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Abstract— This paper presents a new method of identification experiment design for control. Our objective is to design
the open-loop identification experiment with minimal excitation such that the controller designed with the identified model
stabilizes and achieves a prescribed level of H∞ performance
with the unknown true system G0 .

I. I NTRODUCTION
A controller for a real-life system G0 is usually designed
on the basis of a model Ĝ of G0 identified using data
collected from the true system. When designing the
identification experiment, the control engineer often has
to make a trade-off between her/his desire of obtaining an
accurate model and the economical constraint of keeping
the experimental costs low. Obtaining an accurate model
requires a long identification experiment and a powerful
input signal, while keeping the experimental costs low
corresponds to a short experiment time and the excitation
of G0 with a low power signal.
The typical approach to this problem has been to
maximize the accuracy of the identified model (possibly
with a given, say, control-oriented objective in mind) for a
given experiment time and under prespecified constraints
on input power (see e.g. [10], [9], [7] and references
therein). In this paper, we address this tradeoff from
the dual perspective; namely, we seek the least costly
identification experiment leading to a required model
accuracy, with a control-oriented objective in mind. More
precisely, we assume that the experiment time is fixed, and
we then define the least costly identification experiment for
control as the experiment on G0 whose input signal power
Pu is minimized under the constraint that the controller
Ĉ designed from the identified model Ĝ is guaranteed to
stabilize and to achieve sufficient performance with the
unknown true G0 . In this paper, the desired performance on
G0 is expressed by magnitude bounds on one (or several)
closed-loop transfer functions of [Ĉ G0 ] (H∞ performance
constraints).
This experiment design problem is solved in the
following context. We assume that the identification
experiment is performed in open loop using Prediction
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Error identification, and with a model structure G(z, θ)
to which the true G0 belongs [10]. This yields a model
Ĝ = G(z, θN ) and an uncertainty region, centered on Ĝ,
containing the true G0 at a user-chosen probability level.
We use an additive description of this uncertainty region,
whose size ru is a function of the input signal. In order to
highlight this dependence, the uncertainty set is denoted
Dru (θ̂N ). It can be estimated from the data. Finally, the
controller Ĉ to be applied to the true system is designed
from Ĝ using a pre-defined H∞ control design method
with fixed weights.
We propose the following two-step methodology to solve
the experiment design problem with the cheapest experimental cost. In a first step, we determine the size radm (ω)
of the largest additive uncertainty region that we can apriori tolerate around the to-be-identified model Ĝ for the
controller Ĉ = C(Ĝ) to achieve the required H∞ performance level with all systems in this uncertainty region. In
a second (identification design) step, we then deduce the
least powerful quasi-stationary input signal u(t) such that
the size ru (ω) of the identified uncertainty region Dru (θ̂N )
is at each frequency smaller than the largest admissible
uncertainty radius radm (ω). The solution of the second
step is based on results of [12] which show that, for each
quasi-stationary input signal u(t), one can define a finitesized vector xu of moments of the input power spectrum
Φu (ω) weighted with a special weight depending on the
true system G0 , with the property that both the inverse Pθ−1
of the covariance matrix of the parameter vector identified
with u(t) and the power Pu of u(t) are affine functions of
xu . We show that the optimization of the power Pu of u(t)
under the constraint ru (ω) ≤ radm (ω) ∀ω can therefore
be reduced to a tractable LMI1 optimization problem on
the finite-sized vector of moments xu . A quasi-stationary
input signal u(t) can easily be constructed from the optimal
moment vector xu .
II. P REDICTION E RROR I DENTIFICATION ASPECTS
We consider the identification of a linear time-invariant
single input single output system with a model structure
M = {G(z, θ), H(z, θ)}, θ ∈ Rk , that is able to represent
1 Linear
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the true system. Thus, the true system is given by:
y(t) = G(z, θ0 )u(t) + H(z, θ0 )e(t)

