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Abstract—This paper addresses the problem of obtaining an
estimate of a particular module of interest that is embedded
in a dynamic network with known interconnection structure. In
this paper it is shown that there is considerable freedom as to
which variables can be included as inputs to the predictor, while
still obtaining consistent estimates of the particular module of
interest. This freedom is encoded into sufficient conditions on
the set of predictor inputs that allow for consistent identification
of the module. The conditions can be used to design a sensor
placement scheme, or to determine whether it is possible to
obtain consistent estimates while refraining from measuring
particular variables in the network. As identification methods the
Direct and Two Stage Prediction-Error methods are considered.
Algorithms are presented for checking the conditions using tools
from graph theory.

Index Terms—System identification, closed-loop identification,
graph theory, dynamic networks, linear systems.

I. INTRODUCTION

YSTEMS IN ENGINEERING are becoming more com-
plex and interconnected. Consider for instance, power
systems, telecommunication systems, and distributed control
systems. Since many of these systems form part of the
foundation of our modern society, their seamless operation is
paramount. However, the increasing complexity and size of the
systems poses real engineering challenges (in maintaining sta-
bility of the electrical power grid, increasing data throughput
of telecommunication networks, etc.). These systems cannot be
operated, designed, and maintained without the help of models.
Tools from system identification are well suited to construct
models using measurements obtained from a system. However,
the field of system identification is primarily focused on iden-
tifying open and closed-loop systems. Recently, there has been
a move to consider more complex interconnection structures.
The literature on identification and dynamic networks can be
split into two categories based on whether the interconnection
structure of the network is assumed to be known or not. In the
latter the objective is generally to detect the topology of the
network, whereas in the former the focus has mainly been to
identify (part of) the dynamical transfers in the network based
on open-loop and closed-loop identification techniques.
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The topology detection literature is primarily based on the
methods of Granger and Granger Causality [1]. In [2], [3] it
is shown that it is possible to distinguish between open and
closed-loop systems (using a parametric approach). Recently,
this line of reasoning has been extended to more general
networks in [4], [5] (using a non-parametric approach). Several
methods have appeared that automate Granger’s method for
detection of causal relations by using regularization terms to
set certain links in the network to zero. For instance, [6], [7]
directly implement an ¢y, norm, whereas [8] uses the LASSO
([9]), and [10] uses a compressed sensing approach. In [11]
a Bayesian approach for topology detection is presented. The
main features that these algorithms have in common is that
all internal variables in the network are assumed to be known,
each internal variable is driven by an independent stochastic
variable, and most papers assume all transfer functions in the
network are strictly proper. Under these conditions it is shown
that topology detection is possible.

Although the structure detection problem is very interesting,
the underlying identification techniques, even for the case
that the network structure is known, have not been fully
developed yet. In particular if we consider situations that
go beyond the rather restrictive conditions mentioned above.
As a result, identification of (particular modules in) dynamic
networks for a given interconnection structure is a relevant
problem to address. Moreover, for a large number of systems
in engineering the interconnection structure of the network is
known (power systems, telecommunication systems etc.).

In the identification of dynamic networks attention has been
given to the study of spatially distributed systems, where each
node is connected only to its direct neighbors and the modules
are assumed to be identical [12], [13] or not [14], [15], [16].
In these papers emphasis is on numerically fast algorithms.

In [17] closed-loop prediction-error identification methods
have been extended to the situation of dynamic networks
and analyzed in terms of consistency properties. The inter-
connection topology is very general and goes beyond the
spatially distributed topology. The approach is to focus on
identifying a single module embedded in a network with
known interconnection structure and with general conditions
on noise disturbances. Both noise and known user-defined
signals (called reference signals) can drive or excite the
network, while the presence of reference signals can be used
to relax assumptions on the noise in the system. In the analysis
of [17] it is required that all signals that directly map into the
output of the considered module are taken as predictor inputs,
and therefore they all need to be measured.

In this paper we consider an extension of the problem



setting in [17]. The objective is to identify a particular module
embedded in a dynamic network, and to analyze the flexibility
that exists in which selection of measured variables leads
to consistent identification of the module of interest. The
variables that are measured are available to use as predictor
inputs, i.e. variables that are used to predict the value of a
particular internal variable. Specifically, the question addressed
in this paper is: given a dynamic network with known inter-
connection structure, for which selection of predictor inputs
can we guarantee that a particular module of interest can be
estimated consistently?

Our approach is actually a local approach where only a
limited number of variables need to be measured in order to
identify the object of interest. The resulting algorithms can
be applied to small to medium scale networks, or to large
networks with sparse interconnection structures. It can also be
used to design a sensor placement scheme tailored specifically
to identifying a particular module in the network. Thus, it may
be possible to avoid measuring variables that are expensive,
difficult or unsafe to measure.

In order to make the step towards a selection of predictor
input variables, the dynamics that appear between a selection
of measured variables in a network is described in a so-called
immersed network. The conditions for consistent module es-
timates are derived in a general context, and then specified
for the Direct and Two-Stage Prediction-Error Methods, as
formalized for a dynamic network case in [17]. This paper is
based on the preliminary results of [18], [19] but developed
and formulated here in a stronger and unifying framework, by
relying predominantly on an analysis that is independent of
the particular identification algorithm.

In Section II dynamic networks are defined. In Section
IIT the prediction-error identification framework is presented,
including generalizations of the Direct and Two-Stage identifi-
cation methods. In Section IV an immersed network is defined
as the network that is constructed by discarding nonmeasured
node variables. Additionally general conditions are formulated
on the predictor input variables to ensure consistent estimation
of the module dynamics. In Sections V and VI the conditions
on predictor inputs are specified for each identification method
separately. In Section VII an algorithm based on graph theory
is presented to check the conditions.

II. SYSTEM DEFINITION AND SETUP
A. Dynamic Networks

The networks that are considered in this paper are built up
of L elements (or nodes), related to L scalar internal variables
wj, 7 =1,..., L. It is assumed that each internal variable is
such that it can be written as:

wi(t) = Y Gh(@)wi(t) + ri(t) + v (t) (1)
keN;

where G(;k(q), k € Nj is a proper rational transfer function,
g~ ! is the delay operator (i.e. ¢~ 'u(t) = u(t — 1)) and,

o /\/J is the set of indices of internal variables with direct
causal connections to wj, i.e. ¢ € J\/'J iff G?i #0;

e v; is an unmeasured disturbance variable that is a sta-
tionary stochastic process with rational spectral density:
vj = H]Q(q)ej where e; is a white noise process, and HJQ
is a monic, stable, minimum phase transfer function;

e 7; is an external variable that is known and can be
manipulated by the user; it is an important variable that
can provide deliberate (user-chosen) excitation to the
network.

It may be that the disturbance and/or external variable are not
present at some nodes. The entire network is defined by:
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where ng is non-zero if and only if k£ € A for row j. Using
an obvious notation results in:

w=Gw+r+v 2

where, w, r, and v are vectors. If an external or disturbance
variable is absent at node ¢, the ith entry of r or v respectively
is 0. Eq. (2) is the data generating system.

There exists a path from w; to w; if there exist integers
ni,...,ny such that G9, G9 . .--GY . is non-zero. Likewise
there exists a path from r; to w; (or v; to wy) if there exist
integers m1, ..., n; such that G?anngng' -+ GY , is non-zero.
The following sets will be used throughout the paper:

e R and V denote the sets of indices of all external and
disturbance variables respectively present in the network.
e R; and V; denote the sets of indices of all the external

and disturbance variables respectively with a path to w;.

A directed graph of a dynamic network can be used to
represent a network. A directed graph is a collection of nodes
connected by directed edges. A directed graph of a dynamic
network can be constructed as follows:

1. Let all wg, k € {1,..., L} be nodes.

2. Let all vg, kK €V and r,,, m € R be nodes.

3. For all 4,5 € {1,...,L} if G;; # 0, then add a directed
edge from node w; to node w;.

4. For all k€V add a directed edge from vy to wy.

5. For all k€R add a directed edge from rj to wy.

More concepts from graph theory will be used throughout
the paper, but they will be presented where they are applicable.
The following is an example of a dynamic network.

Example 1: Consider a network defined by:

w1 0 0 0 G?4 0 0 w1 (%1
wo G(2)1 0 Ggg 0 0 0 wo V2
w3 | 0 Ggg 0 0 0 0 ws (2R}
wi|=l0o 0 0 0 0 GY%||w|T|u
Ws 0 GgQ 0 Gg4 0 GgG Ws Vs
We 0 0 G83 0 Gg5 0 We Ve

shown in Fig. la. Its graph is shown in Fig. 1b. ]
All networks are assumed to satisfy the following conditions.
Assumption 1:
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Fig. 1. A diagram (a) and graph (b) of the network for Examples 1 and 2. In
(a), each rectangle represents a transfer function, and each circle represents

a summation. For clarity labels of the w;’s have been placed inside the
summations indicating that the output of the sum is the variable w;.
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(a) The network is well-posed in the sense that all principal
minors of lim,_, (I — G°(z)) are non-zero.

() (I -G~ is stable.

(©) All r,,, m € R are uncorrelated to all vy, k € V.!

