(z) can be computed on the basis of H (theorem 5.3). This suggests that the exact
realization problem can be solved by “substituting” relation 5.19 in theorem 5.3.

Theorem 5.3 requires a full rank factorization of H. Suppose that H̃ has a full rank
factorization H̃ = �̃�̃ (cf. section 4.3.4), then H will have a full rank factorization

H = (VT
f �̃)(�̃Vp).

Theorem 5.3 also requires the matrix H←. Note that this matrix can also be viewed
as the Hankel operator representation of the system zG(z). The Markov parameters of
the Hambo operator transform of this system, denoted by M �

k , can be obtained using
the following result.

Proposition 5.13 Let G(z) ∈ H2 have a generalized basis function expansion as in
(5.14). Then the Markov parameters M �

k of the Hambo operator transform of the

shifted system: ßzG(z)(λ) satisfy

M�
k =

(
LT

k+1 Bb +Pnb
i=1{LT

k+1 Ab}i PT
i + {LT

k Ab}i QT
i , k ≥ 1,

LT
1 Bb I +Pnb

i=1{LT
1 Ab}i PT

i , k = 0,
(5.20)

where {·}i denotes the i -th element of the corresponding vector.
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Proof We use that zV1(z) = Bb+AbV1(z), which follows from (z I−Ab)V1(z) = Bb.
This, together with Vk(z) = V1(z)Gb(z)k−1, yields

zG(z) =
∞X

k=1

LT
k BbGb(z)

k−1 +
∞X

k=1

LT
k AbVk(z).

To evaluate the Hambo transform of the first term we make use of equation (4.40) and
for the evaluation of the second term we use equation (5.18). It then follows that

ßzG(z)(λ) =
∞X

k′=0

LT
k′+1 Bbλ

−k′ I +
∞X

k=0

 
nbX

i=1

{LT
k+1 Ab}i PT

i + {LT
k Ab}i QT

i

!
λ−k I,

where we define L0 to be equal to zero. This proves the result.

This proposition shows that the Markov parameters {M �
k }k∈N can also be obtained

from {Lk}k∈N. Defining the matrix H̃zG as

H̃zG =

26664
M�

1 M�
2 M�

3 · · ·
M�

2 M�
3 M�

4
M�

3 M�
4 M�

5
...

. . .

37775 , (5.21)

it holds, with equation (5.19), that H� = VT
f H̃zGVp .

We can now formulate the following realization theorem, which was originally
derived in [107], see also [110].

Theorem 5.14 Consider a system G(z) ∈ H2−. Let the Hambo basis expansion co-
efficients Lk of this system be given for k = 1, ..,∞. Let H̃ and H̃zG be as defined by
equations (4.52) and (5.21). Further, let H̃ have a full rank factorization H̃ = �̃�̃.
Then G(z) has a minimal state-space realization (A, B,C) given by

A = �̃†H̃zG�̃
†, (5.22)

B = �̃VpE1, (5.23)

C = ET
1 VT

f �̃. (5.24)

Proof It follows directly from theorem 5.3 by making the substitutions � = V T
f �̃,

� = �̃Vp , and H� = VT
f H̃zGVp , and using �† = �̃†V f and�† = VT

p �̃
†.

This theorem parallels theorem 5.3, for the Hambo basis case. It provides a solution to
the complete exact realization problem. As was the case with theorem 5.3, it cannot be
used in most practical cases as it stands, because the matrices involved have infinite
dimensions. Only if the expansion coefficients are zero beyond a certain instant it
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will be possible to apply theorem 5.14 as an algorithm to obtain a realization of the
underlying system without approximation. This corresponds to the situation where the
system under consideration lies exactly in the linear span of a finite number of basis
functions, which is seldom the case in practice. In the next sections it is shown how
we can use Hambo transform theory to obtain realization algorithms that apply to the
more realistic situation where a finite number of coefficients are known, and where we
do not assume that the unknown extensions are zero.

5.3.3 Exact realization on the basis of a finite expansion

Formula (5.18) implies that on the basis of the partial sequence of expansion coeffi-
cient vectors {Lk}k=1,..,N0 one can precisely determine the partial sequence of param-
eters {Mk}k=0,..,N0−1. We now consider the case where N0 is a finite number. As Mk

are the Markov parameters of the Hambo operator transform G̃(λ), a minimal state-
space realization of G̃(λ) can be obtained by applying the Ho-Kalman algorithm.

On the basis of the sequence {Mk}k=0,..,N0−1 we can construct the following finite
block Hankel matrices, with N + N ′ = N0 − 1:

H̃N,N ′ =
264M1 · · · MN ′
...

. . .
...

MN · · · MN+N ′ −1

375 , H̃�
N,N ′ =

264 M2 · · · MN ′+1
...

. . .
...

MN+1 · · · MN+N ′

375 .
If the rank of the block Hankel matrix H̃N,N ′ , with N + N ′ = N0 − 1, is equal to
the McMillan degree of G̃(λ), then the Ho-Kalman algorithm (algorithm 5.5) can be
applied, using H̃N,N ′ and H̃�

N,N ′ to obtain an exact minimal realization of G̃(λ).

In section 4.3 it was shown that the McMillan degree of G̃(λ) is equal to the
McMillan degree of G(z). Further, expressions were given by which a minimal state-
space realization of G(z) can be obtained from a minimal state-space realization of
G̃(λ) and vice versa (Corollaries 4.33 and 4.35). Hence if an exact minimal realiza-
tion of G̃(λ) is known, an exact minimal realization of G(z) is obtained by applying
formula (4.61).

Therefore, if rank H̃N,N ′ = deg G(z) problem 5.8 can be solved with the following
algorithm.

Algorithm 5.15 Let {Lk}k=1,..,N0 be a finite sequence of Hambo basis expansion co-
efficient vectors of a given system G(z) ∈ H2− with McMillan degree n. A minimal
state-space realization (A, B,C) of G(z) is obtained as follows.

1. Compute the sequence of Markov parameters {Mk}k=0,..,N0−1 according to for-
mula (5.18).

2. Check whether there exist positive N, N ′ , such that N + N ′ = N0−1, and such
that rank H̃N,N ′ = n. If not then the algorithm fails.

3. Apply a Ho-Kalman algorithm to H̃N,N ′ and H̃�
N,N ′ to obtain a minimal state-

space realization ( Ã, B̃, C̃,M0) of G̃(λ).



140 5 Realization from generalized orthonormal basis function expansions

4. Apply formula (4.61) to obtain a minimal state-space realization (A, B,C) of
G(z).

Of course, the requirement that the McMillan degree of the underlying realization
is known will not be satisfied in most situations. Similar to the classical situation we
can consider the less stringent minimal partial realization problem in which no pre-
sumptions are made about the McMillan degree of the data generating system. Con-
trary to the classical case however the algorithm used for the solution of the minimal
partial realization problem is somewhat different from the algorithm that is used to
solve the exact realization problem.

5.3.4 Minimal partial realization

In this section we provide a solution to the minimal partial realization problem, formu-
lated earlier as problem 5.9. The solution to the classical minimal partial realization
problem, as described in section 5.2.1, would perhaps suggest that the problem can be
solved with algorithm 5.15 provided that condition (5.12) is satisfied by the finite se-
quence {Mk}k=1,..,N0−1. This condition is however not sufficient to guarantee that the
resulting realization ( Ã, B̃, C̃,M0) constitutes a valid Hambo transform. We require
a generalized realizability criterion that specifically applies to our problem.

The key to find such a realizability condition is provided by proposition 4.17, given
in section 4.2.5. Consider a system G(z) ∈ H2− with minimal state-space realization
(A, B,C). A minimal realization ( Ã, B̃, C̃, D̃) of G̃(λ) can be computed by means
of equation (4.59). It follows from proposition 4.17 that the expansion coefficients of
G(z) in the Hambo basis are equal to L k = C̃ Ãk−1 B. Hence the sequences {L k} and
{Mk} are realized by state-space realizations that share the state transition matrix Ã.
This leads us to consider the sequence of concatenated matrices

Kk =
�

Mk Lk Lk+1
�
, (5.25)

for k = 1, .., N0 − 1. The parameter L k+1 is included in view of the fact that Mk is
obtained on the basis of L k and Lk+1.

Let us define the block Hankel matrices ȞN,N ′ as

ȞN,N ′ =
264 K1 · · · KN ′
...

. . .
...

KN · · · KN+N ′−1

375 , Ȟ�
N,N ′ =

264 K2 · · · KN ′+1
...

. . .
...

KN+1 · · · KN+N ′

375 .
The following lemma provides the conditions under which the minimal partial

realization problem can be solved.

Lemma 5.16 (Realizability criterion) Let {L k}k=1,..,N0 be an arbitrary sequence of
N0 > 2 vectors of dimension nb ×1 and let Mk and Kk for k = 1, ..N0−1 be derived
from Lk via relations (5.18) and (5.25). Then there exists a unique minimal realization
(modulo similarity transformation) ( Ã, B̃, C̃) with McMillan degree n, and an n × 1
vector B such that
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(a) Mk = C̃ Ãk−1 B̃ for k = 1, .., N0 − 1, and Lk = C̃ Ãk−1 B for k = 1, .., N0,

(b) the matrices Lk and Mk, given by
�
Mk Lk

� = C̃ Ãk−1
�
B̃ B

�
, satisfy (5.18)

for all k ∈ N,

if and only if there exist positive N, N ′ such that N + N ′ = N0 − 1 and

rank ȞN,N ′ = rank ȞN+1,N ′ = rank ȞN,N ′+1 = n. (5.26)

A proof of this lemma is given in appendix 5.A.
Note that condition (5.26) is in fact equal to the condition given by [113] applied

to the sequence {Kk}k=1,..,N0−1. Also note that it can only be checked for N0 > 2.
On the basis of lemma 5.16 and its proof we can formulate the following proposi-

tion that also provides an algorithm to solve the minimal partial realization problem.

Proposition 5.17 (Minimal partial realization algorithm) Let {L k}k=1,..,N0 be a se-
quence of N0 > 2 vectors of dimension nb × 1, then there exists a minimal realization
(A, B,C) of McMillan degree n, such that {L k}k=1,..,N0 are the first N0 expansion
coefficients of G(z) = C(z I − A)−1 B, if

1. there exist positive N, N ′ such that N + N ′ = N0 − 1 and condition (5.26)
holds,

2. the minimal realization
�

Ã,
�
B̃ X2 X3

�
, C̃, D̃

�
, resulting from application

of the Ho-Kalman algorithm to the sequence {K k}k=1,..,N0−1, is stable.

Furthermore, the realization (A, B,C) is obtained by application of the inverse Hambo
transform to the realization ( Ã, B̃, C̃, D̃), using equation (4.61).

The realizability criterion, given by equation (5.26), reduces to the classical real-
izability condition in the case where the basis considered is the standard basis of H 2−.
This is illustrated with the following example.

Example 5.2 Let the basis under consideration be the standard basis of H2−, i.e. the set of
functions {z−k}k∈N. In this case it holds that Lk = Mk = g(k) for k > 0, with g(k) the
impulse response coefficients of the underlying system (see example 5.1). Hence we have that

Kk =
�
g(k) g(k) g(k + 1)

�
.

Suppose that we have N0 = 5 expansion coefficients at our disposal. Then the matrix ȞN+1,N ′+1
with N = N ′ = 2 is given by:

ȞN+1,N ′+1 =
24 g(1) g(1) g(2) g(2) g(2) g(3) g(3) g(3) g(4)

g(2) g(2) g(3) g(3) g(3) g(4) g(4) g(4) g(5)
g(3) g(3) g(4) g(4) g(4) g(5) ∗

35 ,
where the asterisk indicates that K5 is unknown.
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In order to check whether condition (5.26) holds true we can remove the columns for which
it is immediately apparent that they do not increase the rank of ȞN,N ′ . This is the case for the
2nd, 4th, 5th, 7th and 8th column. Removing these columns results in the matrix24 g(1) g(2) g(3) g(4)

g(2) g(3) g(4) g(5)
g(3) g(4) g(5) ∗

35 .
The rank criterion is then seen to be equal to the classical realizability condition (5.12), applied
to the Hankel matrix H2,3 built from the sequence of impulse response coefficients {g(k)}k=1,..,5.
Similarly, taking N = 1, N ′ = 3 will produce a classical rank test on the matrix H1,4. This
shows that the generalized realizability criterion is equal to the classical realizability criterion
for the case where the standard basis is used. The main difference is that in the generalized case
the condition can only be verified for N0 > 2 while the classical condition only requires that
N0 > 1.

The requirement that the matrix Ã, obtained by application of the Ho-Kalman
algorithm, be stable ensures that it is a valid Hambo transform of a system in H 2, as
defined in section 4.3.2. This allows us to compute the realization (A, B,C) via the
inverse Hambo transform formula. The Ho-Kalman algorithm might produce a matrix
Ã that has eigenvalues on or outside the circle. Formally, the Hambo inverse transform
cannot be applied in this case. It is however possible to generalize the definition of the
Hambo transform to transfer functions that are in L 2(T), as was discussed in section
4.5.3. Such transfer functions may be unstable in the sense of having poles outside
the unit circle. In this generalized setup the inverse transformation formula given in
section 4.3.4 still applies if it holds that λµ �= 1 for all λ,µ ∈ σ( Ã) ∪ Db . Hence
the only situations which are actually not covered by the algorithm of proposition 5.17
occur when Ã has eigenvalues on the unit circle, or eigenvalues that occur in reciprocal
pairs, or eigenvalues that lie at 1/Db.

5.3.5 The underlying interpolation problem

As was explained at the end of section 5.2, the classical problem of minimal partial
realization from the first N0 Markov parameters is equivalent to the problem of con-
structing a stable strictly-proper real-rational transfer function of minimal degree that
interpolates to the first N0 − 1 derivatives of G(z) evaluated at infinity [3]. Similarly,
the least-squares approximation of a stable transfer function G(z) in terms of a finite
set of rational basis functions interpolates to the function G(z) and/or its derivatives
in the points 1/ξi , with ξi the poles of the basis functions involved [127].

Consider an approximation of G(z) ∈ H2− that consists of a partial expansion in
terms of N0 Hambo basis function vectors. It is denoted as

Ĝ(z) =
N0X

k=1

LT
k Vk(z).
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The error function, defined as E(z) = G(z)− Ĝ(z), takes on the form

E(z) =
∞X

k=N0+1

LT
k Vk(z) = GN0

b (z)
∞X

k=1

LT
N0+k V1(z)Gb(z)

k−1.

Due to the repetition of the all-pass function G b(z) in Vk , the error E(z) will have as a
factor the function G N0

b (z). This means that E(z) has zeros of order N0 at each of the

points 1/ξi and subsequently Ĝ(z) interpolates to dk−1G
dzk−1 in z = 1/ξi for k = 1, .., N0

and i = 1, .., nb. This interpolation property in fact holds true for any model of which
the first N0 expansion coefficient vectors match those of the system, in particular for
a model found by solving the minimal partial realization problem.

In view of the interpolating property of the basis function expansion, it is not
surprising that there exists a one-to-one correspondence between the expansion coef-
ficient vector sequence {L k}k=1,..,N0 and the interpolation data(

dk−1G

dzk−1 (1/ξi )

)
k=1,..,N0

.

An explicit expression for this relation can be derived by exploiting the linear trans-
formation that links the set of basis function vectors Vk and the set of vectors that
consists of single-pole transfer functions, as given by

Sk(z) =
h

1
(z−ξ1)k , · · · , 1

(z−ξnb )
k

iT
,

with ξi the poles of the basis generating function G b(z). If the poles ξi are assumed
to be distinct one can write264V1(z)

V2(z)
...

375 =
264T11 0 · · ·

T21 T22
...

. . .

375
264S1(z)

S2(z)
...

375 ,
with Tkl ∈ Rnb×nb . The coefficient vectors L k are obtained according to equation
(3.17) as

Lk = 1

2π i

I
T

Vk(1/z)G(z)
dz

z
.

Substituting Vk(1/z) =
kX

l=1

Tkl Sl(1/z) gives

Lk =
kX

l=1

Tkl
1

2π i

I
T

h
1

(1/z−ξ1)l · · · 1
(1/z−ξnb )

l

iT
G(z)

dz

z
.

The i -th element of the contour integral equals

1

2π i

I
T

1

(−ξi )l
zl−1

(z − 1/ξi )l
G(z)dz.
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Applying Cauchy’s integral formula one finds that this is equal to

−1

(−ξi )l
1

(l − 1)!
dl−1

dzl−1

�
zl−1G(z)

������
z=1/ξi

.