(1)

for some unknown parameter vector θ0 ∈ Rk , and with
e(t) a white noise of variance σe2 .
A model Ĝ = G(z, θ̂N ), Ĥ = H(z, θ̂N ) of the
true system is obtained from N input-output data
y(t) and u(t) (t = 1...N ), using a Prediction Error
N
∆
∆
criterion: θ̂N = arg minθ N1 t=1 2 (t, θ) with (t, θ) =
−1
H(z, θ) (y(t) − G(z, θ)u(t)).
The cost of the identification experiment is determined
by the total power Pu of the chosen input signal u(t):
 π
1
Pu =
Φu (ω)dω
(2)
2π −π
where Φu (ω) is the power spectrum of the input signal
u(t), assumed to be quasistationary. It is this power Pu
that we shall seek to minimize.
The identified parameter vector θ̂N is asymptotically
normally distributed, θ̂N ∼ N (θ0 , Pθ ) and, given the
full-order model structure assumption, the covariance
matrix Pθ has the following expression [10]: Pθ =
−1
σe2  
T
with ψ(t, θ) = − ∂(t,θ)
N Ē ψ(t, θ0 )ψ(t, θ0 )
∂θ . The
dependence of the covariance matrix Pθ on the power
spectrum of the selected input signal u(t) is evidenced by
the following expression of the inverse of Pθ [10]:
Pθ−1
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(3)
N
Fe (ejω , θ0 )Fe (ejω , θ0 )∗ dω
2π −π

spectrum Φu (ω). Then, the moment vector xu (θ0 ) =

T
x0 (θ0 ) x1 (θ0 ) ... xn (θ0 )
of u(t) is a vector in Rn+1
whose elements are defined as:
 π
Φu (ω)
1
xi (θ0 ) =
cos(iω) dω (i = 0...n)
2π −π |dFu (ejω , θ0 )|2
(5)
One can write a compact expression of both Pθ−1 and Pu
as an affine function of the elements of xu (θ0 ).
Proposition 2.1: [12] Consider an identification experiment performed on (1) using a quasi-stationary input signal
u(t). Then the inverse of the covariance matrix Pθ ∈ Rk×k
of the estimated parameter vector can be written as:
Pθ−1 = M̄ (θ0 ) +

n


Mi (θ0 , σe2 ) xi (θ0 )

(6)

i=0

π
1
F (ejω , θ0 )Fe (ejω , θ0 )∗ dω
where M̄ (θ0 ) = N 2π
−π e
k×k
2
(i = 0...n) are defined
and Mi (θ0 , σe ) ∈ R
N
M̃0 (θ0 ) and
=
using (4) as M0 (θ0 , σe2 )
σ2
Mi (θ0 , σe2 ) =

e

N
σe2

M̃i (θ0 ) + M̃iT (θ0 ) (i = 1...n).

Proposition 2.2: [12] Consider an input signal u(t) to
the true system (1) with power spectrum Φu (ω). Then the
total power Pu of u(t) is a linear function of the elements
xi (θ0 ) of xu (θ0 ):
Pu =

n


ci (θ0 )xi (θ0 ),

(7)

i=0

where the coefficients ci (θ0 ) are defined from the polynomial dFu (ejω , θ0 ) as follows:
|dFu (ejω , θ0 )|2 = c0 (θ0 ) +

n


(ci (θ0 )cos(iω))

(8)

i=1

Here, Fu (z, θ0 ) =
ΛG (z, θ) =

∂G(z,θ)
∂θ

ΛG (z,θ0 )
H(z,θ0 ) ,

Fe (z, θ0 ) =

and ΛH (z, θ) =
N

∂H(z,θ)
.
∂θ

ΛH (z,θ0 )
H(z,θ0 ) ,

(z,θ )

By factoring Fu (z, θ0 ) as dFFu(z,θ00) where dFu (z, θ0 )
u
is the least common polynomial denominator, one can
decompose Fu (z, θ0 )Fu (z, θ0 )∗ as follows:
NFu (z, θ0 )NF∗u (z, θ0 )
|dFu (z, θ0 )|2
n

1
M̃i (θ0 )z i (4)
=
|dFu (z, θ0 )|2 i=−n

Fu (z, θ0 )Fu (z, θ0 )∗ =

where the matrices M̃i (θ0 ) ∈ Rk×k (i = 0...n) satisfy
M̃i (θ0 ) = M̃(−i) (θ0 )T . We now introduce the moment
vector xu (θ0 ) ∈ Rn+1 of the input signal with respect to
the true system.
Definition 2.1: Consider the true system (1), the transfer vector Fu (z, θ0 ) as below (3), the degree n of the
decomposition (4), and an input signal u(t) with power