The well-posedness property [20] ensures that both G® and
(I — G°)~! only contain proper (causal) transfer functions,
and still allows the occurrence of algebraic loops.

In this paper the set of internal variables chosen as predictor
inputs plays an important role. For this reason, it is convenient
to partition (2) accordingly. Let D; denote the set of indices
of the internal variables that are chosen as predictor inputs.
Let Z; denote the set of indices not in {j} U Dj, ie.
Z; = A{1,...,L} \ {{j} UD;}. Let wy, denote the vector
[wg, -+ wg,]T, where {k1,...,k,} = Dj. Let 7, denote
the vector [ry, --- 71,]7, where {ki,...,k,} = Dj, and
where the /th entry is zero if r; is not present in the network
(i.e. £ ¢ R). The vectors wz, vp, vz and 7z are defined
analogously. The ordering of the elements of wy, vy, and 75
is not important, as long as it is the same for all vectors. The
transfer function matrix between w, and w; is denoted G(}D.
The other transfer function matrices are defined analogously.
By this notation, the network equations (2) are rewritten as:

’LUj 0 G_?D G(j)z U)j ’Uj Tj
wp | = |Gp; Gpp Gpz| |wo| + || + |m0], 3)
Ws ng GY G| |we Vs Tz

where G2, and G2, have zeros on the diagonal.

III. PREDICTION ERROR IDENTIFICATION AND
EXTENSION TO DYNAMIC NETWORKS

In this section, the prediction-error framework is presented
with a focus on using the techniques in a network setting.
It is an identification framework based on the one-step-ahead
predictor model [21].

'Throughout this paper r uncorrelated to v will mean that the cross-
correlation function Ry, (7) is zero for all 7.

A. Prediction Error Identification

Let w; denote the variable which is to be predicted, i.e. it is
the output of the module of interest. The predictor inputs are
those (known) variables that will be used to predict w;. The
sets D; and P; are used to denote the sets of indices of the
internal and external variables respectively that are chosen as
predictor inputs - wy, is a predictor input iff k¥ € D,, and
is a predictor input iff k¥ € P;. The one-step-ahead predictor
for wj; is then [21]:

(1t = 1,0) = H; g, 0) (D" Girla 0)uwr(t)
keD,

+> Fi(a, 0)r (t)) + (I*Hj‘l(q, 0)) wi(t) (4)

kEP;

where H,(q,0) is a monic noise model, G,;(#) models the
dynamics between wy, to w;, k € D;, and Fj;(g,0) models
the dynamics between rj, to w;, k € P;. The importance of
including Fj(q, #) will become evident later in the paper. The
prediction error is then:

gj(t,0) = w;(t) — w;(t|t —1,0)
— Hj(9>_1(wj —Z ij(e)wk —Z ij(e)’l“k) 5

keD; keP;

where arguments ¢ and ¢ have been dropped for notational
clarity. The parameterized transfer functions ij(ﬁ), k € Dy,
F;i(0), k € Pj, and H;(6) are estimated by minimizing the
sum of squared (prediction) errors:

1 N-1
Vi(0) =5 >_ £5(t0). (©)
t=0

where N is the length of the data set. Let Oy denote the
g]inimizer of (6). Under standard (weak) assumptions ([21])
O — 0* with probability 1 as N — oo where

- N
0" = argrgélélIE[s?(-, ¢)] and E:= J\;gnoo N g E,
and [E is the expected value operator [21]. The function
E[e3(t,0)] is denoted V;(6). If Gjx(g,0*) = G, the module
transfer is estimated consistently.

As in closed-loop identification, identification in networks
may have the problem that the disturbance affecting the “out-
put” w; is correlated to one or more of the predictor inputs. In
the closed-loop identification literature several methods have
been developed to deal with this problem such as the Direct
and Two Stage Methods [22], [23], [24]. Both methods have
been extended to a network setting [17]. Generalizations of
both methods to allow for a flexible choice of predictor inputs
are presented in the following subsections.

B. The Direct Method

The Direct Method for identifying Ggi(q) is defined by the
following algorithm.
Algorithm 1: Direct Method.

1. Select w; as the output variable to be predicted.



2. Choose the internal and external variables to include as
predictor inputs (choose D; and P;).

3. Construct the predictor (4).

4. Obtain estimates G,x(q,0n), k € Dj, Fjx(q,0n), k € P;
and H;(q, éN) by minimizing the sum of squared predic-
tion errors (6).

In [17] Step 2 of the algorithm is replaced by a fixed choice,
namely, D; = N, and P; = 0.

C. Two Stage Method

In the Two Stage Method, the predictor inputs are not
internal variables, but projections of internal variables. The
projection of wj onto an external variable ry is defined as
follows. Any variable wy can be written as:

0 0
Z Flmnrm + Z Hkmvm' (7)
MmERK meVy
where F and H}) = are proper stable transfer functions. Let

(rm) = FQ 7. The term w( ") is the projection of wy onto
causally time shifted versions of T (referred to as simply the
projection of wy, onto 7,,). If there are more external variables
available, then w; can be projected onto a set of external
variables r,,, m € 7T;, which is denoted by

(TJ . Z w,, TM)

meT;

Z karm (8)

meT;
An estimate of w,(:j ) can be obtained by estimating Fp ,
m € T; (using a Prediction-Error Method for instance) using
a parametrized model F},,(g,7y) with v a parameter vector,
resulting in an estimated model Fj,,(g,4n). This model is
used to generate the simulated signal:

Zka

meT;

7N Tm( )

The Two Stage Method is defined as follows.
Algorithm 2: Two Stage Method.

1. Select w; as the output variable to be predicted.

2. Choose the external variables to project onto (choose 7).

3. Choose the internal and external variables to include as
predictor inputs (choose D; and P;).

4. Obtain estimates w,(:j ) of w( 7 for each k € D;.

5. Construct the predictor

)= Gr(0)

keD;

(|t — 1,0 il + 3 Fi(@)rk. 9)

keP;

6. Obtain estimates ij(q,éN), k € D; and ij(q,éN), ke
‘P; by minimizing the sum of squared prediction errors (6).
This algorithm is a generalization of the one in [17].

Remark 1: In Step 5 of the algorithm a noise model is
optional. For simplicity it is not included in (9).

IV. CONSISTENT IDENTIFICATION ON THE BASIS OF A
SUBSET OF PREDICTOR INPUT VARIABLES

When only a subset of all node variables in a network is
available from measurements, a relevant question becomes:
what are the dynamical relationships between the nodes in this
subset of measured variables? In Section IV-A it is shown that
when only a selected subset of internal variables is considered,
the dynamic relationships between these variables can be
described by an immersed network. Several properties of the
immersed network are investigated. In Section I'V-B it is shown
under which conditions the dynamics that appear between two
internal variables remain invariant when reducing the original
network to the immersed one. In Section IV-C the results of
identification in networks are characterized. It is shown that it
is the dynamics of the modules in the immersed network that
are being identified, and conditions for consistency of general
identification results are formulated. The results presented in
this section are independent of an identification method.

A. The Immersed Network

In this subsection, we show that there exists a unique
dynamic network consisting only of a given subset of internal
variables, that still exactly describes the dynamics between the
selected variables. Moreover, we show that this network can
be constructed by applying an algorithm from graph theory for
constructing an immersed graph. Given the selected variables
wg, k € {j} UD;, the remaining variables w,, n € Z; are
sequentially removed from the network.

The following proposition shows that there is a unique char-
acterization of the dynamics between the selected variables.

Proposition 1: Consider a dynamic network as defined in
Section II-A that satisfies Assumption 1. Consider the set of
internal variables {wy,}, k € D;U{;j}. There exists a network:

7 (t)+v;(t)
7o (t)+un(t) |,
7z (t)+s(t)

where G° and F° are unique transfer matrices of the form
(using a notation analogous to that of (3)):

i 2 ] o

wp (t)

g 0 GO g FO. 0 FO
0 0
G O GO and F{éﬂ o 0}, (11)
DD DZ

where GO has zeros on the diagonal, £ is diagonal, and if
there is an index ¢ such that both v, and r, are not present,
then the corresponding column of FO is set to all zeros. [
See Appendix X-A for the proof. Proposition 1 is in line
with the result of [25] where conditions have been formulated
for the existence of a unique interconnection matrix G° on
the basis of a transfer function from external inputs to node
signals. The conditions in [25] typically reflect that enough
entries of G and F° are known (or set to zero as in our
case). Proposition 1 is formulated for a particular structure,
that matches with our dynamic network setup. Enforcing GO
to have zeros on the diagonal results in a network that does
not have any “self-loops”, i.e. no paths that enter and leave the
same node. This matches the assumptions imposed on the data
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Fig. 2. Example of constructing an immersion graph. In Step 1 internal
variable ws is removed, and in step 2 variable we. Edges between w’s
have been emphasized in thick black lines since these connections define
the interconnection structure of the corresponding dynamic network.

generating system (2). Enforcing the leading square matrix
of F9 to be diagonal results in a network where each 7y,
k € D;j U {j} only has a path to the corresponding internal
variable w (matching the interconnection structure of (2)).
The effect of the remaining external variables is encoded in
F}. and Fy, without any pre-defined zero entries.