Finally, using that

dl−1

dzl−1

�
zl−1G(z)

�
=

l−1X
m=0

�
l − 1

m

�
dm G

dzm

(l − 1)!
m! zm,

we get the following expression for the coefficients L k :

Lk =
kX

l=1

Tkl diag

� −1

(−ξi )l
�

i=1..nb

l−1X
m=0

�
l − 1

m

�
1

m!
h

1
ξ1

m
dmG
dzm (1/ξ1) · · · 1

ξnb
m

dm G
dzm (1/ξnb )

iT

In matrix/vector notation the relation between the interpolation data and expansion
coefficients can be expressed as:264L1

L2
...

375 =
264T11 0 · · ·

T21 T22
...

. . .

375!
264F0

F1
...

375 ,
with

FT
m = 1

m!
h

1
ξ1

m
dm G
dzm (1/ξ1), · · · , 1

ξnb
m

dmG
dzm (1/ξnb )

iT
,

and! a matrix that is given by

! =

26664
�−1 0 0 · · ·

0 −�−2 0
0 0 �−3

...
. . .

37775
26664
�0

0

�
I 0 0 · · ·�1

0

�
I
�1

1

�
I 0�2

0

�
I
�2

1

�
I
�2

2

�
I

...
. . .

37775 , (5.27)

with �−k = diag
n

1/ξi
k
o

i=1..nb
. Since 1/ξi exists only for ξi �= 0, we must make

the additional assumption that ξi �= 0, ∀i . Actually, the corresponding elements in!
simplify considerably when ξi = 0 for some i but we will not consider that situation
here. Equation (5.27) shows that there exists a direct correspondence between the first

N0 coefficient vectors Lk and the first N0 vectors Fk that contain the data dk−1G
dzk−1 for

k = 1, .., N0, evaluated at the points ξi .
A similar relation can be derived that shows the correspondence between the

generalized Markov parameter sequence {Mk−1}k=1,..,N0 and the interpolation data

{ dk−1G
dzk−1 }k=1,..,N0 , e.g. starting from equation (4.38). Another option is to use expres-

sion (5.18) to compute the Markov parameters {M k−1} from the coefficients {L k}, for
k = 1, .., N0. One can hence solve the following interpolation problem, by means of
the algorithm of proposition 5.17.
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Problem 5.18 (interpolation problem) Given the interpolation conditions

dk−1G

dzk−1 (1/ξi ) = ci,k , ci,k ∈ C

for i = 1, .., nb and k = 1, .., N0, with N0 > 2 and ξi �= 0 distinct points inside
the unit disc, find the rational transfer function G(z) ∈ H2− of minimal degree that
interpolates these points.

The problem can be solved by constructing an all-pass function G b(z) with balanced
realization (Ab, Bb,Cb, Db) such that the eigenvalues of Ab are {ξi }i=1,..,nb . From this
all-pass function one can then obtain all the parameters that are necessary to compute
the set of expansion coefficients L k and Markov parameters Mk that correspond to
the interpolation data. Realization of a state-space model of McMillan degree n from
these parameters, by means of the algorithm of proposition 5.17, gives the desired
transfer function.

The relation between the Markov parameters Mk and the derivatives of G(z) eval-
uated at 1/ξi was treated by Audley and Rugh in a similar context in [5], which deals
with representation of systems in so-called H -matrix form. The H -matrix is not to
be mistaken for the Hankel operator but it is closely connected to it. It takes on a
Toeplitz instead of a Hankel matrix form but the basic elements of the H -matrix for
the basis considered in this paper are again the Markov parameters M k . Audley and
Rugh provided an algorithm to realize a transfer function from a finite dimensional
H -matrix representation, by directly solving the underlying interpolation problem in
terms of algebraic equations. In their setup, however, the McMillan degree of the un-
derlying system is assumed to be known a priori. Hence, their algorithm solves the
exact minimal realization problem, but not the minimal partial realization problem.

5.3.6 Generalized approximate realization

The situation where one precisely knows the Hambo basis expansion coefficients L k

up to k = N0 will seldom occur in practice. Usually these coefficients have been
determined on the basis of some (identification) experiment and they will have a noise
component. This causes the block Hankel matrices H̃N,N ′ and ȞN,N ′ to have full rank
even if the underlying system has a low McMillan degree. Thereby the rank conditions
of algorithm 5.15 and lemma 5.16 will in general not be satisfied.

Similar to the classical realization setting we can however alter the realization al-
gorithms in such a way that low order models are obtained. The obvious approach
to deal with this problem is to apply Kung’s method of approximate realization in
algorithm 5.15 and the algorithm of proposition 5.17. This means that the Hankel
matrices are replaced by low rank approximations, obtained through truncation of the
singular values that lie beneath a certain threshold level. The Ho-Kalman algorithm
can subsequently be applied to this low rank approximation, resulting in an approxi-
mate realization ( Ã, B̃, C̃, D̃) of the Hambo operator transform of the sought minimal
realization. The approximate realization is finally obtained through application of the
inverse transformation formula (4.61) to the realization ( Ã, B̃, C̃, D̃).
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As mentioned in section 5.2.2, application of Kung’s method has some shortcom-
ings. The application of the method in the context of the generalized realization al-
gorithms brings about an additional difficulty. It is due to the fact that the outcome
of Kung’s method will in general not be a valid Hambo transform. Hence application
of the inverse Hambo transform will in general cause an extra approximation error to
be made, that is equal to the error made in the projection discussed in section 4.4.5.
This problem arises in the approximate implementation of both algorithm 5.15 and
algorithm of proposition 5.17. It can be circumvented to some extent by the follow-
ing procedure. First, algorithm 5.15 is applied in an approximate sense using Kung’s
method. This delivers an approximate realization ( Ã,

�
X1 X2 X3

�
, C̃) of the

sequence {Kk}. Hence we obtain a sequence of approximate expansion coefficients
L̂k = C̃ Ãk−1 X2. It follows from equation (5.18) that the system Ĝ(z) that realizes
this sequence has McMillan degree at most equal to n b dim( Ã). Hence, under condi-
tion that Ã is stable, a minimal realization of Ĝ(z) can be computed using algorithm
5.15 on the sequence { L̂k}k=1,..,N̂0

with N̂0 > nb dim Ã.
Similar to the classical case, the method of approximate realization can also be

applied for the purpose of a model reduction. Suppose for instance that the partial
knowledge of the expansion coefficients is exact but that the McMillan degree of the
underlying system is high. A low order approximation of the underlying system is
obtained by truncation of the smaller singular values of the SVD of H̃N,N ′ prior to
application of steps 3 and 4 of algorithm 5.15. The full implications of this approxi-
mation method, such as the topological properties of the approximation error, are not
fully understood yet. Simulations suggest however that such a method results in fair
approximations that are comparable to approximations obtained through conventional
model reduction methods such as balanced reduction.

In chapter 6 we will illustrate the use of the approximate realization with a few ex-
amples. It will be shown how the application of approximate realization from Markov
parameter estimates compares with approximate realization from Hambo basis expan-
sion coefficient estimates.

5.4 Extension to the general basis

In this section we discuss the possibility of extending some of the results obtained in
the previous section to the case of the general orthonormal basis that was presented in
section 3.2.1. This concerns the situation where the basis functions are generated by
a sequence of different all-pass functions, rather than a single all-pass function. The
Takenaka-Malmquist basis, for instance, fits in this general framework.

Any system G(z) ∈ H2− can be expanded in the general basis as

G(z) =
∞X

k=1

LT
k Vk(z) =

∞X
k=1

nb,kX
i=1

lk,iφk,i (z), (5.28)

with Vk(z) and φk,i (z) as defined in section 3.2.1. In this section we will only con-
sider the exact realization problem, which was formulated earlier as problem 5.1 in
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section 5.1.
The treatment of the equivalent realization problem for Hambo basis function ex-

pansions in section 5.3 suggests that we can attempt to solve this problem by convert-
ing it into a classical realization problem in the operator transform domain. We know
from sections 4.1 and 4.2 that the operator transform with respect to the general basis
is a linear time-varying system. So in order to follow the suggested path we will have
to make use of realization theory that applies to LTV systems. Such theory is well
established in the literature, see e.g. [29],[45], and [104].

There are basically three issues that need to be resolved.

1. Verify that problem 5.1 is related to a realization problem in the operator trans-
form domain.

2. Solve this realization problem.

3. Recover the system G(z) from its operator transform.

In the following sections we will discuss these issues separately. It turns out that issues
1 and 2 are, to some extent, easy to deal with, but issue 3 poses a problem that has not
been solved yet.

5.4.1 The related classical realization problem

Consider a system G(z) ∈ H2 and a pair of signals in �2(N) such that y(z) =
G(z)u(z). We denote the sequences of expansion coefficients of the signals u and
y as {U(k)}k∈N and {Y(k)}k∈N. Then the operator transform of G(z), denoted G̃ can
be represented by the expression

Y(k) =
kX

j=1

Mk, j U( j).

This implies that G̃ can be represented by the block lower triangular matrix T̃ which
is given by

T̃ =

26664
M1,1 0 0 · · ·
M2,1 M2,2 0
M3,1 M3,2 M3,3
...

. . .

37775 . (5.29)

Similar to the Hambo basis case it is possible to determine the parameters Mk, j

from the expansion coefficient sequence L k .

Proposition 5.19 The parameters Mk, j can be derived from the expansion coefficients
Lκ with κ ≤ k according to the relation

Mk, j =
kX
κ=1

nb,κX
m=1

lκ,m

��ψk(z), ψ j (z)
k−1Y
i= j

Gb,i (1/z)φκ,m(z)

	
 (5.30)
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Proof It was shown in section 4.1 that

Mk, j = �Vk(z), Vj (z)G(z)� =
��ψk(z), ψ j (z)

k−1Y
i= j

Gb, j (1/z)G(z)

	
 . (5.31)

Substituting (5.28) in this equation yields

Mk, j =
∞X
κ=1

nb,κX
m=1

lκ,m

��ψk(z), ψ j (z)
k−1Y
i= j

Gb,i (1/z)φκ,m(z)

	
 . (5.32)

It then remains to show that the inner product terms in the above expression are zero
for κ > k. If κ > k one can write the right hand term of the inner product as

ψ j (z)
k−1Y
i= j

Gb,i (1/z)eT
mψκ(z)

κ−1Y
i= j

Gb,i (z) = ψ j (z)e
T
mψκ(z)

κ−1Y
i=k

Gb,i (z),

where the last equality follows from the all-pass property of G b, j (z). Hence for κ > k
the right hand argument of the inner product in equation (5.32) equals F(z)G b,k(z)
with F some function in H

nb, j
2− . Because the elements of ψk(z) span the orthogonal

complement of the space G b,k(z)H2− in H2−, the outcome of the inner product is
zero.

The question arises how the parameters Mk, j can actually be calculated from equa-
tion (5.30). Note that the right argument in the inner product of equation (5.30) can be
replaced by its orthogonal projection onto H

nb, j
2− without changing the outcome. We

then need to evaluate the expression

P
H

nb, j
2−
ψ j (z)

k−1Y
i= j

Gb,i (1/z)φκ,m(z).

A state-space realization of this expression can be obtained from a state-space real-
ization of the product ψ j (z)φκ,m using the result of lemma 4.8. Once this state-space
realization is known, equation (5.30) can be expressed in the form of a Sylvester equa-
tion which can be solved with standard numerical routines. Of course, the computa-
tions involved are much more demanding than in the Hambo basis case, where (5.30)
simplifies to expression (5.18) which can very easily be evaluated, using the result of
lemma 5.10.

Proposition 5.19 implies that, given the expansion coefficients L k for 1 ≤ k ≤ N0,
one can precisely determine the parameters Mk, j for 1 ≤ k ≤ N0 and 1 ≤ j ≤ k.
In view of this fact, we will approach the exact minimal realization problem by first
computing a minimal realization of G̃ by solving the following associated transform
domain realization problem.
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Problem 5.20 Given the parameters {Mk}k=1,..,N0 , find a minimal state-space real-
ization {( Ãk, B̃k, C̃k , D̃k)}k∈N of G̃ such that

Mk,k = D̃k ,

Mk, j = C̃k

k−1Y
i= j+1

Ãi B̃ j ,

for 1 ≤ k ≤ N0 and 1 ≤ j ≤ k.

This is a more or less standard problem in the field of linear time-varying system
theory [29].

5.4.2 Solving the LTV realization problem

Realization problems for LTV systems can be solved in a manner which closely re-
sembles the Ho-Kalman approach that was discussed in section 5.2. A state-space
realization can be derived from the Hankel operator representations of the underlying
system. As in the LTI case, the Hankel operator is the restriction of a linear operator
T̃ to the part which maps past inputs to future outputs, with respect to a certain time-
instant that divides the time axis into past and future. The operator T̃ in this case is a
doubly infinite block Toeplitz operator that maps between �

nb,k
2 (Z) and �

nb,k
2 (Z).

Because the system is time-varying, different Hankel operators are associated with
different time-instants. The Hankel operator H̃k at time-instant k is given by

H̃k =

26664
Mk,k−1 Mk,k−2 Mk,k−3 · · ·

Mk+1,k−1 Mk+1,k−2 Mk+1,k−3
Mk+2,k−1 Mk+2,k−2 Mk+2,k−3

...
. . .

37775 . (5.33)

Note that in the time-invariant case, for which it holds that Mk, j = Mk− j , we find that
H̃k is equal to the block Hankel matrix H̃ for each time-instant.

Given a state-space realization {( Ãk, B̃k, C̃k, D̃k)}k∈Z, it is easy to see that H̃k can
be factored as

H̃k =

26664
C̃k

C̃k+1 Ãk

C̃k+2 Ãk Ãk−1
...

37775 �B̃k−1 Ãk−1 B̃k−2 Ãk−1 Ãk−2 B̃k−3 · · ·� = �̃k�̃k .

Similar to the LTI case, the matrix �̃k is called the observability matrix at point k, and
�̃k is called the controllability matrix at point k. The realization {( Ãk, B̃k, C̃k , D̃k)}k∈Z

is called minimal if the dimension of Ãk is equal to rank H̃k for all k [29].
We define the matrix H̃�

k as the matrix that is obtained by removing the first block
column of H̃k . Similarly we define the matrix H̃�

k as the matrix that is obtained by
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removing the first block row of H̃k . Note that it holds in this case that H̃�

k = H̃�
k+1.

Further it is easy to see that
H̃�

k = �̃k+1 Ãk�̃k .

Consequently a minimal realization of G̃ can be obtained as follows [29].

Theorem 5.21 Consider a linear time-varying system G̃, which can be represented
by the matrix operator T̃ as given by equation (5.29). Let its Hankel operators H̃k

be given by equation (5.33). Let �̃k�̃k be full rank factorizations of the matrices H̃k.
Then a minimal realization {( Ãk, B̃k, C̃k , D̃k)}k∈Z of G̃ is given by

Ãk = �̃†
k+1H̃�

k �̃
†
k = �̃†

k+1H̃�
k+1�̃

†
k,

B̃k = �̃k+1Enb,k ,

C̃k = ET
nb,k
�̃k ,

D̃k = Mk,k ,

with H̃�

k = H̃�
k+1 as defined above and Ei as in (5.4).

A proof can be found e.g. in [45].
Analogous to the LTI setting, the infinite matrix H̃k can be replaced by a finite

sub-matrix that has the same rank as the full matrix. A proof of this fact, similar to the
proof of lemma 5.4, can be found in [29] and [45]. Hence, in the situation where the
parameters Mk, j are known for 1 ≤ k ≤ N0 and j ≤ k, the matrix H̃k can be replaced
by the finite matrix

H̃k = ET
r(k)H̃kEc(k), (5.34)

where r(k) and c(k) are finite numbers such that H̃k has rank equal to rank H̃k . Com-
patibly, H̃�

k is replaced by

H̃
�

k = ET
r(k+1)H̃

�

k Ec(k). (5.35)

We can therefore compute a state-space realization of G̃ at the point k with the fol-
lowing algorithm.