Notice that the moment vector xu (θ0 ) and the
parametrizations of Pu and Pθ with respect to this
moment vector are functions of the unknown true system
(via θ0 and σe2 ). Note also that, even though Pu itself
is not a function of the true system, the parametrization
of Pu in (7) is a function of the true system due to the
dependence of xu (θ0 ) and of the coefficients ci (θ0 ) on the
true system.
Using the asymptotic Gaussian distribution of the estimated parameter vector θ̂N , it is possible to define an
(additive) uncertainty region Dru (θ̂N ) around the identified
model and containing the unknown true system G0 (z) at
any self-chosen probability level:
Dru (θ̂N ) = {G(z) ∈ H∞ |

(9)

G(ejω ) − G(ejω , θ̂N ) < ru (ω) ∀ω
Consider the following first order approximation of
G(z, θ0 ): G(z, θ0 ) ≈ G(z, θ̂N ) + ΛTG (z, θ0 )(θ0 − θ̂N ) with

ΛG (z, θ) as defined below (3). Using this approximation,
the size ru (ω) of Dru (θ̂N ) can then be written as :
ru (ω) =
where
dent

χλ1 (T (ejω , θ0 )Pθ T (ejω , θ0 )T )
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depenchosen
probability
level,

T
jω
Re(Λ
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))
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0
G
T (ejω , θ0 ) =
∈ R2×k and
Im(ΛTG (ejω , θ0 ))
λ1 (A) denotes the largest eigenvalue of A. The size
ru (ω) of the uncertainty region containing G0 at a given
probability level is a function of the covariance matrix Pθ
and thus, by (3), a function of the input signal u(t) used
during the identification experiment. Typically, the larger
the power Pu of u(t), the smaller ru (ω). Note also that
ru (ω) depends on θ0 .
χ
on

is
the


(10)
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III. C ONTROL DESIGN OBJECTIVES AND METHOD
As stated before, our aim is to design a “satisfactory”
controller Ĉ(z) for the unknown true system G0 using
an identified model Ĝ = G(z, θ̂N ) of G0 . A satisfactory
controller must stabilize and achieve sufficient performance
with G0 . In this section, we define the concept of sufficient
performance, as well as the control design method we use to
design Ĉ from the identified model. We adopt the following
performance measure for a loop [C G]:


J(G, C, Wl , Wr ) = Wl

F (G,C)
1
1+GC
C
1+GC



G
1+GC
GC
1+GC


Wr ∞ ,

(11)
where Wl (z) and Wr (z) are given diagonal performance
filters. This performance measure is quite general:
J(G, C, Wl , Wr ) ≤ 1 ensures that the four entries of
Wl (z)F (G, C)Wr (z) have an H∞ norm smaller than
one. Simpler H∞ criteria can be chosen as special
cases; e.g. Wl (z) = diag(W (z), 0) and Wr = diag(1, 0),
J(G, C, Wl , Wr ) ≤ 1 corresponds to W/(1+CG)∞ ≤ 1.
We build performance filters Wl (z) and Wr (z) that
reflect the performance specifications we want to achieve
with the true system. Thus, the controller Ĉ will be
deemed satisfactory if J(G0 , Ĉ, Wl , Wr ) ≤ 1. Here, as
already mentioned, the controller Ĉ will be designed from
the identified model Ĝ = G(z, θ̂N ). In order to define the
control design method leading to Ĉ = C(G(z, θ̂N )), we
make the following assumption.
Assumption 3.1: We have a-priori defined a set Θ of parameter vectors which we assume to contain any parameter
vector θ̂N that would result from an identification under
reasonable experimental conditions. We assume also that we
have pre-selected a fixed control design method which maps
any model G(z, θ) for θ ∈ Θ to one controller C(G(z, θ)).
For each θ ∈ Θ, C(G(z, θ)) stabilizes G(z, θ) and achieves

with this model a performance level
J(G(z, θ), C(G(z, θ)), Wl (z), Wr (z)) ≤ γ < 1,