Denote the noise in (10) as:

ol _[E; 0] [v FY,
M {o o] o) T ES]

Then by the Spectral Factorization Theorem [26], there exists
a unique, monic, stable, minimum phase spectral factor H:

[53} _ (Y Hy, [éy}
W) HY, HO| |
where [¢; &X]7 is a white noise process.

In the following text it is shown that a network of the form
(10) can be constructed using ideas from graph theory.

In graph theory, one way to remove nodes from a graph is by
constructing an immersed graph. A graph G’ is an immersion
of G if G’ can be constructed from G by lifting pairs of
adjacent edges and then deleting isolated nodes [27]. Lifting
an edge is defined as follows. Given three adjacent nodes a,
b, ¢, connected by edges ab and bc, the lifting of path abc is
defined as removing edges ab and bc and replacing them with
the edge ac. In Fig. 2 an immersed graph of the network of
Example 1 is constructed by first removing the node w3 and
connecting vs to we and wg, and subsequently removing wg
and connecting vg to ws and wy.

In this way an immersed network can be constructed by
an algorithm that manipulates the dynamics of the network
iteratively. To keep track of the changes in the transfer
functions iteratively, let GS@L and Ff% denote the transfer
functions of the direct connections w,, to w,, and from r,,
and v,, to w,,, respectively, at iteration ¢ of the algorithm.

Algorithm 3: Constructing an immersed network.

12)

13)

1. Initialize. Start with the original network:
. GO = GY .. for all m,n € {1,...,L}, and
. ,52) =1, for alke RUV, Fﬁnoy)L = (0 otherwise.

2. Remove each wy, k € Z; from the network, one at a time.
Let d = card(Z;). Let ZJ ={k1,..., ka}.
fori=1:d

(a) Let Zj, denote the set of internal variables with edges
to wy,. Let O, denote the set of nodes with edges
from wy,. Lift all paths w, — wg, = W, n € Iy,
m € Oy,. The transfer function of each new edge from
Wy =+ Wy is G = G VGUTY.

(b) Let I,:i denote the set of external or disturbance vari-
ables with edges to wy,. Lift all paths r, — wy, —
W, N E I,:i, m € Oy,. The transfer function for each
new edge from r,, — w,, is FT(LQL = Fé;:l)G,(j;Ll).

(c) If there are multiple edges between two nodes, merge
the edges into one edge. The transfer function of
the merged edge is equal to the sum of the transfer
functions of the edges that are merged.

(d) remove the node wy, from the network.
end

3. Remove all self-loops from the network. If node w,, has
a self loop, then divide all the edges entering w,,, by (1 —
Ggffzn(q)) (i.e. one minus the loop transfer function). [

Let (" and F*°
immersed network.

denote the final transfer matrices of the

Remark 2: Algorithm 3 has a close connection to Mason’s
Rules [28], [29]. However, Mason was mainly concerned
with the calculation of the transfer function from the sources
(external and noise variables) to a sink (internal variable). This
is equivalent to obtaining the immersed network with D; = 0,
i.e. all internal variables except one are removed. Importantly,
Algorithm 3 is an iterative algorithm which allows for easy
implementation (even for large networks), whereas Mason’s
rules are not iterative and complicated even for small networks.

V4 U1
@) @
G%4 A
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X
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Fig. 3. (a) Original dynamic network considered in Example 2. (b) Immersed
network with w3 and wg removed.

Example 2: Consider the dynamic network shown in Figure
3a. The graph of this network is shown in the first graph of Fig.
2. Suppose w3 and wg are to be removed from the network (i.e.
Z; = {3,6}). By Algorithm 3 the network shown in Figure 3b



results. The transfer functions of the immersed network are:
0
0 0 Gi, 0

0
L0 et 0 0 0
G (¢, Dy)= [~ G20k

0 0 0 0 0
0 C§32G§6C§63 0 00 G46G65
0 G521+G56Ge3Gao Gsy 0
1_Gg6G85 1_G86G85
1 O 0 0 0 0
Fv’i (q’ ’Dj): 1= G23G32 178‘123%32 0
00 1 0 GlGE Gl
0 0 0 1 G56Gas G

0 0 0 ;0
1_G56G65 1_G56G65

Note that the immersed network (shown in Figure 3b) is
represented by the last graph shown in Figure 2. ([

Interestingly, the matrix F° in Example 2 has the same
structure as that of EF° in Proposition 1. This alludes to a
connection between the network characterized in (10) and
immersed networks as defined by Algorithm 3.

Proposition 2: The matrices G° and F° of the network
characterized by (10) and the matrices G* and F" defined
by Algorithm 3 are the same. ([

The proof is in Appendix X-B. Since, by Proposition 2
the matrices in (10) are the same as those of the immersed
network, the superscript ¢ will be dropped from this point
on in the matrices defined by Algorithm 3. An important
consequence of Proposition 2 is that (by Proposition 1) the
immersed network is unique.

Instead of calculating the matrices of the immersed network
iteratively, it is also possible to derive analytic expressions for
the matrices G0 and £,

Proposition 3: Consider a dynamic network as defined in
(2) that satisfies Assumption 1. For a given set {j} UD; the
transfer function matrices G° and F'° of the immersed network

are:?

0 G| -Gy o G
ég- GO I—diag(GY,)] [GY; GO, —diag(GD,)
Fij UO }SJQZ _ 1-Gj; ) 1 0 ij%
0 Fqu FDOZ 1 —diag(GgD) 0 I FDOZ
where
Gjj G 0 G O’z 0 \—1[0 0
|:GD] 2 :l |:GO GSD Géz (I_Gzz) [sz GZD] )
o 0
- :

The proof is in Appendix X-C. The transfer functions Gumn
correspond to G&SL in Step 3 of Algorithm 3.

The immersed network inherits some useful properties from
the original network.

Lemma 1: Consider a dynamic network as defined in (2)
that satisfies Assumption 1 and a given set {j} U D;.

1. Consider the paths from w,, to wy,, n,m € D; that pass
only through nodes wy, ¢ € Z; in the original network. If

>The arguments g or Dj (or both) of é’?k(q,

Dj) and F}’k(q7Dj) are
sometimes dropped for notational clarity.

5 v2
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Fig. 4. Network analyzed in Examples 3 and 7.

all these paths and G2 (q) have a delay (are zero), then
GY ..(¢,D;) has a delay (is zero).

2. Consider the paths from 7, to w,, (or v, to wy,), n € Z,,
m € D;. If all these paths pass through at least one node
’wg,€€'D then F D;) =0.

77L71(
For a proof see Appendix X-D.

Ghi(a)

A central theme in the previous section was that the transfer
function CVJ(}Z-(D]-) in the immersed network may not be the
same as the transfer function G?i in the original network.
In other words, by selecting a subset of internal variables
to be taken into account, the dynamics between two internal
variables might change. In this section conditions are presented
under which the module of interest, G° JZ, remains unchanged
in the immersed network, i.e. G?i( ¢.D;) = Ggi(q).

The following two examples illustrate two different phe-
nomena related to the interconnection structure that can cause
the dynamics GO :(q,Dj) to be different from GY;(q).

Example 3: Con51der the dynamic network

B. Conditions to Ensure Gﬂ(q, ) =

w1 0 GY% 0 0 GY%[w vy + 11
wo Ggl 0 G83 0 Ggs wa (%)
ws | = Ggl 0 0 0 0 ws | + V3
Wy G21 0 0 0 0 (o (%
Ws 0 0 0 Gg4 0 Ws Us + T'5

shown in Fig. 4. The objective of this example, is to choose Dy

such that in the immersed network G, (Ds) = GY; (denoted

in green). A key feature of the interconnection structure in

this example is that there are multiple paths from w; to ws:

wi] — Wa, W1 — W3 — Wa, W1 — W4 — Ws —» W2, €tC..
Start by choosing Dy = {1}, then by Proposition 3,

G91(q.{1}) =G5, (q)+G9(q)G31 (9) +G55(q)G34(9) GY1 (9)-

Two of the terms comprising this transfer function correspond
to the two paths from w; to wy that pass only through wy, k €
Z5 (22 = {3,4,5}). From Algorithm 3 this is not surprising
since the paths G9,GY, and G9;G2,GY, must be lifted to
remove the nodes ws, wy and ws from the original network.
Clearly, for this choice of Dy, GY,(Dy) # GY,.

Now choose D2 = {1,5}. By Proposition 3

G91(q,{1,5}) = G5, (q) + G33(9) G5, (q)-

Again, one of the terms comprising G, (¢, {1, 5}) corresponds
to the (only) path from w; to we that passes only through wy,
ke 2, (ZQ = {3,4})



Finally, choose D2 = {1,3,5}. By Proposition 3

GY1(q,{1,3,5}) = GY,(q) as desired. Note that for this choice
of Dy every path except GY, from wy to w; is “blocked” by
a node in Ds. O

In general, one internal variable w; from every indepen-
dent path w; to w; must be included in D; to ensure that
G9%(q,D;) = G%(q). This is proved later in Proposition 4.

However, before presenting the proposition, there is a sec-
ond phenomenon related to the interconnection structure of the
network that can cause the dynamics G %:(¢, D;) to be different
from GO ;(q), as illustrated in the next example.