Algorithm 5.22 Consider a linear time-varying system G̃, which can be represented
by the matrix operator T̃ as given by equation (5.29). Let the parameters Mk, j be
given for 1 ≤ k ≤ N0 and 1 ≤ j ≤ k. Further let H̃k = �k�k , with �k,�k full
column rank and full row rank respectively. If the finite matrix H̃k has rank equal to
rank H̃k, then a minimal realization ( Ãk, B̃k, C̃k, D̃k) of G̃ at the point k is given by

Ãk = �̃†
k+1H̃

�

k �̃
†
k,

B̃k = �̃k+1Enb,k ,c(k+1),

C̃k = ET
nb,k ,r(k)�̃k,

D̃k = Mk,k ,

with H̃
�

k as given by equation (5.35), and Enb,k , j = ET
j Enb,k .
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A derivation of this result can be found e.g. in [29].

A complication that arises if we want to apply the LTV realization theory to our
problem is that, in our framework, the operator transform is only defined for input
signals that are in �2(N). Hence we are dealing with a time-varying operator T̃ of
which we only know the part that represents the mapping from � 2(N) to �2(N). Con-
sequently, the parameters Mk, j are only known for k > 0 and j > 0.

Furthermore, in practical situations only a finite number (N 0) of expansion coeffi-
cients Lk are known. Then the parameters Mk, j are only known for 1 ≤ k ≤ N0 and
1 ≤ j ≤ k. Hence the maximal dimensions of H̃k , as defined by equation (5.34), such
that it only contains known parameters, are

r(k) =
N0X
j=k

nb, j , c(k) =
k−1X
j=1

nb, j . (5.36)

This implies that a realization ( Ã, B̃, C̃, D̃) at point k can only be obtained with algo-
rithm 5.22 if H̃k , having dimensions as specified in (5.36), has rank equal to rank H̃k ,
which is the minimal possible state-space dimension at point k. A consequence is that
it is impossible to obtain realizations at points k for which k < 2 and k > N0 − 1,

because the corresponding matrix H̃k (or H̃
�

k ) is void. Hence we can conclude the
following.

Proposition 5.23 Let J be the collection of integer values k such that 2 ≤ k ≤ N 0−1
and for which it holds that rank H̃k = rank H̃k . Then we can apply algorithm 5.22 to
find minimal state-space realizations ( Ã j , B̃ j , C̃ j , D̃ j ) of G̃ at the points j ∈ J .

In the next section we consider whether it is possible to recover a minimal state-space
realization of G(z) (the pre-image of G̃) given the state-space realizations of G̃ at the
points j ∈ J .

5.4.3 Inverse operator transformation

In section 4.2.4 we briefly considered how expressions could be derived for computing
the general inverse operator transformation. It was observed that, since the operator
transform is in general linear time-varying, these expressions will require knowledge
of the complete realization {( Ãk, B̃k, C̃k , D̃k)} for k ∈ N. Such a complete realization
cannot be obtained from algorithm (5.22), because it requires knowledge of M k, j for
k ∈ Z, j ≤ k.

However, in section 4.3.4 it was seen that the general operator transform formula
(4.21) for computation of a state-space realization ( Ãk, B̃k, C̃k , D̃k) at point k coin-
cides with the Hambo transform formula. For the latter formula we know an exact
inverse transform expression. This suggests that it is possible to recover a state-space
realization of G(z) from a realization of G̃ at the single instant k, using the inverse
Hambo transform formula (4.61).
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Unfortunately, this approach does not work for arbitrary realizations of G̃, because
not all realizations of G̃ can be obtained by means of the Hambo operator transform
formula. This is due to the fact that similarity of LTV state-space realizations is cru-
cially different from similarity of LTI state-space realizations. Let us recall the notion
of similarity for LTV state-space realizations [45].

Proposition 5.24 An LTV state-space realization {( Ãk, B̃k, C̃k, D̃k)} is similar to a
realization {( Ãk, B̃k, C̃k, D̃k)} if and only if there exists a sequence of nonsingular
matrices Tk such that for all k it holds that

Ãk = Tk+1 Ãk T−1
k , B̃k = Tk+1 B̃k, C̃k = C̃k T−1

k .

Hence, contrary to the LTI system setting, similarity does not imply that the eigen-
values of Ãk and Ãk are the same. Consider now a realization {( Ãk, B̃k, C̃k , D̃k)}
obtained by sequential application of the Hambo operator transform to a given mini-
mal realization (A, B,C, D) of G(z). We know from the Hambo operator transform
that it maps the poles of the original system to the eigenvalues of Ãk in a specific way
which depends on the all-pass function G b,k(z) (see section 4.4.2). Hence we know
that the eigenvalues of the matrices Ãk , obtained through application of the Hambo
operator transform formula, lie in a certain fixed pattern. Suppose that we apply an
LTV similarity transformation to the realization {( Ã, B̃, C̃, D̃)} resulting in the real-
ization {( Ãk, B̃k, C̃k, D̃k)}. The eigenvalues of the matrices A ′

k will in general be
different from those of Ãk . Such a realization could not have been obtained by means
of sequential application of the Hambo operator transform, and therefore the inverse
Hambo operator transform cannot be applied to {( Ãk, B̃k, C̃k, D̃k)} in order to get a
realization of G(z).

A realization of G̃ at point k that is obtained by application of formula (4.59) to a
minimal realization of G(z)will be similar to a realization that is obtained by means of
algorithm 5.22. Therefore, if we want to apply the inverse Hambo operator transform
for recovering an exact realization of G(z) from a realization of G̃ at point k, obtained
with algorithm 5.22, we need to apply the LTV similarity transformation to obtain a
realization that corresponds to G(z) via formula (4.59), as is illustrated in figure 5.1.
At this point we have not found a way to obtain similarity transformation matrices T k

and Tk+1 that qualify for this purpose, without invoking the use of knowledge of a
complete realization of G̃.

To conclude this section we can state that the operator transform theory developed
in chapter 4 provides insight in the exact realization problem for expansions in terms
of general rational problems. At this point however there are still some practical limi-
tations which prevent us from obtaining a realization algorithm. We expect, however,
that these problems can eventually be solved and that the transform theory can be a
useful tool for the analysis of the generalized minimal partial realization problem and
its associated rational interpolation problem as well.
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G
��

��

{Lk}, {Mk, j }

realization

��
{( Ãk, B̃k, C̃k, D̃k)}

LTV similar

��

?

��
(A, B,C, D)

Hambo transform formulas �� {( Ãk, B̃k, C̃k , D̃k)}��

��

Figure 5.1 Commutative diagram to illustrate the relation between the state-space realiza-
tion found by application of the realization algorithm, {(Ãk , B̃k , C̃k, D̃k)} , and a realiza-
tion found by application of the operator transform formula, {Ãk, B̃k, C̃k , D̃k}. A minimal
state-space realization of G(z) could in principle be obtained from {(Ãk , B̃k , C̃k , D̃k)} via the
Hambo inverse operator transform if we would know the similarity transformation that relates
{( Ãk , B̃k , C̃k , D̃k)} and {(Ãk, B̃k, C̃k, D̃k)}.

5.5 Concluding remarks

In this chapter we have shown how the theory of operator transforms that is induced
by the use of general rational orthonormal bases can be used to solve a number of
generalized realization problems.

The central result of the chapter is the presented solution of the minimal partial
realization problem for Hambo basis function expansions which deals with the prob-
lem of finding a state-space realization of least possible McMillan degree of which the
first N Hambo basis expansion coefficients match a given sequence. It was shown in
section 5.3.5 that this extension problem is equivalent to a rational interpolation prob-
lem. Hence the presented algorithm also yields an original solution to this problem.
The algorithm can also be applied in an approximate sense, in a system identification
context or as a model reduction method. In the next chapter we will illustrate this by
means of some examples.

The results that were obtained for the Hambo basis can be extended to general
rational orthonormal bases, using similar transform arguments. A remaining problem
in this approach is that we have not yet found a tractable way of implementing the
general inverse operator transform, as was discussed in section 5.4.

It is well-known that classical (approximate) realization theory has formed the
starting point of a whole range of system identification methods, called subspace iden-
tification methods [119] [116], which have become very popular in recent years. In
subspace identification a minimal state-space realization of a given system is derived
using singular value decomposition and projection methods applied to Hankel matri-
ces containing shifted versions of the measured input and output signals. Classical
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(approximate) realization can be viewed as the special case of subspace identification
in which the input is restricted to be a unit pulse. These considerations suggest that the
presented realization algorithms could be generalized to subspace identification meth-
ods. Such an approach is for instance proposed for the Laguerre basis in [120]. This
idea appears to be closely related to the application of the generalized approximate
realization algorithm for the purpose of system identification.
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5.A Appendix

This appendix contains the deferred proofs of chapter 5 plus a section describing some of the
properties of the matrices Pi and Qi , as defined in lemma 5.10.

5.A.1 Proofs for chapter 5

Proof of lemma 5.4 The proof is an adaptation of the proof for the more general case of LTV
systems given in [45] and [29].

Let �̂�̂ be any full rank factorization of H. Then, as rank HN,N ′ = rank H, it follows

that (ET
pN �̂)(�̂EmN ′ ) is a full rank factorization of HN,N ′ . Hence there exists a nonsingular

matrix T such that �N = ET
pN �̂T and �N ′ = T−1�̂EmN ′ . It follows that the full rank

matrices � = �̂T and � = T−1�̂ constitute a full rank factorization of H and it holds that
�N = ET

pN� and �N ′ = �EmN ′ .

It remains to be shown that �†
N H�

N,N ′�
†
N ′ = �†H��†. Since H�

N,N ′ = EpN H�EmN ′

this amounts to showing that �†
N ET

pN is a left inverse of �, and EmN ′�†
N ′ is a right inverse of

�. This follows trivially because �†
N ET

pN� = �†
N�

†
N = I and �EmN ′�†

N ′ = �N ′�†
N ′ = I .

Proof of lemma 5.10 Note that in order to prove (5.15) it suffices to prove the equation for
k = 1:

V1(z)φ1,i (z) = Pi V1(z)+ Qi V1(z)Gb(z). (5.A.1)

The general expression for k ∈ Z then follows by post-multiplication by Gb(z)
k − 1.

Proving (5.A.1) is equivalent to showing that it holds that�
V1(z)φ1,i (z), V1(z)Gb(z)

k−1
�

(5.A.2)

is equal to Pi for k = 1, Qi for k = 2 and 0 for k > 2.
This assertion is first proved for the case k > 2. Since k > 2 one can write (5.A.2) as�

V1(z)Gb(1/z)φ1,i (z)Gb(1/z), V1(z)Gb(z)
l
�
,

with l ≥ 0. This expression is equal to
�

V0(z)φ0,i (z), V1(z)Gb(z)
l
�

(see section 3.2.5 for a

definition of φ0,i (z)), which is zero because it is an inner product between an element of H⊥
2−

and an element of H2−.
Now consider the case k = 1. Equation (5.A.2) becomes:

�
V1(z)φ1,i (z), V1(z)

�
. An

obvious state-space realization for the left argument is��
Ab 0

BbeT
i Ab

�
,

�
Bb
0

�
,
�
0 I

��
.

The inner product then becomes equal to
�
0 I

� �R1
R2

�
,with

�
R1
R2

�
the solution to the Sylvester

equation �
Ab 0

BbeT
i Ab

��
R1
R2

�
A∗b +

�
Bb B∗b

0

�
=
�

R1
R2

�
.
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Because Ab A∗b + Bb B∗B = I we know that R1 = I . Using this fact gives

BbeT
i A∗b + Ab R2 A∗b = R2.

The result follows because Pi =
�
0 I

� �R1
R2

�
= R2.

The proof for k = 2 is only slightly different. The inner product can be rewritten as�
V1(z)φ0,i (z), V1(z)

�
. This in turn can be expressed as

�
V0(z)φ0,i , V0(z)

�
which is equal to�

V0(z)zφ0,i (z), zV0(z)
�

. Use is made of the fact that simple realizations of zV0(z) and zφ0,i (z)
are known. It can easily be shown that V0(z) = A∗bzV0(z) + C∗

b and hence the expression is
equal to

A∗b
�

zV0(z)zφ0,i (z), zV0(z)
�+ �

C∗
b zφ0,i (z), zV0(z)

�
.

The right-hand side term is obviously equal to C∗b eT
i . Evaluating the inner product in the left

term can be done in exactly the same manner as in the proof for k = 1 by using the following
state-space realization for its left argument:��

A∗b 0
C∗

b eT
i A∗b

�
,

�
C∗

b
0

�
,
�
0 I

��
.

It then follows that Qi = A∗b S2 + C∗
b eT

i where S2 is the solution to the Sylvester equation

C∗
b e∗i Ab + A∗b S2 Ab = S2.

The desired result now follows by pre- and post-multiplying Qi with A∗b and Ab respectively.
It then follows that

A∗b Qi Ab = A∗b
�

S2 − C∗
b eT

i Ab
�+ A∗bC∗

b eT
i Ab = A∗b S2 = Qi − C∗

b eT
i .

Proof of lemma 5.16 Sufficiency: Suppose that N > 2 and that condition (5.26) is satis-
fied for some n. Then the classical minimal partial realization criterion of Tether implies that
application of the Ho-Kalman algorithm to ȞN1,N2 yields the unique (modulo similarity trans-
formation) minimal realization (Ã,

�
X1 X2 X3

�
, C̃) with McMillan degree n, such that�

Mk Lk Lk+1
� = C̃ Ãk−1

�
X1 X2 X3

�
for k = 1, .., N − 1. It therefore holds

that
�̃N−2 ÃX2 = �̃N−2 X3, (5.A.3)

with �̃k defined as �̃k =
h

C̃T ÃT C̃ · · · C̃T ÃT k−1
iT
. By construction, �N1 is a full

rank factor of ȞN1,N−2. Because N1 ≤ N −2 it follows that �̃N−2 is full column rank. Hence

(5.A.3) implies that ÃX2 = X3. Consequently it holds that Lk = C̃ Ãk−1 X2 for k = 1, ..N . We
now show that the sequence M̌k = C̃ Ãk−1 X1, k ∈ N corresponds to the coefficient sequence
Ľk = C̃ Ãk−1 X2, k ∈ N through equation 5.18. We know that this is true by construction for
k = 1, .., N − 1. Because {M̌k} and {Ľk} share the state transition matrix Ã there exists a
sequence αi , i = 1, .., N − 1 such that

M̌N+p =
N−1X
i=1

αi M̌i+p , Ľ N+p =
N−1X
i=1

αi Ľ i+p, (5.A.4)
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for p ∈ N0. Let us denote by { ˇ̌Mk} the parameters obtained from {Ľk}, for k ∈ N, through equa-

tion 5.18. It is not difficult to see that it follows from equation (5.A.4) that ˇ̌Mk =
PN−1

i=1 αi
ˇ̌Mi+p ,

for p ≥ 0. Hence we find that M̌k = ˇ̌Mk for k ≥ N as well. We now have that the sequence
Mk = C̃ Ãk−1 X1 corresponds to the sequence Lk = C̃ Ãk−1 X2 via relation 5.18. Hence
with B̃ = X1 and B = X2, (a) and (b) are satisfied. It remains to be seen that (Ã, B̃, C̃) is
the minimal and unique (modulo similarity) realization for which (a) and (b) hold true. Sup-

pose that there exists another realization ( ˇ̃A, ˇ̃B, ˇ̃C ) with dim ˇ̃A = ň ≤ n that is not simi-
lar to ( Ã, B̃, C̃) and an ň × 1 vector B̌ for which (a) and (b) hold. This would imply that

Kk = ˇ̃C ˇ̃Ak−1
h ˇ̃B B̌ ˇ̃AB̌

i
for k = 1, .., N − 1 which contradicts the classical realizabil-

ity condition (5.12).
Necessity: Consider any realization (Ã, B̃, C̃) and vector B that satisfy (a) and (b). Then the

Hankel matrices ˇ̌HN1+i,N2+ j , with i, j > 0 built from the parameters Ǩk =
�

M̌k Ľk Ľk+1
�

have rank equal to rank ˇ̌HN1,N2 = n.

5.A.2 Properties of the matrices Pi and Qi

Proposition 5.25 The matrices Pi and Qi , 1 ≤ i ≤ nb, which are obtained as the unique
solutions to equations (5.16) and (5.17), satisfy the following relations.

Cb
�

Pi Qi
� = �−DbeT

i eT
i

�
, (5.A.5)

B∗b
�

Pi Qi Ab Qi Bb
� = �eT

i A∗b −D∗
beT

i eT
i C∗

b

�
, (5.A.6)

A∗b Pi = Pi A∗b, (5.A.7)

Ab Qi = Qi Ab. (5.A.8)

Proof (5.A.5): We know from lemma 5.10 that

V1(z)φ1,i = Pi V1(z)+ Qi V1(z)Gb(z).

