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Abstract— In this paper we present a non-parametric ap-
proach to identification in networks. The main advantage of
a non-parametric approach is that consistent estimates can be
obtained with very little prior knowledge about the system.
This is a particularly important consideration for a network
identification problem which can easily become very complex
with high order dynamics and many inputs. We consider a
very general framework for dynamic networks that includes
measured variables, external excitation variables, process noise,
and sensor noise.

I. INTRODUCTION

Identification in dynamic networks is an increasingly
important area of system identification as systems become
larger and more complex. Many systems in engineering can
be modeled as dynamic networks: power systems, commu-
nications systems, pipelines, etc. In the literature there is
increasing activity in network identification tackling various
challenges such as investigating under which conditions
consistent estimates are possible [1], variance issues related
to networks [2], [3], numerical issues [4], and issues that
arise when the network structure is unknown [5], [6], [7].
Interestingly, identification in networks offers many advan-
tages to classical open and closed loop identification: sensor
noise is easily dealt with [8], and the variance of the resulting
estimates can be reduced by using additional measurements
obtained from the network [2].

In this paper we take a non-parametric approach to iden-
tification in dynamic networks. Non-parametric methods are
part of the standard toolbox of system identification [9], [10].
The advantage of using a non-parametric approach is that it
offers an expression for the system dynamics with very little
prior information. In particular there is no need to specify
the number of poles and zeros of each module a priori. This
is a significant advantage, especially when a large number
of modules need to be estimated. Another major advantage
is that when periodic excitation is used, consistent estimates
of the transfer function of interest are possible with only
very weak assumptions on the noise. This is important in
a network setting because many of the noise variables are
likely to be correlated. The main disadvantage of the non-
parametric approaches is that the variance of the estimates
can be relatively high [9].

In this paper we consider a very general framework for
a dynamic network consisting of internal variables that are
measurable and dynamically interrelated, external variables
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that are directly manipulable by the user, process noise that is
a random stochastic process affecting the value of the internal
variables, and sensor noise that is a random stochastic error
in the recording of the value of an internal variable. In
this paper we do not assume that each internal variable is
measured. The ideas presented in this paper are extensions
of the idea of predictor input selection as presented in [11]
and the errors-in-variables methods presented in [8] from a
parametric to a non-parametric framework. The motivation
for this extension is, as described above, to increase the
practicality of identification in dynamic networks.

In Section II we present background material on dynamic
networks. In Section III we present the main result split into
three different cases: periodic external excitation present,
arbitrary excitation present, and a method based on using
non-parametric noise models to achieve consistency.

II. DYNAMIC NETWORKS

The networks that are considered in this paper are built
up of L elements (or nodes), related to L scalar internal
variables wj , j = 1, . . . , L [1]. It is assumed that each
internal variable is such that it can be written as:

wj(t) =
∑
k∈Nj

G0
jk(q)wk(t) + rj(t) + vj(t) (1)

where G0
jk(q), k ∈ Nj is a proper rational transfer function,

q−1 is the delay operator (i.e. q−1u(t) = u(t− 1)) and,

• Nj is the set of indices of internal variables with direct
causal connections to wj , i.e. i ∈ Nj iff G0

ji ̸= 0;
• vj is an unmeasured process disturbance variable mod-

elled as a stationary stochastic process with rational
spectral density, i.e. vj = H0

j (q)ej where ej is a white
noise process, and H0

j is a monic, stable, minimum
phase transfer function;

• rj is an external variable that is known and can be
manipulated by the user; it is an important variable that
can provide user-chosen excitation to the network.

Throughout this paper superscript 0 will be used to denote
the dynamics of the data generating system. It may be that
the disturbance and/or external variable are not present at
some nodes. The entire network is defined by:
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,
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Using an obvious notation this results in:

w = G0w + r + v (2)

where, w, r, and v are vectors. If an external or noise variable
is absent at node i, the ith entry of r or v respectively is 0.

Internal variables are measured using sensors. Since errors
are made when recording the value of a variable the mea-
sured version of an internal variable wk is not the same as
the actual value of the internal variable. The measurement
of wk is denoted w̃k, and the error in the measurement is
called sensor noise:

w̃k = wk + sk (3)

where sk is the sensor noise and is modelled as a stochastic
process with rational power spectral density. Equations (2)
and (3) together define the data generating system.