(12)

where γ is a fixed scalar, strictly smaller than 1.
One design strategy that satisfies Assumption 3.1 is to
choose C(G(z, θ)) as the central controller of a four-block
H∞ control design method with performance objective (12)
(see, in this aspect, the recent results in [4]). If Assumption 3.1 holds, then the controller Ĉ = C(G(z, θ̂N ))
designed from an identified model Ĝ = G(z, θ̂N ) will
achieve J(Ĝ, Ĉ, Wl , Wr ) ≤ γ < 1. When this controller
Ĉ is applied to the true system G0 , the achieved performance will in most cases be poorer than the designed
performance. By choosing the design criterion (12) with
γ < 1, we ensure, however, that there is a whole (additive)
set of systems G(z, θ) around the to-be-identified G(z, θ̂N ),
characterized by a size r̄adm (ω, G(z, θ̂N )) (see next subsection), that are also stabilized by Ĉ and that achieve
J(G(z, θ), Ĉ(z), Wl (z), Wr (z)) ≤ 1. Before we address
this input design problem, we need to properly define the
largest set of systems that are stabilized and achieve the
required performance with a model-based controller. We do
this in the next subsection.
IV. T HE LARGEST UNCERTAINTY RADIUS radm (ω)
Let us consider one model G(z, θ) for some θ ∈ Θ and
the controller C(G(z, θ)) designed with G(z, θ) using the
design rule mentioned in Assumption 3.1. For any positive
function r(ω) we can define an additive uncertainty set
around this model G(z, θ) (cfr. (9)):
Dr (θ)

= {G(z) ∈ H∞ |
G(e ) − G(e , θ) < r(ω) ∀ω
jω

jω



(13)

Consider now the set R of frequency functions r such that
i) [ C(G(z, θ))

G(z) ] stable and

ii)J(G(z), C(G(z, θ)), Wl (z), Wr (z)) ≤ 1 ∀ G(z) ∈ Dr (θ).
We then define r̄adm (ω, G(z, θ)) at each ω as
r̄adm (ω, G(z, θ)) = sup r(ω).

(14)

r∈R

Given the model G(z, θ) and the controller C(G(z, θ)),
this largest additive uncertainty radius r̄adm (ω, G(z, θ))
can be computed by a classical ν-analysis problem [5].
The quantity r̄adm (ω, G(z, θ)) obviously depends on the
value of G(z, θ), the center of the uncertainty set. In order
to design an identification experiment, we would need to
know the largest admissible uncertainty radius around the
to-be-identified model G(z, θ̂N ) i.e. r̄adm (ω, G(z, θ̂N )).
Since our aim, eventually, is to do an a priori design
of an identification input signal u(t) such that the size
ru (ω) of the estimated uncertainty set (9) is smaller than
r̄adm (ω, G(z, θ̂N )) for all ω, we cannot let the size of
the admissible uncertainty for control, r̄adm (ω, G(z, θ̂N )),

depend upon a model that has not yet been estimated.
One possibility to tackle this difficulty is to approximate
the unknown r̄adm (ω, G(z, θ̂N )) by the largest admissible
uncertainty radius r̄adm (ω, G(z, θinit )) around G(z, θinit )
which is an available model of the considered system.
However, such an approach could lead to poor results if
there is a lot of discrepancy between r̄adm (ω, G(z, θ̂N ))
and r̄adm (ω, G(z, θinit )). In this paper, we shall instead
use the set Θ in Assumption 3.1 to determine a lower
bound radm (ω) for r̄adm (ω, G(z, θ̂N )). This is summarized
in the following result.