Pre-multiplying this expression with Cb yields

(Gb(z)− Db) eT
i V1(z) = Cb Pi V1(z)+ Cb Qi V1(z)Gb(z)→

eT
i V2(z)− DbeT

i V1(z) = Cb Pi V1(z)+ Cb Qi V2(z).

Uniqueness of expansion coefficients then implies (5.A.5).
(5.A.6): From lemma 5.10 we have for k = 0 that

V0(z)φ1,i = Pi V0(z)+ Qi V1(z).

Pre-multiplying this expression with z B∗b and using zV1(z) = AbV1(z)+ Bb gives�
Gb(1/z)− D∗

b

�
eT

i V1(z) = B∗b Pi zV0(z)+ B∗b Qi (AbV1(z)+ Bb)→
eT

i V0(z)− D∗
beT

i V1(z) = B∗b Pi zV0(z)+ B∗b Qi (AbV1(z)+ Bb) .
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Because V0(z) = A∗bzV0(z) + C∗
b , equation (5.A.6) follows from the mutual orthogonality of

V1(z), zV0(z) and constant terms.
(5.A.7): Pre-multiplying (5.16) with A∗b and using A∗b Ab = I = C∗

b Cb and A∗b Bb =
−C∗

b Db gives

Pi A∗b − C∗
b

�
Cb Pi + DbeT

i

�
A∗b = A∗b Pi .

The result follows with the first element of the matrix equation (5.A.5).
(5.A.8): Pre-multiplying (5.17) with Ab and using Ab A∗b = I − Bb B∗b and AbC∗

b =
−Bb D∗

b gives

Qi Ab − Bb
�

B∗b Qi Ab + D∗
beT

i

� = Ab Qi .

The result follows with the middle element of the matrix equation (5.A.6).

Equations (5.A.7) and (5.A.8) show that P∗i and Qi commute with Ab. This means that if

Ab = X#X−1 with # = diag {ξi }, then P∗i and Qi can also be diagonalized with the matrix
X . This property can be used to speed up the computations of Pi and Qi in the case where
Ab is diagonalizable which e.g. happens when its eigenvalues are distinct. In that case only the
eigenvalues of Pi and Qi need to be determined, which can be done by solving scalar equations.

Proposition 5.25 further has the following consequence for the Markov parameters Mk .

Corollary 5.26 The Markov parameters Mk, k ≥ 0 of a Hambo operator transform of a system
in H2− satisfy (setting L0 = 0)

Mk CT
b = Lk − Lk+1 DT

b ,

AT
b Mk Bb = AT

b AbLk+1 − Lk Db,

BT
b Mk Bb = BT

b Ab Lk+1 + CbLk .

These expressions follow by combining equation (5.18) with relations (5.A.5) and (5.A.6).



Chapter 6

Illustration of the use of
rational orthonormal bases in
identification

The purpose of this brief chapter is to illustrate how the theory developed in this
thesis can be used in the context of system identification problems. This will be

done by demonstrating the application of two identification techniques that are based
on the use of Hambo basis function expansions to a simple example system.

The outline of this chapter is as follows. In section 6.1 we motivate the choice for
the particular system that is used in the simulation examples and a description of the
system is given. In section 6.2 we describe in detail how the generalized approximate
realization method that was suggested in chapter 5 can be applied for the purpose of
system identification. In section 6.3 we consider the application of the method of
system identification in the Hambo operator transform domain.

6.1 Example system and simulation setup

Rational orthonormal basis functions are particularly useful for the modeling of so
called stiff systems. Such systems incorporate a mix of fast and slow dynamics, i.e.
they have some poles that lie close to the unit circle and some that lie well inside the
unit disk. Systems with this property are also said to have a wide dynamic range,
which is roughly defined as the ratio between the largest and smallest time constants.
Stiff systems are in general difficult to model. Conventional identification methods
often fail to capture both the fast and the slow dynamics. In order to describe the fast
dynamics it is required that the input and output signals are sampled at high rates.
This has the effect that slow dynamic effects are difficult to discern from the data.
This effect is emphasized if a one-step-ahead prediction error is used in the criterion
that measures the model fit. Furthermore, a high sampling rate will cause the poles
that are related to the slow dynamics to cluster near the point 1. The estimation of the
parameters of systems with poles near the unit circle tends to be sensitive to numerical

159
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errors such as roundoff.
The use of rational orthonormal basis functions can be used to circumvent these

problems to some extent. The main idea is that, with an appropriately chosen basis,
the signal transform and operator transform representations of the system have poles
that are contracted towards the origin. It can therefore be expected that modeling in
these domains gives rise to models that better capture the dynamics across the whole
dynamic range of the system. Furthermore, the numerical sensitivity of the estimation
problem can also be expected to improve.

We have therefore chosen to use a stiff system for the illustrating examples given
in this chapter. We will consider a 6th order system that represents one of the in-
put/output channels of the model of a fluidized catalytic cracking unit (FCCU). This
is an industrial plant that is used for the cracking of crude oil into lighter components
such as gasoline and diesel. The full order MIMO model of this complex plant is
described in detail in [118] and [117].

The transfer function of this system is given by

G(z) = 10−3 −0.5638z5 + 43.93z4 − 21.66z3 − 1.041z2 − 95.72z + 75.18

z6 − 3.352z5 + 4.840z4 − 4.441z3 + 3.111z2 − 1.476z + 0.3180
.

The wide dynamic range of the system manifests itself in the impulse response, as
shown in figure 6.1. This response shows a quick rise to a peak, followed by a very
slow decay towards zero. The slowness of the decay rate is even better visible in the
step response, which is shown in figure 6.2. Figure 6.3 indicates the location of the
system poles with respect to the unit circle. The numerical values of the system poles
are given in table 6.1.

0 5 10 15 20 25 30 35 40 45 50
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Figure 6.1 Impulse response of the example system.

A number of simulations are carried out to generate the data that will be used for
system identification. The output signal is generated according to the equation

y(t) = G(q)u(t)+ d(t), (6.1)

where q represents the forward shift operator1. The signal d represents a disturbance

1The forward shift operator is defined such that for any signal x it holds that (qx)(t) = x(t + 1) for all
t .
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Figure 6.2 Step response of the example system.

signal which is assumed to be a white noise signal, with standard deviation σ d , to be
specified later.

In order to ensure that the input signal u sufficiently excites the system, to facilitate
system identification, it is chosen to be either a Gaussian white noise signal, indepen-
dent from the disturbance signal, with standard deviation σ u , to be specified later, or
a maximum length pseudo-random binary sequence (PRBS) [68]. The length of the
data sequences is taken to be 1000 samples.

System poles
−0.0036+ 0.7837i
−0.0036− 0.7837i

0.7446+ 0.2005i
0.7446− 0.2005i
0.9941
0.8758

Table 6.1 Poles of the example system.
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Figure 6.3 Poles of the example system with respect to the unit circle.

6.2 System identification using the generalized realiza-
tion theory

In this section we will demonstrate how the generalized realization theory that was
developed in chapter 5 can be used in the context of system identification problems.
The main idea is to apply approximate realization to a finite sequence of estimates of
the coefficients of the expansion of a system with respect to a certain Hambo basis.
Before we proceed with investigating the benefits of such an approach we will first
consider the question how estimates of the expansion coefficients can be obtained
from experiments.

6.2.1 Estimation of expansion coefficients

Consider a sequence of input/output data {u(t), y(t)} t=1,..,N generated by the system
G(z), according to equation (6.1). Because the system G(z) is strictly proper and
stable it can be expanded in terms of any given Hambo basis as

G(z) =
∞X

k=1

LT
k Vk(z).

The problem considered in this section is how to obtain reliable estimates of the first
m expansion coefficients L k of G(z).

A straightforward way to obtain estimates of the expansion coefficients is by iden-
tifying the parameters of a basis function model Ĝ(z) defined as

Ĝ(z) =
mX

k=1

L̂T
k Vk(z).
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Note that an FIR model structure is obtained if the basis functions Vk(z) are taken to
be z−k .

The parameters L̂k are generally chosen to be such that they minimize the 2-norm
of the prediction error ε(t), as given in the model structure

y(t) =
mX

k=1

L̂T
k Vk(q)u(t)+ ε(t). (6.2)

Instead of using the 2-norm of the prediction error for the measure of fit one could
also consider other measures of model quality as for instance is done in the H∞ iden-
tification framework [109]. We will only consider minimization of the 2-norm of the
prediction error here.

The model structure of equation (6.2) is in linear regression form. Denoting

θ = �L̂T
1 L̂T

2 · · · L̂T
m

�T
,

φ(t) = �V1(q)T u(t) V2(q)T u(t) · · · Vm(q)T u(t)
�T
,

we can write equation (6.2) as

y(t) = φ(t)T θ + ε(t). (6.3)

The 2-norm of the prediction error signal is given by

NX
t=1

|ε(t)|2 =
NX

t=1

|y(t)− φ(t)T θ |2.

The minimization of this error measure constitutes a simple least-squares problem,
and the minimizer θ ′ is the solution to the normal equations [68] given by

R(N)θ ′ = F(N), (6.4)

where

R(N) = 1

N

NX
t=1

φ(t)φ(t)T , F(N) = 1

N

X
t=1

φ(t)y(t).

The solution to equation (6.4) can straightforwardly be computed with standard nu-
merical routines [46]. In the case where a white noise input is used it follows that,
owing to the orthonormality of the functions V (z), the matrix R(N) converges to the
(scaled) identity matrix for N → ∞. This entails that the solution of equation (6.4)
becomes less and less sensitive to numerical errors as N approaches infinity, which is
an important advantage of the use of rational orthonormal basis functions compared
to non-orthonormal bases [79].

It can be shown that, under weak conditions, the solution θ ′ of equation (6.4)
converges with probability 1 to a fixed value θ ′as for N →∞ [115]. If the input signal
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has a flat spectrum 2 then it holds that the asymptotic estimate θ ′as is equal to the vector
of actual expansion coefficients θ0 given by

θ0 =
�
LT

1 LT
2 · · · LT

m

�T
.

For general choices of input it is possible to give the following upper bound on the
2-norm of the difference between θ ′as and θ0 [115].

‖θ ′as − θ0‖2 ≤ ess sup u(ω)

ess inf u(ω)

vuut ∞X
k=m+1

LT
k Lk, (6.5)

where  u(ω) is the spectrum of the input signal u. Equation (6.5) shows that the
upper bound on the bias of the basis function model estimate depends on the size of
the expansion coefficients L k for k > m. Hence a low bias error can be enforced if
the basis is chosen to be such that the expansion coefficients L k are small for k > m.
This insight further illustrates the usefulness of choosing the basis such that the decay
of the expansion coefficients is as fast as possible.

With respect to the variance of the parameter estimate θ ′ it suffices to say that
the variance of

√
N(θ ′ − θ ′as) converges to a Gaussian distribution with zero mean

and finite covariance matrix. This result ensures that the variance of the parameter
estimate will go to zero for N →∞. A detailed treatment of the asymptotic variance
can be found in [115].

In conclusion of this section we can say that estimates of the expansion coefficients
can be obtained in an easy manner by solving the least squares problem of equation
(6.3). This simplicity is one of the attractive features of basis function models, espe-
cially in cases where the complexity of the system to be identified is large. Another
important advantage of this type of model structure is that the bias and variance errors
can be made very small if the poles of the basis generating all-pass functions are close
to the poles of the system to be identified. Moreover, the expressions for the asymp-
totic bias variance errors can be used to quantify the modeling uncertainty as is e.g.
reported in [48] and [26].

6.2.2 Identification by approximate realization

When rational orthonormal basis functions are used in system identification, usually
the aim is to obtain a model Ĝ(z) of the form

Ĝ(z) =
mX

k=1

L̂T
k Vk(z), (6.6)

with Vk(z) basis functions as described in chapter 3. The parameters L̂k are commonly
determined using the prediction error method that was discussed in the previous sec-
tion. If the match between the parameter estimates { L̂k}k=1,..,m and the expansion

2The spectrum (power spectral density function) of a signal u is equal to the DTFT of the autocorrelation

function ρu (τ ) = limN→∞ 1
N

PN
t=1 Eu(t)u(t − τ ), with E the expectation. This is true for quasi-

stationary signals which might be stochastic or deterministic [68].
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coefficients {Lk}k=1,..m were exact, the approximation error of this model would be
equal to

G(z)− Ĝ(z) =
∞X

k=m+1

LT
k Vk(z).

Consequently, in order to obtain a good basis function model it is desired to choose
the basis such that the “unknown” expansion coefficients {L k}k=m+1,..,∞ are as small
as possible. If a rational basis is used, this can be achieved by choosing the poles of
the basis as close as possible to the poles of the system, given the prior information, as
for instance follows from the results on the pole locations of Hambo transforms that
were given in section 4.4.2.

In most practical situations, however, our prior knowledge is imprecise, and the
expansion coefficients {L k}k=m+1,..,∞ cannot be assumed to be negligible, except for
large values of m. To be on the safe side, it is therefore common practice to estimate
a relatively large number of parameters L̂k . As a result, the resulting model will have
a high order (generically equal to m · n b if a Hambo basis is used). In order to obtain
a model of manageable size, model reduction is subsequently applied to the basis
function model.

Alternatively, one could use the method of approximate realization, as described
in sections 5.2.2 and 5.3.6, to obtain a low order model of the underlying system on
the basis of the sequence { L̂k}k=1,..m . A (theoretical) benefit of this approach is that it,
in principle, does not require that the expansion coefficients L k of the system are small
beyond k = m. Depending on the order of system it should be possible to extract a
model on the basis of a partial expansion in terms basis functions.

Applying approximate realization to the sequence { L̂k}k=1,..,m can also be viewed
as the application of an alternative model reduction method. An important difference
with respect to other model reduction methods, however, is that no explicit assump-
tions are made regarding the unknown tail {L k}k=m+1,..,∞ of the expansion of G(z).
When conventional model reduction methods are applied to the basis function model
Ĝ(z) one basically assumes that the expansion coefficients L k are zero for k > m.

The application of Kung’s method of approximate realization was originally de-
vised for expansions in terms of standard basis function z−k [64]. The method is then
applied to a finite sequence of estimates of a system’s Markov parameters, which may
have been obtained as the parameters of an FIR model. An important limitation of
the application of Kung’s method is that, in practice, the method only works well on
noisy data if the Markov parameters g(k) of the system are negligible beyond k = m
[18, 120]. This implies that, in order to apply Kung’s algorithm to practical data, it
is still necessary to estimate a relatively large number of parameters L̂k , especially if
the system has a slowly decaying impulse response. This consideration suggests that
it is advantageous to use Kung’s algorithm in conjunction with generalized rational
orthonormal basis function expansions, for which a fast decay rate of the expansion
coefficients can be achieved. Consequently, a smaller number of expansion coeffi-
cients can be included in the identification procedure. This reduces the computational
load and it is also favorable from an estimation point of view, as the estimation of
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fewer parameters in general implies that the parameter variance is less.

We will now compare approximate realization from a standard basis function ex-
pansion with approximate realization from a Hambo basis function expansion, applied
to the example system that was described in section 6.1.

We have generated 10 uncorrelated data sets {u(t), y(t)} t=1,..,N according to the
setup described in section 6.1 with N = 1000, σu = 1 and σd = 0.05. This amounts
to a signal to noise ratio (in terms of RMS values) at the output of the system of about
17 dB. For each data set we identify two models using an approximate realization
method. For the first model we make use of the standard basis. For the second model
we make use of a Hambo basis that is generated by a second order all-pass function
with poles 0.5 and 0.9. We intentionally choose poles that are not too close to the poles
of the actual system. The pole near the circle (0.9) is included to roughly account for
the slow dynamics present in the system. The pole at 0.5 is included to cope with the
faster dynamics.

The following procedure is used to generate the models.

1. A basis function model of the form of equation (6.6) is determined using the
prediction error framework described in section 6.2.1. In the standard basis
case we choose m = 40 and in the Hambo basis case we choose m = 20. As
the number of scalar coefficients is equal to mn b this means that the number of
estimated (scalar) coefficients is the same for both models.

2. The (minimal partial realization) algorithm of proposition 5.17 is applied to
the sequence { L̂k}k=1,..,m in an approximate sense, using Kung’s method in the
place of the Ho-Kalman algorithm, both for the standard basis expansion and
the Hambo basis expansion. The order of the approximate realization is chosen
to be 6 in either case.