Often in a network, process noise variables are correlated.
For instance, in a mechanical structure buffeting wind may
cause disturbances in the measured positions of joints in
the structure. It is likely that the noise variables affecting
different joints in the structure will be correlated since they
are caused by the same wind.

All networks considered in this paper satisfy the following
general assumption to ensure stability and causality.

Assumption 1:
(a) The network is well-posed in the sense that all principal

minors of limz→∞(I −G0(z)) are non-zero.
(b) (I −G0)−1 is stable.
(c) All rm, m ∈ R are uncorrelated to all vk, k ∈ V .1

Cross correlation and cross power spectral densities play
an important role in this paper. They are defined as follows.
The auto and cross correlation of vectors of variables x and
y are defined as

Rx(τ)= Ē[x(t)xT(t−τ)], Rxy(τ)= Ē[x(t)yT(t−τ)] (4)

respectively, where Ē[ · ] = lim
N→∞

1

N

N−1∑
t=0

E[ · ], and E

denotes the expected value operator. The power spectral
density and cross power spectral density are

Φx(ω) := F [Rx(τ)] and Φxy(ω) := F [Rxy(τ)]

respectively, where F [ · ] denotes the Fourier Transform.

III. NON-PARAMETRIC SYSTEM IDENTIFICATION IN
DYNAMIC NETWORKS

We present three different methods for non-parametrically
obtaining estimates of G0

ji embedded in a dynamic net-
work: a method based on periodic external inputs; a method
for arbitrary external inputs; and a method based on non-
parametric noise modeling.

The advantage of using periodic excitation is that only
weak assumptions need to be made about the process and

1Throughout this paper r uncorrelated to v will mean that the cross-
correlation function Rrv(τ) is zero for all τ .

sensor noise. This is an important consideration for identifi-
cation in networks because it is likely that many of the pro-
cess noise variables are correlated, and the internal variables
are measured with sensor noise (that may be correlated).

We also present an analogous method but extended to
arbitrary external excitation. The price for allowing any type
of external excitation is that stronger assumptions on the
noise are required.

The third method is based on using non-parametric noise
modeling. For this method no external excitation is required
as long as there are measured internal variables available
other than those selected as predictor inputs.

To obtain an estimate, first predictor inputs must be
selected (these are the variables that are used to predict the
output wj). Rules for choosing predictor inputs such that
consistent estimates of G0

ji are possible are presented in [11].
We briefly summarize these rules in the following section.

A. Predictor Input Selection

When attempting to predict the value of a variable wj in
a dynamic network, it is important to properly choose which
variables are used to predict wj . If the predictor inputs are
not chosen properly, then consistent estimates of G0

ji are not
possible. The set of internal variables chosen as predictor
inputs is denoted as wk, k ∈ Dj . The set of external variables
chosen as predictor inputs is denoted rk, k ∈ Pj . From [11]
the rules for choosing Dj is as follows.

Property 1: Consider the set of predictor inputs wℓ, ℓ ∈
Dj , and the “output” wj . Let Dj satisfy the conditions:

(a) i ∈ Dj , j /∈ Dj ,
(b) every loop from wj to wj passes through a wk, k ∈ Dj ,
(c) every path from wi to wj , excluding the path G0

ji, passes
through a wk, k ∈ Dj . �

In the sequel it will be very useful to express wj (the
output of the transfer function of interest) in terms of the
variables selected as predictor inputs wk, k ∈ Dj and rk,
k ∈ Pj). Consider the following proposition.

Proposition 1 ([11]): Consider a dynamic network as de-
fined in Section II that satisfies Assumption 1, and a set of
predictor inputs Dj . Then wj(t) can be uniquely written as

wj(t) =
∑
k∈Dj

Ğ0
jk(q)wk(t) +

∑
k∈Zj

F̆ 0
jk(q)

(
rk(t) + vk(t)