Dradm (θ̂N ). By satisfactory is meant that Ĉ = C(G(z, θ̂N ))
stabilizes and achieves J(G(z), Ĉ(z), Wl (z), Wr (z)) ≤ 1
∀G ∈ Dradm (θ̂N ). Putting these two results together
we conclude that a controller C(G(z, θ̂N )) satisfies the
stability and performance requirements with G0 (at the
desired probability level) if Dru (θ̂N ) ⊆ Dradm (θ̂N ), or
equivalently if the size ru (ω) of Dru (θ̂N ) is at each
frequency smaller than the size radm (ω) of Dradm (θ̂N ).
We now seek the input signal with the cheapest cost that
achieves this objective. Our cheapest experiment design
problem for control can thus be re-formulated as follows:

Proposition 4.1: Consider the control design method
of Assumption 3.1, and the performance measure
J(G, C, Wl , Wr ) of (11) which, for each θ ∈ Θ,
satisfies (12). Then, for any θ̄ ∈ Θ, the controller
C(G(z, θ̄)) designed from G(z, θ̄) stabilizes and achieves
J(G(z), C(G(z, θ̄)), Wl , Wr ) ≤ 1 with all systems G(z) in
the additive uncertainty region Dradm (θ̄) (see (13)) centered
at G(z, θ̄) and of size radm (ω) defined as:

Cheapest experiment design problem for control:
Determine the stationary input signal u(t) for an
identification experiment performed on G0 with N data in
such a way that the total power Pu of u(t) is minimized,
under the constraint that the size ru (ω) of the identified
uncertainty region Dru (θ̂N ) is at each frequency smaller
than radm (ω).

∆

radm (ω) = min r̄adm (ω, G(z, θ)).
θ∈Θ

(15)

with r̄adm (ω, G(z, θ)) as in (14).
Computation of radm (ω). One method for the computation of radm (ω) is to use a gridding technique: for
each ω radm (ω) is computed as the smallest value of
r̄adm (ω, G(z, θ)) over randomly selected values of θ. An
alternative and more accurate method can be used if the set
Θ is an ellipsoid. In such case, radm (ω) can be computed as
the solution of a ν-analysis problem. Indeed this quantity
can be defined equivalently as radm (ω) = supr∈R2 r(ω)
where the set R2 is the set of frequency functions r such
that
∀θ ∈ Θ and ∀∆(z) ∈ {∆(z) ∈ H∞ | |∆(ejω )| < r(ω)} :
[ C(G(z, θ)) ; G(z, θ) + ∆(z) ] stable and

(16)

J(G(z, θ) + ∆(z), C(G(z, θ)), Wl , Wr ) ≤ 1.
This is a ν-analysis problem since both C(G(z, θ)) and
G(z, θ) can be expressed as Linear Fractional Transformations (LFT) of the variable θ ∈ Θ, with Θ an ellipsoid.
This LFT description is indeed possible for a model G(z, θ)
identified using PE identification with a resulting controller
C(G(z, θ)) obeying Assumption 3.1: see [1], [4].
V. I DENTIFICATION FOR CONTROL AT THE CHEAPEST

Roughly speaking, the size ru (ω) of the identified
uncertainty region Dru (θ̂N ) increases when the input signal
power Pu decreases. The cheapest identification experiment
for control is thus the one for which the size ru (ω) of
the identified uncertainty region Dru (θ̂N ) is as large as
possible under the constraint that ru (ω) ≤ radm (ω) ∀ω.
This experiment design problem does not have a unique
solution. Indeed, if u0 (t) is one solution, then all signals
having the same moment vector xu (θ0 ) as u0 (t) also solve
the optimization problem. Our approach will be to solve for
the optimal moment vector xu (θ0 ), and then to realize an
input that has such moment vector. The optimization problem on the moment vector would be exactly solvable if the
expressions of ru (ω) and Pu as a function of the moment
vector were not dependent on the unknown true system via
θ0 and σe2 . Such dependence on the unknown true system
is inherent to all identification experiment design problems.
The classical approach which we adopt here, is to replace
the unknown θ0 and σe2 in the optimization problem leading
2
of those
to xu (θ0 ) by available estimates θinit and σe,init
quantities. Consequently, the moment vector xu (θ0 ) of the
input signal(s) that solve the experiment design problem
described above in this section can be approximated by the
optimal vector xu,opt of the following optimization problem
T

on the variable xu = x0 x1 ... xn
∈ R(n+1) :

COST

We know from the analysis of Section II that the true
G0 lies with a probability level that we can select in
the set Dru (θ̂N ) defined by (9), where ru (ω) depends
on the input signal spectrum and is given by (10). On
the other hand, we know by Proposition 4.1 that the
controller C(G(z, θ̂N )) computed from an identified
model G(z, θ̂N ) is satisfactory for all models in the set

min
xu

n


(17)

ci xi

i=0

subject to



jω

χλ1 T (e ) M̄ +

n

i=0

−1
Mi xi


jω T

T (e )

2
(ω) ∀ω (18)
≤ radm

and



x1
x0
...
xn−1

x0
 x1
R(xu ) = 
...
xn
∆


xn
xn−1 
≥0
... 
x0

...
...
...
...