In figure 6.4 the step responses of the obtained models are shown. It is clearly seen
that the application of the approximate realization to the Hambo basis function model
better captures the transient behavior of the system. In figure 6.5 a magnitude plot is
shown of the absolute modeling errors of the models. Again it is clear that the model
obtained from the Hambo basis function expansion results in a better fit, especially
for the lower frequencies. This is also seen from the average value of the 2-norm of
the modeling errors over 10 simulations. These were: 2.7 · 10−2 for the standard basis
case and 6.5 · 10−3 for the generalized basis.

Hence we can conclude that the performance of Kung’s algorithm can be improved
considerably if a generalized rational orthonormal basis is used. In particular, the
generalized method improves the model fit for low frequencies where application of
classical approximate realization fails.

In conclusion of this section we will discuss some practical issues related to the
use of the generalized approximate realization for system identification.

Remark 6.1 Instead of using the minimal partial realization algorithm of proposition
5.17 one could similarly use the exact minimal realization algorithm (algorithm 5.15)
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Figure 6.4 Step response plots of the example system (solid) and the models obtained from 10
simulations with approximate realization using the standard basis (dash-dotted) and the gener-
alized basis (dashed).

in an approximate sense. We have found that both methods perform better than clas-
sical approximate realization but that the approximate version of the minimal partial
realization algorithm performs considerably better than the approximate version of
algorithm 5.15. The average 2-norm of the modeling error that is obtained when al-
gorithm 5.15 is used in the example is 1.3 · 10−2. The reason for this difference in
performance is probably due to the fact that the algorithm of proposition 5.17 con-
strains the outcome of Kung’s method to be closer to a valid Hambo transform than
algorithm 5.15. As a result the “error” that is made in the inverse Hambo transforma-
tion step is smaller.

Remark 6.2 The number of expansion coefficient estimates m that are included in
the basis function model turns out to be critical for the performance of the approxi-
mate realization algorithms. These estimates are determined using the prediction error
framework that was described in section 6.2.1. It is important to be aware of the fact
that the assumption that these estimates are good approximations of the actual expan-
sion coefficients is only warranted for sufficiently large N . For one thing, it should
hold that the impulse responses of the basis functions used in the expansion have (al-
most) decayed to zero within N samples. If this is not the case then the parameters
that minimize the prediction error criterion need not be close to the actual expansion
coefficients. The discrepancy between these parameter estimates and the actual ex-
pansion coefficients can seriously degrade the performance of a realization algorithm.
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Figure 6.5 Magnitude plots of the approximation errors of the models obtained from 10 simu-
lations with approximate realization using the standard basis (dashed) and the generalized basis
(solid).

As the “energy” of the impulse responses of the basis functions Vk(z) shifts away from
zero for increasing k, this error will increase with the model order m (cf. figure 3.1).
Therefore, as a rule of thumb, one should choose m such that the basis functions have
nearly decayed to zero within N samples. One could for instance require that 95% of
the energy of the basis functions is concentrated in the first N samples. Of course, the
decay rate of the basis functions strongly depends on the poles that are included in the
basis. Hence, if a very slow pole is included in the basis generating all-pass function,
the number of basis functions m will necessarily be small. This mechanism in effect
prohibits the inclusion of poles in the basis that are very close to the unit circle if the
number of data points N is relatively small.

Remark 6.3 Models that are obtained through application of approximate realization
are not guaranteed to be stable. This is true both for the classical method of approx-
imate realization and the generalized methods of approximate realization. This fact
can be a serious problem because in general one is interested in finding stable models.
As in the classical case stability can be enforced by assuming that L k = 0 for k > m
prior to application of the Ho-Kalman algorithm [92]. This would however negate the
main benefit of a realization approach which is that one does not necessarily assume
that the unknown extension is zero.
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6.2.3 Iterative basis improvement

A central problem in the use of basis function models in system identification is the
question how the poles of the basis generating all-pass functions should be chosen.
We saw in chapter 4 that the decay rate of a general rational basis function expansion
depends on the “closeness” of the system poles to the poles that are incorporated in the
basis functions. So, ideally, we would have to know the system poles beforehand in
order to get the best identification results. In practice we will have to base our choice
of the all-pass filter poles on rough prior knowledge that is available about the system.

It can be expected, however, that once a basis function model has been obtained, it
should contain more precise information about the dynamics of the underlying system,
c.q. the system poles. Supposing that we can extract this information from the model
then we could in principle construct a basis that yields a faster converging expansion.
Consequently a better basis function model can be obtained using this improved basis.

This idea gives rise to an iterative approach to basis function modeling that was
originally suggested in [51] and elaborated upon in [117]. The steps involved in the
iterative procedure are depicted in figure 6.6. The procedure is initialized with a set
of basis poles that are based on prior knowledge. A comparatively high order basis
function model is then estimated. This model is reduced to a low order approximation.
Subsequently, a new basis is generated from the poles of the low order model, etcetera.
The procedure is repeated until the criterion of model fit, usually the 2-norm of the
prediction error, no longer decreases.

Choose basis poles

Apply model reduction

❄
Identify basis function model

❄

❄

✛
❄

prior knowledge

model

Figure 6.6 Iterative basis improvement scheme.

In [117] it is shown that good results can be obtained with this method if a (fre-
quency weighted) balanced reduction method [74, 39] is used in the model reduction
step. Convergence of the method can however not be guaranteed and in some simula-
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tions the basis poles are seen to diverge toward the unit circle. In [1] it is shown that
if the Hankel norm model reduction method [44, 95] is used, then the modeling error
is guaranteed to remain in the order of the level of the noise disturbance after a finite
number of iterations, provided that a sufficiently large number of data are used.

The purpose of the model reduction step is to extract information about the system
poles from its (approximated) partial expansion in terms of basis functions. It seems
that a realization algorithm is ideally suited to perform such a task. Such an algorithm
tries to infer information about the system poles from a finite expansion, without sup-
posing that the unknown tail of the expansion is zero. Application of model reduction
methods such as balanced reduction and Hankel norm reduction on the other hand is
based on the implicit assumption that the unknown tail of the expansion is (almost)
zero. This assumption might lead to biased estimates of the poles, in case the unknown
tail of the expansion cannot be neglected.

We will illustrate this point by comparing the use of approximate realization with
that of the application of a balanced reduction method in the iterative identification
procedure sketched above. We apply these methods to the example system that was
introduced in section 6.1. We carry out 10 identification experiments in which the
input signal u is taken to be a unit variance Gaussian white noise, the data record
length N is 1000 and the standard deviation of the noise σ d = 0.001.

For each one of these data sets we generate two models using the iterative iden-
tification scheme. The first model is obtained using balanced reduction in the model
reduction step. The discrete-time balanced reduction method that was proposed in [2]
is used. It makes use of a bilinear transform to enforce that the reduced order model
is in internally balanced form. The second model is obtained by applying the approx-
imate version of the generalized realization algorithm of proposition 5.17. We will
make 3 iteration cycles. The iterative procedures are initialized using a Hambo basis
that is generated by an inner function of McMillan degree 6 that has the following
poles: 0.5, 0.9, 0, 0, 0, 0. The iterations consist of the following steps.

1. A basis function model of the form of equation (6.6) is estimated using m = 4.
This amounts to a basis function model with 24 scalar coefficients.

2. This basis function model is reduced to a model with McMillan degree 6 using
either balanced reduction or approximate realization.

3. A Hambo basis is generated on the basis of the poles of this reduced order
model.

The resulting average model errors, measured in 2-norm, after the first, second and
third model reduction steps for the respective model reduction methods are collected
in table 6.2. It is seen that the method of approximate realization results in a smaller
modeling error after the first two reduction steps. Both methods eventually reach the
same level of error in the third step. These results confirm our expectation that the
approximate realization method yields better results in the situation where the poles
of the basis generating all-pass function are not too close to the actual system poles,
in which case the tail of the expansion cannot be assumed to be zero.
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Reduction method 1st 2nd 3rd
Approximate realization 1.1 · 10−2 4.7 · 10−4 1.3 · 10−4

Balanced reduction 1.8 · 10−2 2.5 · 10−3 1.3 · 10−4

Table 6.2 Modeling errors, measured in 2-norm and averaged over 10 simulation runs, of
the models obtained in the iterative identification scheme of figure 6.6 after 1, 2, and 3 model
reduction steps, using approximate realization and balanced reduction respectively.

Further simulations show, that the method of approximate realization is very sen-
sitive to the amount of noise that is added to the output. An important drawback of the
realization approach, with respect to other methods such as balanced reduction, is that
is can result in unstable models. In the simulation example this problem does not arise
because we have used a very low noise level. In practice, however, it cannot always
be avoided. Unstable poles cannot be used for the generation of the updated basis so
one has to, either not include the unstable poles in the updated basis, or replace them
by stable ones.

6.3 System identification in the operator transform do-
main

The theory of chapter 4 has provided us with compact expressions by which the
Hambo operator transform and its inverse can be executed in an efficient and reli-
able manner. The availability of these expressions thus enhances the possibility of
transferring analysis and/or synthesis problems to the operator transform domain.

In this section we will consider the application of this idea for the purpose of
system identification. It is shown, by means of an example, that identification in
the Hambo operator transform domain can lead to improved estimates, compared to
traditional identification methods.

Identification of systems in the Laguerre operator transform domain has received
considerable interest in the literature [61, 120, 42, 41]. The main reasons for consid-
ering this method are the following.

• By an appropriate choice of Laguerre parameter, the poles of the operator trans-
form can be drawn away from the unit circle toward the origin. As was ex-
plained in section 6.1, identification methods in general perform better when
the poles of the system are not too close to the unit circle.

• Representation of the input and output data in terms of Laguerre basis func-
tion expansions can result in a considerable data reduction. It is argued in [61]
that the expansion of (output) signals in terms of Laguerre functions leads to
a rapidly converging series in which a few terms suffice to yield a good ap-
proximation of original data sequence. Hence the last part of the expansion be
discarded without much loss of accuracy.
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It is clear that these arguments also apply when generalized rational orthonormal bases
are considered. In fact, it can be expected that the benefits are even more prominent in
this case. An appropriately chosen Hambo basis, for example, will in general lead to
faster convergence rates than a Laguerre basis, for both signal and system representa-
tions.

Extension of the idea to Hambo bases was previously suggested in [51] and to the
specific case of 2-parameter Kautz bases in [30]. The main problem with these gen-
eralizations has been the computation of the inverse transformation. With the newly
derived inverse transform formula (4.61) this problem has been solved to a large ex-
tent.

The method of system identification in the Hambo transform domain consists of
the following procedure.

1. An identification experiment is conducted in order to obtain data sequences
{u(t), y(t)}t=1,..,N .

2. These data sequences are transformed to expansion coefficient sequences with
respect to a certain Hambo basis, yielding the sequences {U(k),Y(k)} k=1,..,m .

3. An LTI model is identified on the basis of {U(k),Y(k)}k=1,..,m using a certain

(standard) identification method, yielding a model ˆ̃G(λ) of the operator trans-
form of G(z).

4. A model Ĝ(z) of G(z) is obtained by applying the Hambo inverse transform
formula (4.61)

With respect to the second step of this procedure we should take into account that
the Hambo signal transform is only properly defined for signals in � 2. In principle this
would prevent us from using persistent input signals in our identification experiments
that are not in �2, such as white noise. To deal with this problem we will make the
(implicit) assumption that the input is zero outside the observation interval (1, .., N).
Under this assumption the expansion coefficients U(k) of the input signal can be cal-
culated without approximation as

U(k)T = �u(t), Vk(t)� = NX
t=1

u(t)Vk(t)
∗, (6.7)

where Vk(t) represents the impulse response of Hambo basis function Vk(z), as de-
fined in chapter 3. Of course, the output signal will in general not be zero outside the
observation interval, partly due to the presence of noise and partly due to the transient
response to the input. Hence the finite inner product

Y(k) =
NX

t=1

y(t)Vk(t)
∗, (6.8)

is necessarily an approximation of the expansion coefficients of the actual system
response to the forcing input u. This approximation error can be severe for those coef-
ficients that correspond to basis functions Vk(z) that have not decayed to zero within
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the observation interval. In view of the property that the basis functions shift out of
the observation interval for increasing k one should limit the number of expansion
coefficients m that are included in the expansion. This approximation error can be
reduced by letting u(t) be zero for t > N − s with s < N chosen in such a way that
the response of the system to input decays to zero within the observation interval. A
possible drawback of this approach is that it leads to a slight decrease of the signal to
noise ratio of the experiment.

We will now compare the method of Hambo operator transform domain identifi-
cation with identification in the time-domain, applied to the example system that was
described in section 6.1.

We again generate 10 data sets {u(t), y(t)}t=1,..,N according to the setup described
in section 6.1, taking u to be equal to the maximum length PRBS sequence, σ d = 0.05,
and the data length N equal to 1000. This amounts to a signal to noise ratio (in terms
of RMS values) at the output of the system of about 18dB. In this setup the input is
not set to zero at s samples before the end of the observation interval. Hence we can
expect an additional error in the computation of the expansion coefficients Y(k), due
to the unmodeled transient response of the system.

We choose a Hambo basis that is generated by an all-pass function with poles at
0.4+ 0.4i, 0.4− 0.4i and 0.8. This choice is inspired by the idea to draw the poles of
the original system representation away from the unit circle, while not putting a basis
pole too close to the unit circle so as to avoid that the number of basis functions m
has to be unduly limited. Hence we choose a complex pole pair that roughly lies in
between the complex pole pairs of the system and a pole at 0.8 to capture the slow
dynamics. In figure 6.7 the poles of the transformed system are shown with respect to
the poles of the original system. It is seen that this choice of basis indeed results in a
contraction of the poles to within a smaller spectral radius.

In figure 6.8 the estimates of the expansion coefficients of the output signal of one
simulation run are shown. As might be expected, we observe a compression of the
energy of the output signal into the first 200 expansion coefficient vectors Y(k). So in
principle we could decide to identify the transformed system on the basis of the data
{U(k),Y(k)}k=1,..,200 which would imply a reduction to 600 data points. To be on the
safe side we will however use m = 300 in the identification procedures.

For each data set we identify two models: one model on the basis of the time do-
main samples {u(t), y(t)}t=1,..,N and another on the basis of the Hambo transformed
data sequences {U(k),Y(k)}k=1,..,m . In either case we use the standard prediction
error identification tools from MATLAB’s System Identification Toolbox [67] for the
identification. In either domain we identify a 6th order output error model. Because
a third order Hambo basis is used, this implies that a 3 input by 3 output system is
to be identified in the transform domain. The identification algorithm makes use of
a nonlinear optimization routine that is initialized by means of a model that has been
obtained by subspace identification with the n4sid method [119].

The results of the respective identification procedures are depicted in the step re-
sponse plots of figure 6.9 and the error magnitude plots of 6.10. It is seen that iden-
tification in the transform domain leads to models that better capture the transient
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Figure 6.7 Locations of the poles of the Hambo operator transform of the example system (×)
with respect to the locations of the poles of the original system representation (◦).

behavior of the system, and a better model fit in the lower frequency region. The av-
erage of the 2-norms of the modeling errors was 2.9 · 10−2 for the model identified
in the time domain and 1.2 · 10−2 for the model identified in the Hambo transform
domain.

We can conclude for this example, and for this choice of basis, that identification in
the Hambo operator transform domain leads to improved models, compared to time-
domain identification. There are however some pitfalls in applying this method. As
mentioned before, the estimates of the expansion coefficients contain errors due to the
unmodeled transient response of the system to the forcing input, especially for the
expansion coefficients with a high coefficient number k. Two other limitations are the
following.

1. Identification in the transform domain requires the estimation of a larger number
of parameters, especially if the McMillan degree n b of the basis generating all-
pass function is large, because the transformed system has n b inputs and nb

outputs. The estimation of a larger number of parameters will in general lead
to an increase of the variance of the parameter estimates. Also the probability
that the nonlinear optimization routine gets stuck in a bad local minimum will
increase.

2. In the current setup the estimated model of the Hambo operator transform ˆ̃G
is not constrained to be a valid Hambo transform. Consequently, an additional
modeling error will be made when the inverse transform formula (4.61) is ap-
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plied to obtain the model. While this error will be limited if ˆ̃G is close to the
actual system transform G̃, we have observed in our simulations that it cannot
be neglected.

We believe that these two drawbacks limit the performance of the suggested operator
transform method. This view is substantiated by the fact that application of Laguerre
domain identification, which does not have these limitations, with Laguerre parameter
0.5 results in better models for the given example. (The average 2 norm error in 10
simulations is 7.1 · 10−3 in this case.) Hence a further refinement of the suggested
method is required to deal with these limitations. A first step in this direction would
be to constrain the outcome of the identification to be a valid Hambo transform. At
present it is not yet clear how this could be done.