)
+

+ rj(t) + vj(t) (5)

where Zj = {1, . . . , L} \ {Dj ∪ {j}}, and Ğ0
ji(q) = G0

ji(q)
if Dj has Property 1. �
The proposition is proved in [11]. Note that (unlike in (2))
in (5) there is a transfer function F̆ 0

jk present associated with
the external variables. It is convenient to lump all the process
noise terms in (5) together as:

v̆j =
∑
k∈Zj

F̆ 0
jk(q)vk(t) + vj(t) = H̆0

j (q)ĕj(t). (6)

where H̆j is a (unique) monic, stable, minimum phase
transfer function, and ĕj is white noise.
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Proposition 1 provides a rule for choosing which internal
variables to choose as predictor inputs given the objective of
identifying G0

ji (i.e. choose the set of predictor inputs such
that Dj has property 1). The following is a rule for choosing
which external inputs to include as predictor inputs (see [11]
for more details). From Proposition 1 there may be terms
related to external variables rk, k ∈ Zj appearing in the
expression of wj . This happens when there is a path from
rk, k ∈ Zj to wj that passes only through nodes wℓ, ℓ ∈ Zj

[11]. If there are any such terms present in the expression
for wj , choose these external variables as predictor inputs
(choose k to be in Pj for any rk with this property).

B. Periodic External Excitation

In this subsection we present the first non-parametric
method for identifying G0

ji embedded in a dynamic network
when there is periodic excitation present. The main mech-
anism is based on averaging over several periods of data:
all the non-periodic components (i.e. the noise) are averaged
away as increasing periods are used to estimate the periodic
component of the signals. This method is advocated in [10]
for open-loop, closed-loop and MIMO systems. Here we
extend the method to identification in networks with known
interconnection structure.

The data set is split into M segments, where each segment
consists of an integer number of periods of the excitation
signal(s). Then the periodic component of the predictor
inputs and the output is estimated by averaging. This requires
the following assumptions on the noise.

Assumption 2: The process noise and sensor noise vari-
ables have the following properties:
(a) All noise variables have zero mean.
(b) The correlation length of each noise variable is less than

the selected periodic interval.
Condition (b) will typically only be approximately satisfied
in practice. However, for long data records, it is usually
possible to choose a sufficiently long periodic interval such
that the condition is approximately satisfied. Let superscript
(p) denote the periodic component of a signal. Let w

[ℓ]
j

denote the ℓth data block of size M of wj . The average
of wj over M segments of data, where each segment of data
contains an integer number of periods is equal to

w̄j(t) =
1

M

M∑
ℓ=1

w̃
[ℓ]
j (t). (7)

By Assumption 2 and the expression (5), the asymptotic
expression for w̄j is:

lim
M→∞

E[w̄j ]= lim
M→∞

E
[ 1

M

M∑
ℓ=1

( ∑
k∈Dj

Ğ0
jk(q)w

[ℓ]
k (t)

+
∑
k∈Zj

F̆ 0
jk(q)r

[ℓ]
k (t) + r

[ℓ]
j (t) + v̆

[ℓ]
j (t) + s

[ℓ]
j (t)

)]

=lim
M→∞

1

M

M∑
ℓ=1

∑
k∈Dj

Ğ0
jk(q)w

(p)
k (t)+

∑
k∈Zj

F̆ 0
jk(q)r

(p)
k (t)+r

(p)
j (t).

For notational convienience, let K̆0
j = [Ğ0

jD F̆ 0
jP ], u(t) =

[wD(t) rP(t)]
T , and ȳ(t) = w̄j(t) − r

(p)
j (t). Using this

notation the above expression can be rewritten as:

lim
M→∞

E[ȳ] = K̆0
j (q)u

(p)(t).

It follows that the cross-correlation between y and u is

lim
M→∞

E[Rȳu(τ)] = K̆0
jRu(p)(τ) (8)

Note that u(p) is not known (since only a measured version of
u is available), however, u(p) can be estimated by averaging
(the same way as in (7)). By Assumption 2 it follows that
limM→∞ E[ū(t)] = u(p)(t). Thus, by taking the Fourier
Transform of (8), K̆0

j can be estimated as:

K̂j = ΦȳūΦ
−1
ū (9)

at any frequency where Φū is invertible, where Φū and Φȳū

are the Fourier Transforms of Ru(p) and Rȳu respectively.
From Proposition 1 if the predictor inputs are chosen such
that they have Property 1 then (9) results in a consistent
estimate of G0

ji. If u is a vector of more than one predictor
input then it may be necessary to have more than one external
variable exciting the network. For instance, if two transfer
functions are to be estimated, and two uncorrelated, periodic
external variables are used to excite the network, then Φū

will be invertible at all frequencies where both inputs have
non-zero power. If only one external variable is used, then
Φū will only be invertible at a limited number of frequencies.
For more information on the design of multivariable inputs
see [10] for instance.