(19)

where we have used the shorthand notations: ci = c(θinit ),
= M̄ (θinit ) and
T (ejω ) = T (ejω , θinit ), M̄
2
Mi = Mi (θinit , σe,init
) and the relations for Pθ , ru (ω)
and Pu as a function of the moment vector (see (6), (10)
and (7)). The constraint (19) is there because a real vector
xu = (x0 x1 ... xn )T of dimension n + 1 is the moment
vector of a quasi-stationary signal u(t) if and only if the
Toeplitz matrix R(xu ) is positive semi-definite (see e.g.
[7]). The optimization problem (17)-(19) can be solved
exactly provided the frequency function radm (ω) can be
written as (or approximated by) a rational transfer function.
Indeed, by the Kalman-Yakubovich-Popov Lemma [11],
the conditions (18) defined at each frequency can be
transformed into one single LMI making the optimization
problem tractable. This is summarized in the following
theorem.
Theorem 5.1: Assume that there is a rational transfer
function radm (z) such that |radm (ejω )| = radm (ω) for
the frequency function radm (ω) defined in (15). Then, the
solution of the optimization problem (17)-(19) is the optimal
vector xu,opt of the following tractable LMI optimization
problem:
minimize

n


(20)

ci xi

i=0

over xu = (x0 ...xn )T ∈ R(n+1) and a matrix P = P ∗
subject to R(xu ) ≥ 0 and


A∗ P A − P
B∗P A



A∗ P B
B∗P B


+



C∗
D∗

X



C



D

≥0
(21)

3(k+2)×3(k+2)

where R(xu ) is defined in (19), X ∈ R
is a
matrix, independent of the frequency but linearly dependent
on xu , defined as


X =


2I2
0



0n

2 M̄ +
0
0

i=0

Mi xi






0

0

0
Ik+2

Ik+2
0




(22)

and (A, B, C, D) is a state-space representation of the
system F(ejω ) ∈ C 3(k+2)×(k+2) defined as follows:

radm (ejω )
√
I2
χ


0



0




jω
 ΛG (e , θinit ) 1

I
2

0

−j



0
I

 k
1
ΛTG (ejω , θinit )
−j
0
0
Ik











(23)

with χ and ΛG (z, θ) as defined below (10) and (3), respectively.
Proof. To prove the theorem, we prove that the infinite set
of constraints (18) is equivalent to the fact that ∃P = P ∗
such that (21) is satisfied. For this purpose, we first rewrite
the set of constaints (18) using the Schur complements [3]
(as is proposed in [9] for a slightly different constraint):


2
radm
(ejω )
I2
χ
jω T

T (e )

T (ejω )
n
M̄ + i=0 Mi xi


≥ 0 ∀ω

(24)