We conclude this section with a few additional remarks regarding the use of the
suggested method of identification in the operator transform domain.

Remark 6.4 In [51] it was shown that Laguerre domain identification using FIR,
ARX, and ARMAX model structures can (for N → ∞) be interpreted as the ap-
plication of conventional identification methods in which the input and/or output data
sequences are pre-filtered. Such pre-filters are commonly used in system identifica-
tion practice to improve the model fits in certain frequency ranges [68]. In [51] it is
made plausible that system identification in the Hambo operator transform domain,
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Figure 6.9 Step response plots of the example system (solid) and the models obtained from
10 simulations with standard prediction error identification (dash-dotted) and prediction error
identification in the Hambo operator transform domain (dashed).

using an ARX model structure, has a similar interpretation. The results of the simu-
lation example that was given in this section, which show an improvement of the low
frequency model fit, suggest that a similar frequency weighting also takes place for
output error model structures.

Remark 6.5 In chapter 4 it was shown how the most general of the rational orthonor-
mal basis constructions, which does not employ (periodic) repetition of the basis gen-
erating all-pass filters, leads to an operator transform that is linear time-varying. Hence
the application of the suggested method of system identification in the operator trans-
form domain can in principle be extended to the most general of the rational orthonor-
mal bases, but this would require the use of linear time-varying system identification
methods in the operator transform domain. It was also shown in chapter 4 that the
Hambo basis can be viewed as a special case of the Takenaka-Malmquist basis in
which a periodic repetition of the all-pass filters is used. Hence, as an alternative
to the method suggested in this section, one could consider the use of LPTV iden-
tification methods for the identification in the operator transform domain. This has
the possible advantage that the transformed system remains scalar. Such an approach
would perhaps make a generalization to the identification of multivariable systems
more tractable.

Remark 6.6 The Laguerre operator transform has also been applied successfully for
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Figure 6.10 Magnitude plots of the approximation errors of the models obtained from 10 sim-
ulations with standard prediction error identification (dashed) and prediction error identification
in the Hambo operator transform domain (solid).

the identification of continuous-time systems [16, 49]. Similar to its discrete-time
counterpart, the continuous-time Laguerre basis (see e.g. [70]) can be used for the
representation of the input and output signal spaces. Since the Laguerre basis is count-
able, the corresponding operator transform is a discrete-time system, which can be
identified using standard identification techniques. The application of the Laguerre
basis in this sense can be viewed as an application of an alternative method of sam-
pling the data. This approach is especially useful for the identification of stiff systems.
The identification of such systems with straightforward equidistant sampling would
require a very high sampling rate to capture the slow dynamics. With an appropriately
chosen Laguerre parameter, the operator transform representation is less stiff and it
can be identified with standard identification methods. It can be expected that gener-
alizations of the continuous-time Laguerre basis, such as the continuous-time Hambo
basis, can be used to advantage in a similar manner.

6.4 Concluding remarks

In this chapter we have shown how the transform and realization theory that was de-
veloped in the previous two chapters can be used in the context of system identifi-
cation problems. We considered two identification methods. These methods were
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illustrated, in simulations, on an example system. We first considered application of
the generalized approximate realization method that was developed in chapter 5. Next,
we explored the benefits of applying system identification in the operator transform
domain that is induced by the use of Hambo basis functions. Both methods were
shown to give improved results for the examples considered, compared to their clas-
sical counterparts: classical approximate realization and system identification in the
time-domain. The presented methods were able to capture the slow transient behavior
of the stiff example system, at which the traditional methods failed.

This chapter served only to illustrate possible applications of the developed the-
ory, and full-fledged practical application of these methods will require further study.
Some of the issues that need to be addressed are the following.

• Approximate realization algorithms can result in unstable models. This is un-
desirable as we are in general interested in stable models. This property of ap-
proximate realization also makes the method less suitable for model reduction
purposes.

• Application of conventional identification methods on the basis of the estimated
expansion coefficients of input and output signals in general results in models
that are not valid Hambo transforms. This causes an additional error to be made
in the inverse transformation.

Finally, we would like to mention that the transform theory might also be useful
in system theoretic problems that go beyond system identification. For an appropri-
ately chosen basis a system can have a very simple form in the operator transform
domain. Think for instance of the Hambo operator transform of the basis generating
all-pass functions Gb(z) which is equal to λ−1 I . Perhaps the fact that a system can be
transformed to such a very simple form can be exploited to facilitate the solutions of
control design and/or model reduction problems. The availability of the forward and
inverse transform formulas certainly increases the appeal of such an approach.



Chapter 7

Conclusions

In this thesis we have explored the theory that underlies the expansions of systems
and signals in terms of general rational orthonormal basis functions. This analysis

has produced a number of new results concerning the use of rational orthonormal basis
in system modeling problems. In this closing chapter we will review these results and
also discuss some remaining issues that we think are interesting to consider in future
research on this subject.

7.1 Contributions of this thesis

The general goal of the research that is reported in this thesis has been to study the
possibilities of using general rational orthonormal basis for the efficient representation
of signals and systems in analysis and synthesis problems related to the modeling of
dynamical systems. In this context we have chosen to consider a number of open
problems related to the transform theory that is induced by the use of this type of basis
functions. More specifically, we have addressed the following three topics:

• The further development of Hambo transform theory. In particular the devel-
opment of expressions by which the operator transform and its inverse can be
computed efficiently on state-space level.

• The extension of concepts from Hambo transform theory to more general ratio-
nal orthonormal bases, such as the Takenaka-Malmquist basis.

• The minimal partial realization problem for expansions in terms of generalized
rational orthonormal basis functions.

In the following we will summarize the main contributions of this thesis, catego-
rized according to these three topics.

New insights in Hambo transform theory

• We have derived compact expressions by which a minimal state-space realization
of the Hambo transform of a certain system G(z) ∈ RH2 can be computed on the basis
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of a minimal state-space realization of that system, and vice versa. These expressions
were shown to leave interesting properties invariant such as the controllability and ob-
servability Gramians. For minimal realizations these expressions can be conveniently
formulated in the form of Sylvester equations, which can be solved with standard nu-
merical routines. It was shown how these expressions can be derived in a few steps on
the basis of the isomorphism properties of the Hambo operator and signal transforms.

• It was shown that the Hambo signal transform of the impulse response of a system
G(z) ∈ RH2− can be computed by means of the system’s Hambo operator transform.
In particular it follows that if G(z) has a state-space realization (A, B,C) and its
Hambo operator transform a realization ( Ã, B̃, C̃, D̃) (computed with the mentioned
transform expressions) then the expansion coefficients of the system G(z) are given
by Lk = C̃ Ãk−1 B.

• The image of the Hambo transform of all systems in H2 is a subspace of H nb×nb
2 . It

was shown that this subspace can be characterized as the collection of all systems that
commute with the transfer function N (λ) which is the transfer function that generates
the dual Hambo basis.

• It was shown that the Hambo operator transform can be viewed as a blocked, or
time-lifted, representation of a linear periodically time-varying system. This LPTV
system is the operator transform of the equivalent Takenaka-Malmquist basis that is
generated from an all-pass filter cascade in which the single pole all-pass filters are
repeated in a periodic pattern.

• In close connection with the previous point it was shown that the Takenaka-Malm-
quist operator transform can be used as an alternative approach to the Hambo transfor-
mation of multivariable systems. The Hambo transform of an p×m MIMO system in
principle results in an nb ·m×nb · p MIMO system, where nb is the McMillan degree
of the basis generating all-pass function. Its Takenaka-Malmquist equivalent, on the
other hand, does not blow up the input/output dimension, but it results in an p × m
LPTV system with period nb .

• The availability of the expression for computing the inverse Hambo transform can
be used for transferring the problem of system identification to the Hambo operator
transform domain, as has been suggested before for the Laguerre basis. Such an ap-
proach can be advantageous in cases where the system has poles that are close to the
unit circle. In the operator transform domain the poles can be contracted to lie within
a smaller spectral radius which is favorable from the point of view of system identi-
fication. Another advantage is that the expansion of the input and output signals in
terms of rational bases can result in a considerable data reduction. This approach to
system identification was illustrated by means of an example in chapter 6.

Extension of the theory to general rational bases

• It was shown that the general rational orthonormal bases induce a theory of signal
and system transforms that parallels that of Hambo bases. The main difference is that
the general operator transform of an LTI system is a linear time-varying system while
a Hambo operator transform of an LTI system is again LTI. Most of the characteristic
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features of the Hambo operator and signal transform carry over to the general case.
It was shown that a minimal state-space realization of the operator transform can be
obtained using basically the same transform expressions as in the Hambo case. Also,
the variable substitution property of Hambo bases has an equivalent formulation in the
generalized case.

• We have analyzed the operator transform that is induced by the Takenaka-Malm-
quist basis in detail, and derived explicit expressions by which a state-space realization
of this operator transform can be computed on the basis of a realization of the original
system. These transform expressions are closely related to similar expressions that
were derived for the Laguerre basis case [84, 120].

• Similar to the Hambo basis case the expansion coefficients of a given system
G(z) ∈ RH2− taken with respect to a certain general rational orthonormal basis,
can conveniently be computed using the general operator transform expressions. In
particular, if G(z) has a realization (A, B,C) and its operator transform, computed
with the transform expressions, a time-varying realization {( Ãk, B̃k, C̃k , D̃)}k∈N, then
it holds that the expansion coefficients are given by L k = C̃k

Qk−1
j=1 Ã j B. This relation

permits an efficient computation of the expansion coefficients.

Generalized realization results

• It was shown how an exact minimal realization of a system can be computed on
the basis of a finite number of Hambo basis expansion coefficients provided a certain
rank condition is met by the Hankel matrix of the Markov parameters of the associ-
ated Hambo operator transform. This problem can subsequently be solved through
application of a Ho-Kalman algorithm in the operator transform domain, followed by
applying the inverse Hambo transform formula.

• A solution was also given for the minimal partial realization problem for expan-
sions in terms of Hambo basis functions. This problem deals with the question how
and when a state-space realization of least possible McMillan degree can be obtained
that is consistent with a certain partial expansion in terms of Hambo basis functions.
It was shown that this problem can be solved under a certain rank condition, through
application of an adapted version of the Ho-Kalman algorithm, again followed by an
inverse Hambo operator transformation.

• This minimal partial realization problem for Hambo basis function expansions is
equivalent to a rational interpolation problem. This problem deals with the question
how and when a rational transfer function G(z) of least possible degree can be found
for which it holds that

dk−1G

dzk−1 (1/ξi ) = ci,k , ci,k ∈ C

where ξi are the poles of the basis generating all-pass function, which can be chosen
to lie at arbitrary locations in the open unit disc. The algorithm that solves the minimal
partial realization problem for expansions can also be used to solve this interpolation
problem.
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• The generalized realization algorithms can also be applied in an approximate sense
by using Kung’s method of approximate realization instead of the Ho-Kalman algo-
rithm. This method can for instance be applied for the purpose of system identifica-
tion. We then apply the approximate realization algorithm to a sequence of estimates
of the expansion coefficient estimates. This approach has been illustrated with an
example in chapter 6. For the example considered, this method, using an appropri-
ately chosen Hambo basis, yields considerable improvements over the application of
classical (standard basis) approximate realization.

• An attempt was made to solve the exact minimal realization problem for expan-
sions in terms of rational orthonormal bases that are generated with the general basis
construction method. It was shown that this problem is equivalent to a realization
problem in the operator transform domain. This problem can be solved using real-
ization theory of time-varying systems. A complete solution to the exact realization
problem for expansions in general rational bases could not be derived for lack of an
expression by which the inverse operator transformation can be executed on the basis
of partial knowledge of the state-space realization in the operator transform domain.

7.2 Recommendations for further research

Although we have made considerable progress in the development of the theory that
underlies the expansions of systems and signals in terms of rational transfer functions
there are still questions that remain unanswered.

In general it can be said that in future research the focus should be on turning the
developed theoretical results into practically implementable algorithms. Further, there
are a number of specific problems that deserve to be considered in follow-up research.
Here follows a list of some of the more interesting ones.

• An important issue is that not every system in H nb×nb
2 is a valid Hambo transform.

Hence the application of standard system theoretic operations for systems in H nb×nb
2

will in general result in non-valid Hambo transforms. This problem can be dealt with
by either adapting these operations such that they only deliver valid transforms, or by
approximating the outcome of these operations with valid Hambo transforms. With
respect to the approximation of Hambo transforms we have shown that the presented
Hambo transform formulas can be used for making a projection onto the space of
Hambo transforms. Although this approach seems to result in reasonable approxima-
tions, no explicit bound on the approximation error has been derived. So further study
is required in this direction.

• Application of the realization algorithms can result in unstable models. This can
be a problem as one is in general interested in finding stable models. Another aspect
of this matter is that the Hambo transform in its current setting is only properly defined
for stable systems (which have stable transforms). It is however possible to generalize
this theory so that it also applies to unstable systems. This should be worked out in
more detail.
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• It would be interesting to generalize the current theory on general rational or-
thonormal bases to continuous-time systems. We expect that the transform theory, as
well as the realization theory, have equivalent continuous-time formulations, which
can be worked out using similar arguments. This theory could have interesting impli-
cations for problems related to system identification and interpolation.

• Most of the theory covered in this thesis has only been worked out for scalar sys-
tems. The generalization to multivariable systems should in principle present no great
difficulties other than that the notational complexity will unavoidably increase. It is
worthwhile to consider the multivariable case in more detail and to develop numerical
routines for implementing the transformation and realization algorithms. It will be
interesting to see if the periodically time-varying equivalent of the Hambo operator
transform can be used to advantage in order to limit the computational complexity in
certain cases.

• At present, the idea of applying system identification in the Hambo operator trans-
form domain has a number of drawbacks. The large input/output dimension in the
transform domain and the fact that not every multivariable system of the appropriate
size is a valid Hambo transform, complicate the identification procedure. It should be
considered if it possible to mitigate these problems. In first instance it would be useful
to consider whether it is possible to formulate the identification problem in such a way
that it automatically results in a valid transform.

• We expect that the exact realization problem for finite expansions in terms of gen-
eral rational orthonormal basis functions can be solved following the approach that is
suggested in section 5.4. The presently remaining difficulty is that we cannot recover a
system from an arbitrary realization of its operator transform. It is however known that
for specific realizations one can apply the inverse Hambo operator transform formula
for this purpose. Perhaps this insight can be used to solve the problem.

• An interesting insight that has been obtained in this thesis is that for general ratio-
nal orthonormal bases, such as the Takenaka-Malmquist basis, the operator transform
of a linear time-invariant system is in general a linear time-varying system. The fol-
lowing question comes to mind: which class of LTV systems can be converted to an
LTI system via the inverse operator transform? If there is a class of LTV systems
for which this can be done, this would allow us to simplify analysis by transforming
such systems to the LTI domain. This would be particularly interesting for the case
of Hambo transforms, which were shown to correspond to linear periodically time-
varying systems, because the inverse operator transform formula is very simple in this
case.

• At present we have only considered the application of the developed transform
theory within the field of system identification. It would be interesting to investigate
whether it can also be of use in other system theoretical problems such as control
problems or model reduction problems. For an appropriately chosen basis, a system
can have a very simple structure in the operator transform domain. Hence one can
conceive of situations in which it is advantageous to transfer a problem to the operator
transform domain and solve it there.
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[4] K.J. Åström and B. Wittenmark. Computer Controlled Systems — Theory and Design.
Prentice Hall Information and System Sciences Series. Prentice-Hall, second edition,
1990.

[5] D.R. Audley and W.J. Rugh. On the H-matrix system representation. IEEE Transactions
on Automatic Control, 18(3):235–242, June 1973.

[6] H.J.W. Belt. Orthonormal Bases for Adaptive Filtering. PhD thesis, Eindhoven Univer-
sity of Technology, Netherlands, May 1997.

[7] S. Bittanti and P. Colaneri. Invariant representations of discrete-time periodic systems.
Automatica, 36(12):1777–1793, December 2000.

[8] P. Bodin. On the Selection of Best Orthonormal Basis in System Identification and Signal
Processing. PhD thesis, Royal Institute of Technology, Stockholm, Sweden, 1997.

[9] P. Bodin. Recursive calculation of expansion coefficients for generalized orthonormal
rational bases. In Volume H of the Proceedings of the 14th IFAC World Congress, pages
373–378, Beijing, July 1999.