U1

1
Fig. 5. Network that is analyzed in Example 4.

Example 4: Consider the network shown in Fig. 5. The
objective of this example, is to choose D, such that in the
immersed network G9,(D5) = GY, (denoted in green).

Note that in this network there is only one independent path
from w; to we. Choose Dy = {1}. By Proposition 3

G(2)1(Q)
1- G(2)3(Q)G(3)2(Q)

which is not equal to G9, (q) as desired. The reason the factor
W appears is because when lifting the path Go3G32 a
self- foop from wy to we results. Thus, in step 3 of Algorithm 3
the transfer functions of the edges coming into wo are divided
by the loop transfer function.

For the choice Dy = {1,3}, G9,({1,3}) = GY, as desired.
Note that in for this choice of Dy, all paths from ws to wo
are “blocked” by a node in Ds. (]

In general, if D; is chosen such that no self-loops from w;
to w; result due to the lifting of the paths when constructing
the immersed network, the denominator in Step 3 of Algorithm
3 is reduced to 1. From these two examples we see that:

Gi(a,{1}) =

« Every parallel path from w; to w; should run through an
input in the predictor model, and

« Every loop on the output w; should run through an input
in the predictor model.

This is formalized in the following proposition.

Proposition 4: Consider a dynamic network as defined in
Section II-A that satisfies Assumption 1. The transfer function
G9:(¢, D;) in the immersed network is equal to G%(q) if D;
satisfies the following conditions:

(@) i €Dy, j & Dj,

(b) every path w; to w;, excluding the path GY
a node wy, k € D;,

(c) every loop w; to w; goes through a node wy, k € D;. O

ii» goes through

The proof is in Appendix X-E. The formulated conditions are
used to make appropriate selections for the node variables that
are to be measured and to be used as predictor inputs. In the
following section it is shown that it is possible to identify the
dynamics of the immersed network.

C. Estimated Dynamics in Predictor Model

In this section it is shown that the estimated dynamics
between the predictor inputs and the module output w;, are
equal to é?k(DJ) The result confirms that the estimated
dynamics are a consequence of the interconnection structure
and the chosen predictor inputs. In addition conditions are
presented that ensure that the estimates of égk(Dj) are
consistent. The results in this section are not specific to a
particular identification method.

To concisely present the result, it is convenient to have a
notation for a predictor which is a generalization of both the
Direct and Two Stage Methods. Consider the predictor

0)( Y Ginladu )

keD;

W (tt—1,0)=

+ > Fin(g.0)r( ) (1 Hi'Yq 9))wj(t) (14)

keP;

where X denotes a (sub)set of the variables ry, vi, k €
{1,...,L}. Note that both predictors (4) and (9) are special
cases of the predictor (14). For the Direct Method, choose

X ={rg,s. Tk, V0,0, }, where {ki,.... k,} = R
and {¢1,...,¢,} = V. Then w,(f) = wy. For the Two Stage
Method, choose X = {ry,,...,rg, }, where {k1,... kn} =

T;.

A key concept in the analysis of this section is the optimal
output error residual, which will be discussed next. From (10),
w; can be expressed in terms of wy, k € D; as

0 0 0
w; = E Gpwr+ g Fire+ E Fipok +vj + 75,
keD; k€EZ;NR;  kEZ;NV;

15)

Note that by Lemma 1 some FJ 9.(¢, D;) may be zero depend-
ing on the interconnection structure. Let wy, be expressed in
terms of a component dependent on the variables in X, and
a component de%)endent on the remaining variables, denoted
wg = wk Y4 wy, LY n addition, split the sum involving the
r,-dependent terms according to whether 7, is in P; or not.
Then, from (15):

wj = ZGOkwk + ZG kw(lx)—l— Z Fkrk

keD; keD; kEP;
+ Z Fjokrk—i— Zﬁfkvk—i—v‘j. (16)
ke((Z;U{7HNR;)\P; keZ;NV;

When choosing an Output Error predictor (i.e. H;(g,0) = 1),
with predictor inputs w,(cx), k € D; and ry, k € P;, the part
of (16) that is not modeled can be lumped together into one
term. This term is the optimal output error residual of w;, and
is denoted p;:

Z G]kwk

keD;

Yoo Ehme+ iy, (A7)
ke«zju{j}mnj)\m

where ¥; is given by >, 2,0V, I3 ]kak -+v; in accordance with
(12). Consequently, w; equals:

= > Gha™ + Y Fne g
keD; keP;

(18)



In a system identification setting, the optimal output error
residual of w; acts as the effective “noise” affecting w; (this
is clear from (18)). It also corresponds to the unmodeled
component of wj.

The following theorem is the main result of this section. It
characterizes conditions that correlation between the optimal
output error residual of w; and the predictor inputs must
satisfy so that it is possible to obtain consistent estimates
of the dynamics between the predictor inputs. Such condi-
tions are common in the identification literature. In open-
loop identification for instance it is well known that if the
innovation is uncorrelated to the input consistent estimates
are possible [21]. Similarly, it is known ([21]) that for the
Direct Method in closed-loop, if the output noise is whitened
and the whitened noise is uncorrelated to the plant input
then consistent estimates of the plant are possible. The result
that follows is an analogue to that reasoning adapted to
identification in networks.

Theorem 1: Consider a dynamic network as defined in
Section II-A that satisfies Assumption 1. Consider model
structures with independently parameterized noise and mod-
ule models. For given sets D;, P;, and X construct
the predictor (14). Suppose the power spectral density of

[w; w,(:j) wk? re, ... 10, )7 where {ki,....,kn,} =
Dj, {t1,...,4y,} = P; is positive definite for a sufficiently

large number of frequencies wy € (—m,w|. Consider the

conditions:

(@) E[H;(g,)p;(t.D;)-AGjk (g, 0,0, wy(t)|=0, VkeD;,

(b) E[H, (a.n)p;(t,D;)- AF;i(q,0,D;)rk(t)] = 0, V€ P,

where AG1,(0,D;) = G%(D;) — Gji(0). and AFj(0,D;) =

FR(Dj) = Fi(6). )

Then G (q,0%) = G%.(q, D), where GY, (¢, D;) is defined

in Proposition 3, if for all § € O:

1. Conditions (a) and (b) hold for all 7, or

2. The equations of Conditions (a) and (b) hold for n*
only, where n* = argminE[(H}l(q,n)pj(t,Dj))Q], and

H;l (¢,n*)p;(t, D;) is white noise. O
The proof can be found in Appendix X-F. The theorem can
be interpreted as follows. In Case 1, consistent estimates are
possible if the predictor inputs are uncorrelated to the optimal
output error residual of w;. This is analogous to the open
loop situation. In Case 2, consistent estimates are possible if
the whitened version of the optimal output error residual of
w; is uncorrelated to the predictor inputs. This is analogous
to the closed-loop Direct Method reasoning.

The condition on the power spectral density of
[w; w,(:j) w,(:() re, ... 1g,]7 is a condition on
the informativity of the data [30] (i.e. the data must be
persistently exciting of sufficiently high order).

The main point of Theorem 1 is twofold:

1. The estimated transfer functions Gjx(g,6*) are conse-
quences of the choice of D;. In particular, they are esti-
mates of the transfer functions G (¢, D;) specified by the
immersed network.

2. To present general conditions under which consistent esti-
mates (of G'%, (¢, D;)are possible.

Theorem 1 points to a notion of identifiability. For a given
set D;, a particular module GY; is identifiable if G9;, = GY,.
Thus, if the conditions of Proposition 4 are satisfied for a given
set D;, then G?i is identifiable.

In the next two sections it is shown how Theorem 1 applies

to both the Direct and Two Stage Methods respectively.

V. PREDICTOR INPUT SELECTION - DIRECT METHOD

In this section it is shown how to satisfy the conditions of
Theorem 1 using the Direct Method.

When using the Direct Method for identification in dynamic
networks, there are three main mechanisms that ensure con-
sistent estimates of G?i [19], [17] (the same mechanisms are
present in the closed-loop Direct Method [21], [24], [23]):

1. the noise v; affecting the output w; is uncorrelated to all
other noise terms v,,, n € Vj,

2. every loop that passes through w; in the data generating
system contains at least one delay, and

3. there exists a 6 such that Hj_l(ﬁ)vj = ¢; is white noise.

In Proposition 2 of [17] it is shown that for the choice

D; = N, and P; = (), these conditions plus a condition on

the informativity of the data are sufficient in order to obtain

consistent estimates of a module Gg-)i embedded in the network.

In the setup considered in this paper an additional mechanism

plays a role, namely the choice of predictor inputs.

The following proposition presents conditions on the im-
mersed network that ensure that Case 2 of Theorem 1 holds.
The conditions reflect the three mechanisms presented above.

Proposition 5: Consider a dynamic network as defined in (2)
that satisfies Assumption 1. Consider the immersed network
constructed by removing w,, n € Z; from the original
network. The situation of Case 2 of Theorem 1 holds for the
immersed network if:

(a) ¥; is uncorrelated to all Uy, k € D;.

(b) There is a delay in every loop w; to w; (in the immersed
network).