Via some simple algebraic manipulations, (24) can then
be replaced by the following equivalent set of constraints:
1
jω ∗
jω
jω
2 F(e ) X F(e ) ≥ 0 ∀ω where X and F(e ) are
defined in (22) and (23), respectively. It is then a consequence of the Kalman-Yakubovich-Popov Lemma [11] that
this set of constraints defined at each frequency is fulfilled
if and only if ∃P = P ∗ such that (21) is fulfilled.
Determination of an input signal from the optimal
moment vector. The optimal vector xu,opt is computed
using Theorem 5.1. This vector xu,opt = xu,opt (θinit ) is an
approximation of the moment vector of the input signals that
solve the cheapest experiment design problem for control.
Consequently, provided that this approximation is reliable,
we can determine one of the quasi-stationary input signals
that solve this experiment design problem, by determining
one representation u(t) of xu,opt (θinit ) i.e. a signal u(t)
whose moment vector is equal to xu,opt (θinit ). In [7], a
method is presented that determines such an input signal as
a sum of sinusoids.
VI. N UMERICAL ILLUSTRATION
In order to illustrate our results, we consider
as true system the ARX system with B0 (z) =
0.10276 + 0.18123z −1 , A0 (z) = 1 − 1.99185z −1 +
2.20265z −2 − 1.84083z −3 + 0.89413z −4 , corrupted by a
realization of a white noise signal of variance σe2 = 0.5 [8].
We consider identification experiments on this true system
with N = 500 data points and a full-order model structure.
In this example, we restrict attention to the properties of
the sensitivity function and control performance criterion
J(G, C, Wl , Wr ) is therefore defined as in (11) with
−1
the filters: Wl (z) = diag 0.5165−0.4632z
and
1−0.999455z −1 , 0
Wr (z) = diag (1, 0). The chosen control design method is

the 4-block H∞ control design method of [6] which has
the characteristics described in Section III.
Design of the cheapest input signal u(t) for control. We
first estimate radm (ω), then compute the optimal moment
vector xu,opt , and finally design a particular input signal
u(t) corresponding to xu,opt .
3

10

2

10

1

10

0

−1
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Verification of the procedure. We have applied the input signal u(t) defined in (25) to the true system. From
N = 500 recorded input-output data, we have identified
a model Ĝ along with the additive uncertainty region
Dru (θ̂N ) around Ĝ. The size ru (ω) of this uncertainty
region has not been estimated using the approximation (10),
but computed exactly using an LMI optimization problem
which can be found in [2]. From Ĝ, we have then designed
a controller Ĉ using the H∞ control design method of [6],
and we have verified whether Ĉ stabilizes and achieves the
desired performance level with all systems in the identified
Dru (θ̂N ). This was indeed the case.
VII. C ONCLUSIONS
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Fig. 1. radm (ω) (solid) and ru (ω) computed with θinit and the optimal
xu,opt (dashdot)

In order to estimate radm (ω) (see (15)), we have
applied the gridding technique described at the end of
Section IV. The estimated frequency function radm (ω)
is represented in Figure 1. The optimal moment vector
xu,opt is determined by solving the LMI optimization
problem of Theorem 5.1 for which we have used
2
= 0.5265 and an initial estimate θinit =
σe,init
(−1.9755, 2.1965, −1.8495, 0.8881, 0.0817, 0.172)T .
Figure 1 shows the frequency function ru (ω) that is
computed using the left-hand side of the constraint (18)
and the optimal moment vector xu,opt . By construction,
the moment vector xu,opt is optimized in such a way that
this frequency function ru (ω) is the largest possible under
the constraint ru (ω) ≤ radm (ω) ∀ω. It could therefore
appear surprising that the second peak of ru (ω) is so low
and that ru (ω) decreases after this peak. The reason is
that ru (ω) depends on the covariance matrix Pθ , which
is parametrized only by n + 1 components. Therefore
the behaviour of ru (ω) at one frequency is dependent on
its behaviour at other frequencies and the second peak
could not be increased without making the first peak larger
than radm (ω) and/or ru (ω) larger than radm (ω) in low
frequencies.
We have designed an input signal u(t) corresponding to
xu,opt under the form of a periodic signal:
u(t) = 2.07 + 2.63 cos(0.17t) + 0.69 cos(0.4t)
+0.09 cos(1.44t) + 0.17 cos(πt)

(25)

It is interesting to notice that this periodic input signal u(t)
has components in the low frequencies (where radm (ω)
is minimal) and at ω = 0.4 and ω = 1.44 where the two

We have presented a new approach to the interplay
between identification design and robust control based on
an identified model and its corresponding uncertainty set.
Rather than seeking an experiment design that minimizes
some control-oriented quality measure of the estimated
uncertainty set for a predefined constraint on allowable input
power, we have in this contribution sought the experiment
design with the cheapest cost (as measured by total input
signal power) that delivers just enough precision on the estimated uncertainty set for the robust control specifications
to be satisfied.
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