[10] P. Bodin, T. Oliveira e Silva, and B. Wahlberg. On the construction of orthonormal basis
functions for system identification. In Volume I of Proceedings of the 13th IFAC World
Congress, pages 369–374, San Francisco, USA, July 1996.

[11] P. Bodin and B. Wahlberg. A frequency response estimation method based on smoothing
and thresholding. International Journal of Adaptive Control and Signal Processing,
12:407–416, 1998.

[12] J. Bokor and F. Schipp. Approximate identification in Laguerre and Kautz bases. Auto-
matica, 34(4):463–468, 1998.

[13] O.H. Bosgra. On parametrizations for the minimal partial realization problem. Systems
and Control Letters, 3:181–187, 1983.

185



186 Bibliography

[14] P.W. Broome. Discrete orthonormal sequences. Journal of the Association for Comput-
ing Machinery, 12(2):151–168, April 1965.
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Glossary of notation

Sets, spaces, norms and inner products

C Set of complex numbers, extended with infinity.

C
p×m Set of complex matrices1.

D The open unit disc: {z ∈ C| |z| < 1}.
E The exterior of the closed unit disc: {z ∈ C| |z| > 1}.
N Set of natural numbers: {1, 2, ...}.
N0 N extended with zero.

R Set of real numbers.

R
p×m Set of real matrices1.

T The unit circle: {z ∈ C| |z| = 1}.
Z Set of integers: {...,−2,−1, 0, 1, 2, ...}.
B(X,Y ) Set of all bounded linear operators from X to Y , with X and Y

Hilbert spaces.

H⊥
2 , H⊥

2− The orthogonal complements of H2 and H2− in L2(T).

H p×m
2 Hardy space H p×m

2 (E); the subspace of L p×m
2 (T) of functions that

are analytic in E; see page 22 for a precise definition1.

H p×m∞ Hardy space of complex functions G that are analytic in E and for
which ‖G‖∞ <∞1.

H p×m
2− Subspace of H p×m

2 of functions that are zero at infinity1.

�n
2(J ) Space of square summable vector sequences, of vector dimension n,

with J the index set. The superscript n is omitted if n = 1. The
index set is omitted if J = Z.

�
nb,k
2 (N) Space of square summable expansion coefficient sequences for a

fixed sequence {nb,k}k∈N; see page 48 for a precise definition.

L2(R) Lebesgue space of complex functions that are square integrable on
R.

L p×m
2 (T) Lebesgue space of complex matrix functions of dimension p × m

that are square integrable on T.

PX Orthogonal projection onto the subspace X .

RH2 Subspace of H2 of real-rational functions.

RH2− Subspace of H2− of real-rational functions.

1The superscript p × m will be suppressed if p = m = 1. If m = 1 the superscript p × 1 is usually
abbreviated to p.
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196 Glossary of notation

‖G‖2 2-norm of G(z) ∈ L p×m
2 (T): 〈G,G〉1/2 = tr

��G,G�	1/2
.

‖G‖∞ H∞-norm of G(z): ess supω∈[0,2π) σ̄
�

G(eiω)
�

.

‖G‖H Hankel norm of an LTI system G: supu∈�2(−∞,0]
‖P�2 [1,∞)Gu‖2

‖u‖2
.

‖G‖�2 �2-gain of a system G, defined as supu∈�2
‖Gu‖2‖u‖2

.

‖x‖2 2-norm of signal x ∈ �2(J ): 〈x, x〉1/2.

〈F,G〉 Inner product of F and G in L p×m
2 (T):

1

2π

Z 2π

0
tr
n

F(eiω)T G(eiω)
o

dω.

〈x, y〉 Inner product of x and y in �n2(J ):
P

k=J
x(k)T y(k).�F,G� Matrix inner product of F ∈ L p×n

2 (T) and G ∈ Lm×n
2 (T):

1

2π i

Z 2π

0
F(eiω)G(eiω)∗dω.

⊥ Is orthogonal to; a ⊥ b means 〈a, b〉 = 0.I
C

Contour integral along the closed path C ∈ C. The path is always

followed in such a way that the pertinent region of analyticity is to
the left.

General

ai Eigenvalue of the matrix A.

A Complex conjugation of (the matrix) A.

AT Transpose of the matrix A.

A∗ Complex conjugate transpose of the matrix A: A
T

.

(A, B,C, D) Generic state-space realization: G(z) = D + C(z I − A)−1 B; A ∈
Rn×n , B ∈ Rn×m ,C ∈ Rp×n and D ∈ Rp×m . A and B also used
for lower and upper frame bounds.

(At , Bt ,Ct , Dt ) Generic state-space realization of an LTV system.

d Disturbance signal.

dB Decibel.

deg(G) McMillan degree of the LTI system G.

det(A) Determinant of the matrix A.

diag {xi }i=1,..,n Diagonal matrix with diagonal elements {xi , .., xn}.
ei i-th Euclidean basis (column) vector.

G Generic system.

G∗ (Hilbert space) adjoint of the operator G.

g(t) Impulse response coefficients a.k.a. Markov parameters of an LTI
system G.

G(z) Generic (discrete-time) transfer function.

Ĝ(z) Model of G(z).

G(1/z) With G(z) =Pt∈J g(t)z−t , G(1/z) is equal to
P

t∈J g(t)zt .

G∗(1/z) With G(z) =Pt∈J g(t)z−t , G∗(1/z) is equal to
P

t∈J g(t)∗zt .
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H (Block) Hankel operator.

i The complex number with real part 0 and imaginary part 1. i2 = −1.

I, In Identity matrix, identity matrix of dimension n × n.

Id Identity operator.

Im(x) Imaginary part of x ∈ C.

J Generic index set: J ⊂ Z.

k Basis function number.

N Number of data points.

Re(x) Real part of x ∈ C.

q Forward shift operator: (qx)(t) = x(t + 1).

s Laplace transform variable.

Sc, So Controllable, respectively observable set.

t Time instant.

T Similarity transformation matrix.

T Operator representation of an LTV system. If the system is LTI then
T is (block) Toeplitz.

u Input signal.

u
�
u(0) u(−1) u(−2) · · ·�T .

x Generic discrete-time signal, or state vector of a realization.

Xc, Xo Controllability, respectively observability Gramian.

X (eiω) DTFT of the signal x ∈ �n
2:
P∞

−∞ x(t)eiωt .

y Output signal.

y
�

y(1) y(2) y(3) · · ·�T .

z z-transform variable.

� Observability matrix:
h

CT AT CT AT 2
CT · · ·

iT
.

�(k) k-th element of �: C Ak−1.

� Controllability matrix:
�

B AB A2 B · · ·�.
�(k) k-th element of �: Ak−1 B.

δ(t − k) Unit pulse sequence: δ(t) = 1 for t = k and zero elsewhere.

ε Prediction error.

σ Canonical shift operator in B(H2, H2).

� Gramian of an internally balanced realization. Also diag {σi }.
σx Standard deviation of the stochastic signal x .

σ(A) Set of eigenvalues of the matrix A.

σ̄ (A) Maximum singular value of the matrix A.

σi (G) i-th Hankel singular value of the LTI system G;
σ1 ≥ σ2 ≥ . . ..

 u(ω) Spectrum (power spectral density function) of the signal u.

ω Frequency in radians.
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Orthonormal basis and transform related

( Ã, B̃, C̃, D̃) Generic state-space realization of the Hambo operator transform G̃(λ).

(Ab,k , Bb,k,Cb,k , Db,k) Balanced state-space realization of Gb,k(z).

{( Ãk, B̃k, C̃k, D̃k)}k∈J Generic state-space realization of the operator transform G̃.

(Ak,Bk ,Ck ,Dk) Lower-triangular, balanced state-space realization of Sk(z), see page
45.

b, c Parameters of 2-parameter Kautz basis, see page 41.

ck Expansion coefficient.

G̃ Operator transform of G ∈ H2.óG(λ) Hambo signal transform of a system G ∈ Ln
2(T).

G̃(λ) Hambo operator transform of G ∈ H2.

Gb(z) Hambo basis generating all-pass function, with balanced realization.

Gb,k(z) k-th element of the basis generating all-pass function sequence.

H̃ Hankel operator of the Hambo operator transform G̃(λ).

k(t, t ′) Reproducing kernel.

Lk Expansion coefficient vector: LT
k = �G, Vk�.

L̂k Estimate of the expansion coefficient Lk .

lk,i Scalar expansion coefficient; eT
i Lk = lk,i .

m Number of basis function vectors included in a basis function model.

Mk Markov parameters of the Hambo operator transform G̃(λ).

Mk, j Parameters of the operator transform G̃.

N Operator generating the dual orthonormal basis; Wt+1 = N Wt .

N(λ) Transfer function generating the dual Hambo basis: N(λ) = Ab +
Bb(λ− Db)

−1Cb.

nb,k , nb McMillan degree of Gb,k(z), respectively Gb(z).

pk Orthogonal polynomial.

Sk(z) Cascade of k balanced all-pass functions:
Qk

j=1 Gb, j (z)óu �
U(0)T U(−1)T U(−2) · · ·�T .

V f
�
vT

1 vT
2 vT

3 · · ·�T .

vk

8<:
�
Vk(1) Vk(2) Vk(3) · · ·� , k ≥ 1,�
Vk(0) Vk(−1) Vk(−2) · · ·� , k < 1.

Vk(z) Orthonormal basis function vector: Vk(z) = ψk(z)
k−1Y
j=1

Gb,k (z).

Vp
�
vT

0 vT−1 vT−2 · · ·�T .

Wt Dual orthonormal basis function of �
nb,k
2 : Wt (k) = Vk(t).

X Coefficient vector sequence, signal transform of x ∈ �n2: Xk =�x, Vk�.óx(λ) Hambo signal transform of x ∈ �n2: x̂(λ) =P∞
k∈J X(k)λ−k .
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X̃c, X̃o Controllability Gramian, respectively observability Gramian of (Ã, B̃, C̃).óy �
Y(1)T Y(2)T · · ·�T .

αk,i , βk,i ,Ck,i Parameters of the general Kautz construction, see page 38.

�(z), �̃(λ) C(z I − A)−1, C̃(λI − Ã)−1.

�(z), �̃(λ) 1/z (1/z I − A)−1 B, 1/λ (1/λ I − Ã)−1 B̃.

ξ Laguerre parameter, see page 39.

ξk,i , ξk Poles of a basis generating all-pass function.

φ̃k Dual frame elements, or dual basis functions in a Riesz basis.

φk(z), φk,i (z) (Orthonormal) basis functions; eT
i Vk(z) = φk,i .

ψ Wavelet.

ψk(z) Input-to-state transfer function of Gb,k : (z I − Ab,k )
−1 Bb,k .

Realization theory related

En
�

In 0 0 · · ·�T .

H� (Block) Hankel matrix that is obtained by removing the first (block)
column of H.

H� (Block) Hankel matrix that is obtained by removing the first (block)
row of H.

H̃k Hankel operator at time-instant k.

HN,N ′ Finite submatrix of the (block) Hankel matrix H with N (block) rows
and N ′ (block) columns.

ȞN,N ′ Finite block Hankel matrix built from the sequence {Kk}.
Kk

�
Mk Lk Lk+1

�
.

N0 Number of available expansion coefficient vectors.

Pi , Qi Matrices such that Vk(z)φ1,i (z) = Pi Vk(z)+ Qi Vk+1(z).

�† Left-inverse of �.

�̃k, �̃k Full rank factors: H̃k = �̃k�̃k .

�† Right-inverse of �.

Abbreviations

ARX Autoregressive with exogenous input

DTFT Discrete-time Fourier transform

FIR Finite impulse response

LPTV Linear periodically time-varying

LTI Linear time-invariant

LTV Linear time-varying

MIMO Multi input, multi output

PRBS Pseudo random binary sequence

SISO Single input, single output

SVD Singular value decomposition





Overview of main relations

Hambo basis generation and expansion

A Hambo basis is generated by an all-pass function Gb(z) ∈ H2 with balanced state-space
realization (Ab, Bb,Cb, Db), i.e. G∗

b(1/z)Gb(z) = 1 and�
Ab Bb
Cb Db

�∗ �
Ab Bb
Cb Db

�
= I.

The McMillan degree of Gb(z) is nb.
The Hambo basis {Vk(z)}k∈Z of L2(T) is given by

Vk(z) = (z I − Ab)
−1 BbGb(z)

k−1.

The i-th element of the vector Vk(z) is denoted as φk,i (z).
Any system G(z) ∈ L2(T) can be expanded in the Hambo basis as

G(z) =
∞X

k=1

LT
k Vk(z) =

∞X
k=1

nbX
i=1

lk,iφk,i (z).

Hence Lk and lk,i denote the expansion coefficient vectors and its elements respectively.
A dual orthonormal basis for the space of expansion coefficient vectors �nb

2 is generated
by the square all-pass function N(z) with state-space realization (Db,Cb, Bb, Ab). The dual
Hambo basis {Wt (z)}t∈Z, is given by (proposition 3.21, page 56)

Wt (z) = N (z)t−1 Bb(z I − Db)
−1.

Hambo operator transformation

Consider a system G(z) ∈ H2, and a Hambo basis generated by an all-pass function with
balanced state-space realization (Ab, Bb,Cb, Db). The Hambo operator transform G̃(λ) of
G(z) is given by1(proposition 4.25, page 85)

G̃(λ) = G(z)|z−1=N (λ) .

Conversely, G(z) is obtained from G̃(λ) by (proposition 4.27, page 86)

G(z) = zV1(z)
T G̃(λ)W1(λ)λ

��
λ−1=Gb(z)

.

1The notation G(z)|z−1=X indicates a variable substitution in the Laurent expansion of G(z).
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Let G(z) ∈ H2 have a state-space realization (A, B,C, D), then the Hambo operator trans-
form of G(z) has a state-space realization (Ã, B̃, C̃, D̃) that satisfies the following relations
(proposition 4.6, page 72).

Ã = Gb(z)|z−1=A , (I)

AB̃ Ab + BCb = B̃,

Ab,kC̃ A + BbC = C̃, (II)

D̃ = G(z)|z−1=Ab
,

If (A, B,C, D) is observable, then (Ã, B̃, C̃, D̃) can be obtained from the following Sylvester
equation (corollary 4.33, page 94).�

AT CT Cb
0 Ab

�"
Xo Ã Xo B̃

C̃ D̃

#�
A B B∗b
0 A∗b

�
+
�

CT Db
Bb

� �
C DB∗b

� = "Xo Ã Xo B̃

C̃ D̃

#
,

where Xo is the observability Gramian of the pair (A,C). A dual formulation of this equation
requiring controllability is given in appendix 4.A (corollary 4.55, page 123).

Conversely, if (Ã, B̃, C̃, D̃) is an observable state-space realization of G̃(λ) then a realiza-
tion (A, B,C, D) of G(z) is given by the following Sylvester equation (corollary 4.35, page
95).�

ÃT C̃T C∗
b

0 D∗
b

��
X̃o A X̃o B

C D

��
Ã B̃ Bb
0 Db

�
+
�

C̃T A∗b
B∗b

� h
C̃ D̃Bb

i
=
�

X̃o A X̃o B
C D

�
,

where X̃o is the observability Gramian of the pair (Ã, C̃). A dual formulation of this equation
requiring controllability is given in appendix 4.A (corollary 4.57, page 124).

Relations between the Hambo operator and signal transforms

Consider a system G(z) ∈ H2− with state-space realization (A, B,C, D). Let {Lk}k∈N be
its expansion coefficient sequence. Then it holds that (proposition 4.17, page 81 and equation
(4.67), page 98)

Lk = C̃ Ãk−1 B,

where Ã and C̃ are obtained from equations (I) and (II).
Let {Mk }k∈N0

be the sequence of Markov parameters of G̃(λ):

G̃(λ) =
∞X

k=0

Mkλ
−k .

The following relation holds (proposition 5.11, page 135).

Mk =
(Pnb

i=1 lk+1,i PT
i + lk,i QT

i , k ≥ 1,Pnb
i=1 l1,i PT

i , k = 0,

where Pi and Qi , 1 ≤ i ≤ nb, are given by

Ab Pi A∗b + BbeT
i A∗b = Pi ,

A∗b Qi Ab + C∗
b eT

i = Qi .
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Relations for the general basis construction

General rational orthonormal bases of H2 are generated by a sequence of all-pass functions
{Gb,k(z)}k∈N. Gb,k (z) is assumed to have a balanced realization (Ab,k , Bb,k ,Cb,k , Db,k ).