C. Arbitrary Excitation

In this section we present a non-parametric instrumental
variable-based approach to estimate G0

ji. Instrumental vari-
ables (IVs) have been used in open-loop, closed-loop and
network identification [12], [13], [10], [8] but typically in
a parametric framework. By using instrumental variables,
periodic external excitation is no longer strictly required.
In fact, depending on the interconnection structure, external
excitation may not be required at all (the process noise
driving the network may provide sufficient excitation). The
trade-off is that more restrictive assumptions are required on
the noise properties to ensure consistent estimates. Sensor
noise can still be dealt with. The presented method is based
on a parametric version of the method presented in [8].

IV methods are especially attractive in a network setting
because there are typically many variables that are measur-
able in the network. We consider any external or measured
internal variable other than those selected as predictor inputs
or the output wj as candidate instrumental variables. Denote
the set of internal variables selected as IVs as wℓ, ℓ ∈ Ij ,
and the set of external variables selected as IVs as rℓ,
ℓ ∈ Xj . A variable selected as an instrumental variable is
denoted zℓ. If multiple variables are selected as IVs, then
z =

∑
ℓ zℓ =

∑
ℓ∈Ij

wℓ+
∑

ℓ∈Xj
rℓ. Each IV must have the

following properties.
Property 2: Every IV zℓ satisfies the following conditions:
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1) zℓ is correlated to wi,
2) zℓ is not correlated to any of the sensor noise variables

sk, k ∈ Dj ,
3) sj is uncorrelated to either zℓ or to all wk, k ∈ Dj ,
4) Rzℓv̆j (τ) = 0, τ ≥ 0.

In the following text we first show why these conditions are
important, then we show how to select IVs that satisfy these
properties. Due to Conditions (1) and (2) of Property 2, the
cross correlation between an IV and a measured variable w̃k,
k ∈ Dj is equal to the cross correlation between the IV and
the sensor noise free variable:

Rw̃kz(τ) = Rwkz(τ)+Rskz(τ) = Rwkz(τ), for all k ∈ Dj .

Consequently, By Proposition 1

Rw̃jz(τ) =
∑
k∈Dj

Ğ0
jk(q)Rwkz(τ) +

∑
k∈Pj

F̆ 0
jk(q)Rrkz(τ)

+Rsjz(τ) +Rv̆jz(τ)

=
∑
k∈Dj

Ğ0
jk(q)Rw̃kz(τ)+

∑
k∈Pj

F̆ 0
jk(q)Rrkz(τ)+Rv̆jz(τ)

+Rsjz(τ), (10)

where in the first equality the ’input’ is Rwkz which is un-
known, but in the second equality the ’input’ is Rw̃kz which
can be estimated from the data. For notational simplicity,
gather all the inputs in a matrix:

u(τ)=
[
Rw̃m1z

(τ) · · · Rw̃mnz(τ) Rrℓ1z
(τ) · · · Rrℓpz

(τ)
]T

where {m1, . . . ,mn} = Dj and {ℓ1, . . . , ℓp} = Pj . Let
y(τ) = Rw̃jz(τ), and sR(τ) = Rsjz(τ). As in Section III-B,
let K̆j = [Ğ0

jD(q) F̆
0
jP(q)]. Now, (10) can be expressed as:

y(τ) = K̆0
j u(τ) + sRj (τ), for τ ≥ 0, (11)

where Rṽjz(τ) has been removed from the equation, because
by Condition (4) it is equal to zero for all τ ≥ 0. Consider
now, correlating the equation with u and taking the Fourier
Transform of u and y for τ ≥ 0:

Φyu(ω) = K̆0
jΦu(ω) (12)

where the term sR is removed from the expression due to
Condition (3) of Property 2. Thus, K̆0

j can be estimated as:

K̂j = Φyu(ω)Φ
−1
u (ω) (13)

at any frequency where Φu is invertible. Equation (13) results
in consistent estimates of G0

ji if Dj is chosen such that it
has Property 1 and the IVs are chosen such that they have
Property 2. Again, the invertibility of Φu poses a constraint.
Note that in a practical situation Φu and Φyu cannot be
exactly calculated and must be estimated. There exist many
methods to obtain good estimates of (cross) power spectral
densities as described in [9], [10] for instance.