(c) If é?k has a delay, then G, () is parameterized with a
delay.

(d) p; is not a function of any r,, n € R.

(e) There exists a n such that H;l(q, n)p;(t) is white noise.

The proof can be found in Appendix X-G.

In the following subsections, the conditions of Proposition
5 are interpreted in terms of what they mean in the original
network. In Subsection V-A it is shown what conditions can
be imposed in the original network in order to ensure that ¥;
is uncorrelated to Uy, £ € D; (i.e Condition (a) of Proposition
5 holds).In Subsection V-B it is shown under which conditions
p; is not a function of external variables (i.e. Condition
(d) of Proposition 5 holds). In Subsection V-C a version of
Proposition 5 is presented where all the conditions are stated
only in terms of the original network.

A. Correlation of Noise

In this section conditions are presented that ensure that ¥,
is uncorrelated to ¥, k € D;. The conditions are presented
using only variables in the original network.



Recall from (12) that 9y, is a filtered sum of v,,, n€ Z;U{k},

Oe(t) = > F)(q0,Dj)vn + Fy(q,Dj)v; ().
nEZj

19)

Consider 2 variables ¥y, and 0,. Suppose that there is a path
from another variable v,, n € Z; to both wy, and wy,. By
Lemma 1 both 0 and FP  are non-zero in this situation.
Consequently, as can be see from (19) both ¥y, and Uy, are
functions of v,,, with the result that ¥, and ¥y, are correlated.
Thus, due to the presence of v,, and the interconnection struc-
ture of the network, ¥, and ¥, are correlated. In this case vy,
is a confounding variable. 1In statistics, and in particular in
statistical inference, a confounding variable is a variable that is
not known (or measured) and causally affects both the output
variable and the input variable [31]. The induced correlation
between input and output is however not caused by a direct
causal relation between the input and output. In the framework
of this paper consider the following definition.

Definition 1: Consider a particular output variable w; and a
set D; of predictor inputs. In this modeling setup, a variable
vg is a confounding variable if the following conditions hold:

(a) There is a path from v, to w; that passes only through
Wy, M € Z5.

(b) There is a path from v, to one or more wy, k € D; that
passes only through w,,, m € Z;. ([

The following is an example of a confounding variable.

0]
+ U3

e 2o G

Fig. 6. Network that is analyzed in Example 5.

Example 5: Consider the network shown in Fig. 6. Suppose
that the objective is to obtain a consistent estimate of G9;
(denoted in green) using the Direct Method. Let j = 2, and
choose Dy = {1}. By Definition 1, v3 is a confounding
variable. The expressions for ¥; and ¥, for this network are:

~ 0 ~ 0
U1 = v + G13U3 and Uy = vy + G23’U3.

Clearly, the confounding variable vs induces a correlation
between v1 and Us. [l

The presence of confounding variables is not the only way
that ¥y, and ¥y, could become correlated. Suppose that ¥y, is
a function of v, and ¥y, is a function of v,,. If v,, and vy,
are correlated, then 7y, and U, are correlated.

The following proposition presents conditions that ensure
¥; is uncorrelated to all Uy, k € D;.

Proposition 6: Consider a dynamic network as defined in (2)
that satisfies Assumption 1. Consider the immersed network
constructed from the internal variables, {wy}, k € D;. The
disturbance term ¥; (as defined in (12)) is uncorrelated to all
¥k, k € D; if the following conditions hold:

(a) v; is uncorrelated to all vy, k € D; and to all variables
Vpn, N € Z; that have paths to any wy, k € D; that pass
only through nodes wy, £ € Z;.

(b) All vi, k € D; are uncorrelated to all v,, n € Z; that
have a path to w; that passes only through nodes in Z;.

(¢) All v,, n € Z; are uncorrelated to each other

(d) No variable vy, k € Z; is a confounding variable.

The proof can be found in Appendix X-H.

Remark 3: Suppose that all v, K € V are uncorrelated.
Then Conditions (a) - (c) hold for any D;. However, whether
Condition (d) holds depends on the interconnection structure
and the choice of D;. U

B. Adding External Excitation

External variables are not strictly necessary to ensure that
the data is informative when using the direct method as long
as the noise that is driving the system is sufficiently exciting.
However, external excitation can be beneficial in order to
reduce the variance of the estimates, or provide extra excitation
in a frequency range of interest.

Whenever there is an external variable 7, acting as a
“disturbance” on the output variable w; (i.e. p; contains an
element which is due to the external variable ry), it makes
sense to model that component. This happens whenever there
is a path 7, to w; that passes only through wy, k € Zj.
Thus, in this case, choose the set P; = {k} so that 7
is included as a predictor input (i.e. the dynamics from 7y
to w; are modeled). The advantage of this scheme is that
the power of the optimal output error residual is reduced by
eliminating known variables from p;, i.e. the signal to noise
ratio is increased. Consequently, p; is only a function of v’s
(Condition (d) of Proposition 5 holds).

C. Main Result - Direct Method

Conditions are presented so that the Direct Method will
result in consistent estimates of égi(Dj). In Proposition 5 the
conditions were stated in terms of the immersed network. In
the following proposition the conditions are stated in terms of
the original network.

Proposition 7: Consider a dynamic network as defined in
(2) that satisfies Assumption 1. Let {wy}, k € D; and {rs},
k € P; be the set of internal and external variables respectively
that are included as inputs to the predictor (4). The set P; is
constructed to satisfy the condition that k& € P; if and only
if there exists a path from rj to w;, that passes only through
nodes in Z;. Consistent estimates of é?i are obtained using
the Direct Method formulated in Algorithm 1 if the following
conditions are satisfied:

(a) There is a delay in every loop w; to wj.

(b) v satisfies the conditions of Proposition 6.

(c) The power spectral density of
[wj Wiy Wk, T, Tem]T, k., € Dj, ., € Pj
is positive definite for a sufficiently large number of
frequencies wy € (—, 7.

(d) The parameterization is chosen flexible enough, i.e.
there exist parameters 6 and 7 such that G;x(q,0) =
ng(q"Dj), vk ev D;, ij(q79) = FjOk)(Q7Dj)’ Vk € Pj,
and H;(q,n) = H}(q,Dj).

(e If é?k has a delay, then G, () is parameterized with a
delay. ]



Proof: The proof follows almost directly from Theorem 1
and Propositions 5 and 6. It remains to be shown that p; = ¥;
(i.e. Condition (d) of Proposition 5 holds).

By Lemma 1 F]Q , k € D; is zero unless there is a path
from 7 to w; which passes only through w,, n € Z;. From
(17) and by the way P; is constructed it follows that there are
no 7 terms present in p;. Consequently, p; = v;. u

Remark 4: In Proposition 7 conditions have been pre-
sented which, if satisfied, ensure that consistent estimates of
é?k(q, D;j), k € D; as defined by the immersed network are
obtained. If the set D; is chosen such that é‘?i(%Dj) =
G?i(q) (i.e. the D; is chosen such that the conditions of
Proposition 4 are satisfied) then Proposition 7 shows under
which conditions Ggi can be consistently identified. O

The reason that Condition (a) and exact noise modeling are
required is due to the presence of a (feedback) path from w; to
at least one wy, k € D;. If there is no such feedback, then the
conditions of Proposition 7 simplify considerably. Similarly,
since, it is the variable v; that is causing the problems when
there is such a feedback path, if it is not present, the conditions
can be simplified.

Corollary 1: Consider the situation of Proposition 7. If there
is no path from w; to any wy, k € Dj, or if v; is not present
in the network, then Conditions (a) and (e) can be omitted,
and Condition (d) can be changed to:

(d’) The parameterization is chosen flexible enough, i.e. there
exists a parameter 6 such that G;(q,0) = é?k(q,Dj),

Vk € Dj, Fju(q,0) = F9.(q,D;), Yk € P;. 0
vs 4?:{7
5] [o8] [c%] (6] [o%] [o%]
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Fig. 7. Network that is analyzed in Examples 6 and 8.

Example 6: Consider the dynamic network shown in Fig. 7.
Suppose the objective is to obtain consistent estimates of G9,
(denoted in green) using the Direct Method.

First, we show how to choose the set D3 such that
(9,(g, D) in the immersed network is equal to G9,(q) (i.c.
D; is chosen such that it satisfies the conditions of Proposition
4). Besides GY, there are several paths from wy to ws:

Wo — W1 — Wyq4 — W5 — W3,

Wo — W1 — W4 — Wg — W3

for instance. All paths from ws to ws (not including ng)
pass through either the nodes w; and ws, the nodes w, and
ws. Thus, Condition (b) of Proposition 4 is satisfied for D3 =
{1,2} and D3 = {2,4}.

Since all loops from ws pass through ws, Condition (c) of
Proposition 4 is also satisfied for both these choices of Ds.

For both of these choices, vy and wvg are confounding
variables (Condition (b) of Proposition 7 is not satisfied).
However, if w7 is included as a predictor input, then there
are no more confounding variables.

By this reasoning two possible choices for Dj that lead to
consistent estimates of G, are {2, 4,7} (denoted in blue) and
{2,1,7}. In either case, P3 should be chosen as ().