The general orthonormal basis {Vk(z)}k∈N is given by

Vk(z) = (z I − Ab,k)
−1 Bb,k

k−1Y
j=1

Gb, j (z).

Any system G(z) ∈ H2− can hence be expanded as

G(z) =
∞X

k=1

LT
k Vk(z).

Given a system G(z) ∈ H2 with state-space realization (A, B,C, D). Its general operator
transform, denoted as G̃, is a linear time-varying system, which has a state-space realization
{( Ãk, B̃k, C̃k D̃k)}k∈N that satisfies the following relations (proposition 4.6, page 72).

Ãk = Gb,k (z)
��
z−1=A , (III)

AB̃k Ab,k + BCb,k = B̃k,

Ab,kC̃k A + Bb,kC = C̃k, (IV)

D̃k = G(z)|z−1=Ab,k
.

Hence, for observable (A,C) the realization {(Ãk, B̃k, C̃k, D̃k)}k∈N can be obtained from the
following Sylvester equation (proposition 4.11, page 75).�

AT CT Cb,k
0 Ab,k

�"
Xo Ãk Xo B̃k

C̃k D̃k

#�
A B B∗b,k
0 A∗b,k

�
+
�

CT Db,k
Bb,k

� �
C DB∗b,k

� = "Xo Ãk Xo B̃k

C̃k D̃k

#
,

where Xo is the observability Gramian of the pair (A,C). A dual formulation of this equation
requiring controllability is given in appendix 4.A (page 118).

If G(z) ∈ H2−, then the expansion coefficients Lk satisfy the following relation (proposi-
tion 4.17, page 81).

Lk = C̃k

0@k−1Y
j=1

Ã j

1A B,

where Ãk and C̃k are obtained from equations (III) and (IV).





Summary

Rational orthonormal bases and related transforms in
linear system modeling

Rational orthonormal basis functions have since long been applied in system and sig-
nal modeling problems. The parameterization of a model as a partial expansion in
terms of rational orthonormal basis functions has several advantages. First, such a
model is linear-in-the-parameters, which makes the least squares estimation of the pa-
rameters a convex optimization problem that can be solved analytically. Secondly,
if the poles that are included in the rational basis functions are chosen appropriately,
the decay rate of the expansion can be made very fast. Hence a good model can be
obtained with just a few parameters, which is attractive as the estimation of fewer
parameters usually implies that the parameter variance is less. Orthonormality of the
basis functions generally serves to improve the numerical condition of the estimation
problem and it greatly facilitates the analysis of the basis function models.

The representation of systems and signals as expansion coefficient sequences with
respect to a certain rational orthonormal basis can be viewed as a transformation, simi-
lar to the representation of periodic signals in terms of their Fourier series. Analysis of
the properties of this transformation provides insight in the advantages and limitations
of using general rational orthonormal basis functions for system and signal modeling.
At present, however, the transform theory that is related to general rational basis func-
tions is not completely understood. In this thesis this transform theory is analyzed in
detail and extended, in particular in relation to the modeling of linear time-invariant
(LTI) systems.

In order to study the properties of the transforms that are induced by rational or-
thonormal bases, we make use of a state-space approach to basis construction. In this
framework, the basis functions are generated by a cascade of all-pass functions that
are given in balanced state-space form. The all-pass functions may be mutually differ-
ent in terms of choice and number of poles. With this framework all known rational
orthonormal bases can be generated. We pay particular attention to the Hambo basis
which is the special case in which the all-pass functions in the cascade network are all
equal.

In this thesis we consider systems as operators that map input signals to output
signals. In this setting the choice of basis in which to represent the input and output
signals has immediate consequences for the representation of the system. The operator
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that maps the transformed input signal to the transformed output signal is called the
operator transform of the system. The operator transform that is associated with the
use of rational orthonormal bases has some remarkable properties, and it turns out
to be a powerful analysis tool in problems that are related to the use of these basis
functions for the modeling of LTI systems.

In this thesis it is shown that for general rational orthonormal bases the operator
transform of a causal LTI system is a causal linear time-varying system. In the par-
ticular case of Hambo bases (which also encompasses the Laguerre and 2-parameter
Kautz bases) this operator transform is itself also an LTI system.

A large number of properties of the operator transform are derived. In particular
it is shown how a minimal state-space realization of the Hambo operator transform
can be obtained from a minimal state-space realization of the original LTI system, and
vice versa.

In a subsequent chapter it is shown how the operator transform theory is the key
to the solutions of the realization problems that are associated with the use of general
rational orthonormal bases. It is shown how an exact minimal realization of a sys-
tem can be recovered from a partial expansion in terms of Hambo basis functions, by
formulating this problem in the Hambo operator transform domain where it becomes
a classical realization problem. Further, we consider the minimal partial realization
problem for expansions in terms of Hambo basis functions which deals with the ques-
tion how to find a state-space realization of least possible degree that matches a given
partial Hambo basis function expansion. This problem is equivalent to a rational inter-
polation problem and as such the presented algorithm also yields an original solution
to this problem. To conclude this part, we attempt to extend these realization results
to general rational orthonormal bases, such as the Takenaka-Malmquist basis.

The developed generalized realization theory can be applied as an alternative met-
hod of system identification and model reduction. This approach is illustrated by
means of some examples. Further it is shown how the availability of the Hambo
operator transform expressions enables us to transfer the identification procedure to
the operator transform domain. This latter approach is motivated by the fact that with
a judiciously chosen Hambo basis, the operator transform of the system can be made to
have properties that are favorable for doing system identification, mainly by drawing
the system poles away from the unit circle.

Thomas de Hoog



Samenvatting

Rationale orthonormale bases en aanverwante transfor-
maties in lineaire systeemmodellering

Rationale orthonormale basisfuncties worden sinds lang toegepast voor het model-
leren van signalen en systemen. Het parametriseren van een model als een eindige
ontwikkeling in termen van rationale orthonormale basisfuncties heeft verscheidene
voordelen. Ten eerste is zo’n model lineair in de parameters, hetgeen de kleinste kwa-
dratenschatting een convex optimalisatieprobleem maakt dat een analytische oplos-
sing heeft. Ten tweede kan de uitdempingsnelheid van de reeksontwikkeling zeer snel
gemaakt worden door een geschikte keuze van de polen die worden opgenomen in de
rationale basisfuncties. Zodanig kan een goed model worden verkregen met slechts
weinig parameters, hetgeen aantrekkelijk is aangezien het schatten van een kleiner
aantal parameters meestal betekent dat de parametervariantie kleiner is. Orthonorma-
liteit van de basisfuncties zorgt in het algemeen voor een betere numerieke conditie
van het schattingsprobleem en het vereenvoudigt de analyse van basisfunctiemodellen
aanzienlijk.

Het representeren van systemen en signalen als coëfficiëntreeksen ten opzichte
van een zekere rationale orthonormale basis kan gezien worden als een transformatie,
vergelijkbaar met representatie van periodieke signalen in termen van hun Fourier-
reeks. Analyse van de eigenschappen van deze transformatie verschaft inzicht in de
voordelen en beperkingen van het gebruik van algemene rationale basisfuncties voor
systeem- en signaalmodellering. Op dit moment, echter, heeft men de transformatie-
theorie van algemene rationale basisfuncties nog niet volledig onder de knie. In dit
proefschrift wordt deze transformatietheorie in detail geanalyseerd en uitgebreid, in
het bijzonder in relatie tot het modelleren van lineaire tijdinvariante (LTI) systemen.

Om de eigenschappen van de transformaties die worden geïnduceerd door ratio-
nale orthonormale bases te bestuderen, maken we gebruik van een toestandsruimte-
gebaseerde benadering voor basisconstructie. In dit raamwerk worden de basisfunc-
ties gegenereerd door een reeks allpassfuncties die gegeven zijn in gebalanceerde
toestandsruimte-vorm. De allpassfuncties mogen onderling verschillend zijn wat be-
treft de ligging en het aantal van de polen. Met dit raamwerk kunnen alle bekende
rationale orthonormale bases gegenereerd worden. Bijzondere aandacht wordt be-
steed aan de Hambo basis, welke het speciale geval is waarvoor de allpassfuncties in
de serieschakeling gelijk zijn.
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In dit proefschrift beschouwen we systemen als operatoren die ingangssignalen
afbeelden op uitgangssignalen. Hierdoor heeft de keuze van de basis waarin ingangs-
en uitgangsignalen worden gerepresenteerd directe gevolgen voor de representatie van
het systeem. De operator die het getransformeerde ingangssignaal op het getransfor-
meerde uitgangssignaal afbeeldt, wordt de operator-getransformeerde genoemd. De
operator-getransformeerde die voortvloeit uit het gebruik van rationale orthonormale
bases heeft enkele opmerkelijke eigenschappen en blijkt een krachtig gereedschap te
zijn voor de analyse van het gebruik van deze basisfuncties voor het modelleren van
LTI systemen.

In dit proefschrift wordt getoond dat voor algemene rationale orthonormale basis-
functies de operator-getransformeerde van een causaal LTI systeem en causaal lineair
tijdvariërend systeem is. In het bijzondere geval van Hambo bases (welke ook de
Laguerre en de 2-parameter Kautz basis omvat) is deze getransformeerde zelf ook een
LTI systeem.

Een groot aantal eigenschappen van de operator-getransformeerde wordt afgeleid.
In het bijzonder wordt getoond hoe een minimale toestandsruimte-realisatie van de
Hambo operator-getransformeerde verkregen kan worden op basis van een minimale
toestandsruimte-realisatie van het oorspronkelijke LTI systeem, en vice versa.

In een volgend hoofdstuk wordt getoond hoe de theorie van de operator-getrans-
formeerde de sleutel is tot het oplossen van realisatieproblemen die gerelateerd zijn
aan het gebruik van algemene rationale orthonormale basisfuncties. We laten zien hoe
een exacte minimale realisatie van een systeem bepaald kan worden op basis van een
partiële expansie in termen van Hambo basis functies, door dit probleem in het Hambo
operator-getransformeerdendomein te formuleren alwaar het een klassiek realisatie-
probleem wordt. Verder beschouwen we het minimale parti ële realisatieprobleem
voor ontwikkelingen in termen van Hambo basisfuncties. Hierbij is de vraag hoe een
toestandsruimte-realisatie van minimale graad kan worden gevonden die overeenkomt
met een gegeven partiële expansie in termen van Hambo basisfuncties. Dit probleem
is equivalent aan een rationaal interpolatieprobleem en als zodanig levert het gegeven
algoritme ook een originele oplossing voor dit probleem. Tot slot van dit gedeelte
doen we een poging om deze realisatieresultaten uit te breiden naar algemene rationale
orthonormale bases, zoals de Takenaka-Malmquist basis.

De ontwikkelde gegeneraliseerde realisatietheorie kan toegepast worden als een
alternatieve methode van systeemidentificatie en modelreductie. Deze aanpak wordt
geïllustreerd aan de hand van enkele voorbeelden. Verder wordt getoond hoe de be-
schikbaarheid van de uitdrukkingen voor de Hambo operator-getransformeerde ons
in staat stelt om het identificatieprobleem naar het getransformeerdendomein over te
brengen. Deze benadering wordt gemotiveerd door het feit dat door een geschikte
keuze van de Hambo basis de eigenschappen van de operator-getransformeerde voor-
delig zijn met het oog op systeemidentificatie, voornamelijk door de polen van het
systeem die dicht bij de eenheidscirkel liggen naar binnen te verplaatsen.

Thomas de Hoog
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2-norm, 15, 19

adjoint operator, 25
all-pass function, 30
approximate realization

classical, 133
generalized, 145

balanced realization, 29
basis, 19
Beurling-Lax theorem, 33
bilinear transform, 40, 60, 111
biorthogonal basis, 26
Blaschke product, 30
blocking, 106

canonical basis
�2, 21

Christoffel-Darboux formula, 100
complete realization problem, 128, 134
completeness, 19

Takenaka-Malmquist system, 43
controllability, 27

Gramian, 28
matrix, 27

DTFT, 21
dual basis, 21

dual Hambo basis, 55–57
of �

nb,k
2 (N), 49–51

exact minimal realization
classical, 131
general

problem definition, 128
generalized (Hambo)

algorithm, 140
complete expansion, 138
finite expansion, 139
problem definition, 134

expansion coefficients, 20
estimation, 162

FIR model, 3
Fourier

coefficients, 20
transform (DTFT), 21

frame, 25
operator, 26

frequency response, 22
frequency transformation, 112

Gb(z), 52
Gb,k (z), 44
Gram-Schmidt orthonormalization, 20

H2, 22
norm, 22

H∞, 24
H2−, 24
Hambo

basis, 51
multivariable signal transform, 82
operator transform, 83–96

eigenstructure, 99
inverse transform formula, 95
isomorphism, 87
multivariable systems, 107
norm invariance properties, 102
pole locations, 97
relation to signal transform, 85
subspace of Hambo transforms, 102
time-varying, 105
transform formula, 94
unstable systems, 110
variable substitution property, 85

signal transform, 81
convergence properties, 99
isomorphism, 83
pole locations, 98

209



210 Index

transform properties, 96–104
transforms, 81–104

Hankel
matrix, 29
norm, 16
operator, 18

representations, 88
singular values, 29

Hilbert space, 19–27
Ho-Kalman algorithm, 129–134

impulse response, 15
coefficients, 15, 23

inner function, 30
inner product

H2, 23
L2(T), 22
�2, 19
matrix

��·, ·��, 24
interpolation problem, 142–145
isomorphism, 21

Hambo operator transform, 87
Hambo signal transform, 83

iterative basis improvement, 169

Kk , 140
Kautz

basis construction, 37–39
two-parameter Kautz basis, 41

Kung’s method, 133, 165

L2(T), 22
Lk , 47

relation to Mk , 135
�2

-gain, 15
space, 15

�
nb,k
2 (N), 48

lk, j , 47
Laguerre

basis construction, 39–41
operator transform, 77
polynomials, 39

Laurent expansion, 23
Legendre

functions, 60
polynomials, 60

LPTV, 106
LTI, 15

LTV, 15
Lyapunov equation, 28

Mk , 83
relation to Lk , 135

Mk, j , 69
Markov parameters, 23
McMillan degree, 27
minimal partial realization

classical
problem definition, 131

general
problem definition, 128

generalized (Hambo), 140–142
algorithm, 141
problem definition, 134
realizability criterion, 140

minimality, 27
MRA, 63
multiresolution analysis, 63

N(λ), 56, 85
N , 51, 71
norm

H2, 22
H∞, 24

observability, 27
Gramian, 28
matrix, 27

operator transform, 69
expressions, 71–81
Hambo, 83–96
inverse, 78
relation with signal transform, 80
Takenaka-Malmquist, 76–78

orthogonal
basis, 20
complement, 19
polynomials, 59
projection, 20
realization, 31
set, 19

orthogonality, 19
orthonormal

basis, 20
set, 19
transform, 21, 64

Pi , 135
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properties, 157
φk, j , 45
Parseval’s identity, 21, 49

H2, 23

Qi , 135
properties, 157

RH2, 24
RH2−, 24
realization theory

classical, 129–134
for general rational bases, 146–152
for Hambo bases, 134–146
time-varying systems, 149–151

reproducing kernel, 21
Hambo basis functions, 100

Riesz basis, 26

shift operator, 32
canonical, 32
generalized, 32, 58

shift-invariant subspace, 33
signal, 14

multivariable, 14
transform, 48, 68, 81

Hambo, 81
similarity transformation, 27
singular value decomposition, 133
stability, 18

asymptotic, 18
BIBO, 18

standard basis
H2, H⊥

2 , 23
�2, 21

state-space, 16
realization, 17, 27

balanced, 29
minimal, 27

theory, 27–30
stiff systems, 159
subspace identification, 153
SVD, 133
system, 13

2-norm, 16, 22
finite dimensional, 16
linear, 15
linear periodically time-varying, 106
linear time-invariant, 15

linear time-varying, 15
MIMO, 14
proper, 16
SISO, 14
strictly proper, 16

system identification
operator transform domain, 171
prediction error, 163
via approximate realization, 162

Takenaka-Malmquist
basis construction, 36–37
operator transform, 76–78

time-lifting, 106
transfer function, 16

rational, 16
real-rational, 16

two-parameter property, 136

Vk(z), 45
variable substitution property, 71

Hambo transform, 85

Wt , 49
wavelet

theory, 61–65
transform (WT), 64

z-transform, 16
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