The following proposition presents a more intuitive inter-
pretation of Condition (4) of Property 2.

Proposition 2: Consider a dynamic network as defined in
Section II. Suppose sets of predictor inputs and instrumental

variables have been chosen. Condition (4) of Property 2 holds
if the following conditions are satisfied:
(a) there is no path from wj to any wℓ, ℓ ∈ Ij .
(b) there is no vm, m ∈ Zj that has both a path from vm

to wj that passes only through wk, k ∈ Zj and a path
from vm to any wℓ, ℓ ∈ Ij . �

For a proof see Appendix V-A. If there are measured internal
variables present in the network for which Condition (a) is
satisfied, then external excitation is not strictly necessary.
Note that external variables always satisfy both Conditions,
and so they can always be used as IVs.

D. Noise Modelling

In the previous section the interconnection structure of the
network was used to deal with the process noise (see Propo-
sition 2), with the result that not every measured internal
variable could be used as an instrumental variables. For the
method we present in this section every measured internal
variable (other than those selected as predictor inputs) can be
used as an IV. The method works by using a noise model to
take care of the disturbing process noise v̆j . It is known that
a noise model is essential when using the so called Direct
Method in closed-loop and network identification [14], [1].
A similar mechanism is employed in the method presented
in this section. This method is a non-parametric method that
is based on the parametric method of [8].

In the following text we will derive the expression for the
non-parametric estimate. Although the final expression will
be very similar to that of the previous section (i.e. Equation
(13)) we will start the derivation by looking at the objective
function to illustrate the use of noise modelling in a non-
parametric framework. Consider the objective function:

V (θ) =
1

F

F−1∑
k=0

∣∣∣H−1(k)
(
Y (k)− θ(k)U(k)

)∣∣∣2, (14)

where Y and U are the Discrete Fourier Transforms of y(τ)
and u(τ) as defined just after (10), the argument k denotes
the frequency point ej2πk/N , θ(k) is the unknown transfer
function at each frequency point, H is the noise model, and
F is a user selected maximum frequency point. Equation (14)
is simply the Fourier Transform of the standard one-step-
ahead predictor [9]. It is well known that the noise model is
equivalent to a weighting function in frequency [9], [10]. We
briefly present the result using the reasoning of [10]. For the
sake of argument, suppose (for now) that the noise model H
is known. From (14) it follows

V (θ) =
1

F

F−1∑
k=0

(
Y − θU)

σ2
e

Φv̆
(Y ∗ − U∗θ∗

)
, (15)

where the argument k has been dropped for clarity, (·)∗
denotes complex conjugate transpose, and Φv̆ is the noise
power spectral density and is equal to Φv̆ = σ2

ĕ |Hj |2, where
σ2
ĕ is the variance of the white noise source ĕj . Consider the

notation for a weighted cross power spectral density:

ΦW
yu(k) = Y (k)W (k)U∗(k),
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where W is the weighting function. Using this notation, (15)
can be expressed as:

V (θ) =
1

F

F−1∑
k=0

ΦW
y − θΦW

yu − ΦW
uyθ

∗ + θΦW
u θ∗, (16)

where W (k) =
σ2
e

Φv(k)
. Thus, the value of θ that minimizes

(14) at each frequency can be calculated by taking the
derivative and setting the resulting expression to zero. From
(16) the resulting estimate is:

θ(k) =
(
ΦW

u (k)
)−1

ΦW
uy(k). (17)

This expression can be evaluated as long as the weighting
function W is known. In [10] two methods for estimating the
noise model are presented: for periodic and arbitrary inputs
respectively. We only show how to estimate the noise model
for periodic inputs. For arbitrary excitation, the noise model
can be estimated using the Local Polynomial Method [10].