Another possible choice for D3 = {2,5,6,7} = Nj. It is
interesting that the previous sets D3 are strictly smaller than
N3, and are not even subsets of N3. O

The choice D; = J\/'j, P, = () always satisfies the
Conditions of Proposition 4 and confounding variables are
never present. This is the choice that is made in [17].

In the following section an analogue to Proposition 7 is
presented for the Two-Stage Method.

VI. PREDICTOR INPUT SELECTION - TWO STAGE METHOD

A guiding principle to ensure consistent estimates that has
been presented in Theorem 1 is that the optimal output error
residual of w; should be uncorrelated to the predictor inputs.
For the Two Stage Method this condition is enforced by
projecting the predictor inputs onto the external variables.
Consequently, the predictor inputs are only functions of r,,,
m € T;. As long as the unmodeled component of w; is not
a function of r,,, m € 7T; then Conditions (a) and (b) of
Theorem 1 are satisfied.

Proposition 8: Consider a dynamic network as defined in
(2) that satisfies Assumption 1. Let {r,,}, m € T, be the
external input(s) onto which will be projected. Let {w,(:—j)},
k € D; and {ry}, k € P; be the sets of (projections of)
internal and external variables respectively that are included
as inputs to the predictor (9). The set P; is constructed to
satisfy the condition that £ € P; if and only if there exists a
path from rj to w;, k € T;, that passes only through nodes in
Z;. Consistent estimates of G, are obtained using the Two
Stage Method (Algorithm 2) if the following conditions hold:

(a) Every ry, k € T; is uncorrelated to all r,, m ¢ T;, except
those r,, for which there is no path to w;.

(b) The power spectral density of [w(,:l] ). w(kT‘f)
k. € Dj, m, € P;, is positive definite for a sufficient
number of frequencies wy € (—7, 7]

(c) The parameterization is chosen flexible enough, i.e. there
exists a parameter # such that G;,(q,0) = é?k(q,Dj),
Vk € Dj, Fix(q.0) = FY(q, D)), Vk € P;. O

For a proof, see Appendix X-I.

Note that in order for Condition (b) to hold, there must be a
path from at least one r,,, m € 7; to w;. If not, then wlm ) = 0
and the power spectral density of Condition (b) will not be
positive definite.

Remark 5: The condition on the order of excitation of the
data (Condition (b)) can be satisfied if there is one external
variable present for each predictor input. This is however just a
sufficient condition. For more information on how the network
dynamics add excitation to the data so that fewer external
variables are required see [32] for instance. U

Remark 6: In the discussion thus far, we have not allowed
the choice of w; as a predictor input (by Condition (a) in

T
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Proposition 4, j is not allowed to be in D;). It can be shown
that w; can be used as a predictor input to consistently
identify G?i using the Two-Stage method if 7; is present
(and Conditions (a) - (c¢) of Proposition 8 are satisfied).
Moreover, it can also be shown that if r; is not present,
then it is not possible to choose w; as a predictor input
to consistently identify Ggi using the Two-Stage Method (as
proved in [33]). The advantage of choosing w; as a predictor
input is that Condition (c) of Proposition 4 is automatically
satisfied without including any other variables. (]

Remark 7: The Conditions presented in Proposition 8 do
not change if there is measurement noise present on the
measurements of wy, kK € D;. The Two Stage method still
results in consistent estimates of é?l in the presence of
measurement noise, as long as the r’s are exactly known. This
observation is further explored and generalized in [34]. O

Compare the conditions of the Direct and Two Stage Meth-
ods. For the Two Stage Method there are no restrictions on
algebraic loops, the correlation of the noise terms, or the
presence of confounding variables. However, to use the Two
Stage Method at least one external variable r,, must be present
that affects w; (this is not the case for the Direct Method).
Moreover, the excitation conditions of the Two Stage Method
are stricter than those of the Direct Method.

From the perspective of reducing the variance of an esti-
mate, it is desirable to project onto as many external variables
as possible, since this increases the power of the predictor in-
puts relative to the optimal output error residual (not projecting
onto a particular external variable means that the power of the
predictor inputs is less, and that particular external variable
becomes part of the unmodeled component of the output,
increasing the power of the optimal output error residual).

Example 7: Recall the network of Example 3 shown in Fig.
4. Suppose that the objective is to obtain an estimate of GY,
(denoted in green) using the Two Stage Method. Choose an
output error model structure (Hz(q,8) = 1). Choose Dy =
{1,3,4}. For this choice of D5 all conditions of Proposition
4 are satisfied, and therefore G3; = G9,. To ensure that the
estimate of égl is consistent, Py must also be chosen properly.

Choose to project the predictor inputs onto 1 and 75 (T2 =
{1,5}). Thus, by Proposition 8 Ps is set to {5}, since there is a
path from 5 to wo that passes only through w, n € Z; = {5}.

Now consider projecting only onto 7;. In this case, by
Proposition 8, Ps is set to (.

Finally, consider the choice Dy = {1,2,5}. Futhermore,
choose to project onto both r; and r5. In this case, by
Proposition 8, Ps is set to ). In this case, due to the different
choice of Dy, P, can be chosen as ) even though 75 = {1,5}
just like in the first case considered in this example. (]

Example 8: Consider the same network as in Example 6,
shown in Fig. 7. Suppose the objective is to obtain consistent
estimates of GY, (marked in green) using the Two Stage
Method. Choose r; as the external variable to project onto
(T3 = {1}). By the same reasoning as in Example 6, choosing
D3 = {1,2} or {2,4} satisfies the conditions of Proposition
4. However, in this case (unlike for the Direct Method) both
these choices of D3 satisfy all the remaining conditions of
Proposition 8 (since confounding variables are not an issue

for the Two Stage Method).
Finally, P; must be chosen as stated in Proposition 8. There
are two independent paths from r; to ws,

T — W4 — We — W3 and T — W2 — W3

both of which pass through a variable w,, n € D3, so Ps
should be chosen as 0. O

VII. ALGORITHMIC ASPECTS

In this section an algorithm is presented that provides a
way to check the conditions that the set D; must satisfy in
order to ensure that é?i(q,D‘j) of the immersed network is
equal to G?i(q) of the original network (see Proposition 4).
The algorithm uses tools from graph theory, therefore, before
presenting the result, consider the following definitions.

Definition 2 (A-B path [35]): Given a directed graph G and
sets of nodes A and B. Denote the nodes in the graph by x;.
A path P = zyz; - - -z, where the x; are all distinct, is an
A-B path if V(P)N A= {x0}, and V(P) N B = {x}}.

Definition 3 (A-B Separating Set [35]): Given a directed
graph G, and sets of nodes A, B C V(G), a set X C V(G)
is an A-B separating set if the removal of the nodes in X
results in a graph with no A-B paths.

The following notation will be useful in order to reformulate
the conditions of Proposition 4 using the notion of separating
sets. Let the node w; be split into two nodes, wj to which all
incoming edges (of w;) are connected and w; to which all
outgoing edges (of w;) are connected. The new node w;f is
connected to w; with the edge Gj+;- = 1. Let w;t and w;
be defined analogously.

Proposition 9: The conditions of Proposition 4 can be
reformulated as: the set D; is a {w] ,wj_}-{wj"} separating
set.

Proof: The conditions of Proposition 4 can be rewritten
as follows. The set D; satisfies the following conditions:
1. D;\{i}is a {w; }-{w;} separating set for the network with
path G?i removed,
2.Djisa {w]_}-{wj'} separating set.
These two conditions can be formulated as the single condition
of the proposition.

Note that w; must always chosen to be in D; to ensure that
Djisa {wj,w]_}-{wj'} separating set (i.e. Condition (a) of
Proposition 4 is automatically satisfied). This is because there
is always a path w;” — w; — wj . Consequently, w; must
be chosen in the set D;. u

The advantage of reformulating the conditions in terms of
separating sets is that there exist tools from graph theory to
check if a given set is a separating set or to find (the smallest
possible) separating sets [35], [36].

Example 9: Consider the network shown in Fig. 8. Suppose
that the objective is to obtain consistent estimates of G9;
(denoted in green). Both w; and ws have been split into two
nodes as described above.

By Proposition 9 the conditions of Proposition 4 are satisfied
for the given network if Dy is a {w",w; }-{wj } separating
set. The outgoing set {w; ,w; } is denoted in brown, and the
incoming set {wy } is denoted in orange in the figure.



Fig. 8. Example of an interconnected network used in Example 9.

There are many possible choices of Dy, but the smallest
choice, {w; ,we, w3}, is denoted in blue. It is easy to verify
that all paths from the brown set to the orange set pass through
a node in the blue set. |

VIII. DISCUSSION

The approach presented in this paper is a local approach
in the sense that only a (small) subset of internal variables
are required to identify a particular module embedded in the
network. Therefore, even for large networks, the numerical
complexity of obtaining an estimate of a particular module
can be limited by proper choice of predictor inputs. If the
number of predictor inputs is large it may be attractive to
rely on linear regression schemes such as ARX, FIR [21] and
orthogonal basis function expansions [37], as well as IV-type
and subspace algorithms [21].