Because the external excitation is periodic, the variance
of the non-periodic component of the signal is purely due to
noise. In [10] it is shown that if this variance is calculated at
each frequency, the result is a non-parametric noise model.
Let Ȳ denote the Discrete Fourier Transform (DFT) of
ȳ(τ), τ ≥ 0, where the ·̄ notation is defined in (7). Let Y [ℓ]

denote the DFT of the ℓth periodic block of y(τ), τ ≥ 0.
Then the power spectral density of v̆j is equal to [10]:

Φ̂2
v̆(k) =

1

M − 1

M∑
ℓ=1

|Y [ℓ](k)− Ŷ (k)|2

Thus the noise power spectral density can be estimated, and
then subsequently used as a weighting function in (17). The
following proposition shows that if the predictor inputs are
chosen such that they have Property 1, v̆j is uncorrelated
to the other noise sources in the network, then consistent
estimates of G0

ji are possible using (17).
Proposition 3: Consider a dynamic network as defined

in Section II. Suppose that the set of predictor inputs, Dj

satisfies Property 1 and Pj is selected by the rules stated
following Proposition 1. Then (17) is a consistent estimate
of G0

ji if the following conditions are satisfied:
(a) The power spectral density matrix is full rank at all

frequencies corresponding to k = 0, . . . , F − 1.
(b) Every sensor noise variable sn, n ∈ Dj ∪ {j} is

uncorrelated to every sℓ, ℓ ∈ Ij .
(c) There is no vm, m ∈ Zj that has a path from vm to wj

that passes only through wk, k ∈ Zj and a path from
vm to any wℓ, ℓ ∈ Dj ∪ Ij .

(d) All process noise variables are uncorrelated to each other.
(e) There is a delay in every path from wj to wℓ, ℓ ∈ Dj .
For a proof see Appendix V-B.

Example 1: The dynamic network shown in Figure 1 is
simulated. The objective is to estimate G0

21 shown in green.
Thus, w2 is the output, w1 is the predictor input, and we
choose w3 as the IV. We use the method based on non-
parametric noise modelling, so we require r1 to be periodic.
The external variable, r1 is chosen to be a Pseudo Random

G0
21 G0

32

G0
13

w1

s1

w̃1

w2

s2

w̃2

s3

w̃3

v1r1 v2 v3

w3

Fig. 1. A simple dynamic network simulated in Example 1.
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Non-Parametric Noise Modelling Approach

Actual
No Noise Model
With Noise Model

Fig. 2. Results of 10 simulation experiments using the noise modelling
approach for the system shown in Fig. 1. The grey lines indicate the non-
parametric estimates using a noise model, and the yellow lines show the
estmates when no noise model is used.

Binary Sequence of length 1000, repeated 100 times. The
results of 10 independent experiments are shown in Figure
2. The estimate for each experiment is shown in gray. The
estimated dynamics are consistent. The yellow lines are the
estimate that results when no noise model is used. This is to
show that without using a noise model, consistent estimates
are not obtained.

IV. CONCLUSION

Non-parametric identification has many advantages in
identification in dynamic networks. The methods require
fewer assumptions on the noise, less knowledge about the
system (in terms of choosing a parameterization) and the
methods are generally less complex from an optimization
point of view. These advantages become increasingly impor-
tant when moving into a dynamic network framework, where
noise is probably correlated, less is known about the system,
and the systems become larger.

V. APPENDICES

A. Proof of Proposition 2

The following lemma is used in the proof. It can be proved
using Mason’s Rules or as shown in Appendix A of [1].

Lemma 1: Consider a dynamic network with transfer ma-
trix G0 that satisfies all conditions of Assumption 1. Let G0

mn

be the (m,n)th entry of (I −G0)−1. If all paths from n to
m are zero (have a delay) then G0

mn is zero (has a delay). �
Now consider the proof of Proposition 2.

Proof: Consider the expression (6) for v̆j . Suppose that
wℓ is the IV. Express wℓ in terms of only v’s and r’s as:

wℓ =

L∑
k=1

G0
ℓk(vk + rk), (18)
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where Gℓk is the (ℓ, k)th entry of (I −G0)−1. By Condition
(a) and Lemma 1 Gℓj = 0. Consider each vm that appears in
both expressions (6) and (18). By Condtion (b) and Lemma
1 either F 0

jm in (6) or G0
ℓm in (18) is zero for every vm.

Because all process noise variables are assumed uncorrelated,
the expressions (6) and (18) are uncorrelated for τ ≥ 0.

B. Proof of Proposition 3

Proof: The proof proceeds by analyzing the function

V (θ) = E
[ 1

2π

∫ π

−π

(
Y − θU

)
W

(
Y ∗ − U∗θ∗

)
dω

]
, (19)

where the argument ejω is omitted for notational clarity, and
W = 1

Φv̆
. The objective function (19) is the asymptotic

version of (14) as N → ∞, thus we can analyse the
consistency of (14) using (19).

First we show that under the conditions of Proposition
3, v̆j is causally uncorrelated to all other noise sources
affecting the predictor inputs and the instrumental variables.
By Proposition 1 an internal variable wℓ, ℓ ∈ Dj , can be
expressed in terms of wn, n ∈ {Dj ∪ {j}} \ {ℓ} as:

wℓ =
∑

n∈Dj∪{j}

Ğ0
ℓnwn +

∑
n∈Pj

F̆ 0
ℓnrn + v̆ℓ,

where v̆ℓ is the effective noise directly affecting wℓ. The
noise variable vm described in Condition (c) is called a
confounding variable. In [11] it is shown that if there are no
confounding variables, then v̆j is uncorrelated to all other
effective noise terms v̆ℓ, ℓ ∈ Dj . The same reasoning can be
applied to show that v̆j is uncorrelated to the effective noise
directly affecting the instrumental variables.

Additionally, in [11] it is shown that Condition (e) has the
result that each term in wj that is associated with a predictor
input is not a function of v̆j(t), but delayed versions of v̆j(t).
This result relies heavily on Lemma 1.

Now it is shown how these two facts are needed for the
consistency result. By Proposition 1, Y = K̆0

jU+X̆j , where
X̆j = F [Rv̆jz]. Plugging this expression into (19) results in

V (θ)=E[
1

2π

∫ π

−π

(
∆K(θ)U+X̆j

)
W

(
U∗∆K∗(θ)+X̆∗

j

)
dω],

where ∆K = K̆0
j − θ. Let U in (19) be expressed as:

U = F1R+ F2XD + F3X̆j

where F1R is the component of U due to the r terms, F2XD

is the component of U due to the effective noise terms v̆ℓ,
ℓ ∈ Dj , and F3X̆j is the component of U due to v̆j . Then:

V=E[
1

2π

∫ π

−π

(
∆K(θ)(F1R+F2XD) + (∆K(θ)F3+1)X̆j

)
·W

(
(F1R+F2XD)

∗∆K∗(θ) + X̆∗
j (1+F ∗

3∆K∗(θ))
)

dω]

=E[
1

2π

∫ π

−π

∆K(θ)(F1R+F2XD)W (F1R+F2XD)
∗∆K∗(θ)dω]

+ E[
1

2π

∫ π

−π

(∆K(θ)F3+1)X̆jWX̆∗
j (1+F

∗
3∆K∗(θ))

)
dω]

where the second equality holds because X̆j is uncorrelated
to XD by the reasoning at the beginning of the proof.
Consider now the second integral in the above expression
for V . Plugging in W = Φv̆ = 1/(X̆jX̆

∗
j ) results in:

E[
1

2π

∫ π

−π

(∆K(θ)F3+1)(1+F
∗
3∆K∗(θ))

)
dω].

The terms ∆K(θ)F3 and F ∗
3∆K∗(θ) both have a factor

ejω by the reasoning in the beginning in the proof which
states that F3 has a delay. The integral of any linear transfer
function with a factor ejω is zero, and so these two terms
disappear from the expression. Thus, finally,

V=E[
1

2π

∫ π

−π

∆K(θ)(F1R+F2XD)W (F1R+F2XD)
∗∆K∗(θ)dω]

+ E[
1

2π

∫ π

−π

∆K(θ)F3F
∗
3∆K∗(θ))

)
dω] + σ2

e

=E[
1

2π

∫ π

−π

∆K(θ)UWU∗∆K∗(θ)dω] + σ2
e .

Because ΦW
u is full rank at all frequencies this expression is

a minimum if and only if ∆K(θ) = 0.
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