While we have restricted this paper to dealing with questions
of consistency, variance properties of estimates will be highly
relevant to consider as a function of measured node signals as
predictor inputs, as well as of external variables present.

IX. CONCLUSION

In this paper, identification in dynamics networks has been
investigated. In a dynamic network, unlike in open or closed
loop systems, there are many options as to which variables
to include as predictor inputs. It has been shown that when
identifying in networks, the obtained estimates are conse-
quences of the (chosen) set of predictor inputs. In particular,
the obtained estimates are estimates of the dynamics defined
by the immersed network. Conditions on the predictor inputs
have been presented such that it is possible to obtain consistent
estimates of a module embedded in a dynamic network using
either the Direct or Two Stage methods of identification. These
conditions are useful since they enable the user to design
a least expensive sensor placement scheme or check if it is
possible to avoid using particular variables in the identification
experiment for instance.

X. APPENDIX
A. Proof of Proposition 1

Rather than checking the conditions of Theorem 2 in [25] it
is more straightforward to provide a direct proof of the result.

The following Lemma is used in proving Proposition 1. The
proof can be found in [33].

Lemma 2: Let G be a n x m matrix of transfer functions,
with n < m. Suppose all principal minors of G are non-zero.
The matrix G can be uniquely factored as (I — G)~1F, where
G and F have the structure defined in (11).

Now follows the proof of Proposition 1.
Proof: Any network can be expressed as

[wj(t)} — ¢%g) rj(t) + v;(t)

7o (t) + vo (1)
welt) r2(0) + s 1)
Because the network is well posed, the principal minors of
G are all non-zero. Thus, by Lemma 2, G can be uniquely
factored into GO and F° with the structure (11). If there is an
index ¢ such that both v, and r, are not present, then setting
the corresponding column of FO to zero has no effect on in
the validity of (10) with respect to the signals. [ ]

B. Proof of Proposition 2

Proof: The proof proceeds by showing that Algorithm 3
results in matrices G and F© of the form in Proposition 1.
In Step 2c of Algorithm 3 no path starting from vy, (or 7),
k € D; is ever lifted. Moreover, in the framework considered
in this paper, in the original network, vy, k € V (or i, kK € R)
only has a path to wy. It follows that in the immersed network,
v (or 1), k € D; only has a path to wy. Thus, all the off-
diagonal entries of the leading square matrix of I are Zero,
which shows that the form of £ is the same as that of £,
In Step 3 of the algorlthm all self-loops are removed. Thus
the diagonal entries of G are set to zero. This shows that
G and GO have the same form.
By the uniqueness result of Proposition 1 it follows that
F = FO and G° = G ]

C. Proof of Proposition 3

Proof: The proof proceeds by starting with the original
network (2) and removing the internal variables wy, k € Z;
from the equations. The proofs proceeds at a signal level. At
the end of the proof, matrices GO and F° are obtained of the
form required by Proposition 1. Consequently, uniqueness of
the matrices is ensured.

Given a network of the form (3), the variables w; must be
removed from the equation. This is done by expressing w; in
terms of wy, k € {j} UDj, vg, k € Z;, and ry, k € Z;:

G jW5 + GZD% + Gezws + vz + 15
= —-Gz)” (szwj + Gopwp + vz +12). (20)

where the inverse exists by Assumption 1. In order to eliminate
w; from the expression of [w; wp], first express [w; wp| in
terms of w;, and then substitute in (20):

el el O A

el - s aall]
+ [gij(l — Gzz) " (rz + vz) +[Z}+{ﬂ . QD)



Collect all the v’s and r’s into a single vector:

([, Exlelizlo-curien aa)[2]

+[1 0 GjZ(I—GZZ)l] K
_ ~1| |
0 I Gull-Gu)] |1

From the statement of the Proposition, the matrix preceding
[w; wp]” is G, and the matrix preceding the r and v terms
is FO. To put the matrices G° and F° into the form required
by Proposition 1, the diagonals of GO must be removed. Let
D denote the diagonal entries of GO:

w, Twel e T
=]+ o
Tz + Uz
N , Tt
:(I—D)_l(GO—D)[Zﬂ—k([—D)_lFo Tot+up | (22)
Tz +Uz

Both matrices in (22 have the same form as C;:O, and Fo in
(10). Thus, by Proposition 1, they are equal to G° and F°. m

D. Proof of Lemma 1

The following lemma is used in the proof. It can be proved
using Mason’s Rules [28], or as shown in Appendix A of [17].
Lemma 3: Consider a dynamic network with transfer matrix
GY that satisfies all conditions of Assumption 1. Let G2, be
the (m,n)th entry of (I — G®)~L. If all paths from n to m
have a delay (are zero) then GU = has a delay (is zero). O
Now consider the proof of lemma 1.
Proof: Consider part 1. From Proposition 3, the transfer
function of the (m,n)th entry of GO (where m # n) is

= (6%t 3 Y 650G Gln) @)
mm LEZ; L€ Z;

where G7 , denotes the ({2,¢;) entry of (I —G2,)~'. By
Lemma 3 if every path from /5 to ¢; passing only through
nodes wy, k € Z; has a delay then Q‘Z A has a delay. Thus,
if every path from wy, to wy, that passes only through nodes
wy, k € Z; has a delay, either G, , G7 , ., or G} has a
delay (for every ¢; and ¢5). By (23) the statement of the lemma
follows.

To show that é?,m = 0 when there is no path from w,, to
wy, that passes through only nodes wy, & € Z; follows the
same reasoning, as does part 2 of the Lemma. [ |

E. Proof of Proposition 4

Proof: From Algorithm 3 there are two ways that the
transfer function é?i can change to be different from G?i: in
Steps 2c¢ and 3. Using the same notation as that in Algorithm
3, the proof will proceed by showmg that Conditions (b) and
(c) ensure that no change to G occurs for all k =1 :d in
Steps 2c and 3 respectively.

Start by investigating Step 2c. A change to G;{f) occurs if
a path has been lifted in Step 2a and resulted in an edge from

w; to w;. By Condition (b) every path from w; to w; passes
through a node w,,, n € D;. Consequently, it will never occur
at any iteration k that a node w,, is being removed that has
an incoming edge from w; and an outgoing edge to w;. Thus,
there will never be parallel edges generated from w; to w;
that must be merged in Step 2c.

Similarly, by Condition (c) every path from w; to w; passes
through a node w,,, n € D;. Consequently, it will never occur
at any iteration k of the algorithm that a node w, is being
removed that has an incoming edge from w; and an outgoing
edge to w;. Thus there is never a self loop from w; to w;
generated. Which means that the division in Step 3 will simply
be a division by 1. [ |

F. Proof of Theorem 1

The following Lemma will be used to prove Theorem 1.

Lemma 4: Consider a vector of rational functions
AX(q,0) = [AXi(q,61) AXy(q,04)]F, where
AXk(q,Hk) = Lk(q,Hk)(X,g(q) - Xk(q,ek)), where Ly is a
monic transfer function, X} is a transfer function and X}, (6y,)
is a transfer function parameterized as:

bk bk 71 .erlrclbqfnb
X (ak) k — )
1+a1q ++anaq Ta

where 6, = [bf --- bk a} --- af ]7. Suppose the parame-

terization is chosen such that for each A X (0y), there exists a
parameter vector 8* such that AX (6*) = 0. Consider a (d x d)
power spectral density matrix ®. If ® is positive definite for at
least ng = n, + np + 1 frequencies w,,, where —7 < w,, <7
then

AX (7% 0)T
fork=1,...,d.
For a proof see [33]. The proof of Theorem 1 now proceeds:
Proof: Consider the proof for Case 2 (Conditions (a) and
(b) hold for only n* and H; Yq, )p] (t,D;) is white). The
proof for Case 1 is not presented here since it follows the exact
same line of reasoning, and is simpler than, that of Case 2.
Since the noise model is independently parameterized from the
module models, let  denote the parameters associated with
the noise model, and let # denote the parameters associated
with the modules.
For notational simplicity, let H j_l(qm*)pj(t,Dj) be de-
noted as s;(¢, D;). The reasoning will be split into two steps:

P(W)AX (7% 0)dw=0 = AXy(q,0)=0

1. Show that if Conditions (a) and (b) hold at n*, then the
following bound on the objective function holds:
_ — _ « 2
V() = E[(H; (q,n")p; (t, D;))7]. (24)

2. Show that when equality holds it implies that Gx(g,0) =
G]k(q7 i), k € Dj;, and Fji(q,0) = ij(q, i), k€ P;.
Step 1. From (14) and (6) it follows that

VO, =E| (7 (@.m) (w0 t) = Y Gnla. 0w (@)
keD;
=Y Fulaom))].
kEP;



By (17) and (18) w; can be expressed in terms of wy, k € Dj,
Ty, k € P; and a residual, p;(¢, D;) resulting in:

V(G,n):]’EKH (a1 (ZAGJk 7,0,D;)w (t)

keD;

+ 3 AFi(q.0.D;)ri(t) +pj(t,Dj)))2] (25)
kEP;

where AGjx(q,0,D;) = égk(q,Dj) — Gir(g,0), and
AFjr(q,0,Dj) = Fjok(q,Dj) — Fji(q,0). If (25) is evaluated
at n*, the third term is equal to s;.

By Conditions (a) and (b) s; is uncorrelated to the first
two terms in the expression. Moreover, since s; is white, it
is also uncorrelated to delayed versions of itself which means
that E[AH;(g,n)s;(t) - s;(t)] = 0 where AH,(q,n,D;) =
H;(q,n*)—H;(q,n) (the expression holds since H; is monic,
and thus AH; has a delay).

Using this fact to simplify (25) results in

V(6,m) = E[s2(Dy)] + B[, () ( 3 AG(6,Dy)uf”
keD;
+ ZAFJk(a’ Dj)’f’k + AHJ(U,D])SJ(DJ))2:| . (26)
kEP;

The first term of V(6,7) is not a function of 6 or 7, proving
that V' (6,7) > E[s?(t,Dj)} as desired.
Step 2. Now it is shown that

V(6. =E[s(tD))] = F3k<q,e> F]k<q,1> Jhep,
Hj(q,n)=H;(g;n")
Consider the equation V (6,7) = E[s? (¢, Dj)]. From (26)
using Parseval’s theorem, this results in:
2i AX(er 0)®(w)AXT (e7% 0)dw = 0, (27)
i
for all w € [—m, 7], where
AX =H;' [AGjy, -+ AGjp, Aijl -+ AFj,, AHj),
Dy (W) PCusprp (w) stJ (w)
q)(w) = (I)T’P’U)D (w) (I)T’P (w) T‘Pé]( ) ’ (28)
(I)sjwp (W) (I)sjrp (W) (w)

where k., € D;, m, € P; and ®,,(w) are the (cross) power
spectral densities of the denoted Varlables Recall from (18)
that w; can be expressed in terms of w,~C k: € Dj, Ti, k € P;
and p;. By rearanging (18) an expression for s; is

—1
Y (= X el - 3 Fyn)
keD; keP;

Consequently, (28) can be expressed as J&,,J H where

1 0 0
J = 0 I of,
0 70
-Gy, —I 1
P, is the power spectral density of
[Wg, *** Wk, Tmy *++ Tm, w;], and () denotes conjugate

transpose. Because J is full rank for all w, and ®,, is full rank
for at least ngy frequencies (by the statement of the theorem) it
follows that ® in (27) is full rank for at least ng frequencies.
Because ®(w) is positive definite for at least ng frequencies,
and the parameterization is chosen flexible enough, it follows
from Lemma 4 that AX = 0. By the definition of AX it
follows that (27) implies Gjr(q,0%) = ij(q7 i), k€ Dj,
Fi(q,0*) = Gjx(q,D;), k € P;, and Hj(q,0* )—H. (g,m%)
as desired. [ |

G. Proof of Proposition 5

Proof: The proof proceeds by showing that Conditions
(a) and (b) hold at *, and that H;l(T)*)pj is white noise. By
Condition (d), p; is not a function of any r terms, and thus
from (17) it follows that p; = ©;. Recall from (10) that the
equation defining the immersed network is w = GOw+FOr+4
where w = [w; wp|T, r = [rj rp rz]T and ¥ is defined in (12).
Consequently, wy, can be expressed as

+ Z gu](f)n(rr}n + Tn + FSZTZ>

neD;

wg = g’?,?j(ﬁj +r;+Firs

where g“;?k denotes the (j,k) entry of (I — G°)~!. Using
this expression for wy, Condition (a) of Theorem 1 can be
expressed as:

ELH (g, 7")p;(1) - AGJk@DJ,e)wk( I =E[H g, )51
 AG(@D10) Y Gala) (B (t) + ralt) + FiL(@)r=(1) |

nED U{s}
By Assumption 1 every vy is uncorrelated to every external
variable. Moreover, by Condition (a) ¥; is uncorrelated to the
other noise terms in the immersed network, and so the above
equation can be simplified:

E[H, (q,7")p;(t) - AGk (g, Dy, 0)wi(t)]
= E[H; (q,7")¥;(t) - AG;1(q,D;,0)Gp,;(q)5;()]  (29)

By Lemma 3 (in Appendix X-D) the transfer function Qg ; has
a delay if every path (in the immersed network) from w; to wy,
has a delay. It follows by Condition (b) that either (_32] or é?k
(or both) has a delay. By Condition (c) it follows that either
,C';,gj or AG;(q,Dj,0) (or both) has a delay. The result is that
AGjk(q, Dy, H)ggjz“)j is a function of only delayed versions of
¥; (and thus delayed versions of é;, where é; is the whitened
version of ¥; as defined in (13)). Thus it follows that

E[H;Y(q,n")p;(t) - AG;k(q, Dy, O)wi(t)]
= E[¢;(t) - AG;r(q, Dy, 0)G;(q)5;(8)] = 0
which means that the Condition (a) of Theorem 1 holds.

Since p; = ¥;, and by Assumption 1, all v’s are uncorrelated
to all r, it follows that Condition (b) holds as well. |

H. Proof of Proposition 6

Proof: The following reasoning will show that E[v;(2) -
0% (t — 7)) = 0 for all 7. From (12),

E[0;(t) - 0 (t — 7)] =E[(v;(t) + FL(a)v= (1))

okt = 7) + FL(q)u=(t — 7))].  (30)



Consider the following three facts. First, by Condition (a), v;
is uncorrelated to all vi, k € D;. Secondly,

E[v;(t) - F,?n(q)vn(t —7)]=0,V7, and Vn € Z;  (31)

by the following reasoning. Either one of the conditions holds:
 There is a path from v,, n € Z; to wy, that passes only
through nodes wy, k € Z;. In this case, by Condition (a)

v; is uncorrelated to vy,.

e There is no path from v,, n € Z; to wy. In this
case, by Lemma 1, Z:“,Sn is zero. Consequently, I_E[vj(t) .
Fen(q@)vn ()] = 0.

Thirdly, by the same reasoning and by Condition (b), E[v ()
Fiz(q)v=(t — 7)] = 0 for all 7. Consequently, (30) can be
simplified to:

E[3;(t)0 (t—7)] =E[F}L (q)v

; (t) - Fre(a)us (t = 7)].

By Parseval’s Theorem this equation can be expressed as

s

_ 1 5 o i
Blty (Ot =r))= 5 | P& ()FE (7)dw.
By Condition (c), @,

/ Zﬁ‘»g(ejw)ﬁkg(e_j‘”)ejmqbg(w)dw

lez;

is diagonal, and so

where ¢y is the power spectral density of vy. By Lemma 1 the
transfer function FJ is zero if there is no path from vy, to w;
that passes only through nodes wy, k € Z;. Consequently, by
Condition (d) for each ¢, { € Z;, either FY, or F, (or both)
are equal to zero. Consequently, E[v,(¢)v5(t—7)] is equal to
zero for al 7, and for all k£ € D;. [ |

L. Proof of Proposition 8

Proof: The proof proceeds by showing that Case 1 of
Theorem 1 holds. The predictor inputs w,(C k € D; and 1y,
k € P; are functions of all ry, k € {7;} , except those T
for which there is no path 73 to w; (the projection onto this
external variable is zero in this case). Thus it is sufficient
to show that the optimal output error residual of w; is not
correlated to these r’s. From (17) p; is equal to

pj(t,Dj) :F]Oj<(LD ) Z k Q7 (t)

ke(z NR;)\P;
LT7

+ > @@, Dyl ).

keD;

() +0;(t
(32)

By Assumption 1 all r’s are uncorrelated to all v’s. Thus,
only the 7 terms in p; could cause a correlation between p;
and the predictor inputs. In particular, it must be shown that
pj is not a function of any 7, k € 7;.

Split the variables in 7; into two categories: the r)’s for
which at least one path from 7 to w; passes only through
nodes in Z;, and the ry’s for which all paths from 7, to w;
pass through at least one node wy, k € D;. By construction,
all r;,’s that are in the first category are in P;. Since no variable
Ty € P; appears in p; (see (32) none of the variables in the
first category appear in the expression for p;.

By Lemma 1 it follows that for all rj, in the second category
FO ik is zero. Thus, from (32) it follows that no ry term in the
ﬁrst category will appear in the expression for p;.

Thus, p; is not a function of any 7, k € 7;. Consequently,
p; is uncorrelated to the predictor inputs, and the conditions
of Theorem 1 are satisfied.

Lastly, to satisfy all the conditions of Theorem 1
we must show that the power spectral density & of
[wj w,(gf) w,g:j) Tm, *°* Tm,] 18 positive definite for at

least ng frequencies. By (18) p; can be expressed as a function
of w(T’) k € Dy, and 1, k € P; and p;. It has allready
been shown that p; is uncorrelated to all the predictor inputs.
Consequently, the power spectral density ® is equal to

1@ —F) ey O][1 [-G9 —Fo)]”
0 I 0 ®,| 10 I

where ¢, is the power spectral density of p; and ®,, is the
power spectral density of [wm}) w,gTj) Ty,
(which is positive definite at ng frequencies). Because the first
(and last) matrices are full rank for all w it follows that
is full rank for at least ny frequencies. Consequently all the
conditions of Case 1 of Theorem 1 are satisfied. [ ]

b =

T'7n 1
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